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Level density parameter in a refined Thomas-Fermi theory
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~Received 26 August 1997!

We present calculations for the nuclear level density parameter over a wide range of nuclear mass and
temperature. The hot nucleus is modeled in a refined Thomas-Fermi approximation that allows the confinement
of the hot evaporating metastable system through an external pressure. The position and temperature depen-
dence of the momentum and frequency dependent effective masses are taken into account. The agreement with
experimental data, particularly its temperature dependence, is reasonably reproduced.
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I. INTRODUCTION

Nuclei with large excitations and high temperatures c
now be created in the laboratory from intermediate energ
high energy nucleus-nucleus collisions@1#. Properties of
such highly excited nuclear systems are studied by link
the deexcitation of the hot nuclei to the residual systems
are usually observed. This involves statistical analysis of
evaporation spectra where the nuclear level densityr(E* )
plays a central role. In Bethe’s@2# independent particle
model, the expression for the level density is given by

r~E* !.exp~2AaE* !/E* 2, ~1!

whereE* is the excitation energy of the nucleus anda the
level density parameter. It is related to the massA of the
nucleus as

a5A/K ~2!

and from experimental analysis of nuclear resonances
evaporation spectra, it is found that for cold nucleiK.8
MeV. From homogeneous Fermi-gas model, however, i
predicted to beK.4«F /p2 («F is the Fermi energy! .16
MeV at zero temperature@3#.

Understanding this well-known discrepancy has been
tempted by many authors by taking into account effects
included in the Fermi-gas model, namely surface and cu
ture effects@4–6#, pairing and shell effects@3,7#, deforma-
tion and angular momentum dependence@3,8#, effects from
both momentum and frequency dependent effective m
@5,6,9,10# and effects of continuum@6,11,12#. Recently there
has been a renewed interest in the understanding of the
density parameter, particularly its temperature dependenc
considerable amount of experimental data has poured
from energetic nucleus-nucleus collisions where nuclei co
be created at very high temperatures. It was found that
high temperatures likeT.5 MeV, K is around 13 MeV
@13–16#. Giant dipole resonance~GDR! gamma-ray as wel
as particle emission in coincidence with the evaporation r
dues are expected to be dominated by emission from e
librium nuclear configurations and analyses of these em
570556-2813/98/57~3!/1398~6!/$15.00
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sion spectra indicate a temperature dependence of the
density parameter@15,16#. Temperature dependent Hartre
Fock ~HF! @17# or semiclassical calculations@18,19# with
different types of effective interactions fail to reproduce t
trend of the data. It has however been recognized@6,9,10#
that the observedT dependence of the level density param
eter can be accounted for by taking into account the effe
of correlations, i.e., theT dependence of the frequency d
pendent effective massmv . In a recent simplified but suffi-
ciently realistic calculation in the Thomas-Fermi framewo
the level density parametera was calculated@6,20# at differ-
ent temperatures for different nuclei including the finite s
effects, the momentum and frequency dependence of the
fective mass, the effects of continuum and the shell effe
The agreement with experimental data is reasonable.

