
PHYSICAL REVIEW C APRIL 1998VOLUME 57, NUMBER 4
Heavy- to light-meson transition form factors
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Semileptonic heavy→heavy and heavy→light meson transitions are studied as a phenomenological appli-
cation of a heavy-quark limit of Dyson-Schwinger equations. Employing two parameters,E, the difference
between the mass of the heavy meson and the effective mass of the heavy quark, andL, the width of the
heavy-meson Bethe-Salpeter amplitude, we calculatef 1(t) for all decays on their entire kinematically acces-
sible t domain. Our study favorsf B in the range 0.135–0.17 GeV and withE50.44 GeV and 1/L50.14 fm we
obtain f 1

Bp(0)50.46. As a result of neglecting 1/mc corrections, we estimate that our calculated values of
r250.87 andf 1

DK(0)50.62 are too low by approximately 15%. However, the bulk of these corrections should
cancel in our calculated values of Br(D→pl n)/Br(D→Kl n)50.13 and f 1

Dp(0)/f 1
DK(0)51.16.
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PACS number~s!: 13.20.He, 13.20.Fc, 24.85.1p
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I. INTRODUCTION

Semileptonic meson decays are simple, experiment
accessible and only have a single hadron in the initial
final states. They are flavor-changing weak interaction p
cesses and hence can be used as a means of extractin
elements of the Cabibbo-Kobayashi-Maskawa~CKM! ma-
trix, which characterize the difference between the m
eigenstates and the weak eigenstates in the standard m
For example, theK1→p0e1ne (Ke3

1 ) and KL
0→p6e7ne

(Ke3
0 ) decays currently provide the most accurate determ

tion of uVusu(50.219660.0023)@1#, which would have been
sinuc in the Cabibbo theory of weak interactions. The mec
nism of the weak interaction is well understood. Hence, l
elastic, electromagnetic form factors, these decays can
be used as a tool to probe the structure of the hadrons in
initial and final states.

A major goal of currentB-meson experiments is to dete
mine accurately the matrix elementsVcb andVub , the first of
which is accessible viaB→D(D* )l n decays and the latte
via B→p(r)l n. The decays with a pseudoscalar meson
both the initial and final states are the simplest to study th
retically because they are only sensitive to the vector c
pling of theW boson to the quarks and only two form facto
are needed for a complete description. However, experim
tally those with a vector meson in the final state provide
best statistics because the decay can proceed via bothS and
D waves.

The B→D(D* )l n decays proceed via ab→c transition
and experimentally this is the closest one can come to r
izing a ‘‘heavy→heavy’’ transition@2#. It is in the analysis of
these decays that heavy-quark symmetry@3#, i.e., an expan-
sion of observables inLQCD/mf , wheremf is the current-
quark mass of thef 5b,c quark, is most likely to be of use
However, in reality theLQCD/mc corrections, in particular
may nevertheless be large (;30%) and difficult to estimate
in this case.

Heavy-quark effective theory~HQET! @3# provides a sys-
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tematic method for exploring the consequences of hea
quark symmetry. It can be used to reduce the numbe
independent form factors required to describe heavy→ heavy
decays, relating them to a minimal number of so-cal
‘‘universal’’ form factors. However, it cannot be used to ca
culate theq2 dependence of the form factors. This depen
on the internal structure of the heavy mesons and its ca
lation requires the application of nonperturbative techniqu
One such technique and its application to the calculation
these form factors are our focus herein.

The methods of HQET are also not directly applicable
the decaysB→p(r)l n l , D→Kl n l , andD→pl n l , all
of which have light mesons in the final state. A prima
impediment is that the current-quark mass of thes quark,
ms;O(LQCD); henceLQCD/ms is not a suitable expansio
parameter. In addition, a theoretical description of these
cays requires a good understanding of light-quark propa
tion characteristics and the internal structure of light meso
This is provided by the extensive body of Dyson-Schwing
equation~DSE! studies@4,5# in QCD.

The DSE’s are a system of coupled integral equatio
whose solutions, then-point Schwinger functions, are th
fully dressed Euclidean propagators and vertices for
theory. Once all the Schwinger functions are known, then
theory is completely specified. To arrive at a tractable pr
lem one must truncate the system at a given level. Trun
tions that preserve the global symmetries of a field theory
easy to implement@6#. Preserving the gauge symmetry
more difficult but progress is being made@7#.

In a general covariant gauge the dressed-gluon two-p
Schwinger function~Euclidean propagator!, Dmn(k), is char-
acterized by a single scalar function, which we den
G(k2)/k2. Important here is the particular, qualitatively ro
bust result of studies of the DSE forDmn(k) thatG(k2)/k2 is
strongly enhanced in the infrared; i.e., its behavior in t
vicinity of k250 can be represented as a distribution@8,9#.
The infrared enhancement inDmn(k) becomes prominent fo
k2;1 GeV2 and is not peculiar to covariant gauges@10#.

The dressed-quark propagator for a quark of flavorf can
1991 © 1998 The American Physical Society
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1992 57IVANOV, KALINOVSKY, MARIS, AND ROBERTS
be written in the general form1

Sf~p!5
Zf~p2!

ig•p1M f~p2!
, ~1!

where Zf(p2) is the momentum-dependent wave functi
renormalization andM f(p2) is the momentum-dependen
quark mass function. The dressed-gluon propagator is an
portant element in the kernel of the DSE satisfied bySf(p).
In existing studies of this DSE that employ a dressed-qua
gluon vertex that is free of light-cone singularities, the infr
red enhancement inDmn(k) is sufficient to ensure thatS(p)
does not have a Lehmann representation. This entails
absence of colored quark states from the spectrum, i.e., q
confinement@11#. If G(k2),` at k250, it is possible to
obtain a solutionSf(p) of the quark DSE that has a Lehman
representation@12#.

There is another important consequence of the infra
enhancement inG(k2)/k2. The enhancement is characteriz
by a mass scalev;LQCD and for light quarks, i.e.,u, d, and
s quarks for whichmf<LQCD, it generates a significant en
hancement inM f(p2). A single, indicative, and quantitativ
measure of this enhancement inM f(p2) is the ratioM f

E/mf ,
whereM f

E is the Euclidean constituent-quark mass defined
the solution ofp25M2(p2).2 The results

Mu,d
E

mu,d
;150,

Ms
E

ms
;10 ~2!

demonstrate that the infrared enhancement inG(k2)/k2 leads
to at least an order-of-magnitude infrared enhancemen
M f(p2). It is nonperturbative in origin3 and has importan
qualitative and quantitative implications for light-meson o
servables, as illustrated in Refs.@5,13#.

