
PHYSICAL REVIEW C APRIL 1998VOLUME 57, NUMBER 4
Fusion under a complex barrier
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The mechanism of fusion of two heavy nuclei is formulated within the concept of transmission across a
mildly absorptive effective fusion barrier~EFB!. The intensity of transmitted waves across such a barrier could
be represented by the productTRPS whereTR stands for the transmission coefficient across the corresponding
real barrier andPS is a factor of survival probability against absorption under the complex barrier. The
justification of this result and the physical basis of the above EFB transmission model of fusion, which is
complementary to the definition of fusion based on absorption in the interior region known as the direct
reaction model~DRM!, are demonstrated in the case of a complex square well potential with a complex
rectangular barrier. Based on a WKB approach, expressions forTR for different partial waves utilizing a
realistic nucleus-nucleus potential are derived. Using the resulting expressions for the fusion cross section
(sF), the experimental values ofsF and the corresponding data of the average angular momentum of the fused
body are explained satisfactorily over a wide range of energy around the Coulomb barrier in various heavy ion
systems such as16O1152,154Sm, 58,64Ni158,64Ni, 64Ni192Zr, and 64Ni1100Mo. @S0556-2813~98!05103-6#

PACS number~s!: 25.70.Jj
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I. INTRODUCTION

The magnitude and energy as well as angular momen
dependence of a heavy ion fusion cross section (sF) around
Coulomb barrier energies has been a topic of renewed in
est in recent times. Measured results ofsF in the subbarrier
region of energies are reported to be substantially larger
the values predicted by simple barrier penetration model
culations. Most of the improved theoretical approach
though successful in analyzing the energy dependenc
sF , fail to give a satisfactory explanation of the correspon
ing experimental spin distribution along with average an
lar momenta related to the fusion cross section. However,
of these approaches the coupled channel~CC! calculation,
though tedious, is found to be more suited for the analysi
heavy ion ~HI! reactions, barring some nearly symmet
pairs. The coupling of the relative motion of the two inte
acting nuclei to their excited states is believed to enhance
fusion cross section. This coupling of different channels l
the excitation of collective degrees of freedom and trans
of nucleons on the elastic channel can be collectively rep
sented by a complex polarization potential@1#. The imagi-
nary part of this potential generated under a real poten
barrier plays a significant role in the dynamics of the fus
process at energies around the Coulomb barrier. On the o
hand, it has been predicted@2,3# that the channel coupling
drastically change the shape of the conventional fold
model potential, resulting in a sharp and strongly attract
real effective potential. Normally, one assumes that abs
tion into a compound nucleus does not occur until the wh
of the real potential barrier obtained from folding model c
culations has been traversed. This assumption of a local
dimensional real potential with absorption into the fusi
channel restricted to the region much interior to the barr
peak positionRB is not adequate@4#. In view of the above
570556-2813/98/57~4!/1853~12!/$15.00
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facts, a more general one-dimensional potential theory
the analysis of HI fusion would utilize a complex local p
tential which allows absorption under an effective barr
that is expected to be thinner than the conventional one.
expects that the absorption builds up gradually from lar
radii as the two densities of the interacting nuclei begin
overlap@5#. The extension of the absorption region until th
barrier or beyond has been incorporated in the estimate o
absorption cross section for ion-ion reactions in Refs.@1,6–
8#. In particular, the direct reaction model~DRM! of Uda-
gawaet al. @8# visualizes that the imaginary part of the tot
optical model potential~OMP! can be divided into two parts
The reaction cross section generated by the inner part is
ognized as the fusion cross section and the outer part re
sents other direct reactions or peripheral processes not
ceeding towards compound nucleus formation. Th
although the absorption has started building up from outs
the Coulomb barrier, the amount of absorption from near
barrier-peak position inward is to be recognized as the fus
cross section and the absorption in the outer region m
represent peripheral processes.

We can then visualize that fusion sets in after the sys
completes traversal of the mildly absorptive outer barrier
gion where direct or inelastic processes are effective
estimate the cross section for fusion by the formula

sF5
p

k2 TC , ~1!

whereTC indicates the intensity of transmitted waves for t
complex effective fusion barrier. The symbolk
5(2mEc.m./\

2)1/2 denotes the wave number, andm is the
reduced mass of the colliding system. ThussF can be esti-
mated from two different but complementary pictures:~i!
from the absorption in the interior region (02RF), whereRF
1853 © 1998 The American Physical Society
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stands for the fusion radius parameter, and~ii ! from the prob-
ability of reaching the radial distanceRF nearRB as a result
of transmission from the outer region. The former method
known as the DRM of fusion@8# and the latter is termed a
effective fusion barrier~EFB! transmission model by us@9–
11#. In our previous calculations@9–11#, we have assumed
the barrier to be real and sharply falling in the interior sid
consistent with the findings presented in Refs.@2,3#. The two
approaches referred to here are capable of describingsF
quite satisfactorily. Interestingly, the parametersRF charac-
terizing the onset of fusion in these two approaches lie v
close to each other. This makes it desirable to demons
the complementary nature of these two models more exp
itly. This requires the estimation of absorption from the
gion 0 toRF and the transmission coefficient into this regio
r ,RF , in the case of a complex barrier. We demonstrate
fact that the results of cross section from the DRM idea a
EFB transmission concept incorporating absorption un
the barrier are comparable by analyzing a complex squ
well potential followed by a complex rectangular barrier b
fore we estimatesF for a realistic nucleus-nucleus system

