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Semileptonic heawwrheavy and heawelight meson transitions are studied as a phenomenological appli-
cation of a heavy-quark limit of Dyson-Schwinger equations. Employing two paramé&tetke difference
between the mass of the heavy meson and the effective mass of the heavy quatk, tardwidth of the
heavy-meson Bethe-Salpeter amplitude, we calcdlafe) for all decays on their entire kinematically acces-
siblet domain. Our study favork; in the range 0.135-0.17 GeV and whi+ 0.44 GeV and X =0.14 fm we
obtain f87(0)=0.46. As a result of neglecting . corrections, we estimate that our calculated values of
p?=0.87 andf2X(0)=0.62 are too low by approximately 15%. However, the bulk of these corrections should
cancel in our calculated values of Br{mw/v)/Br(D—K/v)=0.13 and f27(0)/f2X(0)=1.16.
[S0556-28188)02004-4

PACS numbsds): 13.20.He, 13.20.Fc, 24.85p

[. INTRODUCTION tematic method for exploring the consequences of heavy-
quark symmetry. It can be used to reduce the number of
Semileptonic meson decays are simple, experimentalljndependent form factors required to describe heaneavy
accessible and only have a single hadron in the initial andlecays, relating them to a minimal number of so-called
final states. They are flavor-changing weak interaction proi‘universal” form factors. However, it cannot be used to cal-
cesses and hence can be used as a means of extracting @éate theg® dependence of the form factors. This depends
elements of the Cabibbo-Kobayashi-Maska(@KM) ma-  ©n the internal structure of the heavy mesons and its calcu-
trix, which characterize the difference between the masdation requires the application of nonperturbative techniques.
eigenstates and the weak eigenstates in the standard mod@f?€ Such technique and its application to the calculation of
For example, thek* — %" v, (K3) and KEg}ﬂ_tei Ve these form factors are our focus herein.

(Kgg) decays currently provide the most accurate determinat—h p )

: ~ ) e decay8—m(p)/v,, D—=K/v,, andD—w/v,, all
tlpn O,f|VUS|(_O,'2196t 0.0023)[1], Wh'Ch WQUId have been o \yhich have light mesons in the final state. A primary
sing. in the Cabibbo theory of weak interactions. The meCha‘lmpediment is that the current-quark mass of theuark
nism of the weak interaction is well understood. Hence, "kemS~O(AQCD); henceA oep/Mms is Not a suitable expansion

elastic, electromagnetic form factors, these decays can alggyrameter. In addition, a theoretical description of these de-
be used as a tool to probe the structure of the hadrons in theyys requires a good understanding of light-quark propaga-
initial and final states. tion characteristics and the internal structure of light mesons.
A major goal of currenB-meson experiments is to deter- This is provided by the extensive body of Dyson-Schwinger
mine accurately the matrix elements, andV,, the first of  equation(DSE) studies[4,5] in QCD.
which is accessible vi8—D(D*)/ v decays and the latter The DSE’'s are a system of coupled integral equations
via B— m(p)/v. The decays with a pseudoscalar meson inwhose solutions, the-point Schwinger functions, are the
both the initial and final states are the simplest to study theofully dressed Euclidean propagators and vertices for the
retically because they are only sensitive to the vector coutheory. Once all the Schwinger functions are known, then the
pling of theW boson to the quarks and only two form factors theory is completely specified. To arrive at a tractable prob-
are needed for a complete description. However, experimerlem one must truncate the system at a given level. Trunca-
tally those with a vector meson in the final state provide theions that preserve the global symmetries of a field theory are
best statistics because the decay can proceed viadbatil  easy to implemen{6]. Preserving the gauge symmetry is
D waves. more difficult but progress is being maf#l.
TheB—D(D*)/ v decays proceed viala— c transition In a general covariant gauge the dressed-gluon two-point
and experimentally this is the closest one can come to reaBchwinger functior(Euclidean propagatprD ,,(K), is char-
izing a “heavy—heavy” transition[2]. It is in the analysis of acterized by a single scalar function, which we denote
these decays that heavy-quark symmé8l i.e., an expan- G(k?)/k?. Important here is the particular, qualitatively ro-
sion of observables ik gcp/ms, wheremy is the current-  bust result of studies of the DSE for,, (k) that G(k?)/k? is
quark mass of thé=Db,c quark, is most likely to be of use. strongly enhanced in the infrared; i.e., its behavior in the
However, in reality theA ocp/m, corrections, in particular,  vicinity of k?=0 can be represented as a distributigg].
may nevertheless be large-80%) and difficult to estimate The infrared enhancement i, (k) becomes prominent for
in this case. k?~1 GeV? and is not peculiar to covariant gaudds®].
Heavy-quark effective theorfHQET) [3] provides a sys- The dressed-quark propagator for a quark of flavaan

The methods of HQET are also not directly applicable to
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be written in the general for wherein, on the domain explored by heaviieavy semilep-
tonic decays, the dressédquark propagator was approxi-
Z:(p?) mated by
Si(p)= ————, (D)
iy-p+M¢(p°)
where Z¢(p?) is the momentum-dependent wave function Su(P)= iy~p+l\7|b : )

renormalization andV{(p?) is the momentum-dependent
uark mass function. The dressed-gluon propagator is an im- .

gortant element in the kernel of thé:J DSEpsaﬁsf?edSp@p). rqn Ref. [15] the dressed-quark _prqpagator was approxi-

In existing studies of this DSE that employ a dressed-quarkmated by an analogous expression:

gluon vertex that is free of light-cone singularities, the infra-

red enhancement iD ,, (k) is sufficient to ensure th&(p)

does not have a Lehmann representation. This entails the Sc(P)Zm- (6)

absence of colored quark states from the spectrum, i.e., quark v'P ¢

confinement[11]. If G(k?)<w« at k=0, it is possible to

obtain a solutiorsy(p) of the quark DSE that has a Lehmann

representatiofl2].

