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Equation of state, radial flow, and freeze-out in high energy heavy ion collisions
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We have shown that recent experimental data on radial flow, both from AGS and SPS energies, are in
agreement with the equation of stdEOS including the QCD phase transition. A new hydrokinetic model
(HKM) is developed, which incorporates a hydrodynamical treatment of the expansion and proper kinetics of
the freeze-out. We show that the freeze-out surfaces for different secondaries and different collisions are very
different, and they are not at all isotherfis-const(as was assumed in most previous hydrodynamics works
Comparison of HKM results with the cascade-based event generator RQMD is also made in some detail: we
found that both the EOS and flow are in rather good agreement, while the space-time picture is still somewhat
different.[S0556-281®8)05504-4

PACS numbgs): 25.75.Ld, 12.38.Mh, 21.65.f

I. INTRODUCTION collective radial flow in these casdsee[8] and the next
section: this alone shows that the system is not truly
One of the main physics goals of high energy nucleamacroscopic.
collisions includes a test of whether foeavyenough ions at In contrast to that, data for heavy ion collisions show very
the AGS/SPS energy rang&0—-200 GeV/nuclegnproduc-  strong flow, therefore suggesting that the excited system cre-
tion of (locally) equilibrated hot and dense hadronic matterated does indeed behave as a truly macroscopic system. To
really takes place. We do know that at the early stages afest whether it is indeed so is the maihysicsobjective of
those collisions(a few fmk after the first impagta very  this paper. More specifically, we study whether available ex-
large energy density of the order of several GeV/imac- perimental data on heavy ion collisions in the AGS and SPS
tually reached. How rapidly it is equilibrated and whether aenergy domain are consistent witko far semiqualitative
new phase of matter—quark-gluon plast@GP—is indeed information about the equation of sta(EOS of hot and
produced remain unclear. One possible strategy to answelense hadronic matter as obtained from current lattice QCD.
those questions is relying on special rare processes happen-The central phenomenon studied in this work is the so-
ing at earlier stages, the electromagnetic prdidig¢sor J/4  calledradial (or axially symmetri¢ flow, observed in central
suppression2]. In both directions we have recent exciting collisions. Current data are now rich enough to allow sys-
experimental finding$3,4]. tematic study of its collision energy and rapidity dependence,
This work is, however, devoted to hadronic observablesas well as dependence on the nuclear $ikelependence
related to production of the usual secondarighl, K, etc. It ~ and the particular secondary particle involved. All those de-
is widely believed that their spectra are not actually sensitivgpendencies are discussed below, and to a large extent repro-
to questions mentioned above: and indeed, as the produceliced by our model.
multiparticle system expands and cools, the rescattering Another, morepractical objective of this paper is to cre-
erases most traces of the dense stage. Nevertheless, thege anext generatiormodel for heavy ion collisions, to be
which are accumulatedduring the expansion remain, and called hydrokinetic modgHKM). It incorporates three basic
thus provide valuable information about the state of matteelements of the macroscopic approa@h:thermodynamics
through its evolution. of hadronic matter(ii) hydrodynamics of its expansion, and
The central phenomenon of such a kind discussed in thi§ii) realistic hadronic kinetics at the freeze-out. Most ele-
paper is acollective flow Its multiple studies at Bevalac and ments of the model have in fact been worked out in litera-
SIS energiesE/A~1 GeV) have shown a number of inter- ture, and some are new, but we think they are taken together
esting effects. However, it was concluded that nuclear mattefior the first time.
does not really reach equilibration under such conditions. The hydrodynamics-based works available in the
In contrast to that, in high energyp (or evene*e™) literaturé aimed more at a proper parametrization of the ini-
collisions, the thermal description for particle spectra andial conditions[9], which would then lead to/,p, spectra
composition works surprisingly welb,7]. At the same time comparable with the data. Among recent papers let us men-
(except maybe at very high energiethere isno observed tion [11] which studied the first few fna/and attempted to

An explanation suggested i8] is that inpp/e e~ collisions matter excitation is not strong enough to overcome the “bag pressure,” and
small systems created have stabilized transverse size at some equilibrium value, and thus zero pressure. Modern models explaining these dat
use strings: those are precisely such objects. Large systems created in nuclear collisions must have positive pressure, and thus expand.
2After a very long break, there was a workshop in Trento ECT, 1997 devoted entirely to this subject. Its procgehiittysvill appear
as a series of papers in the journal Heavy lon Physihsuld give a rather complete description of recent activities.
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derive the initial conditions from a three-liquid model and they work with, hadrons and strinsThe hydrodynamics
[13] which has studied some specific EOS-related observdescription, on the other hand, is much simpler and operates
ables. Probably the closest in spirit to our work is a recentlirectly with the EOS, so in this framework, one can easily
paper[14], in which the same freeze-out condition is used.incorporate different scenario@.g., with or without the
Unfortunately, its physical consequences are not studied iRCD phase transition

any detail, and their metha@eferred to as “global” hydro- ~ Our last comment is practical: with experiments proceed-
dynamic$ includes unnecessary averaging, which signifi-ing from light ions to heavy ones, and from the AGS and
cantly obscures them. To the extent we could trace them, ogpPS 10 the RHIC and LHC energies we have to deal with
findings actually qualitatively agree with the results]b#]. many tho_usqnds pf secondarles. Direct simulation of all their
In particular, we also found that the resonance gas EOS lead§SCattering is neither practical nor necessary: as soon as the
to too strong a flow at SPS, while the softer EOS inCIudingsystem is much larger than the interaction range, the system

the phase transition gives it about right. can be cut into partgor “cells”) which evolve indepen-

Let US now comment on the relations between our apgently from each other. Furthermore, one may separate inter-

. | evolution(thermodynami nd kineti m th I
proach and the widely used cascade “event generatorsma evolution(thermodynamics and kineticérom the cell's

" 4 motion (hydrodynamics enormously simplifying the prob-
(Friiof, Venus, RQMD, ARC, etg. Hydrodynamics and o, as multiplicities grow cascades become more and more
cascades were often treated as alternatives, and many SCi&lknensive, while the macroscopic approach becomes only

tists trust cascades much more, as those are "based Qfore accurate: at some point going from one language to
known physics.” In reality, both rather should be used asynother becomes inevitable.
complementary tools. This paper is structured as follows. In Sec. Il we start with
The very fact that all event generators approximatelysome phenomenological introduction into the properties of
work, in spite of huge differences between théheir tables  the radial flow, setting the problem to be discussed below. In
of cross sections, lists of resonances included, etc., are diSec. Ill we consider the thermodynamics of hadronic matter,
ferent, some have strings or even color “ropgsihdicates using a rather standard model of resonance gas plus QGP
that bulk results are insensitive to those differences. For exwith bag-model EOS. The important step is the determina-
ample, particle composition appears to be rather well equilition of the particular paths the volume elements of matter
brated, explaining the insensitivity to details of the model inmake in the phase diagrafe.g., temperaturd, baryonic
some observables. The simplest way to test which of thosehemical potential,) during expansion. Then we determine
parameters are relevant is to vary the input parameters: ufthe effective EOS on these paths, to be used in Sec. IV in
fortunately, very little work has been so far done along thishydrodynamics calculations. In this paper we will not discuss
line. Considering flow, one should obviously have a look athonequilibrium phenomena neither at the formation stage nor
components of the stress tensor, the prespurand energy during the passage of the phasg transition. It is more impor-
density . Hadronic cascade@ee[28] for RQMD) have a tant, however, to address kinetic phenomena at the end of

very simple EOSp/e~const, typical of thermal resonance hydr(_)expansmn, the_so—callé@eze—outstage: this we do.'n
gas(see below considerable detail in Sec. V. Here we separately discuss