In order to make the EFB approach more sound and c
plete, we explicitly take into account the influence of t
imaginary part@W(r )# of the OMP in the process of trans
mission across the barrier. Adopting the mathematical pro
dure based on the WKB approximation@12#, the transmis-
sion coefficient denoted byTR for a given partial wavel will
be derived semiclassically for an effective real potential g
erated by the real part of the OMP in the surface region. T
effect ofW(r ) in the surface region on the transmission p
cess is represented by a multiplying factor (PS) representing
probability for survival against surface absorption and it
expressed as@13,14#

PS5expF2
2

\ E
RF

` W~r !

v~r !
drG , ~2!

where v(r ) indicates the local velocity. This expressio
clearly shows that there is a decrease of probability of sta
the elastic channel with an increase of time of transit (tS)
across the surface part of the real potential barrier. WhentS
increases more and more, the flux goes to inelastic or di
reaction channels. The factorPS is the survival probability or
a measure of no destruction after a periodtS . Therefore,
(12PS) represents the factor for absorption to other ch
nels. Thus the actual flux reaching a pointRF through a
complex potential can be represented by the productTRPS ,
whereTR andtS are calculated along the real orbit specifi
by a certainl . Hence, replacingTC by TRPS in Eq. ~1!, sF
can be calculated. As a result of this, one can avoid the
of complex turning points in the WKB approach adopted
the study of nucleus-nucleus reactions. The above conc
in turn, is related to the fact that due to a longer time
interaction and a larger value ofW(r ) in the regionr ,RB
the amplitude of absorption (12PS) in this interior region is
close to unity. In view of this we believe that whatever flu
reaches the pointRF;RB will be totally absorbed, leading to
complete fusion. The justification of splittingTC into TRPS
is demonstrated in the case of a complex square barrier
fore going to the analysis of realistic nucleus-nucleus re
tions.
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We apply the present formulation, termed as modifi
WKB ~MWKB ! method, to the simultaneous analysis of e
perimental data forsF and the corresponding average ang
lar momenta (̂l &) of the compound nucleus in the case
several HI systems. In recent times, a great body of exp
mental data of these quantities for various pairs of nuc
over a wide range of energy around the Coulomb barrie
found in the literature. For our present study, we have
lected three categories of systems such as~i! asymmetric
(16O1152,154Sm), ~ii ! symmetric (58,64Ni158,64Ni), and ~iii !
nearly symmetric (64Ni192Zr and 64Ni1100Mo! pairs. Most
of these systems have been studied successfully within
framework of the DRM@8# and EFB model using a rea
barrier @9,11#. On the other hand, the CC calculation is su
cessful in the cases of systems under the first two catego
but not so good in the cases of the third category@18#. The
success in analyzing the fusion data of all the above syst
through the present formulation involving a complex barr
would show how our model is complementary to the DR
on the one hand and as good as and/or sometimes better
the most complicated CC calculations on the other.

In Sec. II, we give analytical expressions for a regionw
absorption in the case of a complex square well poten
The results of the reaction cross section in the interior reg
are compared with the values of the cross section estim
from transmission through a complex barrier and t
complementary nature of the DRM and EFB concepts is
tablished. In Sec. III, adopting the WKB approximation, w
derive formulas forsF within the framework of the EFB
model for a realistic nucleus-nucleus system considering
sorption under the barrier. Section IV presents the numer
results. We summarize our findings in Sec. V.

II. RELATION BETWEEN DRM AND EFB MODELS

A. Absorption cross section through a complex rectangular
potential with a well and a barrier

In order to understand the role of absorption in t
nucleus-nucleus reaction qualitatively, let us consider
s-waveS matrix generated by the potential

U~r !5H 2U02 iW0 , 0,r ,a,
UB2 iWB , a,r ,r 0 ,
UB2 iWB8 , r 0,r ,b,
0, r .b.

~3!

The potential has a pocket in the regionr ,a, calledU int ,
and a barrier ina,r ,b, calledUbar. U int is accompanied
by a strong imaginary potentialW0 , whereasUbar is made
less absorptive. Further, the region ofUbar is divided into
two zones having the inner zone (a2r 0) more absorptive as
compared to the outer zone (r 02b). This simplified form of
potential bears the characteristic features of a nucle
nucleus potential which has a strong absorptive pocket in
and a barrier outside, having a complex nature with differ
strengths on either side of the barrier positionRB . Thus
W0.WB.WB8 and they may be conceptualized as a volu
term, surface-peaked term, and direct reaction term, res
tively, in accordance with the separation of whole range
the imaginary part of the OMP as suggested by Satchler@15#.
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We start with the modified radial equation forU(r ) for
l 50:

d2f~r !

dr2 1@k22V~r !#f~r !50. ~4!

The radial solution is

c~r !5
f~r !

r
, ~5!

k25
2mE

\2 , V~r !5
2m

\2 U~r !. ~6!

Herem indicates the mass of the particle andE stands for the
incident center-of-mass energy. The solution of Eq.~4! can
be written as

f I5
1

2i
@eia~r 1a!2e2 ia~r 2a!#, 0,r ,a, ~7!

f II5Ãeib~r 02r !1B̃eib~r 01r !, a,r ,r 0 , ~8!

f III 5C̃eib8~b2r !1D̃eib8~b1r !, r 0,r ,b, ~9!

f IV5F2e2 ikr1F1eikr , r .b, ~10!

where

a25
2m

\2 ~E1U01 iW0!, ~11!

b25
2m

\2 ~E2UB1 iWB!, ~12!

b825
2m

\2 ~E2UB1 iWB8 ! ~13!

and

Ã5
1

2
e2 ib~r 02a!F 1

2i
~e2iaa21!2

a

2ib
~e2iaa11!G ,

~14!