Before extracting the level density parameter of a h
nucleus, it is necessary to have a consistent description o
excited nuclear system. The hot nucleus is thermodyna
cally unstable as it deexcites by emission of nucleons
light particles; the modeling of such a hot system theref
poses some problems. The main difficulty arises in tak
proper account of the continuum states which are occupie
finite temperature as a result of which the particle dens
does not vanish at large distances. The extracted observa
then depend on the size of the box in which the calculati
are performed. This problem was addressed in a so-ca
subtraction procedure@17,18# where the nucleus was as
sumed to be a thermalized system in equilibrium with a s
rounding gas. It was studied by means of a thermodyna
potential calculated as the difference between the thermo
namic potentials for the nucleus in equilibrium with the g
and that for the gas alone. In a recent refined Thomas-Fe
~TF! description@19#, however, the tendency of the nucleo
to leave the hot nucleus from the continuum states was c
pensated by imposing a suitable external pressure to m
tain thermodynamic equilibrium. The nucleon densities o
nucleus at different temperatures are then independent o
size of the box in which calculations are done. The le
density parameter calculated with these refined TF dens
is then found to be nearly temperature independent in
agreement with the experimental data.
1398 © 1998 The American Physical Society
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57 1399LEVEL DENSITY PARAMETER IN A REFINED . . .
The purpose of the present paper is to see whethe
suitably exploiting the refined TF model of the hot nucle
we get a better understanding of the level density parame
The main difference between the self-consistent TF presc
tion pursued here with the ones done earlier@17,18# is the
choice of the boundary conditions. In both cases, the ther
dynamic equilibrium is maintained by external gas pressu
but whereas in Refs.@17,18#, the gas contribution is sub
tracted in the evaluation of the TF~or HF! density, in our
calculation, it is incorporated through a modified occupat
probability as shown later. The effect of the temperature
pendence of the frequency dependent effective mass
taken into account following the prescription of Refs.@6,20#.
We also estimate the magnitude of the\2 corrections to the
Thomas-Fermi approximation. However, compared to
model calculations of Refs.@6,20#, the present calculation
provides a self-consistent treatment of the temperature
pendence of the momentum dependent effective mass an
assessment of the limiting temperature@1#. Moreover, the
calculations of Refs.@6,20# were carried out for a specifi
definition of the level density parameter~relating the excita-
tion energy to temperature!. In this work we also conside
other definitions of the level density parameter and compa
with the corresponding experimental data~see also Ref.
@21#!.

The paper is organized as follows. In Sec. II, we brie
review the refined TF theory and present equations rele
for the calculations of the level density parametera. Results
from the calculations are presented in Sec. III and the c
cluding remarks are given in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Modeling the hot nucleus

The hot unstable nucleus is constrained in thermodyna
equilibrium by imposing a suitable external pressure on
This constraint appears somewhat artificial for an isola
nucleus, but may be relevant in the astrophysical con
where a nucleus embedded in a hot nucleon gas is a pos
scenario. This gas supplies the necessary external pres
Stability implies that the internal pressure exerted by
nucleus is balanced by the external gas pressure and tha
chemical potentials of the neutrons and protons of
nucleus match exactly the corresponding chemical poten
of the gas environment. By minimization of the thermod
namic potential@22#

G5E2TS2(
t

mtNt1PV, ~3!

one is then led to the occupation probability@19#

nt~r ,p!5F11expFp2/2mt1Vt
0~r !1p2Vt

1~r !1Vt
2~r !

1dtpVC~r !2mt1
P

r~r !G Y TG21

. ~4!

In Eq. ~3!, E and S are the total energy and entropy of th
nucleus,Nt refer to the number of neutrons or protons (t is
the isospin index!, mt their chemical potentials,V the vol-
by
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ume andP the external pressure. The contribution of thePV
term in the minimization ofG for a homogeneous bulk sys
tem with uniform densityr is P/r to the single particle
energy. For the finite system with diffuse density distrib
tion, we take recourse to the local density approximation a
then the P/r(r ) term appears in the occupancy functio
given by Eq.~4!. We mention that we have used a Seyle
Blanchard-type momentum and density dependent effec
interaction@19#. Heremt is the nucleon mass andVt

2(r ) is
the rearrangement potential term that appears because o
density dependence in the interaction. The nuclear sin
particle ~SP! potential is given byVt

01p2Vt
1 where the mo-

mentum dependent part determines the effective nucl
k-massmt,k as

p2

2mt,k
5

p2

2mt
1p2Vt

1 . ~5!

The Coulomb potentialVC(r ) contains both the direct an
exchange terms. The occupation probabilitynt(r ,p) given
by Eq. ~4! can also be expressed as the SP occupancy in
energy space as

f ~«t!5@11exp$~«t2mt!/T%#21. ~6!

The expression for the SP energy«t can easily be obtained
by comparing Eqs.~4! and ~6! and can be written as

«t5
p2

2mt,k
1Vt~r !. ~7!