The effect of the infrared enhancement inG(k2)/k2 on
Mc,b(p2) is much less dramatic@14#:

Mb
E

mb
;1.5,

Mc
E

mc
;2.0 . ~3!

In this casemf@LQCD and the momentum dependence
Mc,b(p2) is primarily perturbative in origin. As observed i
Ref. @15# it is therefore a good approximation to write

Mb~p2!5constªM̂b'Mb
E , ~4!

for p2@2mb
2 , although theb quark is still confined and

there is no pole mass. For the same reasonZb(p2)[1 is also
a good approximation. This and Eq.~4! form the basis of the
heavy-quark limit of the DSE’s explored in Ref.@15#

1We employ a Euclidean metric withdmn5diag(1,1,1,1),
gm

† 5gm , and $gm ,gn%52dmn . A spacelike four-vectorkm has
k2.0.

2Quark confinement entails that there is no ‘‘pole mass’’@11#,
which would be the solution ofp21M2(p2)50.

3The renormalization-point dependence of the current-quark m
affects the actual value of the ratioM f

E/mf but not the qualitative
features of this discussion.
-
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wherein, on the domain explored by heavy→heavy semilep-
tonic decays, the dressed-b-quark propagator was approx
mated by

Sb~p!5
1

ig•p1M̂b

. ~5!

In Ref. @15# the dressed-c-quark propagator was approx
mated by an analogous expression:

Sc~p!5
1

ig•p1M̂ c

. ~6!

However, the justification of this is less certain because
momentum dependence ofZc(p2) and Mc(p2) is signifi-
cantly more rapid. The approach employed in Ref.@16# is
one means of exploring the fidelity of this approximation,
are the direct studies for which Ref.@14# is the pilot.

Our aim herein is a unified description and correlation
semileptonic heavy→heavy and heavy→light meson transi-
tions as an extension of the application of DSE methods.
follow Ref. @15# in describing theb- andc-quark propagators
by Eqs. ~5! and ~6!, respectively, and in our analysis w
consider the effects and limitations of Eq.~6!. These equa-
tions represent the primary, exploratory hypothesis in
study because the propagation characteristics of light qu
and the structure of light-meson bound states is well und
stood following the extensive application of DSE methods
this domain@5,13,17#. In Sec. II we define our approximatio
to the matrix elements describingB(D)→p(K)l n transi-
tions and fully specify the heavy-quark limit of our DS
application. Our results are presented and discussed in
III and we make some concluding remarks in Sec. IV.

II. SEMILEPTONIC DECAYS

Our primary focus is the pseudoscalar→pseudoscalar
semileptonic decay

PH1
~p1!→PH2

~p2! l n , ~7!

wherePH1
represents either aB or D meson with momen-

tum p1 (p1
252mH1

2 ) and PH2
can be aD, K, or p meson

with momentump2 (p2
252mH2

2 ). The momentum transfe

to the lepton pair isq:5p12p2. A review of these decays is
provided in Ref.@2# and a theoretical study of the light→
light transitions is presented in Ref.@18#.

The invariant amplitude describing the decay is

A~PH1
→PH2

l n!

5
GF

A2
VqQ l̄ gm~12g5!nM

m

PH1
PH2~p1 ,p2! , ~8!

whereGF is the Fermi weak-decay constant,VqQ is the ap-
propriate element of the CKM matrix, and the hadronic c
rent is

ss
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M
m

PH1
PH2~p1 ,p2! ª^PH2

~p2!uq̄gmQuPH1
~p1!& ~9!

5 f 1~ t !~p11p2!m1 f 2~ t !qm ,
~10!

with t ª2q2. The form factorsf 6(t) contain all the infor-
mation about strong-interaction effects in these proces
and their accurate estimation is essential to the extractio
VqQ from a measurement of a semileptonic decay rate:

G~PH1
→PH2

l n!5
GF

2

192p3
uVqQu2

1

mH1

3 E
0

t2

dt u f 1~ t !u2

3@~ t12t !~ t22t !#3/2 , ~11!

with t6 ª(mH1
6mH2

)2 and neglecting the lepton mass.

A. Impulse approximation

In the impulse approximation

M
m

PH1
PH2~p1 ,p2!5

Nc

16p4 E d4k tr@ḠH2
~k;2p2!

3Sq~k1p2!iV m
qQ~k1p2 ,k1p1!

3SQ~k1p1!GH1
~k;p1!Sq8~k!#,

~12!

whereGH1
(k;p1) is the Bethe-Salpeter amplitude for theH1

meson,

ḠH2
~k;2p2! t

ªC†GH2
~2k;2p2!C, C5g2g4 , ~13!

Mt is the matrix transpose ofM , and V m
qQ(k1 ,k2) is the

vector part of the dressed-quark-W-boson vertex.

1. Quark propagators

The dressed-quark propagatorsSf(p) in Eq. ~12! are the
solution of

S~p!215 ig•p1mbm1E d4q

~2p!4

3g2Dmn~p2q!
la

2
gmS~q!Gn

a~q,p! , ~14!

whereDmn(k) is the dressed-gluon propagator,Gn
a(q,p) is

the dressed-quark-gluon vertex,mbm is the current-quark
bare mass, and one can writeSf(p) in the general form

Sf~p!52 ig•p sV
f ~p2!1sS

f ~p2! , ~15!

which is completely equivalent to Eq.~1!. A thorough dis-
cussion of the numerical solution of Eq.~14!, including a
discussion of renormalization, is given in Ref.@17#.

a. Light quarks. Herein, for the lightu-, d-, ands-quark
propagators, we do not directly employ a numerical solut
of Eq. ~14!. Instead we use the algebraic parametrizations
these solutions developed in Ref.@19# because they effi-
es
of

n
f

ciently characterize the essential and robust elements of
solution obtained in many studies@4# of the quark DSE:

s̄S
f ~x!52m̄fF„2~x1m̄f

2!…1F~b1x!F~b3x!@b0
f 1b2

fF~ex!#,
~16!

s̄V
f ~x!5

2~x1m̄f
2!211e22~x1m̄f

2
!