B̃5
1

2
e2 ib~r 01a!F 1

2i
~e2iaa21!1

a

2ib
~e2iaa11!G ,

~15!

C̃5
1

2
e2 ib8~b2r 0!F ÃS 11

b

b8D1B̃e2ibr 0S 12
b

b8D G ,
~16!

D̃5
1

2
e2 ib8~b1r 0!F ÃS 12

b

b8D1B̃e2ibr 0S 11
b

b8D G ,
~17!

F25
1

2
eikbF C̃S 11

b8

k D1D̃e2ib8bS 12
b8

k D G , ~18!

F15
1

2
e2 ikbF C̃S 12

b8

k D1D̃e2ib8bS 11
b8

k D G . ~19!
The s-waveS matrix is given by

S52
F1

F2
. ~20!

The expression for absorption cross section is written as

s rec5
p

k2 ~12uSu2! . ~21!

Taking the complex conjugate of Eq.~4!, we have

d2f* ~r !

dr2 1@k22V* ~r !#f* ~r !50. ~22!

Using Eqs.~4! and ~22!, we find

f*
d2f

dr2 2f
d2f*

dr2 5@2i Im V~r !#ff* , ~23!

where ImV(r) stands for imaginary part ofV(r ). Integrating
this equation in the limit 0 tob, we get

f*
df

dr
2f

df*

dr
5E

0

b

@2i Im V~r !#ff* dr. ~24!

Now f(r 50)50 andf* (r 50)50. So there is no contri-
bution from the lower limit. Using the wave functionf(r )
given by Eq.~10! at r 5b on the left-hand side of Eq.~24!,
we find

2ik~ uF1u22uF2u2!5E
0

b

@2i Im V~r !#ff* dr. ~25!

With the definition of theS matrix given by Eq.~20!, Eq.
~25! yields

12uSu25I 11I 21I 3 , ~26!

where

I 152
1

k E
0

a

Im V~r !U f

F2
U2

dr, ~27!

I 252
1

k E
a

r 0
Im V~r !U f

F2
U2

dr, ~28!

I 352
1

k E
r 0

b

Im V~r !U f

F2
U2

dr. ~29!

Now using the potentials given by the expression~3! and
corresponding wave functions given by Eqs.~7!–~9!, in dif-
ferent regions, we simplify the integrals in Eqs.~27!, ~28!,
and ~29! and obtain

I 15
2m

\2

W0

4kuF2u2 F12e24aa i

2a i
2

e22aa i

a r
sin~2aa r !G ,

~30!

wherea i5Im a anda r5Rea with the symbols Re and Im
indicating real and imaginary parts, respectively. HereF2 is
given by Eq.~18!:
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I 25
2m

\2

WB

kuF2u2 e22b i r 0F 1

2b i
uÃu2~e2b i r 02e2b i a!

2
1

2b i
uB̃u2~e22b i r 02e22b i a!

1
1

b r
Im$Ã* B̃~e2ibr r 02e2ibra!%G , ~31!

whereb i5Im b andb r5Reb,

I 35
2m

\2

WB8

kuF2u2 e22b i8bF 1

2b i8
uC̃u2~e2b i8b2e2b i8r 0!

2
1

2b i8
uD̃u2~e22b i8b2e22b i8r 0!

1
1

b r8
Im$C̃* D̃~e2ibr8b2e2ibr8r 0!%G , ~32!

where b i85Im b and b r85Reb. By using the expression
~30!–~32! in Eq. ~26! and subsequently through Eq.~21!, one
can estimate the absorption cross section from different
gions of the potential. Thus, in the region 02r 0 , we obtain
the absorption cross section as

s rec5
p

k2 ~ I 11I 2!. ~33!

This corresponds to the fusion cross section in the DRM
fusion @8#.

B. Fusion cross section from transmission
across complex barrier

We now estimate the cross section within the framew
of one-dimensional transmission across a potential ba
based on which the EFB model is developed. Let us cons
the barrier to be complex with strengthUB2 iWB8 and situ-
ated in the regionr 0,r ,b with a width d5b2r 0 . The
transmission coefficient (TC) across this barrier is given by

TC5uHu2, ~34!

where

H5
4gke2 ikd

~g1k!2e2 igd2~g2k!2eigd , ~35!

with g25(2m/\2)(E2UB1 iWB8 ) and k is expressed as in
Eq. ~6!. Then the corresponding cross section is expresse

sF85
p

k2 TC . ~36!

Thus sF8 represents the fusion cross section with regard
the EFB model.

The success of the DRM and EFB model indicates that
a suitable value ofr 0 the cross sectionss rec given by Eq.
~33! andsF8 given by Eq.~36! can be expected to give sim
lar results. In the language of the DRM and EFB model,r 0
corresponds to the fusion radius parameterRF .
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We further look into the development of expression~36!
on the perspective of the survival probability of the incide
flux against absorption during crossing of the complex b
rier in the regionr 02b. The probability factorPS , intro-
duced by Eq.~2!, accounting for the absorption under th
barrier can be simplified to give

PS5e22WB8 t/\, ~37!

wheret„5d/@2(E2UB)/m#1/2
… is the transit time of the bar

rier of width d5b2r 0 in the real trajectory. The transmitte
flux through the complex barrier can be represented by
productTRPS , whereTR is the transmission coefficient o
the corresponding real barrier and the corresponding fus
cross section is given by

sF5
p

k2 TRPS . ~38!

