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Shell effects in superdeformed minima
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Recent and planned experiments aiming at the observation of the direct links between superdeformed and
normal-deformed structures in theA;190 mass region may offer unique information on the absolute nuclear
binding energy in the 2:1 minima, and hence on the magnitude of shell effects in the superdeformed well. In
the present paper, the self-consistent mean-field theory with density-dependent pairing interaction is used to
explain at the same time the two-particle separation energies in the first and second wells, and the excitation
energies of superdeformed states in theA;190 andA;240 mass regions.@S0556-2813~98!03404-9#

PACS number~s!: 21.10.Ky, 21.10.Re, 21.60.Cs, 21.60.Jz
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I. INTRODUCTION

Recent progress in gamma-ray spectroscopy with la
gamma-ray detector arrays has resulted in the discover
discrete lines linking superdeformed~SD! bands to low-
deformation states. Transitions have been found in194Hg @1#
and 194Pb@2#, which connect SD and normal-deformed sta
in one step, allowing the excitation energies, spins and lik
parities of SD states to be determined. These quantities
only tentatively known in192Hg, where high-energy transi
tions have been observed but have not been placed in
decay scheme of the SD band@3#, and in 192Pb where one
connecting transition has been tentatively assigned@4#.

An important implication of these measurements is tha
has become possible, for the first time, to establish exp
mentally the two-neutron and two-proton separation ener
in SD minima. This study aims at analyzing these expe
mental results and at foreseeing the impact similar disco
ies may have in the future on our understanding of nuc
shell properties.

The role of shell effects is well recognized in nucle
structure physics@5,6#. A decreased density of single-partic
states around the Fermi level always leads to an increa
stability of nuclear systems, in close analogy to phenom
known from atomic and molecular physics. The shell effe
are, therefore, intimately related to the mean-field appro
mation, to which the very notion of individual particle orbi
is inherent.

The observation of SD states constitutes an impor
confirmation of the shell structure of the nucleus. Quantu
mechanically, the remarkable stability of SD states can
attributed to strong shell effects that are present in the a
age nuclear potential at very elongated shapes@5,7–9#. For
the oscillator potential this happens when the frequency r
is 2:1 ~for more realistic average potentials strong shell
fects appear even at lower deformations!. The structure of
single-particle states around the Fermi level in SD nucle
significantly different from the pattern at normal deform
570556-2813/98/57~4!/1719~8!/$15.00
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tions. Indeed, the SD shells consist of states originating fr
spherical shells having different principal quantum numbe
hence having very different spatial character. Another int
esting expected feature of the single-particle SD spectrum
a beating pattern in the level density, and hence in the sh
correction energy, giving rise to the so-called ‘‘supershe
structure@6,5#. For nuclear ground-state configurations, t
predicted period of beating is very long, hence impossible
see, considering the rather limited range of particle numb
available experimentally. On the other hand, it is believ
that the beating pattern in SD states is particularly sim
and its period is short, with the supershell consisting of t
neighboring SD shells only. Supershell structure has b
observed in metal clusters@10# where large electron number
are accessible experimentally; it is consistent with the an
sis based on a one-body finite potential@11#. The systematic
measurements of binding energies of SD states will certa
shed some light on the super-shell structure of the deform
average field.

The main aim of this paper is to investigate the ability
the self-consistent mean-field approaches with realistic ef
tive forces to explainat the same time: ~i! the ground-state
particle separation energies,~ii ! the particle separation ene
gies in SD minima, and~iii ! the excitation energies of SD
states in nuclei around194Hg and 238U. The theoretical
analysis is based on the self-consistent Hartree-Fo
Bogolyubov~HFB! approaches with effective Skyrme inte
actions. The details of our calculations are given in Sec.
the results are presented in Sec. III, and Sec. IV conta
summary and conclusions.

II. METHOD OF CALCULATION

The calculations for separation energies in semimagic
clei ~presented in Sec. III A! have been carried out within th
spherical HFB approach of Ref.@12# with two Skyrme
forces, SkP@12# and SLy4@13,14#. In the latter case, we us
1719 © 1998 The American Physical Society
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1720 57P.-H. HEENENet al.
in the pairing channel the density-dependent zero-range
teraction

VP5
V0

2
~12Ps!F12

r~r1!

rc
Gd~r12r2!, ~1!

with parametersrc andV0 adjusted within the method pre
sented in Ref.@15#. In Eq. ~1!, r(r) is the total local single-
particle density in coordinate space.