2~x1m̄f
2!2

, ~17!

where f 5u,s ~isospin symmetry is assumed!,

F~y!:5
12e2y

y
, ~18!

x5p2/(2D), m̄f 5mf /A2D, and

s̄S
f ~x! ªA2D sS

f ~p2! , ~19!

s̄V
f ~x! ª2DsV

f ~p2! , ~20!

with D a mass scale. This algebraic form combines the
fects of confinement and dynamical chiral symmetry bre
ing with free-particle~asymptotically free! behavior at large,
spacelikep2. The parametersm̄f , b0•••3

f in Eqs. ~16! and
~17! take the values

m̄f b0
f b1

f b2
f b3

f

u: 0.00897 0.131 2.90 0.603 0.185

s: 0.224 0.105 2.90 0.740 0.185 , ~21!

which were determined in a least-squares fit to a range
light-hadron observables. The values ofb1,3

s are underlined to
indicate that the constraintsb1,3

s 5b1,3
u were imposed in the

fitting. The scale parameterD50.160 GeV2.
b. Heavy quarks.As described in Sec. I, and exploited

Ref. @15#, the momentum dependence ofZf(p2) andM f(p2)
is much weaker for the heavy quarks than it is for the lig
quarks. This is illustrated for two different but related DS
models in Refs.@14,15# and justifies Eq.~5! for the b quark
and the cautious, exploratory use of Eq.~6! for the c quark.

These equations provide the origin of heavy-quark sy
metry in the DSE framework. Its elucidation is completed
introducing the heavy-meson velocityvm via

p1m ªmH1
vm ª~M̂ f Q

1E! vm , ~22!

where v2521 and E.0 is the difference between th
heavy-meson mass and the effective mass of the he
quark,M̂ f Q

. Equations~5! and ~6! then yield

Sf Q
~k1p1!5

1

2

12 ig•v

k•v2E
1OS uku

M̂ f Q

,
E

M̂ f Q

D . ~23!

Exact heavy-quark symmetry arises from completely
glecting the 1/M̂ f Q

corrections in all applications. The mas

of the b quark may justify this as a quantitatively reliab
approximation but in making the same truncation for thec
quark one may expect quantitatively important correction
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2. Bethe-Salpeter amplitude

As discussed in Refs.@14,17#, the meson Bethe-Salpete
amplitudes in Eq.~12! are the solution of the homogeneo
Bethe-Salpeter equation

@GH~k;P!# tu5E d4q

~2p!4
@xH~q;P!#sr Ktu

rs~q,k;P! ,

~24!

where

xH~q;P! ªSQ~q1P!GH~q;P!Sq8~q! , ~25!

Sf are the dressed-quark propagators, andr , . . . ,u represent
color-, Dirac-, and flavor-matrix indices. In Eq.~24!,
Ktu

rs(q,k;P) is the fully amputated quark-antiquark scatteri
kernel. Ktu

rs(q,k;P) is a four-point Schwinger function ob
tained as the sum of a countable infinity of skeleton d
grams. It is two-particle irreducible, with respect to t
quark-antiquark pair of lines, and does not contain qua
antiquark to single gauge-boson annihilation diagrams, s
as would describe the leptonic decay of a pseudoscalar
son. The numerical studies of Ref.@17# employed a ladder-
like approximation:

Ktu
rs~q,k;P!52g2Dmn~k2q! S gm

la

2 D
tr

S gn

la

2 D
su

,

~26!

which is consistent with the impulse approximation f

Mm

PH1
PH2(p1 ,p2) and is a quantitatively reliable truncatio

for light, pseudoscalar mesons because of cancellations
der by order, between higher order diagrams in the skele
expansion forK @6#. Reference@14# is a first step in explor-
ing the application of the methods of Ref.@17# to mesons
containing at least one heavy quark.

a. Heavy-meson Bethe-Salpeter amplitudes.Herein we
do not use a numerical solution of Eq.~24! for the heavy-
meson Bethe-Salpeter amplitude because we judge tha
present studies are inadequate. One limitation, for exam
is that simple ladderlike truncations do not yield the Dir
equation when the mass of one of the fermions beco
infinite and that defect may also be manifest in our stu
Postponing the detailed exploration of this and other qu
tions we employ instead anAnsatzmotivated by the studies
of Ref. @20# and used efficaciously in Ref.@15#:

GH1 f
~k;p1!5g5~11 1

2 ig•v !
1

NH1 f

w~k2! , ~27!

whereNH1 f
is the canonical Bethe-Salpeter normalizati

constant. Using Eq.~23!,

NH1 f

2 5
1

mH1 f

Nc

32p2E0

`

du w~z!2 @sS
f ~z!1Au sV

f ~z!#

ª

1

mH1 f
k f

2
, ~28!
-

-
ch
e-

or-
n

ur
le,

es
.

s-

wherez5u22EAu and f labels the light-quark flavor.
In a solution of the Bethe-Salpeter equation the form

w(k2) is completely determined. However, here it charact
izes ourAnsatzand as our primary form we choose

w~k2!5exp~2k2/L2! , ~29!

where L is a free parameter. In studies of heavy→heavy
transitions@15# we found that, as long asw(k2) is a non-
negative, nonincreasing, convex up function ofk2, the results
were insensitive to its detailed form. As we shall see belo
through a comparison of the results obtained using Eq.~29!
and those obtained with

w̃~k2!5
L̃2

k21L̃2
, ~30!

the same is true herein. Qualitatively, a primary requirem
for an understanding of all the processes we consider is s
ply that the heavy meson be represented by a function
describes it as a finite-size, composite object: 1/L is a rough
measure of that size.

b. Light-meson Bethe-Salpeter amplitudes.Just as for the
light-quark DSE, there have been numerous studies@4,5# of
light mesons using Eq.~24! and a thorough discussion of th
numerical solution, including a discussion of renormaliz
tion, is presented in Ref.@17#. The light, pseudoscalar meso
Bethe-Salpeter amplitude has the general form

GH~k;P!5g5@ iEH~k;P!1g•PFH~k;P!

1g•k k•PGH~k;P!1smnkmPnHH~k;P!#.

~31!

Until recently it was assumed that in quantitative pheno
enological applications one could neglect all butEH(k;P) in
describing the light, pseudoscalar meson and this was
assumption of Ref.@19#. However, a systematic study of th
quark DSE and meson Bethe-Salpeter equation@17# demon-
strates that the other functions are both qualitatively a
quantitatively important. A reanalysis of elastic form facto
using all amplitudes and refitting the parameters characte
ing the quark propagators is therefore necessary. It is un
way but incomplete@21#.

Herein we use the parametrization of the light-mes
Bethe-Salpeter amplitude determined in Ref.@19# and the
results @17# that it is a good approximation to trea
EH(k;P)5EH(k2) and Ep(k2)5EK(k2):5E(k2); i.e., we
use

GH5p,K~k2!5 ig5E~k2!, ~32!