HereVt is the effective single particle potential given by

Vt~r !5Vt
0~r !1Vt

2~r !1dtpVC~r !1
P

r~r !
. ~8!

The density is obtained from~we drop the suffixt from now
on!

r~r !5
2

h3E n~r ,p!dp, ~9!

5AT* J1/2„h~r !…, ~10!

where

AT* 5
4p

h3
@2mk~r !T#3/2, ~11!

JK(h) is the Fermi integral

JK~h!5E
0

` xK

11exp~x2h!
dx, ~12!

and

h~r !5Fm2V0~r !2V2~r !2dt,pVC~r !2
P

r~r !G Y T.

~13!

The zeroth order free energy and entropy density are give
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F~r !5mr2
2

3
TAT* J3/2~h!, ~14!

s~r !52hr1
5

3
AT* J3/2~h!. ~15!

The density profiles of neutrons and protons for a parti
lar temperature are solved self-consistently with an exte
pressureP so chosen that the chemical potential of the n
trons and protons in the nucleus match exactly those in
gas phase that exerts the same pressureP. At zero tempera-
ture, the pressure is zero as there is no gas outside.
expressions for the single particle potential with the cho
effective interaction as well as the methodology for solvi
the density self-consistently are given in@19#.

Further second order (\2) corrections to the density, fre
energy and entropy density are given as@23#,

r2~r !5
1

24

\2

2m
AT* Fb2~r !

T
J21/2~h!1

d2~r !

T2
J23/2~h!

1
3

4T3
~,V!2J25/2~h!G , ~16!

F2~r !5mr2~r !1
1

12

\2

2m
AT* F2b2~r !J1/2~h!

1
d2~r !

T
J21/2~h!1

1

4T2
~,V!2J23/2~h!G ,

~17!

s2~r !52hr2~r !1
1

24

\2

2m
AT* F3

b2~r !

T
J1/2~h!

2
d2~r !

T2
J21/2~h!1

1

4T3
~,V!2J23/2~h!G .

~18!

In Eqs.~16!–~18!,

b2~r !5
7

4
~,q!2/q25nq, ~19!

and

d2~r !5qnV2
1

2
,q•,V, ~20!

whereq(r )5m/mk(r ).

B. The level density parameter

In this section, we present the basic expressions rele
for the calculation of the single particle level densityg(«)
and the level density parameter. We will omit in the follow
ing the isospin indext.

The level density is given by
-
al
-
e

ull
n

nt

g~«!5Tr~«2Ĥ !5(
i

d~«2« i !, ~21!

whereĤ is the corresponding single particle Hamiltonian
which the single particle potential is given by the se
consistent mean field generated in the temperature depen
TF theory as discussed earlier.

The chemical potential is determined from number co
servation

N5E g~«! f ~«,m,T!d«. ~22!

Since

r~r !5
2

h3E n~r ,p!dp

5
1

4p2EV~r !

`

„2mk~r !/\2
…

3/2A«2V~r ! f ~«,T!d«

~23!

andN5*r(r )dr , we have

g~«!5
2A2

p\3E @mk~r !#3/2A«2V~r !r 2dr. ~24!

In arriving at Eq.~23!, use has been made of Eq.~4! and«
andV(r ) are defined as in Eqs.~7! and ~8!. Here the condi-
tion that „«2V(r )….0 effectively limits the integration
range. At larger , P/r(r )⇒` and henceV(r )⇒`. From Eq.
~23!, one sees that atT 5 0

r~r !5
1

6p2
„2mk~r !/\2

…

3/2
„«F2V~r !…3/2. ~25!

In the independent particle model, the level density para
eter is defined as@3#

a5
p2

6
g~«5«F!, ~26!

whereg(«F) is obtained from Eq.~24!. At finite temperature,
to keep the definition analogous to Eq.~26!, we use Eq.~25!
in the expression forg(«F) ~the Thomas-Fermi approxima
tion! and obtain

aTF5
1

24E „2mk~r !/\2
…

3/2
„«F2V~r !…1/2dr . ~27!