The deformed calculations~Secs. III B–III D! have been
performed with the HFB1LN method presented in Ref.@16#.
Three Skyrme forces, namely SkP, SLy4, and SkM* @17#
have been employed in the particle-hole channel. The Sk*
force has been specifically adjusted to the fission barrie
240Pu, and it has been proved in numerous studies of de
mation effects to be quite successful. Recently, the Sk*
force has been employed to describe the SD minima in
Hg-Pb region@18# and in the actinides@19#. Predictions of
the more recent forces SkP and SLy4 for deformation effe
have not yet been studied extensively.

The density-dependent pairing interaction of Eq.~1! has
been used with a strengthV0 modified as compared to
spherical HFB calculations because of the inclusion of d
ferent pairing spaces. It has been shown in Ref.@20# that
changes in the size of the pairing space lead to uncertain
the total energies of the order of a few hundred keV. F
SkM* , the valueV052880 MeV fm23 has been taken~see
Ref. @16#! with a cutoff in the active pairing space of 5 Me
above the Fermi level. For SLy4, the valueV0521250
MeV fm 23 has been used~see Ref.@21#! based on the prop
erties of SD bands in the massA'150 region, with a cutoff
in the pairing space of 5 MeV both aboveand below the
Fermi level. It has been shown@16,21,22# that such an opti-
mized model nicely reproduces high spin properties of
bands in theA'150 and 190 mass regions. For the S
interaction, we have determined a strengthV052900
MeV fm 23, with the same cutoff recipe as for SLy4. Th
value leads to similar pairing gaps as for the other t
Skyrme forces.

III. RESULTS

A. Two-particle separation energies: semimagic nuclei

In order to illustrate the ability of the present-day theor
ical methods to describe the experimental two-particle se
ration energies, we performed several sets of calculations
ground-state configurations of semimagic nuclei which
expected to be spherical.

Concentrating on the region of nuclei around the doub
magic 208Pb, we present in Fig. 1 the two-neutron and tw
proton separation energies in theZ582 isotopes andN5126
isotones, respectively. These chains of semimagic nuclei
be safely described by a spherical approximation. The s
consistent results obtained with the SkP and SLy4 inte
tions are compared with experimental values@23–25# and
with the results of the macroscopic-microscopic finite ran
droplet model~FRDM! @26#. The SkM* results can be found
in Ref. @15#.

As seen in Fig. 1, the two-particle separation energies
reproduced with an overall accuracy of 1 to 2 MeV. In pa
ticular, the FRDM gives a very good description of the da
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both the experimental two-neutron separation energies
the values extrapolated from systematic trends@23# are well
reproduced. In the as-yet inaccessible region of heavy l
isotopes withN'142, the FRDM predicts a sudden appea
ance of deformation which gives rise to jumps in theS2n
curve. The two-proton separation energies are described
most as well as the two-neutron separation energies; only
magnitude of theZ582 shell effect is slightly underesti
mated by the FRDM.

Self-consistent models based on the Skyrme interac
do not perform so well in general, as discussed in Re
@27,28#. However, around208Pb the results obtained with th
SkP force are fairly close to the data, except from sligh
overestimated values ofS2n just below theN5126 gap and
slightly underestimated values ofS2p just above theZ582
gap. This force has an effective massm* /m equal to one,
similar to that used in macroscopic-microscopic metho
where it has been adjusted to specifically reproduce isoto
dependences of nuclear masses. The fact that the force S
adopts a lower effective mass,m* /m50.70, is reflected in
slightly overestimated shell effects atN5126 andZ582. On
the other hand, an effective mass of the order of 0.70 se
to be required by other microscopic arguments@29–31#. ~The
effective mass of SkM* is m* /m50.79, i.e., intermediate
between the values for SLy4 and SkP.!