. chemical and thermal freeze-out and discuss how the final
Obviously cascades have a lot to say allatér stages of )
the collisions, at the so-called freeze-out stage where inters-pe.Ctra of secondaries are generated. Then we go toa com-
' arison of observables, and especially the radial flow, with

actions stop, resonances decay, etc. They also provide mo ‘?(periment and cascad@QMD); see Sec. VI. A summary
detailed information(e.g., the degree of local chemical and of the paper is contained in Sec;. VII.

thermal equilibration which in principlé helps us under-
stand the validity limits of the macroscopic variables and
approaches. We will discuss many of these issues below. Il. FLOW: THE PHENOMENOLOGICAL INTRODUCTION
At the same time, a description based on the hadronic
cascade of thearlier stages of the collisions obviously has
little theoretical justification, and fails in practice for suffi-

ciently high energiesSPS. “Event generators” therefore dial and (ii) longitudinal flow exist even for central colli-

rely on specific modelgcolor strings and their breaking, gjons For nonzero impact parameter experiments have also

etc), introducing plenty of unknown parameters or even on-ghown clear signals for at least two nonzero harmonics in the

cepts(e.g., “color ropes’). What is even worse, these mod- angle ¢, known asfiii) dipole and (iv) elliptic flow.

els have so far no connection to developments in nonpertur- |n this paper we study only the first of them, the radial

bative QCD, say, to lattice studies of QCD thermodynamicsfiow, and so let us now comment on others. The longitudinal

They disregard such issues as chiral restoration and decoflow was studied a lot in other hydrodynamics-based works

finement, leading to the disappearance of the very object®]: we decided not to discuss it here in detail. It is a param-
etrization rather than a real prediction: the issue is obscured
by an uncertainty in initial conditions.

3In practice, to our knowledge it was not even demonstrated that

any of these cascade codes satisfy the detailed bal@agethere

are resonance decays and other two to many hadronic processe&Therefore their phenomenological success is even used as an

without their inversg and that, even if given time, they do lead to argument against the reality of the QCD phase transition itself:

correct thermal equilibrium. needless to say, we are strongly opposed to this point of view.

First of all, in order to put things into proper perspective
and introduce the terminology, we recall that the collective
flow can be observed as follow§) Axially symmetricra-



57 EQUATION OF STATE, RADIAL FLOW, AND FREEZE. .. 1893

500.0 ' ' ' ity v, starts to show up(Or, alternatively, collective motion
4500 | g‘s’% i generates a larger momentunw, for largerm.)
* PbPb Note, however, that there are no lines on this plot. As will
4000 1 ] be clear from what follows, we do not believe in any simple
350.0 . m dependence of the slope: participation in flow takes place
3 until decoupling of the particular particle, which depends on
3 3000 F = ¥ . . . .
= its scattering rates. Excellent examples of that are provided
250.0 | — ] by strange hadrons. Accurate slopes §gi\,=,Q are com-
200.0 | = | ing from current experiments, but are not yet available. As
o E all of them have smaller cross sections for collisions with
1500 | 5 Q I low energy pionge.g., a completely strang® cannot make
100.0 : : : resonances with piop®arlier decoupling is expected. As a
00 5000 M;SZO(OMZV) 1500.0 20000 result, smaller flow should be observéHt, on the contrary,

the increased slopes are due ihitial state scattering, as
FIG. 1. Experimentally measured slopeswfdistributions as a  advocated, e.g., if22], one should instead get a larger slope
function of particle masgMeV), for ,K,N (NA44) and ¢,A,d  for strange particles, since they are not stopped by a “fric-
(NA49), in acceptance of these experiments. Three types of pointfon force” in matter laten.
correspond tgp, SS and PbPb collisions. Another excellent test for the existence of the flow is pro-

) o . . vided by deuterons. The shape of their spectrum, s'TBcp,e
Asymmetric flow(iii) and(iv) is potentially very interest-  5nq even yield are all very sensitive to the magnitude of the
ing, especially the elliptic on¢15,16. The difference be- {6, For example, if flow is absent and both protons and
tween the elliptic and radial flow should mostly appear dug,eyrons are produced independently, with a distribution

to earlier stages: it is obviously an exciting subjeqt for fur'~exp(—pt2/2mNTN), their coalescence int would generate
ther work. (At the moment we however feel that it is too L . ~ .
a distribution with thesame T,=Ty . The observed value is

early; one should be able to get more details from experi = L !
much larger. The flow implies a specific correlation between

ment first. For a recent summary Jd€]). . hich hel |
The existence of radial flow in nuclear collisions was POSition and momentum, which helps to produce a lapger

widely debated in the literature for a decade. Phenomend! thiS correlation is artificially removedsee[26], where in
the RQMD output the nucleon’s positions or momenta were

logical fits of thep, spectra of various secondaries by some; ;
(ad hog velocity profile (or even a single velocity valug,) mttTcrjccrj\ange)j the deuteron spectra change shape and their
yield drops.

and thesamedecoupling temperatur@; are possible: see L . .
ping P f P The next point is a strong dependence, also quite evi-

[10]. Unfortunately, the data allow for multiple fits, with a dent f . hile th d h ; h |
wide margin for the trade-off between andT; . In particu- | er:(t_ rom Fig. 1. V\é lle t Epl_ph ata show pfer e(;:_t ltﬂerma—
lar, for heavy ions one can obtain equally good fits with ooking spectra without a slightest trace of radia ol

for SS collisions the slopes start growing with the mass of

(T{=140 MeV, v,=04) and ;=120 MeV, v,=0.6). _ . )
However, as we will show below, the model used was over-the secondary particle, and for Ppr the effect is about twice
s large. So the larger the nuclei, the stronger is the flow.

simplified. Even the main assumption that one should expe@> '&" S ) .
P b b This point is very important, because such a trend quali-

the samey; and T; for all secondaries is in obvious contra- , . . :
! f tatively contradicts what most of the hydrodynamics models

diction of the elementary kinetics of the freeze-out. . . ) N L o
More important is that rich experimental systematics isi the literature would obtain. The initial longitudinal size is
usually taken to be eithdr) the same for all ofii) it scales

now emerging. In Fig. 1 we show a collection of slopes from X . .
NA44 [5(‘]:] %nd IQ\JIA4§ experiments  at SPg for asAS. With such assumptions ardindependent freeze-out

7.K,N,$,A,d. The definition i§ temperatureone gets e_ithefi) a system which looks more
and more one dimensional, with the radial fla&creasing
with A, or (i) a system with a geometric scalifigyith

dN _ m; 2_ 2. 2 A-ind denflow. The observed flow i ingwi
E-z—=C(y)exg —=—|, m’=p?+m? (1) independenflow. The observed flow igncreasingwith
d T(y) A, and naturally follows from improved freeze-out condi-

tions to be discussed below.