It is of interest to compare the results ofs rec, sF8 , andsF

given by Eqs.~33!, ~36!, and ~38!, respectively, at different
energies. In Fig. 1, we do so by applying the formulation
a specific square well potential specified byU0550 MeV,
W0520 MeV, WB510 MeV, WB851 MeV, a57 fm, b
511 fm, andr 059.5 fm. The height of the barrier isUB
521.01 MeV. This value of the barrier height approximate
corresponds to the nucleus-nucleus system16O128Si, and
we have used these mass numbers to calculatek2, a2, b2,
(b8)2, etc. in our calculations. These calculations were do
for s waves in the energy range fromE51 to 60 MeV. It is

FIG. 1. Comparison of various fusion cross sectionss rec @Eq.
~33!#, sF8 @Eq. ~36!#, andsF @Eq. ~38!# represented by solid, long
dashed, and short dashed curves, respectively. The potential pa
eters used areU0550 MeV, W0520 MeV, UB521.01 MeV, WB

510 MeV, WB851 MeV, a57 fm, b511 fm, andr 059.5 fm. The
arrow indicatesUB .



lo
w

r.

io
e
n

e

t
h

th
ti
u

s-
us
ch

o
th

no
ro

us
.

the

e
er
ent

n 0

ture
is

ion

e

n

ers

lues
r
rrow

57 1857FUSION UNDER A COMPLEX BARRIER
seen that all three results of the cross sections are very c
to each other. This important finding leads us to the follo
ing conclusions.

~i! The similarity ofs rec andsF8 proves that the DRM and
EFB concepts of fusion are complementary to each othe

~ii ! The equivalence ofsF8 andsF justifies the splitting of
transmitted flux through a complex barrier into transmiss
through a real barrier and a survival probability factor d
pending upon the imaginary potential within the barrier a
the time of transit across this region.

The similarity ofs rec andsF8 was verified even in the cas
of a rectangular barrier with constant absorptionWB in the
entire regiona,r ,b. In Fig. 2, we show a typical resul
wheresF8 ands rec are compared. This further strengthens t
conclusion~i! stated above.

The problem of estimating the fusion cross section in
case of a nucleus-nucleus reaction with its optical poten
in Woods-Saxon form becomes easier by the use of form
~38! as compared to Eq.~36!, which uses an exact transmi
sion coefficient across this complex barrier. This is beca
one can avoid the complex turning point WKB approa
since one uses a real barrier in obtaining Eq.~38!. Further,
by adopting this procedure, one can avoid the complexity
calculating the absorption cross section generated within
interior region where the nucleus-nucleus potential is
fully explored. In the next section, we adopt a general p
cedure of developing the formula~38! to calculate the fusion
cross section for HI collisions using a more realistic nucle
nucleus potential and including all relevant partial waves

FIG. 2. Comparison of fusion cross sections for DRM (s rec) and
EFB (sF8 ) concepts shown by solid and dashed curves, respectiv
for a rectangular potential

U~r!5H2U02iW0,
UB2iWB ,
0,

if r ,a,
if a,r ,b,
if r .b,

where U0550 MeV, W0520 MeV, UB521.01 MeV, WB

52 MeV, a56 fm, b59.5 fm, and the EFB widthd52.5 fm. The
arrow indicatesUB .
se
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Before we conclude this section, we wish to analyze
effect of the imaginary potentialsWB8 andWB on the ampli-
tude of the wave function represented by the termuf/F2u2 in
the interior region (r ,r 0). It is found thatuf/F2u2 substan-
tially decreases with the small increase ofWB8 ~see Fig. 3! for
a given value ofWB . Thus a small imaginary potential in th
outer zone of the barrier controls the flux going into the inn
zone of the barrier as a controlling gate. This is consist

with the role of the factorPS5e22WB8 t/\ used in the formula
~38!. Further, we see in Fig. 4 thatuf/F2u2 becomes very
small within a short distance fromr 0 inward in the presence
of a larger imaginary potentialWB in this interior region. As
a result of this, the reaction cross section from the regio
2r 0 is mostly equal to that obtained from the regiona2r 0
under the barrier. This result strongly supports the conjec
that the whole of the fusion process in the HI reaction
possibly completed under the barrier, i.e., within the reg

ly,

FIG. 3. Variation ofuf/F2u2 as a function of radial separatio
r . Curves corresponding to different values ofWB8 but with fixed
WB510 MeV are labeled in the inset. The potential paramet
used areU0550 MeV, W0520 MeV, UB521.01 MeV, a57 fm,
b511 fm, andr 059.5 fm.

FIG. 4. Same as Fig. 3. Curves corresponding to different va
of WB but with fixed WB851 MeV are labeled in the inset. Othe
potential parameters are the same as those in Fig. 3. The a
indicates the pointr 059.5 fm.



ar

hi

i
u

th

s

d

nd

d

, t
ca
ie
or

t

it

B
e-

on,

h a
ow.
by

rrier

the

ct
po-

cal

1858 57BASUDEB SAHU, I. JAMIR, E. F. P. LYNGDOH, AND C. S. SHASTRY
inside but close to the position of the peak of effective b
rier.