There is another important consequence of the infrare
enhancement ig(k?)/k?. The enhancement is characterized
by a mass scale~ A qcp and for light quarks, i.ey, d, and
s quarks for whichm;<A ocp, it generates a significant en-

- 2 . . . . . .
hancement irM(p°). A single, indicative, and quantitative tions as an extension of the application of DSE methods. We

measurequ this e”h?‘”ceme”m(p ) is the ratioMy /m.f ’ follow Ref.[15] in describing théb- andc-quark propagators
whereMy is the Euclidean constituent-quark mass defined aﬁy Egs. (5) and (6), respectively, and in our analysis we

: 2_NM2(n2) 2
the solution ofp®=M?(p).” The results consider the effects and limitations of E@). These equa-

However, the justification of this is less certain because the
momentum dependence @.(p?) and M(p?) is signifi-
gantly more rapid. The approach employed in Rég] is
one means of exploring the fidelity of this approximation, as
are the direct studies for which R¢fL4] is the pilot.

Our aim herein is a unified description and correlation of
semileptonic heawrheavy and heawlight meson transi-

E ME tions represent the primary, exploratory hypothesis in our
u.d ~150, —~10 2) study because the pr_opagation characteristics pf light quarks
My,d Mg and the structure of light-meson bound states is well under-

] 5 stood following the extensive application of DSE methods in
demonstrate that the infrared enhancemeti(it)/k* leads  this domain(5,13,17. In Sec. Il we define our approximation
to at least an order-of-magnitude infrared enhancement iy the matrix elements describir(D)— 7 (K)/ v transi-
M(p?). It is nonperturbative in origihand has important tions and fully specify the heavy-quark limit of our DSE
qualitative and quantitative implications for light-meson ob-application. Our results are presented and discussed in Sec.

servables, as illustrated in Ref$,13). Il and we make some concluding remarks in Sec. IV.
The effect of the infrared enhancement Gik?)/k? on

M 2y is much less dramaticl4];
C'b(p ) Eﬂ- ] II. SEMILEPTONIC DECAYS

E E
%Nl 5 %NZ 0 3) Our primary focus is the pseudoscalgnseudoscalar
my, 0 mg semileptonic decay

In this casem;>Aqcp and the momentum dependence of
Mc,b(pz) is primarily perturbative in origin. As observed in
Ref.[15] it is therefore a good approximation to write

Pu,(P1)—Puy(p2) v, )

where Py, represents either B or D meson with momen-
My (p?) = const=M,~ME | (4 tump; (p?= —mﬁl) and Py, can be aD, K, or = meson
with momentump, (p'ﬁ:—mﬁz). The momentum transfer

to the lepton pair ig: = p;— p,. A review of these decays is
provided in Ref.[2] and a theoretical study of the light
light transitions is presented in R¢fL8].

The invariant amplitude describing the decay is

for p2>—m§, although theb quark is still confined and
there is no pole mass. For the same reaggp?) =1 is also
a good approximation. This and Ed@) form the basis of the
heavy-quark limit of the DSE's explored in Refl5]

APy —Py./v)
:We employ a Euclidean metric withs,,=diag(1,1,1,1), ! 2
Y=Y, and{vy,,y,}=26,,. A spacelike four-vectok, has G —
>0 " ’ ’ =75 Vao /7u(1= s M 1 (pypy) L (®)
2Quark confinement entails that there is no “pole ma$41],
which would be the solution g%+ M?(p?)=0.
3The renormalization-point dependence of the current-quark mas¢/hereGe is the Fermi weak-decay constai,q is the ap-
affects the actual value of the ratdF/m; but not the qualitative  propriate element of the CKM matrix, and the hadronic cur-
features of this discussion. rent is
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Py, P — i ; ;
M P2 bo) (P p 9 ciently characterize the essential and robust elements of the
w (PP = 1 (P87, Q1P (P (9) solution obtained in many studi¢4] of the quark DSE:

I OPER 00 Gl = 2m A0 T+ Fbx) Fbp) b+ bR,

(16)
with t:==—q?. The form factorsf_.(t) contain all the infor- -
mation about strong-interaction effects in these processes — 2(x+m?)— 1+~ 2+mp)
and their accurate estimation is essential to the extraction of oy(X)= 2xt D)2 : 17
Vg0 from a measurement of a semileptonic decay rate: f
G2 1 wheref=u,s (isospin symmetry is assumed
, F -
F(Po, P/ 1) =~ Vaol? —- f dt [f.(1)]? }
19273 m3, Jo 1-e”?
i A== —, (18)
X[(t=t)(t_—1)]%2, (11 _
. _ x=p?/(2D), m; =m¢/\2D, and
with ti==(mHli mHz)2 and neglecting the lepton mass.
oi(x)=12D ai(p? , (19
A. Impulse approximation
— f
In the impulse approximation ay(X) =2Day(p?) , (20
- N _ with D a mass scale. This algebraic form combines the ef-
M M H2(py py) = C4 f d*k tr[ Ty, (k; — pa) fects of confinement and dynamical chiral symmetry break-
a 167 ing with free-particle(asymptotically fregbehavior at large,
. i 2 o f H
X Sy(k+ pg)IVﬂQ(kwL Dy, K+py) spacelikep®. The parametersn, by . .5 in Egs. (16) and
(17) take the values
X So(k+ 1)Ly, (Kip1) Sy (K], _ o
(12 m¢ bo by bs b3
u: 0.00897 0.131 2.90 0.603 0.185
whereFHl(k;pl) is the Bethe-Salpeter amplitude for tHg s 0.224 0.105 2.90 0.740 0.185, (21

meson, ) ) ) ]
which were determined in a least-squares fit to a range of

T, (K~ pz)t;:CT[‘Hz( —k;=p,)C, C=1v,74, (13 !ight—hadron observables._ The valtdesb@‘3 are underliqed to
indicate that the constraints; ;= bj ; were imposed in the
M! is the matrix transpose d¥l, and VZQ(klakZ) is the fitting. The scale paramet®=0.160 Ge\’.