E~k2!5
A2

f H

C0e2k2/[2D]1sS~k2!umf50

sV~k2!umf50

, ~33!

where the parameterC050.214 GeV was fixed in Ref.@19#
and therein yields the experimental valuef p50.131. For the
kaon f K50.196 GeV.

In principle, neglecting the other amplitudes in Eq.~31! is
flawed. However, the light-quark propagators of Eqs.~16!–
~21! were also fixed under this assumption and it is thecom-
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binationof these parametrizations in Eq.~25! that appears in
the calculation of hadronic observables and reproduces
available data. Therefore, if practiced judiciously, neglect
the other amplitudes can still provide quantitatively reliab
results. To illustrate this we note that a preliminary reana
sis of the electromagnetic pion form factor@21#, using all the
amplitudes in Eq.~31! and refitting theu-quark propagator
parameters in Eq.~21!, yields results that are qualitativel
indistinguishable from those obtained in Ref.@19# for
q2<20 GeV2. It is only for q2.20 GeV2 that the qualita-
tive and quantitative importance ofFp and Gp becomes
manifest: These are the dominant amplitudes at largeq2 and
ensure thatq2Fp(q2)5const, up to lnq2 corrections.

3. Quark-W-boson vertex

V m
qQ(k1 ,k2) in Eq. ~12! satisfies a DSE that describes bo

the strong and electroweak dressing of the vector part of
quark-W-boson vertex. Solving this equation is a proble
that can be addressed using the methods of Ref.@17#. How-
ever, we postpone this problem for the present and note
stead that from this DSE one can derive a Ward-Takah
identity

~k12k2!miV m
f 1f 2~k1 ,k2!

5Sf 1

21~k1!2Sf 2

21~k2!2~mf 1
2mf 2

! G I
f 1f 2~k1 ,k2! ,

~34!

whereG I
f 1f 2(k1 ,k2) is the scalar vertex, which in the absen

of interactions is simply the diagonal unit matrix in Dira
space. This identity can be used to constrain the form
V m

f 1f 2(k1 ,k2), as the QED analog has been used to const
the dressed-quark-photon vertex@22#.

When f 1 and f 2 are both heavy quarks, then the ability
neglect gluon dressing, as manifest in Eq.~5!, entails

~mf 1
2mf 2

! G I
f 1f 2~k1 ,k2!'~M̂ f 1

2M̂ f 2
! 1D . ~35!

This justifies the approximation, used efficaciously in R
@15#,

V m
f 1f 2~k1 ,k2!5gm , ~36!

thereby amplifying the simplifications accruing in the heav
quark limit. As demonstrated in Ref.@18#, even in the case
where both quarks are light, improvements to Eq.~36! only
become quantitatively significant (;10%! in the magnitude
of f 1(t) at the extreme kinematic limit:t5t2 . Hence we
use Eq.~36! in all calculations described herein.

B. Semileptonic decays in the heavy-quark limit

1. Bf˜Df

Using Eqs.~15!, ~23!, and ~27!, we find @15# from Eqs.
~10! and~12! that, at leading order in 1/mH wheremH is the
heavy-meson mass,

f 6~ t !5
1

2

mD f
6mBf

AmD f
mBf

j f~w! , ~37!
he
g

-

e

n-
hi

f
in

.

-

j f~w!5k f
2 Nc

32p2 E0

1

dt
1

W E
0

`

du w~zW!2

3FsS
f ~zW!1A u

W
sV

f ~zW!G , ~38!

with W5112t(12t)(w21), zW5u22EAu/W, and4

w5
mBf

2 1mD f

2 2t

2mBf
mD f

52vBf
•vD f

. ~39!

The canonical normalization of the Bethe-Salpeter am
tude, Eq.~28!, automatically ensures that

j f~w51!51 . ~40!

Equation~38! is an example of a general result that, in t
heavy-quark limit, the semileptonicH f→H f8 decays of heavy
mesons are described by a single, universal functionj f(w)
@23#.

2. Heavỹ light

Using Eqs.~15!, ~23!, and~27!, and following the method
outlined in the Appendix, we find, from Eqs.~10! and ~12!,

f
1

H1H2~ t !5kq8

A2

f H2

Nc

32p2
Fq8~ t;E,mH1

,mH2
! , ~41!

where

Fq8~ t;E,mH1
,mH2

!5
4

p E
21

1 dg

A12g2

3E
0

1

dn E
0

`

u2du w~z1! E~z1!

3Wq8~g,n,u! , ~42!

with

Wq8~g,n,u!52t2FsS
u~z1!

d

dz2
sV

q8~z2!2sV
u~z1!

d

dz2
sS

q8~z2!G
1S 12

u n

mH1
DsS

u~z1!sV
q8~z2!

1
1

mH1

FsS
u~z1!sS

q8~z2!1un sV
u~z1!sS

q8~z2!

1~z11unMH1
!sV

u~z1!sV
q8~z2!

22mH2

2 t2sV
u~z1!

d

dz2
sV

q8~z2!G ~43!

and

4The minimum physical value ofw is wmin51, which corresponds
to maximum momentum transfer with the final state meson at r
the maximum value iswmax.(mBf

2 1mD f

2 )/(2mBf
mD f

)51.6, which
corresponds to maximum recoil of the final state meson with
charged lepton at rest.
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z15u222unE , ~44!

z25u222un~E2X!2mH2

2 12imH2
guA12n2 , ~45!

X5~mH1
/2! @11~mH2

2 2t !/mH1

2 # , ~46!

t5u A12n2 A12g2 . ~47!

We note that because we have assumed isospin symmetsu

also represents ad quark and, to illustrate Eq.~41!, the B0

→p2l 1n l decay is characterized by

f 1
Bp~ t !5kd

A2

f p

Nc

32p2 Fd~ t;E,mB ,mp! . ~48!

C. Leptonic decays of a heavy meson

We are also interested in the leptonic decay of a hea
pseudoscalar meson, which is described by the matrix
ment

^0uq̄gmg5QuPH1
~p!&

ª f H1
pm5

Nc

~2p!4E d4k tr@g5gmSQ~k1p!

3GH1
~k;p!Sq~k!#, ~49!

where f H1
is a single, dimensioned constant whose va

describes all strong-interaction contributions to this weak
cay. For light mesons it has been studied extensively@4,17#
and with this normalizationf p50.131 GeV. Using Eqs
~15!, ~23!, ~27!, and ~28! one obtains an expression forf H1

valid in the heavy-quark limit@15#:

f H1
5

k f

AmH1

Nc

8p2 E0

`

du~Au2E!w~z!