III. FORMULATION FOR THE NUCLEUS-NUCLEUS
FUSION CROSS SECTION

Having established the fact that the total absorption wit
a region from the origin to a pointr 5r 05RF close to the
Coulomb barrier radius (RB) as in the DRM of fusion is
equivalent to the cross section obtained from the transm
sion across the remainder of the complex barrier from o
side to that particular pointRF as in the EFB model, it would
now suffice to calculate the transmission coefficient of
following complex effective barrier:

U~ l ,r !5 HUN~r !1UC~r !1Ul~r !, r>RF ,
0, r ,RF , ~39!

where Ul5(\2/2m)@ l ( l 11)/r 2#, with m denoting the re-
duced mass,UC(r ) is the usual form of the nucleus-nucleu
electrostatic potential with radius parameterr C , and the
nuclear partUN(r ) is expressed as

UN~r !52Ug~RU ,aU ,r !2 iWg~RW ,aW ,r !,

where the commonly used expression forg(Rj ,aj ,r ) is the
Woods-Saxon form factor given by

g~Rj ,aj ,r !5F11expS r 2Rj

aj
D G21

,

where Rj5r j (A1
1/31A2

1/3) with j 51,2 and R15RU , r 1

5r U , a15aU , R25RW , r 25r W , anda25aW . The quan-
tities r j andaj are the radius and diffuseness parameters
fm, and U and W are the depths in MeV for the real an
imaginary parts of the OMP, respectively.A1 andA2 are the
mass numbers of the two colliding nuclei having correspo
ing proton numbers denoted byZ1 and Z2 . In the earlier
formulation of the EFB,W in the barrier region was assume
to be negligible~zero!.

On the basis of the results discussed in the last section
transmission coefficient of the above complex potential
be equated to the product of the transmission coeffic
(TRl) in the real trajectory and a survival probability fact
PSl equivalent to Eq.~37! in the l th partial wave. Then the
total fusion cross section is estimated by the expression

sF5
p

k2 (
l 50

`

~2l 11!TRlPSl . ~40!

The contribution from eachl or the spin distribution (sF
l ) at

a certainEc.m. is represented by

sF
l 5

p

k2 ~2l 11!TRlPSl . ~41!

At the same energy, the average angular momenta of
fused body, denoted bŷl &, is expressed as

^ l &5
( l 50

` lsF
l

sF
. ~42!
-

n
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We now obtain the complete expressions forTRl andPSl .

A. General expression forTRl along a real trajectory

The real part of the potential given by Eq.~39! is a
smoothly varying potential with a peak atr 5RF5a ~say!
and decreases with an increase ofr . We visualize this poten-
tial as slowly varying within the regiona<r ,b and zero in
the outer regionr .b, where b@a. Thus the first-order
WKB approximation for the wave function is suitable and
guarantees the conservation of particles@12#. However, when
the pointsa and b are very close to each other, the WK
approximation for the wave function would substantially d
viate from the exact wave function@16#. In this critical situ-
ation, one can use the zeroth-order WKB approximati
which readily conserves the particles@12#. Following the
mathematical procedure given by Farina@12# ~also see Ref.
@11#!, we obtain the transmission coefficient through suc
real potential barrier and the results are summarized bel

Let UEB
l denote the height of the effective barrier given

Eq. ~39! in the l th partial wave at the radial positionr 5a
5RF . For Ec.m.,UEB

l , the transmission coefficient below
the barrier (TRl

(bb)) is given by

TRl
~bb!5

4P̂aP̂b

~ P̂a1 P̂b!21@k21~ P̂aP̂b /k!21 P̂a
21 P̂b

2#sinh2 P̂ab
~43!

whereP̂a5AV( l ,r 5a)2k2, P̂b5AV( l ,r 5b)2k2, and

P̂ab5E
a

b
AV~ l ,r !2k2 dr, ~44!

with V( l ,r )5(2m/\2)U( l ,r ).
Discontinuities in the potential atr 5a and r 5b intro-

duce nonclassical phenomena, and so, in the below-ba
situation, we may assumeuP̂au5uP̂bu5k @12#. With this, Eq.
~43! reduces to

TRl
~bb!5

1

cosh2 P̂ab

, Ec.m.,UEB
l . ~45!

The integral forP̂ab given in Eq.~44! is evaluated numeri-
cally for positive values ofV( l ,r )2k2. However, forEc.m.

'UEB
l , the point r 5b approaches the pointr 5a so that

P̂b' P̂a , and in this situation one can expressP̂ab approxi-
mately asP̂ab' P̂ad, whered5b2a is a very small dis-
tance. With this approximation, Eq.~43! can be written as

TRl
~bb!5F11

~k21 P̂a
2!2

4k2P̂a
2 sinh2~ P̂ad!G21

, Ec.m.'UEB
l .

~46!

It may be pointed out that in this situation we findP̂a!k,
P̂ad!1 and the above expression is very sensitive to
value of d. Having setd5p/2k, Eq. ~46! gives a value
TRl

(bb)'0.61, which is found to be very close to the exa
numerical result for energy near the barrier of a model
tential ~see Table I of Ref.@9#! Thus d5p/2k, which is
equal to a quarter of the de Broglie wavelength, is a criti
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57 1859FUSION UNDER A COMPLEX BARRIER
distance over which we do not expect much change in
total effective potentialU( l ,r ) suited for the WKB approxi-
mation. One observes such a situation in the case of a fewl ’s
in the neighborhood of the grazing partial wavel g defined by
the conditionEc.m.5UEB

l g . The values ofTRl
(bb) given by Eqs.

~45! and ~46! in their respective limiting situations can b
accounted for by the unified expression

TRl
~bb!5

0.61

cosh2 P̂ab

, Ec.m.<UEB
l . ~47!

Coming to the above barrier situation (Ec.m..UEB
l ), the

transmission coefficient (TRl
(ab)) is expressed as

TRl
~ab!5

4PaPb

~Pa1Pb!21@k21~PaPb /k!22Pa
22Pb

2#sin2 Pab
,

~48!

wherePa5Ak22V( l ,r 5a), Pb5Ak22V( l ,r 5b), and

Pab5E
a

b
Ak22V~ l ,r ! dr. ~49!