Before discussing results for spherical and deform
even-even nuclei with 110<N<116 and 78<Z<82, we
note that the spherical self-consistent calculations reprod
very accurately the two-neutron separation energy in194Pb
and slightly overestimate the two-proton separation energ

FIG. 1. Two-neutron ground-state separation energies in
chain of lead isotopes~top! and two-proton separation energies
the chain ofN5126 isotones~bottom!. Solid and dashed lines show
the results obtained with the SLy4 and SkP forces, respectiv
using the spherical HFB approach. The FRDM results of Ref.@26#
~dash-dotted line! are also given.
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57 1721SHELL EFFECTS IN SUPERDEFORMED MINIMA
208Pb. The quality of data reproduction for208Pb is compa-
rable to that obtained within the FRDM which slightly un
derestimates the value ofS2p .

B. Two-particle separation energies: first well

To analyze the ground-state two-particle separation e
gies in nuclei which are not semimagic, one has to explic
consider the deformation effects. Since the present study
dresses questions related toboth isotopic trendsand defor-
mation, we discuss results obtained with all the three forc
as they are focused on either one of these two partic
aspects.

The calculated ground-state two-neutron separation e
gies in even Pt, Hg, and Pb isotopes with neutron numb
betweenN5110 and 116 are shown in Fig. 2. Figure 3 d
plays the calculatedS2n values for the even-even U and P
isotopes with 140<N<146. When confronting theoretica
results with experiment we use the recent Schottky m
measurements at the GSI ESR@24,25,32# which generally
confirm the systematic values of Ref.@23#. Based on these
results, several conclusions can be drawn. For the Sk*
force, the agreement with experiment is rather poor; in

FIG. 2. Two-neutron ground-state separation energies in
even-even Pt, Hg, and Pb isotopes with the neutron numbers
tweenN5110 and 116 obtained in the deformed HFB1LN model.
Solid, dashed, and dotted lines show the results obtained with
SLy4, SkP, and SkM* forces, respectively. They are compared
the results of the FRDM approach@26# ~dash-dotted line! and to
experimental data@23–25#.
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cases, SkM* leads to an overestimation of the data by 0.5
MeV. This confirms earlier observations@15# that SkM*
does not reproduce correctly the isotopic dependence
nuclear masses. On the other hand, the SkP interaction
produces the data very well in all cases, as does the FR
The disagreement in188Pt obtained in the FRDM result
from a sudden change of deformation predicted by t
model in this nucleus@26#; such an effect is not obtaine
with the Skyrme forces. The SLy4 force gives a good d
reproduction in the Hg region while it slightly underes
mates theS2n values in the U and Pu isotopes.

When it comes to the two-proton separation energies,
pattern obtained for various forces is different~see Fig. 4!.
The SkM* interaction does very well for the Hg isotopes,
slightly underestimates the data for the Pb isotopes, and
rather badly forZ594. The results obtained with SkP are
similar quality as those obtained with SLy4: the former giv
a very good description of the data for the Hg isotopes,
latter gives an excellent agreement with the U data. In the
isotopes both overestimate the experimentalS2p values by
;1 MeV. The overall quality of data reproduction by th
FRDM is slightly better than for the SkP and SLy4 mode
although a failure to reproduce the Pb chain is to be not

Up to now, no direct constraints on the surface energy
been introduced in the adjustments procedures of the Sky
forces. The SkM* parametrization is the only one for whic
a deformation property has been included in the fit. Ma
properties of the forces have been adjusted to the glo
nuclear matter properties, such as volume and symmetry
ergies. These measures seem to be too crude when desc
experimental data at the level of accuracy below 1 Me
More important are probably positions of individual singl
particle levels which crucially influence the deformatio
and deformation energies, and hence the ground-state s
ration energies. In spite of these qualifications, both SkP
SLy4 perform surprisingly well, and their very different e
fective masses do not seem to affect the quality of agreem

e
e-

he

FIG. 3. Same as in Fig. 2 but for the even-even U and
isotopes with 140<N<146.
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1722 57P.-H. HEENENet al.
with data. It is also clear that the SkM* interaction is prob-
ably not the optimal choice when describing isotopic var
tions of binding energies.