For the purpose of comparison, we will also calculate~for
T.0)

am5
p2

6
g~«5m!. ~28!

Once the occupation probabilityf is known, the entropyS
and the internal energyE can be determined from
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S~T!52E g~«!@ f lnf 1~12 f !ln~12 f !#d«, ~29!

E~T!5E «g~«! f ~«,m,T!d«, ~30!

and the excitation energy is given by

E* ~T!5E~T!2E~0!. ~31!

In the zero temperature limit, one hasS52aT, E* 5aT2.
Then one may define the level density parameter for a gi
temperature using any of the following relations:

aE~T!5E* /T2, aS~T!5S/2T, aSE~T!5S2/4E* ,
~32!

which coincide in the limitT→0. Any significant difference
that may arise between them at low temperatures (T<2
MeV! is due to shell effects. In the present calculation,
ignore shell effects as we are more interested in the h
temperature behavior of the level density parameter.

The effective mass has both thek-mass and thev-mass
and is defined as

m* 5m~mk /m!~mv /m!. ~33!

The temperature dependentk-mass@defined asmk(r ) earlier#
is given by the momentum dependence of the single-par
~SP! potential, but the frequency-dependent effective m
mv is due to the coupling of the single particle motion wi
the collective degrees of freedom. This effective massmv

varies with position and temperature and is known to
crease the level density substantially@9,10#. The origin and
the magnitude of the effects due tomv have been discusse
and calculated earlier; see Refs.@6,9,10#. To simulate these
effects in our calculation, we make anad hoc inclusion of
mv , for which we use the phenomenological form@5,6#

mv

m
5120.4A1/3 exp@2„T/~21/A1/3!…2#

dr~r !

dr Y rm ,

~34!

whererm is the central density of the density distribution a
the temperatureT is measured in MeV.

A self-consistent calculation including theT dependence
of mv is very involved and not within the scope of th
present work. We have therefore adopted the following
proach which is a realistic extension to the approach use
Ref. @6# when the complexities are omitted. For each fix
temperatureT, we assume that the nucleus is well describ
by the mean field and the effective mass given by Eqs.~5!
and ~34!. We note that the self-energy of a particle in t
medium is usually approximated by a local fie
(m* /m)U(r ), with the effective mass of Eq.~5! andU(r ) is
a local ~Woods-Saxon! potential well, see Ref.@5#. In our
casemk is already included in ourV(r ). Therefore, due to the
frequency dependence in the effective mass,g(«) is modi-
fied from Eq.~24! as
n

e
h

le
s

-

-
in

d

g~«!5
2A2

p\3E „m* ~r !…3/2FA«2
m

mv
V~r !

2Q~«2VB!A«2VBGQS «2
m

mv
V~r ! D r 2dr.

~35!

The termQ(«2VB)A«2VB in Eq. ~35! is included in order
to correct for the effects of continuum@6#, whereVB is the
Coulomb barrier, being zero for neutrons. The effect of
continuum on the single-particle level densityg(«) was in-
vestigated in detail in Refs.@12,24,25#, it decreases with«
for «.0. It was found in Refs.@6,20# that for temperatures
above 2 MeV, this has a significant effect on the level de
sity parametera ~it decreases!. The resultingg(«) is now
assumed to be independent ofT and used to determine th
corresponding ground state Fermi energy«F , the cold en-
ergy E(0), the chemical potentialm(T), the excitation en-
ergy E* (T) and the entropyS(T). The level density param
etersaTF , am , aE , aS andaSE for neutrons and protons ar
obtained from Eqs.~26!, ~27!, ~28! and ~32!. Using a5an
1ap , the corresponding inverse level density paramet
KTF , Km , KE , KS andKSE are then deduced from Eq.~2!.

III. RESULTS AND DISCUSSIONS

The explicit form of the effective interaction used for th
calculation of the Thomas-Fermi interaction energy dens
is given by

Veff~r1 ,r2 ,p,r!52Cl ,uF12
p2

b2
2d2$r~r1!1r~r2!%nG

3
exp~2ur12r2u/a!

ur12r2u/a
. ~36!