3@sS
f ~z!1 1

2 AusV
f ~z!#, ~50!

wherez5u22EAu. It follows that, in the heavy-quark limit

f H f
}

1

AmH f

. ~51!

This scaling law is counter to the trend observed in
light mesons, as highlighted in Ref.@14#, wheref H increases
at least up to current-quark masses 3 times that of ths
quark. Contemporary estimates off D and f B , such as those
analyzed in Ref.@24#, suggest that Eq.~51! is also not
obeyed by experimentally accessible heavy mesons. The
termination of the current-quark mass at which the light m
son trend is reversed, and that at which this heavy-qu
scaling law is satisfied, is an interesting, open question.

III. RESULTS AND DISCUSSION

We have now defined all that is necessary for our cal
lation of the semileptonic heavy→ heavy and heavy→ light
meson transition form factors and heavy-meson leptonic
y,
e-

e
-

e

e-
-
rk

-

e-

cay constants. We have two free parameters: the bind
energyE, introduced in Eq.~22!, and the widthL of the
heavy-meson Bethe-Salpeter amplitude, introduced in
~29!. The dressed light-quark propagators and light-me
Bethe-Salpeter amplitudes have been fixed completely in
application of this framework to the study ofp- and
K-meson properties.

Our primary goal is to determine whether, with these tw
parameters, a description and correlation of existing data
possible using the DSE framework. This was certainly tr
in our analysis of heavy→ heavy transitions alone@15#. We
found that the functionj(w) necessarily has significant cu
vature and that a linear fit on 1<w<1.6 is inconsistent with
our study. However, our calculated value of the slope para
eter

r2
ª2

d

dw
j~w!U

w51

~52!

was too strongly influenced by the experimental fit to theB
→D data for that study to provide an independent predict
of r2.5 Herein we eliminate this bias by excludingD-meson
observables from our primary procedure for fittingE andL.
This also facilitates an elucidation of where 1/M̂ c corrections
are important.

Our key results are presented in column 1 of Table I.
obtaining these results we variedE andL in order to obtain
a best, weighted least-squares fit to the three available la
data points@25# for f 1

Bp and the experimental value@26# for
the B0→p2l 1n branching ratio. In doing this we con
strained our study to yieldf B50.17 GeV from Eq.~50!,
which is the central value favored in a recent analysis
lattice simulations@24#, and usedmB55.27 GeV. This fit-
ting procedure assumes only that theb quark is in the heavy-
quark domain, i.e., that 1/M̂b corrections to the formulas we
have derived herein are negligible. Our calculated form
f 1

Bp(t) is presented in Fig. 1. A goodinterpolation of our
result is provided by

f 1
Bp~ t !5

0.458

12t/mmon
2

, mmon55.67 GeV . ~53!

This value ofmmon can be compared with that obtained in
fit to lattice data@25#: mmon55.660.3.

In Table II we compare our favored, calculated value
f 1

Bp(0)50.46 with this quantity obtained using a range
other theoretical tools. Since thet dependence off 1

Bp(t) is an
outcome of our calculation, the value we predict forf 1

Bp(0)
is the only one that allows simultaneous agreement betw
our calculations and existing results of lattice simulatio
and the measured branching ratio. If these data are cor
then in our framework it is not possible to obtain a value
f 1

Bp(0) that differs from this favored value by more tha
10% unless the calculatedt dependence is changed signi
cantly. This could only be effected by a modification of th

5In our framework the minimum possible value forr2 is 1/3 @15#.
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TABLE I. A comparison of our calculated results with available data when we requiref B50.170 GeV,
which is the central value estimated in Ref.@24#, and use Eq.~29!. In each column the quantities marke
by a dagger are those used to constrain the parameters (E,L) by minimizing
S2

ª( i 51
N (@yi

calc2yi
data#/s(y) i

data)2, whereN is the number of data items used. The results in the first colu
assume that heavy-quark symmetry is valid for theb quark but do not rely on this being true for thec quark.
We note that~1! our values off D and f Ds

are obtained via Eq.~51! from f B and f Bs
, respectively, using

mB55.27,mBs
55.375,mD51.87, andmDs

51.97 GeV;~2! the experimental determination ofr2 is sensitive
to the form of the fitting function; e.g., see Ref.@29#; ~3! an analysis of four experimental measurements
Ds→mn decays yieldsf Ds

50.24160.2160.30 GeV@30#.

(E,L) ~GeV!
S2/N Data estimates

f B50.170 GeV

~0.442,1.408!
0.48

~0.465,1.405!
1.22

f 1
Bp(14.9 GeV2) 0.8260.17 @25# 0.84† 0.89†

f 1
Bp(17.9 GeV2) 1.1960.28 @25# 1.02† 1.09†

f 1
Bp(20.9 GeV2) 1.8960.53 @25# 1.30† 1.41†

Br(B0→p2l 1n) @1.860.460.360.2#31024 @26# 2.0 31024† 2.331024†

f 1
Bp(0) 0.18→0.49 @27# 0.46 0.48

f 1
DK(0) 0.7460.03 @1# 0.62 0.65

j(1.08560.045) 0.8860.18 @28# 0.93 0.93†

j(1.1860.045) 0.9360.12 @28# 0.86 0.86†

j(1.2860.050) 0.6860.06 @28# 0.80 0.79†

j(1.3660.050) 0.6660.06 @28# 0.76 0.75†

j(1.4560.045) 0.5860.08 @28# 0.71 0.70†

r2 0.9160.1560.06
1.5360.3660.14

[29] 0.87 0.92

f Bs
~GeV! 0.19560.035 @24# 0.184 0.184

f Bs
/ f B 1.1460.08 @24# 1.083 1.082

f D ~GeV! 0.20060.030 @24# 0.285 0.285
f Ds

~GeV! 0.22060.030 @24# 0.304 0.304
f Ds

/ f D 1.1060.06 @24# 1.066 1.066
e-

on

e

es
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ed

e
/
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ata
vertexAnsatz, Eq. ~36!, and hence the accuracy of our pr
diction can be seen as a test of the veracity of thisAnsatzin
the heavy-quark limit.

In Fig. 2 we present our calculated form of the functi
j(w) that characterizes the semileptonic heavy→ heavy me-
son decays. We have compared our calculation with the
perimental results of Ref.@28# and the following fits to the
experimental data in Ref.@29#:

j~w!512r2 ~w21!, r250.9160.1560.16 , ~54!

j~w!5
2

w11
expF ~122r2!

w21

w11G ,
r251.5360.3660.14 . ~55!