C. Excitation energies of superdeformed minima

In several previous works based on macroscop
microscopic methods and self-consistent approaches, ex
tion energies of SD minima have been predicted~see Ref.
@33# for a review!. However, since the excitation energy i
volves a difference between the binding energies of SD
ground-state minima, it can easily be obscured by a differ
quality of the theoretical description for such different stat
Here, particular properties of Skyrme parametrizations t
determine the deformability of a nucleus, such as the sur
tension, may play a significant role. Another source of u
certainty concerns the corrections which should be adde
the calculated energies to account for rotational symm
breaking. For some interactions, for example SkM* and D1S
@34#, selected deformation properties~e.g., fission barriers!
have been included in the global fit of force parameters,
suming no rotational corrections. In such cases, one assu
that all the corrections due to deformation have been ef
tively included. In other cases~see, e.g., Ref.@35#! predicted
masses have been corrected for the rotational zero-poin
ergy. Finally, for some interactions such as SkP and SL
only properties of spherical nuclei have been considered

FIG. 4. Same as in Fig. 2 but for the two-proton ground st
separation energies in the even-even Hg, Pb, and Pu isotopes
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most cases, results of deformed calculations are not corre
for the rotational zero-point motion.

The excitation energies of the SD minima,ESD, calcu-
lated in this work are shown in Figs. 5~Pt, Hg, and Pb! and
6 ~U and Pu!. It is seen that~i! the predicted values rathe
strongly depend on the interaction and~ii ! none of them does
a particularly good job, the SkM* results being closest to th
data. The disagreement is particularly striking for the a
tinides where the SkP and SLy4 forces overestimate exp
mental values ofESD by more than 2 MeV. On the othe
hand, considering the uncertainties discussed above, the
citation energy of a SD state is not a very useful charac
istic of the model; small model variations can result in lar
changes inESD. For instance, the values ofESD predicted for
the actinide nuclei in Ref.@19# with the same SkM* force as
in this work are by;1 MeV lower than our results. This
difference can probably be attributed to a different treatm
of the pairing channel. Namely, a seniority force within t
HF1BCS method approximation was used in Ref.@19#. One
should note that this latter choice is closer to the pair
treatment adopted in the fitting procedure of SkM* .

The accuracy of self-consistent methods for reproduc
the absolute ground-state energies of heavy deformed nu

e
FIG. 5. Excitation energies of the SD minima with respect to

ground states of the even-even Pt, Hg, and Pb isotopes with
neutron numbers betweenN5110 and 116. Solid, dashed, and do
ted lines show the results obtained with the SLy4, SkP, and Sk*
forces, respectively. Experimental data are taken from Ref.@2#
(194Pb; 4.64 MeV! and@1# (194Hg; 6.01 MeV!. The tentative points
for 192Hg ~5.4 MeV! @3# and 192Pb ~3.9 MeV! @4# are also shown.
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57 1723SHELL EFFECTS IN SUPERDEFORMED MINIMA
is considerably less than for the relative energies@28#. For
example, the values of binding energiesBGS52EGS are in
238U underestimated by about 7.4, 6.6, and 10.8 MeV
SkP, SLy4, and SkM* , respectively. Some part of this dis
crepancy can be attributed to the numerical algorithms u
in the present calculations, namely the finite-difference tre
ment of the kinetic energy. The resulting systematic erro
expected toincreasethe deviation between experiment an
theory by an additional 3 to 4 MeV. These large errors s
gest that the absolute energies should be used with cau
when assessing merits of effective forces used in the s
consistent calculations. On the other hand, the relative e
gies ~e.g., particle separation energies or deformation en
gies! are reproduced much better, and hence are more us
for assessing the quality of the effective interactions.

Figure 7 displays the calculated potential energy cur
for 238U and 240Pu as functions of the total quadrupole m
mentQ20. In both nuclei, the energies are shown relative
the ground-state energyEGS. The axial barrier heights ob
tained for 240Pu (238U! are 11.6 MeV~11.1 MeV! for SLy4,
10.5 MeV ~9.7 MeV! for SkP, and 9.1 MeV~9.0 MeV! for
SkM* . According to the analysis of Ref.@36#, experimental
inner barriers in240Pu and 238U are ;5.7 MeV and;5.6
MeV, respectively. For a meaningful comparison betwe
experiment and theory, however, one should take into
count the effect of triaxiality. For SLy4, the inclusion o
nonaxial degrees of freedom reduces the inner barrie
240Pu by 2.1 MeV; a slightly smaller effect was obtained f
SkM* in Ref. @19#. Hence it can be concluded that all th
Skyrme parametrizations employed in this work overe
mate barrier heights in240Pu and 238U by roughly 3 to 4
MeV. A similar conclusion has been reached in Ref.@37#
with nonrelativistic and relativistic calculations.