One major observation is a very stromgss dependencte One more aspect of the systematics of the radial flow is

slopes show consistent growth with the particle mass. It igheir rapidity dependence. The nucleon slogesken from

clear how collective flow may explain it: for heavier second-[29]) from E877 and E866 experiments at AGS are compiled

aries, the thermal motion is smaller and the collective velocin Fig. 2. One can clearly see from it that strong fléand
presumably itsA dependengecomes preferentially from the
central regiony~0 (in the center of mass frame

5A disclaimer: NA49 data we use are very prelimin&®i], and

are presented here for qualitative comparison only. Note that NA49—

has the rapidity coverage wider than NA44, and therefore their ‘Note that hydrodynamics equations are invariant if one changes

slopes ardand should besomewhat smaller. all coordinated,z,r by some common factor. So if all initial con-

5The tilde should remind the reader that slopes are not temperatitions are simply rescaled by a common factor lik¥3 the ex-
tures, as they also include the effect of the flow and resonancpansion time changes accordingly and the velocity at the same iso-
decays. therms does not change.
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03 f the quark-gluon plasma phase. Above the phase transition
00 o ®AuAU ES77 region (see below the thermodynamics was found to be
Sk Si Al, E877 close to that of an ideal quark-gluon gas. Deviations are a
Q. s . ey -
Q. \ OO AuAu, E866 typically 10-15 % downward shift in pressure and energy
02 | o O»»QI\ densityp, e [23], which are roughly rgprodgced by the low-
< JoRE ¥ est ordef O(g?)] perturbative correctionsSince for hydro-
5 X - dynamics only the/ e ratio matters, this common factor can
- W safely be ignored. The nonperturbative corrections are more
04 - X% | important: they are well seen in lattice data for=(1
e —2)T.. Following tradition, we parametrize it simply by
IE ‘ E addition of the bag-type teriB to the EOS of an ideal quark-
gluon plasma:
0.0 ' ' 214 4
0.0 1.0 2.0 7T Z % 2 2, M
Vou €= (16+ 86Nf + 5 T upt+ 52 +B,
FIG. 2. Experimentally measured proton slopesrpfdistribu- 72T 7 N 4
tions at AGS as a function of rapidity (counted from CM. p=—5| 16+ §6Nf) I ?f T2u2+ %) ~B. (2
v

Compared to these strong trends, the observed depen- .
dence of the flow on theollision energyappears to be weak. | € value of is tuned to gefT.= 160 MeV for zero baryon
Unlike for Bevalac and SIS energies, in which steadily ~density (see below, resulting in the valué B
grows, for the AGS(10-15 GeV/nucleonand SPS(160— =320 .MeV/fm’s. ) .
200 GeV/nucleopdomain the radial flow velocity i§nside Lattice data are also displaying a very spectacular phase

uncertaintiesabout the same. It must be a mere coincidencelfansition in the vicinity ofT, in which e grows by a large

since the meson/baryon ratio, the EOS, and even the generfél‘:to,r'_ Although the exact dependence of the order of the
picture of the space-time development of the collisions ardransition on the theory parametesuch as quark masses,

radically different. Furthermore, as we have shown previlumber of colors and flavorss still far from being com-

ously [45], hydrodynamics predicts a rather nonmonotonoud?!€tely clarified(see[23,24 for recent review it is already
dependence of the lifetime of the excited matter as a functio§Uite clear that in a practical sense the transition is close to
of the collision energy, with a sharp maximum between aAcdthe first order one with large latent heat. Whether there is a

and SPS energies. This long time is related to a rather sp&€al jump or just a rapid rise inside a few MeV rangeTof
cific “burning pancake” regime: and although no detailed ¢@n hardly be practically relevant: a high accuracyTof

calculation of radial flow was made, it is hard to see how itc@nnot be reached for the finite-size systems we work with.
can avoid having some kind of discontinuity as well. The The actually relevant variable is ndtbut e: and below
simplicity® of the model used ifi45] somewhat limited its We would refer to matter in a_W|de range of energy densities
predictive power; we believe the main conclusion about thef ~0-3—1.5 GeV/frm as a “mixed phase” domain. lts pre-
peak of the lifetime should persist. One can look for thisCiS€ Structure remains unknown: but fortunately it should not
effect experimentally by scanning to lower energies at Spgnatter for hydrodynamics, provided the inhomogeneous do-
or by scanning various impact parametefalthough we ~Mains(known also as “bubbles” of QGPdo not become
have not studied noncentral collisions in this work, it is prob-100 large. Fortunately, the hint we have from lattice data is a
ably worth mentioning that such a scan fiity suppression ~Predicted tiny valugabout 1% ofT) for the surface tension.
has shown discontinuous behavior at about the same enerdfyit is true, the boundaries between the two phases cost little
density) energy, and so this phase should be very well mixed indeed.

Another interesting manifestation of the “softness” of the
EOS is stabilization of the radial flow at much higher RHIC
energies. In this case hydrodynamics predicts a “burning
log” picture [33], leading to a mixed phase surviving for
25-30 fm£. As we will show shortly, this regime actually
appears at SPS energies already.

B. Hadronic matter as a resonance gas

Ironically enough, the properties of the hadronic matter at
T<T, are theoretically understood much less than of QGP.
In many applications scientists usually simply used the ideal
pion gas as the simplest model: it leads then to a huge latent
heat in the transition. However, this approach is clearly in-
adequate, and many more hadronic degrees of freedom are
actually excited.

IIl. THERMODYNAMICS OF HADRONIC MATTER
A. Quark-gluon plasma

Unlike real experiments, numerical ones performed onthe
lattice are easier to do at high€r As a result, current lattice  °All higher orders which can be perturbatively calculable have
data have significantly clarified the QCD thermodynamics ofheen now calculated, but those showing a divergentat least
nonconvergentseries, with large and alternating sign terms.
10Note that it is about 6 times the original constant of the MIT bag
8The EOS had no baryon number and full stopping was assumeanodel, and also only about a 1/2—1/3 of what one would get if all
which may not be the case even for the heaviest nuclei. gluon condensates were eliminated.
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We use instead theesonance gaspproach, suggested 025
very early by Landau and BelenKit8]. They have shown, , ng/s = 0.02 (SPS)
using the lowest order virial expansion, that resonaftces ':szjg-?‘tms)

seen in scattering phases in fact contribute to thermodynam
cal parameters exactly as stable particles. It was later used |
Hagedorn in his statistical bootstrap studies of the 1960’s
his main point was that thexponentiaimass spectrum leads
to the upper possible temperature of the hadronic gas. How
ever, it was noticed by one of us long a§@5] that the
observed resonance mass spectrum can better be fitted by 1
power of the mass than the exponent. It leads to a rathe
simple EOS, for zero baryon numbere~T® [25] or p 010k
~0.2¢. Later much more detailed calculations with actual
scattering phases confirmed it.

In this work we also include a nonzero baryon density,
and so our thermodynamics has two variableand .2 0.05 o = =
Except at low energievhen we are close to nuclear mat- (5 ’ 1, (GeV) ’ ’
ter), we know very little about the role of nonzero baryon
density in the EOS. As is well known, lattice calculations are

hase boundar
0.20 P y

T (GeV)
o
o

so far impossible in this case, due to the complex weigh na;8=8-8§
function for the nonzero chemical potential. 22,2;05

A simple generalization of the resonance gas to the non ~——— ngs=0.15
zero chemical potential is of course natural, but it is known
to have a problem at lowl and high density. The naive
Fermi gas for nucleons clearly overestimates the pressure 1
nuclear matter. The QGP with a reasonable bag constant ca
not compete with it, and therefore a phase transition line ha
a pathological behavior gt>0.8 GeV [see dotted line in
Fig. 3@]. Following many otherse.g.,[27]) we have solved
this problem by the excluded volume correction, which ef-
fectively reduces the baryonic pressure at highSpecifi-
cally we adopted the excluded volume mode[40], which
is thermodynamically consistent, and is characterized by th

canonical partition function 0.00 .
0.000 0.020

(b) € (GeV')

P(e)/e

ZUT N}, V)= Z(T,N;,V=VoN) (V= VoN)),
! FIG. 3. (a) Paths in theT-u plane for different baryon admix-
tures, for resonance gas plus the Q@®;the ratio of pressure to

from which energy densityp/e, versuse, for different baryon admixtures.

aPeXC') 3T E)
{ui}

Sex°'(T,{u-})=< = : —,
' OT [y 1+ Vo2 nf™dT 7))

PEAT (i) = 2 P T, i = VoP (T {i})) !