Here r and p are the relative separation of the interacti
nucleons in configuration and momentum space,r(r1)
and r(r2) are the densities at the sites of the two nucleo
and Cl and Cu are the strengths for like pair (n-n,p-p)
and unlike pair (n-p) interactions. The six parameter
Cl , Cu , a, b, d andn are determined by reproducing th
volume energy per particle of symmetric nuclear matter,
saturation density, volume asymmetry energy, surface
ergy, the energy dependence of the real part of the nucle
nucleus optical potential and energies of giant monop
resonances~GMR!. The values of the parameters can
found in Ref. @19#. The incompressibility of symmetric
nuclear matter obtained from this interaction comes out to
K` 5 238 MeV, in close agreement with that obtained fro
an extended analysis by Blaizot@26# .

To study the mass dependence of the level density par
eter, we have considered four nuclei, namely40Ca, 90Zr,
150Sm and 208Pb which covers a wide mass spectrum.
studying the temperature dependence of the level density
rameter, we note that isolated hot nuclei cannot remain
stable equilibrium and therefore in modeling stable hot n
clei, we assume that they are embedded in an environme
nucleonic gas at the same temperature whose compos
~neutron-proton ratio! and density can be regulated so th
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the nucleus can remain in complete thermodynamic equ
rium. However, the equilibrium conditions can be realiz
only up a certain maximum temperature called the limiti
temperatureTlim above which the nucleus ceases to exist a
bound system. Level density parameter is thus defined o
up the limiting temperature. It is found that the limiting tem
perature decreases with mass number, mainly because o
Coulomb effects. A comprehensive discussion on finding
the equilibrium conditions and the limiting temperature fo
two-component hot nucleus in the Thomas-Fermi mode
given in Ref.@19#.

The basic ingredients in the evaluation of the level den
parameter are the density profile, the effective mass, ef
tive single particle potential and the chemical potential. T
density profile calculated with inclusion of second order c
rections is found to become more diffuse with increase
temperature and can be well approximated by a Woo
Saxon form

r~r ,T!5r0~T!/F11expH r 2R~T!

a~T! J G , ~37!

where

R~T!.r 0A1/3~11aT2!, ~38!

a~T!.a0~11bT2! ~39!

and

r0~T!.r00~12gT2!. ~40!

The values ofr 0 , a0 andr00 are weakly dependent on th
mass number. For neutrons in150Sm, we getr 0 5 1.154 fm,
a0 5 0.458 fm andr00 5 0.0863 fm23. The coefficients of
the quadratic temperature dependencea,b and g are
0.00052, 0.006 and 0.0018 MeV22, respectively.

The nuclear partV0(r )1V2(r ) of the effective single-
particle potentialV(r ) can be parametrized in a Wood
Saxon form

V~r ,T!5V0~T!/@11exp$r 2RV~T!%/aV~T!#. ~41!

The temperature dependence of the potential parameters
also be approximated by a quadratic temperature depend
as in Eqs.~38!–~40!. The values ofr V(0),aV(0) andV0(0)
for the neutron single particle potential in150Sm are found
out to be 1.34 fm, 0.594 fm and263.69 MeV and the cor-
responding temperature coefficients are 0.00065, 0.0026
0.0012 MeV22, respectively. The radius and diffuseness p
rameters are greater than those for the density as expect
may be pointed out that the real part of the nucleon-nucl
optical potential is given byV0(r )1p2V1(r ) which is differ-
ent from the potential as given by Eq.~41!. The effective
k-mass of the nucleus can also be parametrized in a sim
form @5,6#

12
mk~T!

m
5F12

mk~0!

m G f W~r !~12dT2!, ~42!

where f W(r ) is the Woods-Saxon form factor. For neutro
in 150Sm, mk(0)/m50.664; the radius and the diffusene
parameters for the effectivek-mass profile at zero tempera
-
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ture arer m(0) 5 1.33 fm andam(0) 5 0.572 fm, respec-
tively. The temperature coefficients for the parametersr m(T)
andam(T) are found out to be 0.0006 and 0.0025 MeV22.
The value ofd comes out to be 0.0014 MeV22. Similar
parameters for the density profile, SP potential and effec
k-mass for protons have also been determined. The temp
ture dependence of the effectivev-mass is given by Eq.~34!.