vector part of the dressed-quak-boson vertex. b. Heavy quarksAs described in Sec. |, and exploited in
Ref.[15], the momentum dependencez p?) andM(p?)
1. Quark propagators is much weaker for the heavy quarks than it is for the light

quarks. This is illustrated for two different but related DSE

models in Refs[14,15 and justifies Eq(5) for theb quark

and the cautious, exploratory use of E6) for the c quark.
These equations provide the origin of heavy-quark sym-

The dressed-quark propagat@gp) in Eq. (12) are the
solution of

4
S(p) " t=iy-p+ Myt f d’q metry in the DSE framework. Its elucidation is completed by
(2m)4 introducing the heavy-meson velocity, via
a A
Xg%D,,.(p~0) 5 ¥, S@THap) . (14 PLu =My, 0, =(Mig+E) 0y, 22

where v?=—1 and E>0 is the difference between the
heavy-meson mass and the effective mass of the heavy

quark,l\?IfQ. Equations(5) and (6) then yield

whereD ,, (k) is the dressed-gluon propagatdi;(q,p) is
the dressed-quark-gluon verter),, is the current-quark
bare mass, and one can wrlgp) in the general form

Si(p)=—iy-p oU(pD)+aip?) , (15) 11l-iyv

K|
Sio(k+p1)= P =

N
0] , = . (23
which is completely equivalent to Eql). A thorough dis- Mt Mig
cussion of the numerical solution of E(l4), including a Exact h i K ¢ . f letel i
discussion of renormalization, is given in REL7]. xac' cavy-quar symme ry. arises rom. completely ne
a. Light quarks Herein, for the lightu-, d-, ands-quark glecting the 1l)(/lfQ corrections in all applications. The mass
propagators, we do not directly employ a numerical solutiorof the b quark may justify this as a quantitatively reliable
of Eg. (14). Instead we use the algebraic parametrizations ofipproximation but in making the same truncation for the
these solutions developed in Réfl9] because they effi- quark one may expect quantitatively important corrections.
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2. Bethe-Salpeter amplitude wherez=u—2E/u andf labels the light-quark flavor.

As discussed in Ref§14,17, the meson Bethe-Salpeter [N @ solution of the Bethe-Salpeter equation the form of
amplitudes in Eq(12) are the solution of the homogeneous o(k?) is completely determined. However, here it character-

Bethe-Salpeter equation izes ourAnsatzand as our primary form we choose
4 o(k?)=exp —k*A?) , (29
. — . rs .
[FH(k’P)]t“_f (2m)* [xn(@:P)lsr Kig(a,kiP) where A is a free parameter. In studies of heavigeavy

(24)  transitions[15] we found that, as long ag(k?) is a non-
negative, nonincreasing, convex up functiorkéfthe results
where were insensitive to its detailed form. As we shall see below,
through a comparison of the results obtained using(E2§).
xn(a;P)=So(q+P)I'y(q;P)Sy(q) , (259  and those obtained with
St are the dressed-quark propagators, and . u represent ~ o 2
color-, Dirac-, and flavor-matrix indices. In Eq24), e(k%)= K2+ A2’
Kio(a,k; P) is the fully amputated quark-antiquark scattering
kernel. K{5(q,k;P) is a four-point Schwinger function ob- the same is true herein. Qualitatively, a primary requirement
tained as the sum of a countable infinity of skeleton dia-for an understanding of all the processes we consider is sim-
grams. It is two-particle irreducible, with respect to the ply that the heavy meson be represented by a function that
quark-antiquark pair of lines, and does not contain quarkdescribes it as a finite-size, composite objeck i a rough
antiquark to single gauge-boson annihilation diagrams, suchmeasure of that size.
as would describe the leptonic decay of a pseudoscalar me- b. Light-meson Bethe-Salpeter amplitudésst as for the
son. The numerical studies of R¢fL7] employed a ladder- light-quark DSE, there have been numerous stuhey of

(30

like approximation: light mesons using Eq24) and a thorough discussion of the
numerical solution, including a discussion of renormaliza-
rs ) ) A2 A2 tion, is presented in Ref17]. The light, pseudoscalar meson
Ki(@.kP)==gDuk=a) | 775 |75 Bethe-Salpeter amplitude has the general form
tr su
28 Ty(kP)=ysliEn(kiP)+y- PFL(K;P)
which is consistent with the impulse approximation for + -k k-PGy(k;P)+ 0 ,,k,P,Hu(k;P)].
Py P
MMHl "2(p,,p,) and is a quantitatively reliable truncation (31)

for light, pseudoscalar mesons because of cancellations, or-

der by order, between higher order diagrams in the skeletok/ntil recently it was assumed that in quantitative phenom-

expansion folK [6]. Referencd14] is a first step in explor- enological applications one could neglect all Byi(k;P) in

ing the application of the methods of R¢lL7] to mesons describing the light, pseudoscalar meson and this was the

containing at least one heavy quark. assumption of Ref.19]. However, a systematic study of the
a. Heavy-meson Bethe-Salpeter amplituddsrein we quark DSE and meson Bethe-Salpeter equdtioth demon-

do not use a numerical solution of E@4) for the heavy- strates that the other functions are both qualitatively and

meson Bethe-Salpeter amplitude because we judge that oguantitatively important. A reanalysis of elastic form factors

present studies are inadequate. One limitation, for exampleising all amplitudes and refitting the parameters characteriz-

is that simple ladderlike truncations do not yield the Diracing the quark propagators is therefore necessary. It is under-

equation when the mass of one of the fermions becomeway but incomplet¢21].

infinite and that defect may also be manifest in our study. Herein we use the parametrization of the light-meson

Postponing the detailed exploration of this and other quesBethe-Salpeter amplitude determined in Ref9] and the

tions we employ instead afinsatzmotivated by the studies results [17] that it is a good approximation to treat

of Ref.[20] and used efficaciously in Ref15]: En(k;P)=E4(k?) and E,(k?)=Ex(k?):=£&(k?); i.e., we
use
. 1 .
FHlf(k;pl):y5(1+%|7'v)NH e(k?) , (27) FH:w,K(kz):|75£(k2)v (32
1f