Considering the above uncertainties, it seems much s
to concentrate on the energy differences between

FIG. 6. Same as in Fig. 5 but for the even-even U and Pu w
140<N<146. Experimental data are taken from Ref.@44# (236U;
2.75 MeV!, @45,46# (238U; 2.56 MeV!, and @47,46# (240Pu; 2.8
MeV!. Only an approximate value is known for240Pu.
r
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minima, i.e., particle separation energies in the second w
For those quantities, involving energy differences betwe
SD states only, one can hope that dynamical effects
treatment of pairing correlations would play a less import
role.

D. Two-particle separation energies: second well

When studying the separation energies in the SD confi
rations, one expects that theoretical predictions should
robust as they depend on general properties of effective
teractions. This fact may have its roots in specific symme
properties of SD states@38,39# and has been noticed in sev
eral theoretical studies of SD high-spin bands using the
method@40–42#. Energy relations between the ground sta
and SD minima in three adjacent even-even nuclei192Hg,
194Hg, and 194Pb are schematically presented in Fig. 8.
shows three potential energy curves in these nuclei, appr
mately shifted in energy according to the experimental tw
particle separation energies. The absolute binding energie
ground states and SD minima define six points in the ab
lute energy scale, hence seven interesting energy differen
which are indicated in Fig. 8 by straight dotted lines. The
are three excitation energiesESD of SD minima in the three
considered nuclei as well as the two-neutron and two-pro
separation energies in normal and SD minima. Given
uncertainty in the excitation energyESD in 192Hg, the mass
difference for the SD states in194Pb and 194Hg is also an
interesting quantity.

Values of the energy differences of Fig. 8 are shown
Fig. 9. Experimental data are presented in panel~a!, while
panels~b!, ~c!, and~d! show deviations between the theore
ical and experimental results. One should note that the
perimental separation energies in Fig. 9 are taken from R
@24,25# and have error bars of the order of 0.1 MeV. A

h FIG. 7. Potential energies as functions of the quadrupole m
ment for 238U ~top! and 240Pu ~bottom! calculated with the SkP
~dashed line!, SLy4 ~solid line!, and SkM* ~dotted line! Skyrme
forces. The values are normalized to zero at the ground-state e
giesEGS.
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1724 57P.-H. HEENENet al.
uncertain piece of experimental data is the excitation ene
of the SD minimum in192Hg. Unfortunately, in spite of sev
eral experimental efforts, the direct link between SD ban
and the known yrast line in192Hg has not yet been found
The number quoted in Fig. 9 is based on estimates fr
ongoing analysis@3#. The only firmly established quantity i
the binding energy difference between the SD minima in
A5194 isobars of Hg and Pb, i.e., the difference betwe
two-proton and two-neutron separation energiesS2p2S2n .

The general observation following results shown in Fig
is that the self-consistent calculations reproduce the dat

FIG. 8. Schematic representation of potential energy curve
three adjacent even-even nuclei192Hg, 194Hg, and 194Pb. Dotted
straight lines indicate the relative binding energy relations in a
between these nuclei. These are the two-particle ground-state
ration energies, the two-particle SD separation energies, and th
excitation energies. The same straight lines are reproduced in F
below where the calculated and experimental values for eac
these energies are given.
y

s

m

e
n

to

within 1–2 MeV. This seems to be true for both groun
states and SD states. As far as the SD minima are conce
both SLy4 and SkP give an excellent agreement with
experimental value ofS2p2S2n , Table I.

In spite of this agreement, the analysis of results shown
Fig. 9 suggests that there is still room for improvement. F
the forces SkP and SLy4, the pattern of desired modificati
is quite clear. As illustrated in Fig. 9 by thick arrows an
numbers in ovals, a significant improvement of results wo
have been obtained if the theoretical energies of the SD s
in 192Hg were raised (;0.8 MeV for SkP and;0.5 MeV for
SLy4! and the ground-state energies of194Pb were raised by
a similar amount (;0.9 MeV for SkP and;1.3 MeV for
SLy4!. Changes of that order would bring the agreem
with the experimental data to the level of 0.5 MeV. Due
the uncertain experimental value ofESD in 192Hg we may
speculate that a value lower by about 0.6 MeV would res
in a very consistent picture for the SkP and SLy4 forc
Namely, in such a situation the only significant remaini
discrepancy would be the ground-state energy of
semimagic spherical system194Pb.