Here, also, we visualize a similar situation forEc.m.

'UEB
l , where the pointr 5b is expected to be close tor

5a. Hence we havePb'Pa5Ak22V( l ,r 5a) and Pab
given by Eq.~49! reduces toPab5Pad, whered5(b2a)
5p/2k. However, forEc.m..UEB

l , we may setPb'k con-
sideringb.a such thatV( l ,r 5b) is negligibly small. With
these assumptions, Eq.~48! reduces to

TRl
~ab!5F11

~k22Pa
2!2

4k2Pa
2 sin2 PadG21

, Ec.m.'UEB
l ,

~50!

TRl
~ab!5

4kPa

~k1Pa!2 , Ec.m..UEB
l . ~51!

Clearly Eq.~50! givesTRl
(ab)50.61 for a few partial waves in

the situationEc.m.'UEB
l , where Pa!k and Pad!1, with

d5p/2k. Thus Eqs.~47! and ~50! give similar results nea
the barrier, though the former approaches the top of the
rier from below and the latter from above.

Thus, for the estimate ofsF through Eq.~40!, the results
of transmission coefficientsTRl are obtained by using th
expression~47! for the below-barrier case and expressio
~50! and ~51! for above-barrier energies.

B. Expression for the survival probability factor PSl

The probability factor for survival from absorption repr
sented by Eq.~2! can be expressed for differentl ’s in the
barrier region as

PSl5expF2E
RF

` W̄~r !

k l~r !
drG , ~52!

where k l
2(r )5uk22V( l ,r )u. Here W̄(r )5W̄g(RW ,aW ,r )

with W̄5(2m/\2)W indicating the imaginary part of the
OMP presented in Eq.~39!. For a givenl , we obtain the
e

r-

s

results ofPSl by numerical integration in the real trajector
However, close examination of expression~52! reveals that
at Ec.m.'UEB

l the transit time becomes very large, whic
results inPSl!1 for a few l ’s nearl g . In this critical situa-
tion of classical orbiting, which is equivalent to quantal res
nance states, the width of absorption@17# can be expressed
as

G5\vBl12Wav, ~53!

wherevBl is the frequency with respect to a parabolic a
proximation to the effective potential barrier having its pe
at r 5RBl in the l th partial wave.Wav denotes the averag
imaginary potential near the barrier, and it is approximat
taken asWav5W(r 5RF)'W exp@(RW2RF)/aW#. Then the
survival probability in this situation is given by

PSl5expF 22Wav

\vBl12Wav
G . ~54!

In the cases of heavy ion systems, we have found
\vBl'4 MeV ~see, for example, Table II, and, also, Re
@17#! and does not vary much with differentl ’s. As a result,
PSl'1 becauseWav,1 MeV for a givenRF>RB .

Using the expression~52! with the necessary correctio
~54! and the expressions~47!, ~50!, and~51! for TRl derived
earlier, we estimate totalsF by Eq.~40! and the correspond
ing average angular momenta^ l & by Eq. ~42! at different
Ec.m. in the cases of realistic nucleus-nucleus systems. Le
denote these results bysF

(MWKB) and^ l & (MWKB) , respectively,
as their derivation is based on the modified WKB appro
mation.

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we apply the formulation presented in t
previous section to the simultaneous analysis of the exp
mental results ofsF and ^ l & as a function ofEc.m. near the
Coulomb barrier energy in the cases of several HI syste
We also compare our resultssF

(MWKB) and ^ l & (MWKB) with
those obtained using DRM@8# and CC calculations. Let us
denote the results ofsF and ^ l & of the CC calculation by
sF

(CC) and ^ l & (CC), those of the DRM bysF
(DRM) and

^ l & (DRM), and from experiment bysF
(expt) and ^ l & (expt).

The results ofsF
(MWKB) along with^ l & (MWKB) in Figs. 5, 6,

and 8–11 andsF
(MWKB) alone in Fig. 7 are shown by solid

curves. They are compared with the correspondingsF
(expt)

and ^ l & (expt) data at different Ec.m. for the systems
16O1152Sm ~Fig. 5!, 16O1154Sm ~Fig. 6!, 58Ni158,64Ni ~Fig.
7!, 58Ni164Ni ~Fig. 8!, 64Ni164Ni ~Fig. 9!, 64Ni192Zr ~Fig.
10!, and 64Ni1100Mo ~Fig. 11!. It is seen that in all cases th
respective data are explained quite satisfactorily over
whole range of energy studied. References@8,18–21#, from
which these data were taken, are all listed in Table I. In t
table, we also list the OMP parameters used in our calc
tion for different systems along with their respective refe
ences. As the64Ni192Zr system is a nearest neighbor
64Ni1100Mo, we have used the OMP of the latter system
the study of the former pair. In this case~Fig. 10!, given the
proper OMP parameters, we expect a better fit to the res
tive experimental data bysF

(MWKB) and ^ l & (MWKB) . In Table
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II, we give the values of thes-wave barrier heightUB , its
positionRB , and curvature factor\vB obtained by using the
corresponding OMP for different systems. The values ofRF

along with the radius parameterr F5RF /(A1
1/31A2

1/3) in
brackets are also listed in this table. We observe that in
the casesr F;1.4 fm and in most of the casesRF.RB . In
the cases of asymmetric pairs,RF is very close toRB . This
result implies that the process of fusion is initiated before
participants reach the barrier position and it is seen to
earlier in the cases of nearly or very symmetric systems
compared to asymmetric pairs.