7k2/[2D]+ 2
where \Vy  is the canonical Bethe-Salpeter normalization 5(k2):‘/_E Coe osk )|mf:0 (33)

constant. Using Eq223), fr ov(K?)|m,=0

1 N, (= where the parameté®,=0.214 GeV was fixed in Ref19]
Nﬁlf= — 2f du ¢(2)? [afs(z)+ Ju ol(2)] and therein yields the experimental valug=0.131. For the
My 327°J0 kaonf,=0.196 GeV.
1 In principle, neglecting the other amplitudes in E81) is
, (28)  flawed. However, the light-quark propagators of E(@$)—
(21) were also fixed under this assumption and it is¢he-

- 2
My, K+



57 HEAVY- TO LIGHT-MESON TRANSITION FORM FACTORS 1995

bination of these parametrizations in E@5) that appears in N,
the calculation of hadronic observables and reproduces the Ef(w)=k? —— 5 f T oo f du o(zy)?
available data. Therefore, if practiced judiciously, neglecting 327
x| ol(zy)+ \/Eof(z )
SU&wW W VIEW/ |

the other amplitudes can still provide quantitatively reliable
results. To illustrate this we note that a preliminary reanaly-
with W=1+27(1—7)(w—1), z,,=u—2EJu/W, and

sis of the electromagnetic pion form fac{@1], using all the
amplitudes in Eq(31) and refitting theu-quark propagator
parameters in Eq(21), yields results that are qualitatively

(39)

indistinguishable from those obtained in Rdfl9] for m2 +m2 —t

g2<20 Ge\2. It is only for g?>20 Ge\? that the qualita- We ot P (39

tive and quantitative importance d¢f,. and G, becomes 2mg Mp, B TP

manifest: These are the dominant amplitudes at lafgend

ensure thaqu_n_(qz)zconSt, up to |rq2 corrections. The canonical normalization of the Bethe-Salpeter ampli-

tude, Eq.(28), automatically ensures that
3. Quark-W-boson vertex

VQQ(k1 k,) in Eq.(12) satisfies a DSE that describes both

the strong and electroweak dressing of the vector part of thEquation(38) is an example of a general result that, in the
quarkW-boson vertex. Solving this equation is a problemheavy-quark limit, the semileptonié;— H¢ decays of heavy
that can be addressed using the methods of R&f. How-  mesons are described by a single, universal functigw)
ever, we postpone this problem for the present and note ir23].
stead that from this DSE one can derive a Ward-Takahashi
identity 2. Heavy-light

(ky—ky) inle(k k,) Using Egs(15), (23), and(27), and following the method

v 1h2 outlined in the Appendix, we find, from Eg&l0) and (12),

&(w=1)=1. (40)

=5, M(ky) = S; Mkp) — (g, —my)) T{*2(ky ko)

F172(1) = g - —
(34 L e

where

Fo(GEmy my ), (41

wherel“lflfz(kl,kz) is the scalar vertex, which in the absence
of interacti_on_s is ;;imply the diagonal unit mz_;ltrix in Dirac For(LE.My My )= 4 1 dy
space. This identity can be used to constrain the form of HytTH, \/ﬁ
VLle(kl,kz), as the QED analog has been used to constrain . }
the dressed-quark-photon ver . 2

Whenf, agdf2 arr)e both he;%;z]quarks, then the ability to x fo dv fo udu o(2,) &(z,)
neglect gluon dressing, as manifest in E5), entails

XWq/(’)/,V,U) ’ (42)

(m¢,—mg,) F{lfz(klikz)%(mfl_mfz) In. (39  with

This justifies the approximation, used efficaciously in Ref.qu()/,V,U):ZTZ
[15]!

d , d '
O'g(zl)d_zzo's/ (22)_0_3(21)d_220qs (22)

VIH2(ke ko) = v, (36) +

1-—|og(z1) q’(Z )
g o
my, s\Z1)oy (22
thereby amplifying the simplifications accruing in the heavy-

quark limit. As demonstrated in Reff18], even in the case +——| o¥(z1) 0% (2p) +uv o%(z1) 03 (2,)
where both quarks are light, improvements to B2f) only My,
become quantitatively significant(10%) in the magnitude ,
of f.(t) at the extreme kinematic limit=t_. Hence we +(zytuvMy oy(z1) 0§ (22)
use Eq.(36) in all calculations described herein.
. . . . —2mj, TZUV(Zl)d o (2) (43
B. Semileptonic decays in the heavy-quark limit
1. Bi—D; and
Using Egs.(15), (23), and (27), we find [15] from Egs.
(10) and(12) that, at leading order in a1, wherem,, is the
heavy-meson mass, “The minimum physical value af is wy,,= 1, which corresponds
to maximum momentum transfer with the final state meson at rest;
Mp, £ Mg, the maximum value isvmaxz(méf+ mZDf)/(Zmeme)zl.G, which
fo(t)=3 5 &i(w) (37)  corresponds to maximum recoil of the final state meson with the

Mp M, charged lepton at rest.
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z;=u?>-2uvE , (44) cay constants. We have two free parameters: the binding

energyE, introduced in Eq.(22), and the widthA of the
zz=u2—2uv(E—X)—mﬁ| +2imy_yuy1l—v?, (45 heavy-meson Bethe-Salpeter amplitude, introduced in Eq.
2 2 (29). The dressed light-quark propagators and light-meson

X=(my /2) [1+(m —t)/mH 1, (46) Beth'e—S.aIpeter amplitudes have been fixed completely in the
application of this framework to the study of- and
K-meson properties.
— _ .2 _ A2
T=UNI=T VI (47) Our primary goal is to determine whether, with these two

parameters, a description and correlation of existing data are
possible using the DSE framework. This was certainly true
in our analysis of heavy» heavy transitions alond5]. We
found that the functiorg(w) necessarily has significant cur-

We note that because we have assumed isospin symmétry
also represents d quark and, to illustrate Eq41), the B°
—a~ /" v, decay is characterized by

5 J2 N, vature and that a linear fit onlw=1.6 is inconsistent with
f27()= kit~ 35-2 Fa(LEMg.My) (48)  our study. However, our calculated value of the slope param-
T eter