Our calculated result forr2 is close to that in Eq.~54! but
our form of j(w) has significant curvature and deviat
quickly from the linear fit. The curvature is, in fact, very we
matched to that of the fit in Eq.~55!; however, the value of
r2 listed in that case is very different from our calculat
value.

In Ref. @15# we fitted E and L to the nonlinear form in
Eq. ~55! and fitted it exactly. We believe that part of th
discrepancy observed here is due to our neglect of 1M̂c
corrections in the calculation ofj(w), the magnitude of
which is exposed because of our newfound ability to c
x-

-

FIG. 1. Our calculated form off 1
Bp(t): solid line, column 1,

Table I; dashed line, column 2, Table I. For comparison, the d
are the results of a lattice simulation@25# and the light, short-dashed
line is a vector dominance, monopole model:f 1(t)
50.46/(12t/mB*

2 ), mB* 55.325 GeV. The light, dotted line is the
phase space factoru f 1

Bp(0)u2@(t12t)(t22t)#3/2/(pmB)3 in Eq.
~11!, which illustrates that theB→pen branching ratio is deter-
mined primarily by the small-q2 behavior of this form factor.
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strain our parameters without referring toD-meson observ-
ables. Nevertheless, the agreement between this calcul
and the data is reasonable, with the difference largest atvmax
where it is a little more than one standard deviation. He
1/M̂c corrections cannot be too large.

In Fig. 3 we present our calculated form off 1
DK(t). The t

dependence is well approximated by a monopole fit. O
favored, calculated value off 1

DK(0)50.62 is approximately
15% less than the experimental value@1#. We interpret this
as agaugeof the size of 1/M̂c corrections. These correction
are expected to reduce the value of theD-meson leptonic
decay constants from that obtained using Eq.~50!. A 15%
reduction in theD-meson leptonic decay constants in colum
1 of Table I yieldsf D50.24 GeV andf Ds

50.26 GeV, val-
ues which are consistent with lattice estimates@24# and the
latter with experiment@30#.

We have also calculatedf 1
Dp(t) and find that on the kine

matically accessible domain 0,t,(mD2mp)2, the follow-
ing monopole form provides an excellentinterpolation:

TABLE II. A comparison of our favored, calculated result fo
f 1

Bp(0) with a representative but not exhaustive list of values
tained using other theoretical tools. More extensive and com
mentary lists are presented in Refs.@27,33,37#.

Reference f 1
Bp(0)

Our result 0.46

Dispersion relations@27# 0.18→0.49
Quark model@31# 0.3360.06
Quark model@32# 0.2160.02
Quark model@33# 0.29
Light-cone sum rules@34# H0.29 direct

0.44 pole dominance
Quark confinement model@35# 0.6
Quark confinement model@36,37# 0.53

FIG. 2. A comparison of our calculated form ofj(w) with re-
cent experimental analyses. Our results: solid line, column 1, T
I; dot-dashed line, column 2, Table I. Experiment: data points, R
@28#; short-dashed line, linear fit from Ref.@29#; see our Eq.~54!;
long-dashed line, nonlinear fit from Ref.@29#; see our Eq.~55!. The
two light, dotted lines are this nonlinear fit evaluated with the e
treme values ofr2: upper line,r251.17, and lower line,r251.89.
ion

e

r
f 1

Dp~ t !5
0.716

12t/mmon
2

, mmon52.15 GeV. ~56!

We note that a naive vector meson dominance assump
would lead one to expectmmon'mD* 52.0 GeV. Using
(E,L) from Table I we obtain

Rp :5
Br~D→pl n!

Br~D→Kl n!
52.47UVcd

Vcs
U2

50.13, ~57!

for uVcd /Vcsu250.05160.002 @1#, and in this ratio the bulk
of the 1/M̂ c corrections should cancel. Experimentally,

Rp5
Br~D0→p2e1ne!

Br~D0→K2e1ne!
50.1120.03

10.0660.1 @1,38# ,

~58!

Rp52
Br~D1→p0e1ne!

Br~D1→K̄0e1ne!
50.1760.0560.03 @39# .

~59!

We observe that if one makes the assumption of single-p
D* - andDs* -vector-meson dominance for thet dependence
of the form factorsf 1

Dp and f 1
DK , respectively, one obtain

the simple formula

Rp51.97U f 1
Dp~0!

f 1
DK~0!

U2UVcd

Vcs
U2

. ~60!

This approach has been employed@1# in order to estimate
f 1

Dp(0)/ f 1
DK(0)51.020.2

10.360.04 or 1.360.260.1 from Eqs.
~58! and ~59!. We calculate

f 1
Dp~0!

f 1
DK~0!

51.16 . ~61!

-
e-

le
f.

-

FIG. 3. Our calculated form off 1
DK(q2): solid line, column 1,

Table I; dashed line, column 2, Table I. For comparison the lig
short-dashed line is a vector dominance, monopole mo
f 1(q2)50.74/(12q2/mD

s*
2 ), mD

s*
52.11 GeV.
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TABLE III. A comparison of our calculated results with available data when we requiref B50.170 GeV,
which is the central value estimated in Ref.@24#, and use Eq.~30!. ~See Table I for additional remarks an
an explanation of the symbols.!

f B50.170 GeV
(E,L) ~GeV! ~0.455,0.918!
S2/N Data estimates 0.46

f 1
Bp(14.9 GeV2) 0.8260.17 @25# 0.84†

f 1
Bp(17.9 GeV2) 1.1960.28 @25# 1.02†

f 1
Bp(20.9 GeV2) 1.8960.53 @25# 1.32†

Br(B0→p2l 1n) @1.860.460.360.2#31024 @26# 2.031024†

f 1
Bp(0) 0.18→0.49 @27# 0.45

f 1
DK(0) 0.7460.03 @1# 0.62

j(1.08560.045) 0.8860.18 @28# 0.92
j(1.1860.045) 0.9360.12 @28# 0.84
j(1.2860.050) 0.6860.06 @28# 0.77
j(1.3660.050) 0.6660.06 @28# 0.72
j(1.4560.045) 0.5860.08 @28# 0.67
r2 0.9160.1560.06