In Fig. 7, we show the resultssF
(DRM) by dashed curves

On comparison withsF
(MWKB) ~solid curves! in this figure,

we find that our results are very close to those of the DRM
the case of58Ni158Ni and both explain the data well. In th
case of58Ni164Ni, of course,sF

(MWKB) is found to be closer
to sF

(expt). Using the formulation of the DRM, thesF
(expt) for

the reaction64Ni1100Mo are analyzed in Ref.@21# with rea-
sonable success. However, in this calculation, the radius

FIG. 5. Variation of~a! fusion cross sectionsF and~b! average
angular momentâ l & as a function ofEc.m. for the 16O1152Sm
system. The solid curves represent the values ofsF

MWKB and
^ l &MWKB. The corresponding values from experiment~solid points!
and CC calculations~dashed curves! have been taken from Ref
@19#.
ll

e
e
s

n

a-

FIG. 6. Same as Fig. 5 for16O1154Sm.

FIG. 7. Same as Fig. 5~a! for 58Ni158Ni and 58Ni164Ni. Solid
curves representsF

MWKB . Here sF
expt ~solid dots or squares! and

sF
DRM ~dashed curves! have been taken from Ref.@8#.
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57 1861FUSION UNDER A COMPLEX BARRIER
rameterr F was varied to fit the data, whereas in our calc
lation we have considered a fixedr F51.41 fm for the whole
energy range and obtained the results represented by
curves in Fig. 11. The overall fit is seen to be quite go
However, the larger value of^ l & (MWKB) in the higher energy
region, seen in Fig. 11~b!, can be made close tôl & (expt) if r F
is slightly decreased, as done in Ref.@21#. These compara
tive studies in the case of realistic nucleus-nucleus syst
justify the conjecture that the EFB and DRM approaches
complementary to each other. In other words, they are
procedures describing the same physical phenomenon in
ferent languages. Further, the results ofsF

(CC) and^ l & (CC) are
obtained from the respective references for experimental
listed in Table I and are shown by dashed curves in
corresponding Figs. 5, 6, and 8–11. They successfully
plain the corresponding experimental data of asymme
~Figs. 5 and 6! and symmetric~Figs. 8 and 9! systems, but
fail to do so in the cases of nearly symmetric pairs~Figs. 10
and 11!. As already discussed, in all these cases,sF

MWKB and
^ l &MWKB, represented by solid curves in these figures, p
vide a good fit to the corresponding measured data. T
consistent result of the present formulation is remarkable
view of the failure of CC calculations in some cases.

In order to analyze the effect of the factorPSl in the
fusion process, we have compared the results ofsF

MWKB ,
which fit the data well with certainRF in a given system,
with the values ofsF by settingPSl51 in the expression
~40!. We find thatPSl has the tendency of reducing the va
ues of sF with PSl51 by about 15%. This effect of the

FIG. 8. Same as Fig. 5 for58Ni164Ni. Corresponding values o
experimental data and CC calculations are obtained from Ref.@20#.
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reduction ofsF by PSl can be accounted for if one slightl
decreases the value ofRF , having setPSl51, and can ex-
plain the data well. Hence one may ignore the use of ima
nary part of the OMP in the outer region by choosing
suitableRF for the estimate ofsF within the framework of a
one-dimensional transmission model. This assumption
been adopted in our earlier papers@9–11#.

It may be pointed out, further, that the factorPSl given by
Eq. ~52! at a certain energy does not vary much with diffe
ent l ’s except nearl g where it gives lower values. This ca
be corrected by the use of expression~54!. However, for a
given Ec.m., PSl approaches unity for largerl in the region
l . l g . This result may imply that higherl ’s under a subbar-
rier situation survive more against absorption. It should
be inferred that thesel ’s contribute more to fusion, becaus
at the same time, the corresponding value ofTRl decreases
very fast with the increase ofl in this region and, as a resul
the productTRlPSl yields very small values to give a de
creasing value ofsF

l with the increase ofl beyondl g . On the
whole, the variation ofsF

l with l at a certain energy is found
to be consistent with the corresponding experimental s
distribution as demonstrated in Ref.@11#. The results of cal-
culations for various other systems will be reported in a
ture publication.

V. SUMMARY AND CONCLUSION

The study of the HI reaction within the framework of th
optical model potential theory envisages an imaginary p

FIG. 9. Same as Fig. 5 for64Ni164Ni. Corresponding values o
experimental data and CC calculations are obtained from Ref.@20#.
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under a real potential showing a pocket inside followed b
barrier outside. This imaginary part of the potential gove
the process of absorption to different channels including
rect reactions not proceeding through the elastic channel
corporating this picture, the cross sectionsF for compound
nucleus formation can be estimated from two different
complementary ways: ~i! from the absorption in the interio
region (02RF) as in the DRM@8# and ~ii ! from the prob-
ability of reaching the same pointRF from outside as in the
EFB transmission model@9–11#. In our previous calculations
@9–11#, we have assumed the barrier in the regionr .RF to
be real, and thereby the role of imaginary part of the pot
tial addressing the peripheral processes has been negle

FIG. 10. Same as Fig. 5 for64Ni192Zr. Corresponding results
from measurements and CC calculations are obtained from
@18#.
a
s
i-
n-

t

-
ted.