C. Leptonic decays of a heavy meson

We are also interested in the leptonic decay of a heavy, p?=— qwiW) (52)
pseudoscalar meson, which is described by the matrix ele- w=1

ment . : )
was too strongly influenced by the experimental fit to Bhe

olg- P — D data for that study to provide an independent prediction
(Olar,%Ql Hl(p)> of p2.5 Herein we eliminate this bias by excludifirmeson
observables from our primary procedure for fittlBgand A

N .
=lepM=2—c4f d*k tr[ ys5y,So(k+p) This also facilitates an elucidation of wherdll/ corrections
(2m) are important.
XTy, (K;p)Sq(k)1, (49) Our key results are presented in column 1 of Table I. In

obtaining these results we vari&dand A in order to obtain
where fy; is a single, dimensioned constant whose valued best, weighted Ieast -squares fit to the three available lattice
describes all strong-interaction contributions to this weak ded2@ %0|nt{25]+ for 7 and the experimental valje6] for
cay. For light mesons it has been studied extensijly7] ~the B"—m /"v branchmg ratio. In doing this we con-
and with this normalizatiorf,=0.131 GeV. Using Eqs. Strained our study to yieldg=0.17 GeV from Eq.(50),

(15), (23), (27), and (28) one obtains an expression foy; which is the central value favored in a recent analysis of
valic'i in tr,1e he,avy—quark limiELS]: 1 Jattice simulationg24], and usedng=5.27 GeV. This fit-

ting procedure assumes only that thquark is in the heavy-
ki Ng quark domain, i.e., that W, corrections to the formulas we
le= f du(\/_ E)ep(z) have derived herein are negligible. Our calculated form of
MH, g fE”(t) is presented in Fig. 1. A gooihterpolation of our

X[O'S(Z)-I- %\/ﬁa{,(z)], (50) result is provided by
wherez=u— 2E/u. It follows that, in the heavy-quark limit, B 0.458
()=, Mpe=567 GeV. (53
1 1-t/mfon
fy.oc : 51
H¢ \/EH ( )

f This value ofm,,, can be compared with that obtained in a
fit to lattice datg[25]: my.=5.6+0.3.

In Table Il we compare our favored, calculated value of
fi“(0)=0.46 with this quantity obtained using a range of
other theoretical tools. Since thelependence d™(t) is an

This scaling law is counter to the trend observed in the
light mesons, as highlighted in R¢.4], wheref,, increases
at least up to current-quark masses 3 times that ofsthe
qguark. Contemporary estimates fof andfg, such as those . !
analyzed in Ref[24], suggest that Eq(51) is also not outcome of our calculation, t_he value we predict f§F(0)
obeyed by experimentally accessible heavy mesons. The di the only one that allows simultaneous agreement between

termination of the current-quark mass at which the light me- our calculations and existing results of lattice simulations
son trend is reversed, and that at which this heavy- quar?nd the measured branching ratio. If these data are correct,

scaling law is satisfied, is an interesting, open question. tge” in our framework it is not possible to obtain a value of
f37(0) that differs from this favored value by more than
IIl. RESULTS AND DISCUSSION 10% unless the calculatdddependence is changed signifi-

cantly. This could only be effected by a modification of the

We have now defined all that is necessary for our calcu-
lation of the semileptonic heawy heavy and heavy- light
meson transition form factors and heavy-meson leptonic de-°In our framework the minimum possible value fef is 1/3[15].
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TABLE I. A comparison of our calculated results with available data when we refyird.170 GeV,
which is the central value estimated in RE24], and use Eq(29). In each column the quantities marked
by a dagger are those wused to constrain the parameteESA)( by minimizing
32:=3N | ([y®@C—y%@/ o (y)92 whereN is the number of data items used. The results in the first column
assume that heavy-quark symmetry is valid forbhguark but do not rely on this being true for tbejuark.

We note that(1) our values off, andfp_are obtained via Eq51) from fg and fg, respectively, using
mg=5.27,mg_=5.375,mp=1.87, andnp_=1.97 GeV;(2) the experimental determination pf is sensitive

to the form of the fitting function; e.g., see RE29]; (3) an analysis of four experimental measurements of
Ds— uv decays yieldsp =0.241+0.21+0.30 GeV([30].

f3=0.170 GeV
(E.,A) (GeV) (0.442,1.408 (0.465,1.405
32IN Data estimates 0.48 1.22
87(14.9 GeV) 0.82+0.17 [25] 0.84" 0.89"
87(17.9 GeV) 1.19+0.28 [25] 1.02" 1.09
87(20.9 GeV) 1.89+0.53 [25] 1.30 1.41%
Br(B°— 7~/ v) [1.8+0.4+0.3+0.2]x 10" * [26] 2.0 X10747 2.3x 10747
87(0) 0.18-0.49 [27] 0.46 0.48
£2K(0) 0.74+0.03 [1] 0.62 0.65
£(1.085+ 0.045) 0.88-0.18 [28] 0.93 0.93
£(1.18+0.045) 0.93:0.12 [28] 0.86 0.86
£(1.28+0.050) 0.68-0.06 [28] 0.80 0.79
£(1.36+0.050) 0.66-0.06 [28] 0.76 0.75
£(1.45+0.045) 0.58-0.08 [28] 0.71 0.70
p? 0.91+0.15+0.06 0.87 0.92
1.53+0.36+0.14
fg_ (GeV) 0.195+0.035 [24] 0.184 0.184
fe /fs 1.14+0.08 [24] 1.083 1.082
fp (GeV) 0.200+0.030 [24] 0.285 0.285
fo, (GeV) 0.220+0.030 [24] 0.304 0.304
fo /fo 1.10+0.06 [24] 1.066 1.066

vertex Ansatz Eq. (36), and hence the accuracy of our pre-
diction can be seen as a test of the veracity of fnisatzin
the heavy-quark limit. I

In Fig. 2 we present our calculated form of the function 5,1
£(w) that characterizes the semileptonic heavyheavy me-
son decays. We have compared our calculation with the ex:
perimental results of Ref28] and the following fits to the
experimental data in Ref29]:

2.0

&w)=1—p? (w—1), p?=0.91+0.15-0.16, (54

f*Bn ( t)

w—1
w+1

&(w)=

_ 2 r
Wt exr{(l 2p%) ’ 10

p?=1.53+0.36+0.14 . (55)

Our calculated result fop? is close to that in Eq(54) but T
our form of ¢(w) has significant curvature and deviates 0.0 10.0 20.0
quickly from the linear fit. The curvature is, in fact, very well t(GeV’)
matched to that of the fit in Ed55); however, the value of
p? listed in that case is very different from our calculated

value. S . s
. ) ) are the results of a lattice simulatif?5] and the light, short-dashed
In Ref.[15] we fitted E and A to the nonlinear form in lne is a vector dominance, monopole modelf , (t)

E.q. (55 and fitted it exactly.. We believe that part qf the :0.46/(1—t/m§*), Mg =5.325 GeV. The light, dotted line is the
dlscrepancy_observed here_z is due to our neglgct bf.1/ phase space factoif27(0)|[(t. —t)(t_—1)]¥%(7mg)® in Eq.
corrections in the calculation of(w), the magnitude of (11), which illustrates that thé— mev branching ratio is deter-
which is exposed because of our newfound ability to con-mined primarily by the smali? behavior of this form factor.

FIG. 1. Our calculated form of27(t): solid line, column 1,
Table I; dashed line, column 2, Table I. For comparison, the data
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TABLE Il. A comparison of our favored, calculated result for ' ' '

fE”(O) with a representative but not exhaustive list of values ob- )
tained using other theoretical tools. More extensive and comple-
mentary lists are presented in Reff27,33,37. |

Reference £87(0)

Our result 0.46
Dispersion relationg27] 0.18-0.49
Quark model[31] 0.33+0.06
Quark model[32] 0.21+0.02 i
Quark model[33] 0.29
Light-cone sum ruleg34] 0.29 direct

0.44 pole dominance
Quark confinement moddl35] 0.6
Quark confinement modd36,37] 0.53 0.0 . . .
0.0 0.5 1.0 15
1 (GeV?)

strain our parameters without referring Bbmeson observ-
ables. Nevertheless, the agreement between this calculation FIG. 3. Our calculated form of2“(q?): solid line, column 1,
and the data is reasonable, with the difference largest,gt ~ 1aPle I; dashed line, column 2, Table I. For comparison the light,
where it is a little more than one standard deviation. Hencého'rtz"jla‘Shecl I|ne2 s a vector dominance, monopole model:
1/M, corrections cannot be too large. F(a%)=0.74/(1=q"/m, ), mpr =2.11 GeV.

In Fig. 3 we present our calculated form ©f(t). Thet
dependence is well approximated by a monopole fit. Our £07 (1) = 0.716
favored, calculated value df2¥(0)=0.62 is approximately * 1-t/m?,,
15% less than the experimental valudd. We interpret this
as agaugeof the size of 11, corrections. These corrections Y€ note that a naive vector meson dominance assumption
are expected to reduce the value of hemeson leptonic Would lead one to expeciy,y~mp»=2.0 GeV. Using
decay constants from that obtained using Ef). A 15%  (E,A) from Table | we obtain
reduction in theD-meson leptonic decay constants in column

, Mpon=2.15 GeV. (56)

g 2
1 of Table | yieldsf,=0.24 GeV andp =0.26 GeV, val- RW:=M=2.4%E _013. (57
ues which are consistent with lattice estimgt24] and the Br(D—K/v) Ves
latter with experiment30]. for |Voq/V.J2=0.051+0.002[1], and in this ratio the bulk

We have also calculatef® "(t) and find that on the kine-
matically accessible domain<0t<(mp—m,)?, the follow-
ing monopole form provides an excellenterpolation Br(D°— 7 e* v,)

e

of the 1M, corrections should cancel. Experimentally,

=0.11"395+0.1 1,39,
(58)

T w

" Br(D°—K e )
1.00 &,
Br(D"— 7%" vy)

R,=2 — =0.17+0.05+0.03 [39] .
Br(D"—K%"v,)
(59

0.80

&(w) ) . .
We observe that if one makes the assumption of single-pole,

D*- and D} -vector-meson dominance for thedependence
of the form factorsf?™ and 2, respectively, one obtains
the simple formula

270
R,=1.9
! 7(1‘%0)

0.60

2

2
Vcd

VCS

(60)

0.40 ' ‘
1.0 1.2 1.4 1.6

w

This approach has been employled in order to estimate
FIG. 2. A comparison of our calculated form éfw) with re- fEW(O)/fEK(O)Zl.Ofgjgi 0.04 or 1.3:0.2+0.1 from Egs.

cent experimental analyses. Our results: solid line, column 1, Tabl¢58) and (59). We calculate

I; dot-dashed line, column 2, Table |. Experiment: data points, Ref.

[28]; short-dashed line, linear fit from RdR29]; see our Eq(54); f'?r”(o)
long-dashed line, nonlinear fit from R¢R9]; see our Eq(55). The o~ =116. (61
two light, dotted lines are this nonlinear fit evaluated with the ex- f2°(0)

treme values op?: upper line,p?=1.17, and lower linep?=1.89.
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TABLE lll. A comparison of our calculated results with available data when we redyir€0.170 GeV,
which is the central value estimated in REZ4], and use Eq(30). (See Table | for additional remarks and
an explanation of the symboals.

fg=0.170 GeV

(E,A) (GeV) (0.455,0.918

32IN Data estimates 0.46
87(14.9 GeV) 0.82+0.17 [25] 0.84"
f87(17.9 GeV) 1.19+0.28 [25] 1.02
87(20.9 GeV) 1.89+0.53 [25] 1.32
Br(B°— 7~ /") [1.8+0.4+0.3=0.2] X 10 * [26] 2.0x10° 41
87(0) 0.18-0.49 [27] 0.45
2K(0) 0.74+0.03 [1] 0.62
£(1.085+0.045) 0.88:0.18 [28] 0.92
£(1.18+0.045) 0.930.12 [28] 0.84
£(1.28+0.050) 0.68:0.06 [28] 0.77
£(1.36+0.050) 0.66-0.06 [28] 0.72
£(1.45+0.045) 0.580.08 [28] 0.67
p? 0.91+0.15+0.06 29] 1.03