1.5360.3660.14
[29] 1.03

f Bs
~GeV! 0.19560.035 @24# 0.180

f Bs
/ f B 1.1460.08 @24# 1.061

f D ~GeV! 0.20060.030 @24# 0.285
f Ds

~GeV! 0.22060.030 @24# 0.298
f Ds

/ f D 1.1060.06 @24# 1.044
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It is incumbent upon us now to stress that we explicitlydo
not assume vector meson dominance. Our calculated re
reflect only the importance and influence of the dress
quark and -gluon substructure of the heavy mesons. T
substructure is manifest in the dressed propagators
bound state amplitudes, which fully determine the value
every quantity calculated herein. Explicit vector meson c
tributions would appear as pole terms inV m

f 1f 2(k1 ,k2),
which are excluded in ourAnsatz, Eq. ~36!. That simple-pole
Ansätze provide efficacious interpolations of our results
the accessible kinematic domain is not surprising, given
the form factor must rise slowly away from its value att50
and the heavy-meson mass provides a dominant intri
scale, which is modified slightly by the scale in the ligh
quark propagators and meson bound state amplitudes. S
lar observations are true in the calculation of the pion fo
factor, as discussed in detail in Sec. 7.1 of Ref.@5# and Sec.
2.3.1 of Ref.@40#.

In column 2 of Table I we present the results obtain
whenE andL are varied in order to obtain a best, weight
least-squares fit to the lattice data onf 1

Bp , the B0

→p2l 1n branching ratio, and the experimental data
j(w) reported in Ref.@28#. The latter introduceD-meson
properties into our fitting constraints but their effect on o
calculations is not very significant. The tabulated quan
most affected is theB0→p2l 1n branching ratio but this
increases by only 15% and remains acceptably close to
experimental value. The effect that this modified fitting pr
cedure has on the transition form factors is also small,
illustrated by the comparisons in Figs. 1–3. Not surprising
the largest effect is a uniform 5% increase in the magnit
of f 1

DK(t).
In Table III we present the results obtained using the d
lts
-
is
nd
f
-
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-
s
,
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ferent functional form for the heavy-meson Bethe-Salpe
amplitude in Eq.~30!. A direct comparison with the result
in Table I indicates that our results are insensitive to su
details and hence are robust. The binding energyE is un-
changed and the widthL̃ is smaller, as expected since E
~30! does not decrease as rapidly withk2 as the form in Eq.
~29!. A quantitative statement of this is that

E
0

`

dk2~e2k2/L2
!25 1

2 L2, ~62!

E
0

`

dk2 S L̃2

k21L̃2D 2

5L̃2, ~63!

and L̃50.92 GeV;L/A251.0 GeV is just that reduction
necessary to provide the same integrated strength for
amplitudes.

Tables IV and V provide a further elucidation of the im
pact of possible systematic errors in our calculation. Th
results are obtained through a repetition of the calculati
that yield Table I but withf B constrained to be 0.135 an
0.205 GeV, respectively, which are the outer limits es
mated in an analysis of contemporary lattice simulatio
@24#. In the direct application of the methods of Ref.@17# to
heavy mesons the value off B would be a prediction. Herein
since we do not calculate but instead fit the heavy-me
Bethe-Salpeter amplitude,f B acts as a constraint on th
width L of the Bethe-Salpeter amplitude, as seen in a co
parison of Tables I, IV, and V. The binding energyE is then
the only true free parameter and it varies over a range o
more than 8%. Comparing these tables, we see that ou
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TABLE IV. A comparison of our calculated results with available data when we requiref B50.135 GeV,
which is the lower bound estimated in Ref.@24#, and use Eq.~29!. ~See Table I for additional remarks and a
explanation of the symbols.!

Data estimates f B50.135 GeV
(E,L) ~GeV! ~0.457,1.138! ~0.466,1.135!

S2/N 0.50 0.97

f 1
Bp(14.9 GeV2) 0.8260.17 @25# 0.86† 0.88†

f 1
Bp(17.9 GeV2) 1.1960.28 @25# 1.05† 1.08†

f 1
Bp(20.9 GeV2) 1.8960.53 @25# 1.36† 1.40†

Br(B0→p2l 1n) @1.860.460.360.2#31024 @26# 2.131024† 2.231024†

f 1
Bp(0) 0.18→0.49 @27# 0.46 0.47

f 1
DK(0) 0.7460.03 @1# 0.64 0.65

j(1.08560.045) 0.8860.18 @28# 0.92 0.92†

j(1.1860.045) 0.9360.12 @28# 0.85 0.85†

j(1.2860.050) 0.6860.06 @28# 0.78 0.78†

j(1.3660.050) 0.6660.06 @28# 0.74 0.73†

j(1.4560.045) 0.5860.08 @28# 0.69 0.69†

r2 0.9160.1560.06
1.5360.3660.14

[29] 0.96 0.98

f Bs
~GeV! 0.19560.035 @24# 0.148 0.148

f Bs
/ f B 1.1460.08 @24# 1.096 1.096

f D ~GeV! 0.20060.030@24# 0.227 0.227
f Ds

~GeV! 0.22060.030 @24# 0.244 0.244
f Ds

/ f D 1.1060.06 @24# 1.079 1.078
a

lue
be
sults are not very sensitive to the value off B in the range we
have explored; i.e., our results are robust.

We judge that the best description of the available dat
obtained with f B50.17 GeV, with a lower value,f B
is

→0.135 GeV, more acceptable than a higher one. The va
of E50.44 GeV that provides this best description can
compared with the value ofEbind;0.25–0.35 GeV obtained
in a lattice nonrelativistic QCD~NRQCD! simulation @41#.
n

TABLE V. A comparison of our calculated results with available data when we requiref B50.205 GeV,

which is the upper bound estimated in Ref.@24#, and use Eq.~29!. ~See Table I for additional remarks and a
explanation of the symbols.!

Data estimates f B50.205 GeV
(E,L) ~GeV! ~0.469,1.677! ~0.479,1.678!