=3 PR, AT L) =TAT L))~ PEUT, (i)

+; win® T i)
V, is the excluded volume, which we assume to be the same
for all fermions, whileV,=0 for bosons, €9 T, u))

L4V nT )

excl ideal ~
oxcl P T ) _ N
N (T = — - = e and the excluded volume radiug=0.7 fm. We do it just for
Bl i 1 VoZin (T2 completeness of the phase diagram: however, we have to
stress that all our results are completely independent of what
is happening in this corner of thie i, phase diagram, since
“Those should be narrow enough<T. all the paths we discugsee below are far from it.
12The chemical potential for strangeness is a dependenvari- Apart from the excluded volume factor m(which is also

able, with its value always fixed from the total strangen8s<0 In Z), we use standard thermodynamical formulas for the
condition. ideal gas of hadrons, stable, and resonances. We use all reso-
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nances withm<2 GeV. All other variables are obtained and expansion stages. F@ransversgpressure and energy
from the pressur@(T,u) by standard thermodynamical re- density it is approximatelyp/e~0.14. It is very close to
lations. what our resonance gas gives for the correspondimg
ratio. (It would be nice to have similar results for other cas-
cades, and in a wider energy range.
C. Adiabatic paths in the phase diagram In summary, resonance g@sven with baryonshas a
and the resulting EOS very simple EOS p/e~const). However, lattice results

Although theT-u plane is rather convenient for the de- (modeled via a bag-type model for QGRdicate that the
termination of the thermodynamical parameters in bothEOS of hadronic matter is mudofter, with a smallp/e in
phases, the mixed phase domain is hidden behind the trandhe interval of the energy densities near the end of the mixed
tion line. As is well known, in the mixed phase a new ther-phase.
modynamical variable is the fractidnof the volume occu-
pied by the QGP phase. Besides, as we will show shortly, the IV. HYDRODYNAMICS
cooling trajectory in theT - plane is rather complicated.

If the expansion of mattétis slow enough, thentropy is
conservedWe assume it in what follows. If so, the conju-
gates to the T-up) pair—the entropys and the baryonic 9uT =0, 9,Npu,=0. ©)
densityn,—provide a more natural description. If those vari-
ables are used, the cooling paths would be just straight line¢p the absence of any dissipative terms, they imply conser-
going from the initial point toward the origin. As the entropy Vation of the entropy,su, =0 and baryon numbeXy,. The
per baryon ratio stays constant, the paths can be marked Bgtio of their local densitiesi, /s, is not changing, and that
this ratio. is why in our discussion of the thermodynamics above we

For the EOS described aboviae resonance gafor the  have parametrized by it the paths on the phase diageagn
hadronic phase is supplemented by a simple bag-type quarl- ). Furthermore, we have shown that hydrodynamics-
gluon plasmawe have calculated those paths in all vari- relevant form of the EOS, namelyp(e)/e, depends
ables. In Fig. 8) we show what these paths look like on the smoothly on this ratio.
original phase diagram. The lines are marked by rpés It was shown many timesee, e.g., a recent revig&9))
ratio. Those fom,,/s=0.02,0.1 correspond approximately to that,"” for PbPb and AuAu collisions at SPS and AGS ener-
SPS(160 GeV nucleohand AGS(11 GeV nucleonheavy gies the rapidity spectra of,K,N,d can be described by
ion collisions, respectively. Note that the trajectory has asomecommoncollective motion, convoluted with a thermal
nontrivial zigzag shap¥, with reheating in the mixed phase. one(and this is certainly different fotr,K,N,d). It suggests
The end point of the QGP branch was narfig?] the “soft-  that all matter elements have about the same composition
est point,” while the beginning of the hadronic one can be(n,/s).
called the “hottest point.*® As was explained in the previous section, thds ratio is

The next step is to define the effective EOS in the formconserved for each matter element. However, if initial con-
p(e) (needed for hydrodynamigson these lingsthat is  ditions have different,/s in different places, it becomes
shown in Fig. 8b). Note that the QCD resonance gas in factspace and time dependent due to flow. Phenomenological
has a very simple EG% p/e~const, while displaying a observations mentioned in the previous paragraph imply that
strong dive toward the minimum op/e (the “softest ~we may in fact significantly simplify the problem, assuming
point”). The contrast between “softness” of matter at dense‘well-mixed” initial conditions which have a constamt, /s
stages and relative “stiffness” at the dilute ones is stronglyeverywhere. If so, the equations for baryon flow and entropy
enhanced for the SPS case: it is the main physical phenonflow become the same, and thg/s ratio is space-time in-
enon we study below. dependent. In practice, one can determimgs from the

For comparison, one should also look at ftedfective ~ baryon/meson ratio at the freeze-out stage. We use the values
EOS corresponding to popular cascade event generators. Rog/s=0.02 and 0.085 as representative for SR60 GeV
RQMD (with repulsive potential between baryons was  nucleon) and AGS(11 GeV nucleop heavy ion collisions,
studied in a recent workl16] for AGS energies. A rather respectively. These paths corresponding to them o the
simple EOS was found, about the same for the compressigplot are also shown in Fig.(8).

The initial geometry of the fireball was chosen to be Sax-
onlike with natural Lorentz contraction in the longitudinal
Note that we do not discuss the compression stage here: it is nétirection. In this work we have not even attempted to discuss

The equations of relativistic hydrodynamics are standard:

slow and therefore entropy is in fact produced here. the kinetics at the formation stage, and simply adopt a phe-
4as far as we found, such a shape first appeared in the literaturBomenological approach, introducing the initial longitudinal
in[12]. size z, and velocityv,=vgtanh@/z)) as phenomenological

150f course, in the “Hagedorn sense,” as the hottest point of the
hadronic phase.