In the present calculation, the EFB transmission mode
formulated utilizing the complex potential barrier to make
more sound and complete. For the estimate ofsF , the trans-
mission coefficientTC across the complex barrier is equat
to the productTRlPSl whereTRl indicates the transmissio
coefficient along a real trajectory specified by the par
wave l and PSl stands for the survival probability again
absorption to peripheral processes in that trajectory. Be
applying this formulation to realistic nucleus-nucleus rea
tions, we test the complementary nature of the DRM a

f.

FIG. 11. Same as Fig. 5 for64Ni1100Mo. Corresponding results
from measurements and CC calculations are obtained from R
@18,21#.
ental
TABLE I. OMP parameters with their references for various HI systems. Also listed are the respective references for experimsF

and ^ l & data.

System
U

~MeV!
W

~MeV!
r U

~fm!
aU

~fm!
r W

~fm!
aW

~fm!
r C

~fm!
Reference

OMP
Reference

data

16O1152Sm 22.5 13 1.34 0.57 1.34 0.36 1.25 @19# @19#
16O1154Sm 22.5 13 1.34 0.57 1.34 0.36 1.25 @19# @19#
58Ni158Ni 40 15 1.2 0.55 1.2 0.55 1.2 @8# @8#
58Ni164Ni 40 15 1.2 0.55 1.2 0.55 1.2 @8# @8,20#
64Ni164Ni 40 15 1.2 0.55 1.2 0.55 1.2 @8# @20#
64Ni192Zr 178 80 1.08727 0.707 1.08727 0.707 1.08727 @21# @18#
64Ni1100Mo 178 80 1.08727 0.707 1.08727 0.707 1.08727 @21# @18,21#
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TABLE II. Values of Coulomb barrier heightUB , radiusRB , and curvature factor\vB . The results of
fusion radiusRF with those ofr F5RF /(A1

1/31A2
1/3) bracketed along with the range of energy studied in t

paper are listed.

System
Ec.m. range

~MeV!
\vB

~MeV!
UB

~MeV!
RB

~fm!
RF(r F)

~fm!

16O1152Sm 50–75 4.3 58.6 11.43 11.36~1.44!
16O1154Sm 50–75 4.2 58.5 11.46 11.38~1.44!
58Ni158Ni 85–115 3.8 104.5 10.03 10.92~1.41!
58Ni164Ni 85–115 3.7 102.8 10.23 11.21~1.42!
64Ni164Ni 85–115 3.6 101.1 10.42 11.36~1.42!
64Ni192Zr 120–165 3.7 133.4 11.27 11.91~1.40!
64Ni1100Mo 125–155 3.6 138.7 11.38 12.22~1.41!
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EFB model and the justification of consideringTC5TRlPSl
in the case of a complex square well potential with a co
plex rectangular barrier. The following results clearly su
port the above observations.

~i! Utilizing a common radiusRF in the barrier region, the
values of the cross sections from DRM and EFB conce
using TC are comparable.~ii ! The cross section resultin
from TC is found to be similar to that obtained by replaci
TC by the productTRlPSl . It may be pointed out that th
latter result allows one to avoid the use of a complica
complex turning point WKB approach to deal with reactio
of heavy nuclei.

Following the mathematical procedure based on the W
approximation given by Farina@12#, we expressTRl for dif-
ferent l ’s as a functionEc.m. in the subbarrier and above
barrier region of energy in a consistent manner. The d
culty faced in our earlier works@9–11#, that TRl'0 for l
' l g , is overcome in the present analysis. Having accoun
for the effect of the imaginary part of the OMP in the p
ripheral region through the factorPSl , which utilizes transit
time in a real trajectory for its calculation, the fusion cro
sectionsF is expressed in terms ofTRlPSl as a function of
Ec.m.. In the application of the present formulation, the on
parameter to be selected near the barrier is the fusion ra
RF .

We then proceed to analyze the experimental data ofsF
and the corresponding average angular momenta^ l & with
success over a wide range of energy around the Coul
barrier in the cases of several HI systems considered u
three different categories:~i! asymmetric (16O1152,154Sm),
~ii ! symmetric (58,64Ni158,64Ni), and ~iii ! nearly symmetric
(64Ni192Zr and 64Ni1100Mo!. It is found that, for asymmet
ric pairs,RF'RB , whereas in the cases of other two types
systemsRF.RB . However, in all the cases, the parame
r F;1.4 fm and it is kept fixed over the whole energy ran
studied. Our results are compared with those obtained
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using the DRM, and the closeness of the values ofsF along
with RF of one model with the other proves their comp
mentary nature as demonstrated in the model calculation
the first part of the paper.

In conclusion, we may mention that the present formu
tion is a macroscopic approach based on one-dimens
transmission across a complex potential barrier incorpora
explicitly the effect of peripheral processes in the dynam
of the fusion mechanism of heavy nuclei around the C
lomb barrier. The method is very simple to apply by sele
ing a single radius parameterr F around the value 1.4 fm fo
all HI pairs, and this need not be changed for the wh
energy range to be studied around the Coulomb barrier.
strongly correlated to the concept of the DRM. But unlike
the DRM, in this calculation one can avoid the use of
OMP in the inner region where it is not known with ce
tainty. On the other hand, the construction of the effec
barrier for this formulation implicitly incorporates the effe
of channel couplings. The method is found to show rema
able success in explaining the measuredsF and ^ l & data
simultaneously in several cases of heavy pairs of nucle
view of the results ofRF being larger thanRB and exponen-
tially decreasing values of the survival probability factor d
to a stronger imaginary potential in the inner regionr
,RF), we believe that the mechanism of fusion gets in
ated from a point outside the barrier and the two-body p
ture is lost within a short distance inside the barrier.
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