1.53+0.36+0.14

fg, (GeV) 0.195+0.035 [24] 0.180
fe,/fs 1.14+0.08 [24] 1.061
fp (GeV) 0.200+0.030 [24] 0.285
fo, (GeV) 0.220+0.030 [24] 0.298
fo /fo 1.10+0.06 [24] 1.044

It is incumbent upon us now to stress that we expligitly  ferent functional form for the heavy-meson Bethe-Salpeter
not assume vector meson dominance. Our calculated resulesmplitude in Eq.(30). A direct comparison with the results
reflect only the importance and influence of the dressedin Table | indicates that our results are insensitive to such
quark and -gluon substructure of the heavy mesons. Thidetails and hence are robust. The binding endggis un-
substructure is manifest in the dressed propagators arthanged and the width is smaller, as expected since Eq.
bound state amplitudes, which fully determine the value of30) does not decrease as rapidly withas the form in Eq.
every quantity calculated herein. Explicit vector meson con29). A quantitative statement of this is that
tributions would appear as pole terms m;lfz(kl,kz),
which are excluded in ouknsatz Eq. (36). That simple-pole
Ansdze provide efficacious interpolations of our results on
the accessible kinematic domain is not surprising, given that
the form factor must rise slowly away from its valuetatO
and the heavy-meson mass provides a dominant intrinsic Jw

fo dkP(eK1%)2=172, (62

2

A2 ~
=A?, (63

k2+ A2

scale, which is modified slightly by the scale in the light-
guark propagators and meson bound state amplitudes. Simi-
lar observations are true in the calculation of the pion form
factor, as discussed in detail in Sec. 7.1 of R6f.and Sec. andA=0.92 GeV~A/\2=1.0 GeV is just that reduction
2.3.1 of Ref.[40]. necessary to provide the same integrated strength for both
In column 2 of Table | we present the results obtainedamplitudes.
whenE andA are varied in order to obtain a best, weighted Tables IV and V provide a further elucidation of the im-
least-squares fit to the lattice data dif”, the B®  pact of possible systematic errors in our calculation. These
—m~/*v branching ratio, and the experimental data onresults are obtained through a repetition of the calculations
£(w) reported in Ref[28]. The latter introduceD-meson  that yield Table | but withfg constrained to be 0.135 and
properties into our fitting constraints but their effect on our0.205 GeV, respectively, which are the outer limits esti-
calculations is not very significant. The tabulated quantitymated in an analysis of contemporary lattice simulations
most affected is th8°— 7~/ v branching ratio but this [24]. In the direct application of the methods of REf7] to
increases by only 15% and remains acceptably close to theeavy mesons the value 6 would be a prediction. Herein,
experimental value. The effect that this modified fitting pro-since we do not calculate but instead fit the heavy-meson
cedure has on the transition form factors is also small, aBethe-Salpeter amplitudef,g acts as a constraint on the
illustrated by the comparisons in Figs. 1-3. Not surprisingly,width A of the Bethe-Salpeter amplitude, as seen in a com-
the largest effect is a uniform 5% increase in the magnitudgarison of Tables I, IV, and V. The binding energyis then
of 2X(t). the only true free parameter and it varies over a range of no
In Table Il we present the results obtained using the dif-more than 8%. Comparing these tables, we see that our re-

0
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TABLE IV. A comparison of our calculated results with available data when we redgire0.135 GeV,
which is the lower bound estimated in RE24], and use Eq(29). (See Table | for additional remarks and an
explanation of the symbols.

Data estimates fg=0.135 GeV
(E,A) (GeV) (0.457,1.138 (0.466,1.135

32/N 0.50 0.97
87(14.9 GeV) 0.82+0.17 [25] 0.86' 0.88"
f87(17.9 GeV) 1.19+0.28 [25] 1.05" 1.08"
87(20.9 GeV) 1.89+0.53 [25] 1.36" 1.40
Br(B°— 7~ /") [1.8+0.4+0.3=0.2] X 10" * [26] 2.1x10 4 2.2x10° 41
87(0) 0.18-0.49 [27] 0.46 0.47
2K(0) 0.74+0.03 [1] 0.64 0.65
£(1.085+0.045) 0.88-0.18 [28] 0.92 0.97
£(1.18+0.045) 0.930.12 [28] 0.85 0.85
£(1.28+0.050) 0.68-0.06 [28] 0.78 0.78
£(1.36+0.050) 0.66-0.06 [28] 0.74 0.73
£(1.45+0.045) 0.58-0.08 [28] 0.69 0.69
p? 0.91+0.15+0.06 29] 0.96 0.98

1.53+0.36+0.14

fg, (GeV) 0.195+0.035 [24] 0.148 0.148
fe,/fs 1.14+0.08 [24] 1.096 1.096
fp (GeV) 0.200+0.030[24] 0.227 0.227
fo, (GeV) 0.220+0.030 [24] 0.244 0.244
fo /fo 1.10+0.06 [24] 1.079 1.078

sults are not very sensitive to the valuefgfin the range we —0.135 GeV, more acceptable than a higher one. The value

have explored,; i.e., our results are robust. of E=0.44 GeV that provides this best description can be
We judge that the best description of the available data isompared with the value d&;,y~0.25—0.35 GeV obtained

obtained with fz=0.17 GeV, with a lower valuefg in a lattice nonrelativistic QCONRQCD) simulation[41].

TABLE V. A comparison of our calculated results with available data when we refjpitd®.205 GeV,
which is the upper bound estimated in R&¥], and use Eq(29). (See Table | for additional remarks and an
explanation of the symbols.