6The main difference between the curves with varioyés is at YFor clarity, this statements holds for central collisions of heavy
the low energy density side: obviously adding baryons one contribenough ions, which have a very small “corona” of punched
utes much more to the energy density than to pressure. As we withrough nucleons. For medium and light ions it is obviously more
show below, it will have a significant impact on the mean radialvisible, and asymmetric systems have many spectator nucleons.
flow. Certainly those are not part of the hydrodynamics fireball.
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i hb 7=t?—Z7%. What is less obviougand follows from a par-
8 k ] ticular EOS including the QCD phase transitides also a
dramatic difference in th&ransverseflow at AGS and SPS
as well. The former can be described as “burning in”; the
lines of constant energy density move inward with some
small constant speed. At SPS the mixed phase matter burns
into the low density hadron gas at a “burning log,” which is
nearly time independent and positioned at a transverse radius
- of 6—8 fm. With time, as more matter flows from the center,
(a) : (b) there is even a tendency to get by the end of the expansion a
hole atr=0, with less density there than in the “burning
FIG. 4. Hydrodynamical solution for 1148 GeV Au+Au. The  log” region. Such behavior is a result of overshooting the
solid contours are energy density contours, with one bold contoursoftest point” in the initial conditions, and it is even more
being the boundary between the mixed and hadronic phases (dramatic at highefRHIC and LHQ energies; sef33].
=0.35 GeV/fni). The dotted contours are the longitudir{ift) (It is interesting to note that our hydrodynamics solutions
and radial(right) velocity contours, corresponding to velocity val- jn many cases show latmplosion with subsequent second-
ues of 0.01, 0.05, 0.1, 0.2, 0.3, 0.4, and 0.5 from left to right. ary explosion from the center=0. However, it is happening
well after freeze-out. Such a hydrodynamics solution can
parameters. As a result, we do not have a predictive power amly become physical if colliding nuclei are much larger than
far as the rapidity distribution is concerned, but we can justhe heaviest existing ongs.
fit it (as was done many times before; $68. We concen-
trate below on the central region of the rapidity, and do not
intend to describe well spectra in the target or projectile frag- V. KINETICS OF FREEZE-OUT
mentation region. Although we describe most of the second-  Athough there is rather substantial theoretical literature
aries, the total energy of the hydrodynamics subsystem igejated to the kinetics of freeze-out, and all major concepts
only a fraction of the total one. For 18GeV PbtPb the  (and most of the detailto be used below have been devel-
total initial energy of the hydrodynamical system is about 0.4pped before, in most of the previous hydrodynamical models
of the total center-of-mass collision energyhich corre-  freeze-out is formulated in a very crude, oversimplified form.
sponds to an initial central energy density of 4 GeVlfm  Most of them simply assume that all reactions stop when the
while for 11.6A GeV Au+Au this ratio (the inelasticity co-  system reaches someniversal “final temperature” T;
efficient is about 0.7which corresponds to an initial central ~140 MeV. However, this approximation is clearly inad-
energy density of 1 GeV/fi. equate sincgi) different processes have different rates, say,
The uncertaininitial conditions are not important for inelastic and elastic one§i) different secondaries have dif-
transverse flow, because it is accumulated over a long tim@erent rates(iii) the expansion rates are very different for
We will return to a discussion of hydrodynamics and radialgifferent colliding nuclei, and even for the same nuclei for
flow results later, after we study the kinetics of freeze-out ingifferent matter elements.
more details. To learn more about freeze-out conditions and resolve the
A typical solution for 11.8 GeV Au+Au is shown in  jssue phenomenologically, one can study various observ-
Fig. 4 while for 16(\GeV Pbt-Pb it is shown in Fig. 5. Let  ables, such as HBT radii, deuteron production, Coulomb ef-
us make a few comments about them. First of all, they argects[20], event-per-event fluctuatiofd2], the pion chemi-
qualitatively different. While at the forméAGS) energy the  cal potential, etc. Except for the last one, we do not so far

longitudinal and transverse expansion are not that differenbave HKM predictions for them, and leave those for studies
at SPS ones théongitudinal flow has already distinct ul- g|sewhere.

trarelativistic (Bjorken-like) features, with most isotherms
being close to hyperbolas, the lines of constant proper time

t (tm/o)
t (fe/c)

A. Local freeze-out conditions

ERGY DRNSITY g mtp<0 ERCYDMSTYeati=0 The central point we would like to make is as follows.
NN s [N, C Although each individual matter element follows roughly the
same path on the phase diagram, the relevant kineticetis
the same because they move along these paths with different
speeds. In particular, freeze-out happens at highgrwhen
the time evolution is fastglsmaller initial system or closer to
the edge of the systemelative to matter elements for which
the evolution is slower. Accounting for it turns out to be
crucial for applications we have in mind in this work.
Fortunately, after the global collective motion of matter is
already determined from hydrodynamics calculations, we
FIG. 5. Hydrodynamical solution for 160GeV Pb+Pb. Nota- Know the expansion rate of any matter element at any time.
tion is as in the previous figure; only now there are two bold con-With this information at hand, plus the known kinetics of
tours, being the mixed-hadronic and quark-mixed boundaries wittvarious hadronic processes, we can formulate realistic con-
energy densitieg=0.18 and 1.4 GeV/ft respectively. ditions under which subsequefnéeze-outgdecoupling of a

t (tm/c)

z (fm)

(a) (b)
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particular reactiontake place. was found thafwithin the existing experimental uncertain-
The principle idea of a freeze-out goes back to the famousies, not always smallone can describe most of the particle

1951 Pomeranchuck papéwhich initiated Landau to sug- ratios in a thermal model. The resulting values Toand w,,

gest a hydrodynamics-based approach for the firsttiftee  are shown in Fig. 3 as two crosses, for the AGS and SPS

condition Pomeranchuck had in mind is a relation betweernergies, respectively. Both are close to the “hottest points”

the mean free path and the system dimensions. The particulgf the corresponding paths: this is consistent with the idea

form we use(as far as we know, mentioned first[i80] and  hat chemical equilibration cannot indeed be kept in the had-
used in real hydrodynamics if{81]) is based on a similar 4nic gas phase.

condition, which is, however, bbcal (or differentia) value We have built in this idea into the HKM: any “hadronic

of the ratid® chemistry” in the hadronic phase is ignored. It is assumed
that it ends together with hadronization, and when the path
&= Texpt! ool (4) departs from the phase transition linE,,x, Nno more
changes in particle compositio@part from resonance de-
where 1f., is the collision rate per particle considered percay9 are included. Therefore our particle composition is ex-
unit proper time. The invariant expression for the expansioractly the same as in the thermal mof&¥] (which has ther-
time can be given in terms of the four-velocity, of the  modynamics of exactly the same resonance gas with
flow, excluded volumge We therefore do not duplicate the tables
for particle ratios here, referring the interested reader to this

Ueyp=3d,U, . (5  work.

Hydrodynamics is applicabldthe dissipative terms are
smal) when &1, while if é£<1, the reactions in question
can be ignored. The boundary at whi€k- 1 exists both at We do not provide an extensive introduction for this sec-
the formation and expansion stages, forming some thregion: for a good overview and references $ég]. Switching
surface around the four-volume in which hydrodynamics isoff all reactions changing the particle composition, we have
applicable. Furthermore, in principle the situation is moremadeany particle numbeN; to be a conserved quantity. The
complicated, with¢ large and small for different variables. point is simply that at this stage of the evolution one has to

First of all, let us distinguish two classes of reactiofis:  introduce chemical potentials for all particle speci®g; .
the inelastic reactions leading to the creation or annihilationrheir values are then determined by those predetermined
of a certain species of particles afit) elastic rescatterings values ofN; in the usual way. This is in contrast to chemical
leading to simple momentum exchange. It is well known thatequilibrium, in which most of them are zero, and only
the former need higher collision energies than the latft  chemical potentials conjugated to conserved quantities
example, in a gas of massless pions one can use chiral pgbaryon charge and strangenes&re needed.
turbation theory to evaluate reaction rates, and pion produc- |t s instructive to see how, as one starts with a chemically
tion depends on temperature aSylauctior™ T° While elastic  equilibrated hadron gas with;=0, the nonzero values ap-
rescattering is Mescarering- T°- Clearly, as the expansion pear as the system cools furtf&he thermodynamical re-
cools the gas, their decoupling happens at different pointsiation written in the form
Separating those two classes, one usually defomesnical
and thermal freeze-out, for these two classes of reactions. (e+p)/nT—s/n=ulT (6)

The second important point is that both freeze-outs should be
determined foreachspecies separately.

For chemical freeze-out this distinction, however, is notis especially useful. For sloadiabati¢ expansion thes/n
very important in practice, since in fact all reactions chang+atio is not changing, while in the first term on the left-hand
ing particle composition can bee seen to be rather ineffectiveide (LHS) the chemical potentiahearly cancels(it does
during the hadronic phase, for all AGS and SPS collisiSns. exactly provided a Boltzmann approximation is useflo
In QGP(mos) hadrons do not exist at all, and thus the natu-one can read th&-dependence oft directly from the RHS.
ral place for “hadronization” is what we call the mixed The notorious exceptional case worth mentioning is that for
phase. How it happens remains unknown, but there are rathemassless particles, for which the whole LHS is just a con-
convincing arguments that it happens rapidly enough. Those
are based on quite extensive work on a thermal descriptiom
of many hadronic speci€85,27], mainly in connection with  2%For clarity, those potentials are conjugated to the total humber
the so-called “strangeness enhancement” phenomenon. #f particles, and so, say, for pions they enter distributionsr6f

w~, 7° with the same sign.
2To our knowledge, it was first pointed out in the context of the

18The nonlocal condition in line with the original Pomeranchuck pion gas by Bayn{private communication Further discussion of
idea is worked out ifi45], but we feel it is still way too complicated this idea and of the kinetics of the pion gas can be founf38j,
to use in practice in the hydrodynamics context, because of thenostly in relation to the question of the possible evolution of the
integrals toward future propagation involved. nonzero chemical potential for the pions. For a discussion of the

19For example, for strangeness production reactions this statemenppositescenario, suggesting overpopulation and a large positive
was well documented long ago; s3] chemical potential for pions already at this point, £8€].