For SkM* , the pattern of changes is different and t
magnitude of deviations is larger. In particular, it seems t
in 194Pb both the ground-state and the SD state ener
should be shifted. This suggests that the good reproduc
of the excitation energy of SD minimum in194Pb by this
model ~see Fig. 5! is fortuitous.

in

d
pa-
SD
. 9
of

TABLE I. Particle separation energies~in MeV! in superde-
formed minima calculated with three Skyrme interactions and co
pared with available experimental data.

S2p(194Pb!–S2n(194Hg! S2p(240Pu! S2n(238U!

SkM* 10.3 10.0 12.4
SLy4 8.3 12.1 10.5
SkP 8.5 11.4 11.1

Expt. 8.20 11.52 11.47
n

ls
d

es-

ext
in
FIG. 9. Values of the relative energies show
in Fig. 8. Experimental values~a! are compared
with the results of the self-consistent HFB1LN
calculations with SLy4~b!, SkP ~c!, and SkM*
~d! effective interactions. The numbers in pane
~b!–~d! give the differences between theory an
experiment. The value ofESD for 192Hg in panel
~a! has not been measured, but is the current
timate from on-going analysis@3#. For clarity all
values have been rounded to 0.1 MeV. See t
for the meaning of thick arrows and numbers
ovals.
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57 1725SHELL EFFECTS IN SUPERDEFORMED MINIMA
For the shape isomers in actinide nuclei, energies h
been reported for236U, 238U, but only an approximate en
ergy is known for240Pu. One can construct and analyze sim
lar binding energy differences as for the194Hg, 192Hg, and
194Pb nuclei. In particular, one can deduce three excita
energiesESD and the two-proton and two-neutron separat
energies in shape-isomeric states. Again, both SLy4 and
particular, SkP give a good agreement with the experime
values ofS2p for the SD minimum in240Pu andS2n for the
SD minimum in 238U, Table I. The force SkM* gives a very
poor description of the SD separation energies for both n
trons and protons.

IV. SUMMARY

The self-consistent Skyrme-HFB method has been app
to investigate binding energy relations in the first and sec
wells of nuclei in theA;190 andA;240 mass regions. Fo
the two-nucleon separation energieswithin the first and
within the second minimum, the Skyrme interactions th
have been optimized for isotopic trends, SLy4 and SkP, g
a good agreement with experimental data, irrespective
their very different effective masses. For the ground-st
separation energies, the level of data reproduction by th
forces is similar to that obtained with the macroscop
microscopic method. For the limited number of binding e
ergy differences in the SD minima known experimental
the agreement between theory and experiment is good
both SLy4 and SkP. The SkM* parametrization has bee
confirmed to have wrong isospin behavior and should no
considered when making binding-energy extrapolations.

The good agreement obtained for particle separation
ergies does not hold forrelative energy differences betwee
the first and second well. Namely, neither SLy4 nor S
have been able to reproduce the excitation energy of the
minimum, although their predictions are very close with ea
other. One has to bear in mind, however, that the value
ESD are sensitive to model uncertainties such as treatmen
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pairing or dynamical zero-point correlations@37,43#.
The SkM* parametrization fails in reproducing isotop

trends. It does slightly better for fission barriers andESD.
Clearly, the inclusion of deformation effects during the fi
ting procedure of force parameters should have an effec
the predictive power of the force at large deformations. A
other necessary improvement would be a simultaneous o
mization of the mean field and the pairing field. Such a p
losophy has been adopted for the D1S and SkP interacti
which are simultaneously used in both the particle-hole a
pairing channels. Also, the dynamical zero-point correctio
should be consistently considered when optimizing force
rameters. The latter corrections are expected to be of par
lar importance when comparing energies of minima w
very distinct intrinsic structures and deformations.

This work has been motivated by the recent experime
data on absolute energies of SD bands in theA;190 mass
region. Although very scarce, the experimental data on se
ration and excitation energies have already shed a new
on basic properties of effective interactions such as the is
pin dependence and the response of the system to shap
formations.
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