S2/N 0.83 1.45

f 1
Bp(14.9 GeV2) 0.8260.17 @25# 0.91† 0.94†

f 1
Bp(17.9 GeV2) 1.1960.28 @25# 1.11† 1.15†

f 1
Bp(20.9 GeV2) 1.8960.53 @25# 1.43† 1.49†

Br(B0→p2l 1n) @1.860.460.360.2#31024 @26# 2.431024† 2.531024†

f 1
Bp(0) 0.18→0.49 @27# 0.49 0.50

f 1
DK(0) 0.7460.03 @1# 0.66 0.68

j(1.08560.045) 0.8860.18 @28# 0.93 0.93†

j(1.1860.045) 0.9360.12 @28# 0.86 0.86†

j(1.2860.050) 0.6860.06 @28# 0.80 0.79†

j(1.3660.050) 0.6660.06 @28# 0.75 0.75†

j(1.4560.045) 0.5860.08 @28# 0.71 0.70†

r2 0.9160.1560.06
1.5360.3660.14

[29] 0.89 0.91

f Bs
~GeV! 0.19560.035 @24# 0.220 0.220

f Bs
/ f B 1.1460.08 @24# 1.071 1.071

f D ~GeV! 0.20060.030 @24# 0.344 0.344
f Ds

~GeV! 0.22060.030 @24# 0.363 0.363
f Ds

/ f D 1.1060.06 @24# 1.054 1.054
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The value ofL̃50.92 GeV indicates that the heavy mes
occupies a spacetime volume only 15% of that occupied
the pion.

IV. CONCLUSIONS

Using the same phenomenological Dyson-Schwin
equation~DSE! framework employed in successful studies
light-meson observables as diverse asp-p scattering@42#
and diffractive electroproduction of vector mesons@13#, we
have analyzed semileptonic heavy→ heavy and heavy→
light meson transition form factors. In this application w
introduced and explored a heavy-quark limit of the DSE
based on the observation that the mass function of he
quarks evolves slowly with momentum.

With two parameters,E, the difference between th
heavy-meson mass and the effective mass of the he
quark, andL, the width of the heavy-meson Bethe-Salpe
amplitude, we obtained a uniformly good, robust descript
of all availableB→p data with a prediction forf 1

Bp(t) on
the kinematically accessiblet domain. In analyzingB→D,
D→K, andD→p transitions we estimated that 1/mc correc-
tions to our heavy-quark limit contribute no more than 15
A significant feature of our study is the correlation of hea
→ heavy and heavy→ light transitionsand their correlation
with light-meson observables, which are dominated by
fects such as dynamical chiral symmetry breaking and c
finement.

This study can be extended, with the application of
framework to semileptonic decays with vector meson fi
states using no additional parameters. It can also be
proved, for example, by an exploration of the effect of mo
sophisticatedAnsätze for the dressed-quark-W-boson vertex
and of the inclusion of all amplitudes in the light-mes
Bethe-Salpeter amplitude with refitted light-quark propa
tors.

A more significant qualitative improvement is the dire
study of the Bethe-Salpeter equation for heavy mesons u
the methods of Ref.@17#; Ref. @14# is the pilot. This program
involves the important step of critically analyzing the re
ability for heavy quarks of ladderlike truncations of th
dressed-quark-antiquark scattering kernel in both the qu
DSE and meson Bethe-Salpeter equation. Addressing
question and developing an efficacious truncation will all
a correlation of heavy- and light-meson observables via t
few parameters that characterize the behavior of the qu
quark interaction in the nonperturbative domain, i.e., rel
both heavy- and light-meson observables to the long-ra
part of the quark-quark interaction.

ACKNOWLEDGMENTS

M.A.I. gratefully acknowledges the hospitality of th
Physics Division at ANL and C.D.R. that of the BLTP an
the LCTP at the JINR during visits where some of this wo
was conducted. This work was supported in part by the U
Department of Energy, Nuclear Physics Division, und
Contract No. W-31-109-ENG-38 and benefited from the
sources of the National Energy Research Scientific Com
ing Center.
y

r
f

vy

vy
r
n

.

f-
n-

e
l
-

-

ng

rk
is

k-
e
e

.
r
-
t-

APPENDIX A: DERIVATION

A typical integral arising in the detailed analysis of E
~12! has the form

J5E d4k

p2

1

k•v2E
Z~k2!s~@k2p2#2! . ~A1!

To simplify it we introduce a Laplace transform for the fun
tions Z(k2) ands(@k2p2#2),

Z~k2!5E
0

`

ds Z̃~s!e2sk2
, ~A2!

s~@k2p2#2!5E
0

`

du s̃~u!e2u[k2p2] 2
, ~A3!

and a Gaussian representation of the heavy-quark prop
tor:

1

k•v2E
5E

0

`

da e2a~k•v2E!. ~A4!

Inserting these identities we obtain

J5E
0

`

ds Z̃~s!E
0

`

du s̃~u!E
0

`

da E d4k

p2

3 exp$2sk22a~k•v2E!2u@k1p2#2% ~A5!

5E
0

`

ds Z̃~s!E
0

`

du s̃~u!E
0

`

da exp$aE2up2
2

1~up21 1
2 av !2/~s1u!%E d4k

p2
exp$2~s1u!

3@k1~up21 1
2 av !/~s1u!#2%. ~A6!

Shifting variables,k→k2(up21 1
2 av)/(s1u) and subse-

quentlya→(s1u)a, yields

J5E
0

`

ds Z̃~s!E
0

`

du s̃~u!E
0

`

da ~s1u! expH 2~s1u!

3~ 1
4 a22aE!1uaX2

su

s1u
p2

2J E d4k

p2
e2~s1u!k2

~A7!

5E
0

`

ds Z̃~s!E
0

`

du s̃~u!E
0

`

da
1

s1u

3expH 2~s1u!~ 1
4 a22aE!2uaX2

su

s1u
p2

2J ,

~A8!

whereX ª2v•p2, Eq. ~46!. Making use of the identities
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expH 2
su

s1u
p2

2J 5As1u

p E
2`

`

dt

3exp$2st22u~t1Ap2
2!2% ,

~A9!

1

As1u
5

1

Ap E
2`

`

dt e2~s1u!t2, ~A10!

we obtain

J5
2

pE0

`

da E
2`

`

dtE
2`

`

dt Z~a222aE1t21t2!

3s„a222aE12aX1~t1Ap2!21t2
…. ~A11!

Introducing spherical polar coordinates

a5un , ~A12!

t5u A12n2 g , ~A13!
D

c-

,
’’

,

a-

in

. D

n
th
t5u A12n2 A12g2 , ~A14!

with uP@0,̀ ), nP@0,1#, andgP@21,1#, we arrive at

J5
4

pE21

1 dg

A12g2 E0

1

dn E
0

`

du u2 Z~z1!s~z2! ,

~A15!

where, usingp2
252mH2

2 ,

z15u222 unE , ~A16!

z25u222un~E2X!2mH2

2 12imH2
uA12n2 A12g2 .

~A17!

This is recognizably of the form in Eq.~41!.
Structures more complicated than Eq.~A1! arise in deriv-

ing the complete form ofFq8; however, they can all be ana
lyzed and simplified using analogs of the method illustra
above.
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