B. Between chemical and thermal freeze-out
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7.0 ' T - can easily derive the following relation between the chemical
PbPb/SS positive pions, NA44 potentials at chemical and thermal freeze-out:
E mu=60,80,100 MeV -
1 Tin T
Mth= Moh T M| 1= /. )
ch ch
6.0
. (In particular, for very large systenik,—0, the chemical
o potential uy,— m as it should, and one can then proceed to
i normal nonrelativistic notation.When implemented in the
HKM, this relation ensures that the particle ratios arge-
Sor TT T 1 pendentof any details of the thermal decoupling we discuss
E - I I l below.
E o C. Thermal freeze-out for different species
49 : : : Now we are in the position to discuss particular reactions
0.00 0.20 0.40 0.60 0.80

in the resonance gas. Rather extensive studies have been
FIG. 6. The ratio ofr™ p, spectra for PbPb and SS collisions made in the past; sdd3]. Let us start with qualitative com-
versusp; (in GeV). Points are NA44 experimental data; three ments first.
curves correspond to the pion chemical potentia= 60, 80, and Out of the many reactions which include pions the major
100 MeV (from bottom up. processes are the low energy elastie, 7K, and«N scat-
tering. Those have an especially large cross section due to

stant. Thereforeu/T=const, and so iflu=0 at the begin- the existence of the low energy resonanpe*, and A,
ning, it remains so for any.?? respectively. o , ,
Accounting for the nonzero pion mass and Bose statistics EStimates of ther collision rate using the chiral La-
one findsu.(T); see[42]. For example, if one assumes that 9rangian were made by one of [&8] and, in more detail, in
1.(T.=160 MeV)=0, one finds that by a thermal freeze-out R€f- [39]. The result
(which happens for PbPb collisions at CERNlat110-120 _ -5 4
MeV) the pion chemical potentiat ,=60—-80 MeV. Vra=T(12F7) ®
In order to see whether such an effect really occurs in
experiment, we have plotted in Fig. 6 the ratio of the (whereF . is the pion decay constant, 93 Mg¥isplays a
spectra for PbPb collision§n which we expect thermal very strongT dependence. This feature remains true when
freeze-out alf=100—120 MeV, and thus the formation of a one includes the resonandéd]: basically in the interval we
significant pion chemical potentiato our reference point, deal with (T=120-150 MeV the pion-pion scattering rate
central SS collisiongfor which the effect should be much increases by a factor of?.These rates are increased further
smalle). The data sets are both fpositivepions from an by the inclusion of the nonzero value of the pion chemical
NA44 experimenf5], in the same experimental settingsd ~ potential discussed in the preceding subsection.
thus systematic errors should somewhat can@he finds A strong T dependence leads to the following qualitative
that there is significant enhancement of this ratio at small ~ feature of freeze-out: relatively modest changes in the freeze-
which agrees with the formation of the nonzero pion chemi-out temperature correspond to quite significant changes in
cal potential. Moreover, as one can see, the magnitude of tH&e duration of the collision-dominatétlydrodynamickex-

effect is in approximate agreement with our estimates. pansion. As we will see below, this will translate into sig-
(Additional comments: PbPb and SS collisions have anificantly stronger flow. _
somewhat different stopping of baryons. Faositive pions The 7N cross section is very large, reaching about 200

an extra stopped charge for PbPb would decreasejgion ~ mb at theA resonance peak. The naive radius of the inter-

production due to the Coulomb field, contrary to observa-actionR=o/m~2.6 fm is so large that one may question

tions. Another effect that contributes in the opposite direcsimple cascades and think about collective effe(isi-

tion is feeding to lowp, pions from extraA decays coming sobars’). Absolute scattering rates depend on the density of

from extra baryons in PbPb as compared to SS. The magnitucleons at the decoupling stage. At AGS tfisospin-

tude of those effects is comparable, and thus they may cancaveragefirate is of the order of X y~100 MeV, which is

out to some extent. larger than 14, .. Since the nucleon to pion ratio is about 1,
The secondaries other than pions can be to a good accthe rates are very close also. At SPS energies the situation is

racy treated as a Boltzmann nonrelativistic gas, and so onguite different: the nucleon/pion ratio is about 1/5. It makes

22This is what happens in the case of background radiation in an 24Furthermore, the inclusion of resonances changes the depen-
expanding universe: photons do not collide after the big bang, budence on the pion momentum in contrast to the chiral result the
they still have the Plank spectrum, with=0. rate becomes basically flat fpr< 700 MeV we need, and decreases

2Thew /=" ratio shows a larger enhancement, which is knownfor largerp (now, in contrast to the lowest order chiral result which
to be due to Coulomb effects; see e[@0]. predicts an unphysical rise wifh).
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FIG. 7. Pion collision ratess= 7. [GeV] in a pion-kaon- FIG. 9. Nucleon collision rates. “Data” refers to numerical in-
nucleon gas versus temperatuile [GeV]. PPVW stands for tegration of the cross sections, as described in the text. The curves
Prakash, Prakash, Venugopalan, and Welke. marked “fit” refers to a fit using the data points below 0.15 GeV,

which is used in the HKM for the determination of the freeze-out

the 7N scattering less important for pions, but nucleons haveéurface.
a very large collision rate and thus should freeze out very
late. Kaons and other strange secondaries have smaller cdbr E, within the thermal exponehptand similarly forb. g,
lision rates. is the multiplicity ofb and the sign in the denominator of the

We have already mentioned a special caseafith the  thermal weights is chosen based on whetheb are a fer-
scattering and absorption cross sections in the few mb rangeion or boson. For example, for theN rate we take the
Clearly one can completely ignore their rescattering in ther*p total cross section from the Particle Data Grddgd]
hadronic phase: we assume therefore that their thermaind notice that by isospin arguments, the averagidcross
freeze-out(as well as chemical oneoincides with the end section is
of the mixed phase.

Let us now provide more quantitative information about
the rates we usésee alsd43]). The general formula for the o™ EU . (10)
averaged collision rate of particke resulting from a binary ™oguTmP
collision with particleb is given by

d*p,  d®py 1 b
Ian(T)= 3 3 gEalT E /T, 10ab
(2m)° (27) a’l+]1 e p''x1

and the pion collision rate due toN scattering is

"D f d3p.. [ dpn 1 4/3
= O+
, pa ™ (2m)®) (2m)% eFxlT—1 eEn w4 g "7 P
X +Pp)
~+Pn)? —
(9) [( pN) ] (277)3 E /T 1
whereE, is the energy ofa (minus any chemical potential (12)
0.10 F . .
Fitto PPVW v, in 7K Using ,up(T) from the previous section we can eva]uat_e
o PPVW v, in K the above integral numerically. The results are shown in Fig.