Data estimates fg=0.205 GeV
(E,A) (GeV) (0.469,1.67Y (0.479,1.678

>2/N 0.83 1.45
f87(14.9 GeV) 0.82+0.17 [25] 0.91 0.94"
87(17.9 GeV) 1.19+0.28 [25] 1.117 1.15"
87(20.9 GeV) 1.89+0.53 [25] 1.43" 1.49"
Br(B°— /") [1.8+0.4+0.3+0.2]x10—4 [26] 2.4x 1041 2.5x10 41
87(0) 0.18-0.49 [27] 0.49 0.50
£2X(0) 0.74+0.03 [1] 0.66 0.68
£(1.085+0.045) 0.88:0.18 [28] 0.93 0.93
£(1.18+0.045) 0.930.12 [28] 0.86 0.86
£(1.28+0.050) 0.680.06 [28] 0.80 0.79
£(1.36+0.050) 0.66-0.06 [28] 0.75 0.78
£(1.45+0.045) 0.580.08 [28] 0.71 0.70
p? 0.91+0.15+0.06 [29] 0.89 0.91

1.53+0.36+0.14

fg, (GeV) 0.195+0.035 [24] 0.220 0.220
fg /e 1.14+0.08 [24] 1.071 1.071
fp (GeV) 0.200+0.030 [24] 0.344 0.344
fo, (GeV) 0.220+0.030 [24] 0.363 0.363
fo /o 1.10+0.06 [24] 1.054 1.054
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The value ofA=0.92 GeV indicates that the heavy meson APPENDIX A: DERIVATION
occupies a spacetime volume only 15% of that occupied by A typical integral arising in the detailed analysis of Eq.
the pion. (12) has the form
d*k
IV. CONCLUSIONS :f_ 723 o([k-p,]%) . (A1)
72 k-v—E

Using the same phenomenological Dyson-Schwinger
equation(DSE) framework employed in successful studies of
|ight_meson observables as diverse asr Scattering[42] To Slmpllfy it we introduce a Laplace transform for the func-
and diffractive electroproduction of vector mesdas], we  tionsZ(k?) and o([k—p,]?),
have analyzed semileptonic heavy heavy and heavy-
light meson transition form factors. In this application we <= _
introduced and explored a heavy-quark limit of the DSE'’s Z(k%)= fo ds Zs)e * ' (A2)
based on the observation that the mass function of heavy
quarks evolves slowly with momentum. .

With two parametersE, the difference between the o([k— I02]2)=f du o(u)eulk-p2l?, (A3)
heavy-meson mass and the effective mass of the heavy 0
quark, andA, the width of the heavy-meson Bethe-Salpeter
amplitude, we obtained a uniformly good, robust descriptiorand a Gaussian representation of the heavy-quark propaga-
of all availableB— 7 data with a prediction fof®7(t) on  tor:
the kinematically accessibledomain. In analyzingd—D,

D—K, andD— 7 transitions we estimated that/ correc- 1 %
tions to our heavy-quark limit contribute no more than 15%. - ZJ da e kv=B), (A4)

. . . . 1% 0
A significant feature of our study is the correlation of heavy
— heavy and heavy- light transitionsandtheir correlation i i . i
with light-meson observables, which are dominated by ef/Nserting these identities we obtain
fects such as dynamical chiral symmetry breaking and con-

finement. o o * d*k

This study can be extended, with the application of the J= fo ds Z(s) fo du U(U)fo da f—z
framework to semileptonic decays with vector meson final 7
states using no additional parameters. It can also be im- X exp{ —ské—a(k-v—E)—u[k+p,]2} (A5)

proved, for example, by an exploration of the effect of more
sophisticatedAnsaze for the dressed-quai/-boson vertex

and of the inclusion of all amplitudes in the light-meson =de5 'Z(S)deu }(u)fwda exp{aE—up3
Bethe-Salpeter amplitude with refitted light-quark propaga- 0 0 0
tors.
4
A more significant qualitative improvement is the direct + +2a0)2(s+ fd_ —(s+
study of the Bethe-Salpeter equation for heavy mesons using (Uptzav) (st} 2 X~ (s+u)

the methods of Ref17]; Ref.[14] is the pilot. This program

involves the important step of critically analyzing the reli- X[k+(up,+zav)/(s+u)]?}. (AB)
ability for heavy quarks of ladderlike truncations of the

dressed-quark-antiquark scattering kernel in both the quarkhifting variables,k—k— (up,+ 2av)/(s+u) and subse-
DSE and meson Bethe-Salpeter equation. Addressing th'Ei:Uenﬂyaﬂ(sjL u)a, yields

guestion and developing an efficacious truncation will allow

a correlation of heavy- and light-meson observables via the . . "

few parameters that characterize the behavior of the quark—J:f ds “Z(S)f du };(u)f da (s+u) exp{ —(s+u)
quark interaction in the nonperturbative domain, i.e., relate 0 0 0

both heavy- and light-meson observables to the long-range 4

part of the quark-quark interaction. su 2’ f K sru?

X(%az—aE)‘f‘Uax—mpz —Ze‘
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su s+u (= t=u Jy1—1v? J1—9?,
exp — —— p3;= —f dr
S+u w —oo

with ue[0°), v€[0,1], andye[ —1,1], we arrive at
xexp{ — s —u(r+p2)? ,

(A14)

4 (1 dy 1 o
(A9) J=—f f d f du W Z(zy)o(z
77_71\/1_—’}/201/0 (1)0'(2)1
1 1 [~ (A15)
=— f dt e (s+ut (A10)
VSTU T where, usingp3=—m7 ,
we obtain
X z,=u’—2uvE , (A16)
J:—f da f dTJ dt Z(a®—2aE+ 72 +1?)
mJo —o ) 2p=U%=2up(E—X)—mf_+2imy,uy1-v* J1-9*.
X (a2 —2aE +2aX+ (7+ \py) 2+ 12). (A11) (A17)
Introducing spherical polar coordinates This is recognizably of the form in E¢41). _
Structures more complicated than E4L) arise in deriv-
a=uv , (A12) ing the complete form oF,/; however, they can all be ana-
lyzed and simplified using analogs of the method illustrated
=uJ1-1v° vy, (A13)  above.
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