7, for thew, 7K rates combineddots and fitted curyeand
for its #N component at AGS and SPS. The total pion col-

lision time is then given by
0.05

v (GeV)

Teollision( 1) = [F AT+T N(T)] L (12

For kaons we simply take theK rate from[43] which
we show in Fig. 8. We have ignored smallk€N collision
0.00 : rates: thereforéas also noted ip43]) we do not distinguish

0.10 0.15 0.20 )

T (GeV) the rates for kaons and antikaons.
For nucleons, therN interaction is the dominant process

FIG. 8. Kaon collision rates. [43] and we have the expression
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FIG. 10. Freeze-out surfaces for 1A.&eV Au+Au. The solid FIG. 12. Freeze-out surfaces for 26@GeV Pb+Pb.

line corresponds to pions, the dashed to nucleons, and the dotted
one to kaons. The two long-dashed curves indicate two isoterms

' Using these rates and the conditi@), we determine the
with T=160 (the lower curve, at critical) and 140 MeV. g o

freeze-out three-dimensioné8D) surface. Several represen-
tative cases are shown in Figs. 10—13, shown as a section by

L\TIN(T) time—longitudinal-coordinatet{z) plane(at transverse coor-
dinater=0) and thet-r plane g=0). We have already
dd dd 2 1 commented on the dependence on the particle kind above.
Pn Pz . . . .
:f 2 )sf (2 1 e(EN_Mb)/T+1UW+p Note also the significant difference between heavy and light
aa o .

ions. As expected, one finds that the larger the system is, the
&p 1 lower Ty, is on this surface.
N Furthermore, the shape of the freeze-out surface is very
(27)% eEn T+ different from simple isotherms. It means that there is a sig-
(13  hificant variation of this temperature over the surface itself:
in order to find the coolest pion gas, one should look at the
very center of central collisions of heaviest nuclei at highest
noting thatg,.= 3. It turns out that due to the almost factor- available energy.
izable nucleon density inside the main integral, the effect of Finally, after elements of the freeze-out surface are deter-
up is almost negligible. In Fig. 9 we present the commonmined (from the hydrodynamics solution plus kinetic condi-
rate for the AGS and SPS and compare with the SPS nucledion discussed aboydoy (3D) triangularization(see the Ap-
rate from[43]. pendiy, the HKM program generates secondaries using the
The remaining issue is what value of the ratio in the con-Cooper-Frye formuf®
dition (4) one should use in order to optimize the surface.
Consider for example the simplest case in which reactions
proceed at later times with the ratesdn/dt d_N: 1 ptdo,
= (U7eon) €XP(— 7l Ty Integrating this rate fromr=0 to d3p (2m)°) epuTiq’
infinity one gets the number of collisions left over to heAs
we want to cut roughly in the middle of the last collision, one
may think the optimal point is close t§=1/2. Our checks
with cascadegsee below confirm this choice, although one
may in the future improve on this point.

X[(px+Pn) 2]

7T

(14)

where the integral is taken over the freeze-out surface, with
TinsMth,U, changing from point to point.

The last step of the HKM is the decay of all resonances
(and weak decays of stable particles, if negdetb the final

rfr £ =0 i 20 secondaries. The standard output, as from other event gen-
L B L erators, includes information about particle momenta, the
time and place of their production, and the parent resonance
(if they come from a decay

The particular formulation of the model outlined above
can of course be further questioned and refined. In particular,
since different species of particles have different freeze-out
surfaces, one get intermediate regions in which part of them

15

10

t {tm/e)

LI B L 77 ) L L L L B
LA B B 5/ A L B I LN

25Although this formula is conserving energy and is widely used,
e R 0 it there is still a well-known problem with it when applied to the
(@) # (fm) (b) v (fm) spacelikepart of the freeze-out surface: it includes also particles
which move toward the excited system, which would be reab-
FIG. 11. Freeze-out surfaces for 1A.6eV SH-Al: notation is ~ sorbed. Possible improvements are discussed, e.g., in recent work
the same as in the previous figure. [19]: we have not included those in the HKM.
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FIG. 13. Freeze-out surfaces for 20GeV S+S. L
are already in a free-streaming regime and part still interact-
ing. In principle, one should modify the EOS for that effect.
Note, however, that the free-streaming particles of one 3 ll ‘ H HH ’
kind (e.g., pion$ continue to interact with other kindg.g., T B |

nucleons$. In particular, we already commented above that at
SPS there are much more pions than nucleons: therefore, m; — m (GeV)
exep Wltr; tr:]edﬂ-N Crolss Se$ﬁloptr?e:]nf]hth? dommlamno%e’tthe FIG. 14. Typical hydrodynamics output and fit of thg distri-
averagepio eﬁ:qup es' ea” € .a geragenucieon. bu butions for pion, kaon, and protons, for central PbPb collisions at
even then the “pion wind” continues to blow and acceler- 58 GeV nucleon, at central rapidity|<0.5

ates the nucleons, contributing to the nucleon flow. Thermajf ' -

freeze-ogt does not change the pion number: Fhe only dlffer\'/alues. This difference is much smaller for medium igmast
ence(which we have ignoredis a somewhat different mo- shown

mentum distribution of the free-streaming and the interacting | Figs 17-22 we show how this translates into the ob-

pion ensembles. servable quantity, then, slopesT(y). Recall that they in-
clude the effect of the freeze-out temperature, flow plus reso-
VI. FURTHER HYDRODYNAMICS RESULTS: nance decays, and we show them as a function of rapjdity
THE RADIAL FLOW We show four cases: AuAu at 11 GeV/nucleon, PbPb at 158
. : _ eV/nucleon, SiAl at 14.6 GeV/nucleon, and SS at 200
In the previous section we have shown that_ the IrT''0rOV‘;“‘geV/nucleon. In all cases we compare our results with the
thermal freeze-out condition leads to a huge difference COMayperimental data available, as well as with the RQMD

pared with simple |sothe_rms. For thg same f'X‘?d value o which was obtained from standard output files and fitted in
Texpt! Tcol ONE gets very different conditions for differeAt the same way as the HKM onjes

also for large ar_1d smayl (fthe central region gools furtheer For AuAu data at AGS, Fig. 17 one can see that RQMD
These observations provide natural resolutions to the puzgroquces slopes very accurately, while our results slightly
zling obse_rvat|ons related to strosgandy dependence of underpredict the flow. However, it is precisely how it should
the flow discussed above. be, because this version of RQMD has been tuned with a

The key point_ he_r_e is as follows: although Fhe_se rnOOIifi'repulsive baryon-induced potential, on the top of the pure
cations do not significantly prolong the total lifetime, they

significantly increase the lifetime of the hadronic phase. Itis 4,
important for flow, because it is the part of the evolution path

at which the matter is most “stiff(has a largep/¢€). Thus
improved freeze-out leads to a significant “extra push,” and 0.8
explains strong flow.

The typical p; spectra form,K,N we obtain(after reso- 0.6
nance decaysare shown in Fig. 14), together with their  ~
fixed-slope fits.

In Figs. 15 and 16 we show the distribution over trans- 0.4
verse velocities calculated over all matter elements on the
freeze-out surfaces. We show only heavy ions, for AGS and
SPS energies. The distributions always have a sharp peak i
their right end, which is more pronounced at SPS. Its posi-
tion depends significantly on the particle type, reaching as 0.0
high a peak a®;=0.6 for N at SPS. Note the dramatic
difference with the isothermB=0.14 GeV which were used
in many previous works: for them there is also a peak, but FIG. 15. Transverse velocity distribution over the various
for much smallerv~0.17, plus a shoulder toward larger freeze-out surfaces for a 180GeV PbtPb collision.
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FIG. 16. Transverse velocity distribution over the various
freeze-out surfaces for a A6GeV Au+Au collision.
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FIG. 17. Nucleon slope parameters for 14.6eV Au+Au.
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FIG. 18. Pion slope parameters for 1A.6eV Au+Au.
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FIG. 19. Kaon slope parameters for 1A.6eV Au+Au.
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FIG. 20. Nucleon slope parameters for 256eV Pbt+Pb.
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3
cascade. We have checked that the version without a poter ,
tial gives a smaller flow, and agrees with our results very |,
well. At the same time, the results following from “naive”
freeze-out withT;=140 MeV are way below.

Figure 20, showing PbPb at 158 GeV/nucleon, looks very |Zl vs. T rvs. T

Sim”ar to Fig..17. This feature, however, must be a Mere |G, 23. Space-time distributions for 1A65eV Au+Au, hy-
coincidence, since both the E&and the space-time picture grodynamics. Eight pictures are projections of the emission points
are quite different. Apart from an obviously rather different oy thez,t andr,t planes, for all secondaries, pions, nucleons, and
longitudinal motion, at AGS the transverse velocity is gainetkaons, subsequently. Resonance decays are included.
gradually in time(due to about a constapt e or accelera-
tion, while at SPS our hydrodynamics solution clearly dis-transition? In fact, RQMD has its own reasons for changing
plays the appearance of a “burning wall” regime, at whichjts EQS to larger “softness”: at SPS conditions at early
most of acceleration occurs. Note that nevertheless our reimes the energy is stored no longer in resonances, but in

sults agree with data and RQMD in this case as well, for thg|ongitudinally stretchelistrings. Naturally, those make little
$am@&’ 7o,/ 7eon=0.5. This agreement is very nontrivial.  pressure in the transverse direction.

For comparison, let us now discuss lighter ions. An ex- By no means do we want to create the impression that our
ample is shown in Fig. 21, for SS at 200 GeV/nucleon, andnodel and RQMD are to a large extent identical. The mag-
one can see from it that our results overpredict the flow imyitude and various dependences of the flow we discussed in
the central regiory~0. Although for light ions the HKM  this work are important observables, but even those give
predicts a shorter lifetime of the hadronic phase and smallegnly partial information on the space-time picture of the col-
flow [ Tn(y) about 30% lowe}; the dataland RQMD show  lision. Looking at these results more closely, one, however,
that this drop should in fact be larger. It is hardly surprisingfinds significant differences here, which should affect the
to see that for medium ions the HKMand probably “freeze-out sizes” extracted by pion interferometry analysis.
hydrodynamics-based models in gengralless accurate. This statement is illustrated in Figs. 23 and 24, comparing

Let us finally stress that we have not attempted any finedistributions in the points of the last interaction in our model
tuning of the parameters used. The main ingredients, thand RQMD. One can see from it that although the average
EOS and freeze-out parametér1/2, were fixed rather sizes generally agre@nd thus flow velocitigs their disper-
early and not modified when hadron spectra and slopes wergons(relevant for interferometjyare rather different. With
calculated. Clearly one can do it and get better agreement. Inetter data coming, one would be soon able to address this
this work our main objective was to test crudely the systemaspect as well.
atics of the flow discussed in the Introductidand, of
course, its magnitude

Finally, a comment on the agreement with RQMD is in
order here. We emphasized above that its EOS is similar to In this work we have developed a next-generation hydro-
ours for the AGS domain, in which both represent the resokinetic model for heavy ion collisions. Although most of the
nance gas, but how can both agree at SPS energies, wheadeas in it are not new, we believe they are now brought
our EOS has the notorious softness due to the QCD phasegether in an economic and practical way.

Compared to previous hydrodynamics-based models in
the literature we have included a number of improvements:
%6Because of the completely different matter composition, the(i) a realistic EOS including the QCD phase transition to-
«/N ratio is different by a factor of 5. gether with the effect of baryonsij) a more realistic “lo-
271t is also interesting to note that at LBL energies the fit done incal” freeze-out condition, which is based directly on kinetics
[31] prefers the value of this parameter around 0.4, which is not s@f rescattering(iii) the decay of all resonances in the final
far from our choice. state, etc.

10 20

VIl. SUMMARY AND DISCUSSION



57 EQUATION OF STATE, RADIAL FLOW, AND FREEZE. .. 1905

z

FIG. 25. Triangulation of the freeze-out surface within a single
cell. HereP, is the only vertex withé>&; while all other vertices

30 have&<¢;. This cell will yield three triangles upon triangulation.

20 Another obvious way to proceed is to calculate the HBT

radii and compare it with data. We have already mention that
dispersionsof the emission time and positions in our model
are quite different from those resulting from the RQMD.
|Z| vs. T rivs. T Clearly only a small fraction of data is considered in this
work. To facilitate further use of the model, we plan to de-
FIG. 24. Same distributions as the previous figlatso 11.&  vijate from the usual scenario in which only the basics for-
GeV AutAu) but for RQMD output file. mulas plussomeresults are presented in the paper, and plan

Our main focus was on new data on radial flow, includingto provide the source code and output f_iles, in the same form
its magnitudey, A, ands dependence. We have found that 25 €vent generators do. We hope it will prompt the experi-
our model in general reproduces it well enough. This show&nentalist to use it widely, revealing in a wider scope its
that the lattice-based EO®@hich is very soft in the transi- agreement and disagreement with particular data.
tion region, as we repeatedly emphasizidin fact consis-
tent with flow data. This is our main result. APPENDIX: TRIANGULATION

The crucial observation which was important for this suc- OF THE FREEZE-OUT SURFACE
cess is pointii). It leads to a very simple property of freéze- o giface element on a three-surface of space-time is
out: the larger the size of the system is, the cooler the mattediven by[46]
at the end becomes. Clearly, deeper cooling for lawyer
should be seen in many different ways, and we look forward 3 X IxP ax”
to other ways of testing it. 4%, = €uapy g T oc dadbde (A1)

One may further ask whether data can restrict the EOS.

We have not attempted to quantify this in the present workwhere a,b,c are the coordinates on the three-surface and
and only note that for a EO®ithoutthe QCD phase transi- ¢,,4, is the totally antisymmetric Levi-Civitaensor. For

tion (e.g., a resonance gas, wjthe~ const discussed above our purposes, because of the cylindrical symmetry of our
the magnitude of the flow for SPS is indeed too large, andnodel, we need to express a finite three-surface element of a
the expansion time too short. Clearly further studies ardreeze-out surface in terms of its corner points. More specifi-
needed to clarify these issues. A natural extension is discussally we want to findd3sM for a triangle defined in4,r,t)

ing 3+1 hydrodynamics at nonzero impact parameters, leadspace with corner points(,r;,t;), i =1,2,3. It can be shown

ing to dipole and elliptic components of the flow. that, up to a sign,
z; rg 1
ty zz 1 t, zz 1 r{ t; 1
dSSMZ%I‘dﬁ z, rp 1| .|ty z; 1fcosy, |t Z, 1|sing,|r, t, 1 . (A2)
t3 z3 1 t3 z3 1 rs tg 1
zZ; r; 1
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The sign would have to be determined by choosing a direcabove or below the freeze-out valde (or €;). By interpo-

tion for the normal of the surface which points outward fromlation we can determine the intersectiofisany) between

the hotter interior of the surface. The output file of the hy-the freeze-out surface and the edges of the cell. Once the
drodynamics program givest,¢,r,€,§= Teyp/7eon, - - -) @t intersections are found, we find the center point of these
each point of the output gridwhich is typically of size intersection points and connect it to two adjacent intersection
25x25%25in (z,r,t)]. To triangulate the freeze-out surface, points to form a triangle. Continuing this process for all the
we pick a cell and check to see whethefor € if we wanta  cells we obtain the desired triangulation of the freeze-out
freeze-out surface of constant temperatune its vertices is  surface(see Fig. 2%
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