In Fig. 1, we display the temperature dependence of
inverse level density parameterKE(T) for the nuclei 40Ca,
90Zr, 150Sm and208Pb, using the Eqs.~32! and~35!. Second
order corrections as well as effects due to thev-mass have
been incorporated in these calculations. The inverse le
density parameterKE increases both with temperature an
with mass number of the nucleus, in qualitative agreem
with that observed in Ref.@20#. The differences between th
present results and those of Ref.@20# can be attributed to the
differences in the adopted mean fields~effective mass, etc.!
The shell effects that are important at low temperatures
dissolves atT; 1.5 to 2 MeV are not included in the prese
calculations and therefore the results are displayed fr
T 5 1 MeV. Though the SP potential, density profile and t
effectivek-mass are temperature dependent, in previous
culations@19,27# it is found that the level density paramet
or its inverse are very weakly dependent on temperature
the present calculation, the marked temperature depend
is attributed to thev-mass as given by Eq.~34!. The second
order corrections decrease the inverse level density par
eter only by a few percent.

As discussed in Sec. II, we note that there are a few d
nitions for the level density parameter. The specific defi
tion to be used is determined by the appropriate experime
data and analysis. In certain experiments one determines
excitation energy and the temperature independently. In
case,KE is the relevant parameter. In standard statisti
model calculation~such as Cascade!, one adopts a Bethe-like
expression for the level density and thusKSE is the relevant
parameter~see also Ref.@21#!. In Fig. 2, we present calcula
tions for the inverse level density parametersKTF , Km ,
KS , KE andKSE given from Eqs.~27!, ~28! and~32! for the
system150Sm. As expected,Km ,KS ,KE andKSE are nearly
the same at lower temperatures; they differ somewha
higher temperatures. The value ofKTF is significantly lower

FIG. 1. The inverse level density parameterKE plotted as a
function of temperatureT for the systems Ca~dotted line!, Zr
~dashed line!, Sm ~solid line!, and Pb~dash-dotted line!.
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compared to the other ones and its temperature depend
is relatively weak. We have verified numerically that at ve
low temperature (T50.1 MeV! the different definition ofK
yield the same result. Note that at higher temperatureKSE is
smaller thanKE , as pointed out in Ref.@21#. As seen from
Fig. 2, KSE can be well approximated byKm . The experi-
mental data@13,28,29# for A'160 at different temperature
are also shown in the figure. Since these experimental va
are obtain by extracting the temperature from the slope of
evaporation spectra of light particles and the excitation en
gies from the linear momentum transfer, they pertain to
definition KE .

FIG. 2. The calculated inverse level density parameter for
system150Sm is shown as a function of temperature along with
experimental data. The dash-dot-dotted, dotted, dashed, full,
dash-dotted lines correspond toKTF , Km , KS , KE , andKES, re-
spectively.
-
n

e

t.
nce

es
e
r-
e

IV. SUMMARY AND CONCLUDING REMARKS

We have calculated the level density parameter of sev
nuclei covering a wide mass range at different temperatu
in a Thomas-Fermi theory including the second order corr
tions. The stability of the hot nucleus is ensured by placin
in an appropriate nucleon gas environment so that thermo
namic equilibrium is maintained. In our treatment, t
temperature-dependent density profile is evaluated in a s
consistent way as a natural consequence of which the t
perature dependence of the SP potential and effectivek-mass
profiles are obtained. These are basic ingredients in the
culation of level density parameter and we have found t
with these alone, the level density parameter is highly und
estimated and is practically temperature independent@19#.
With the inclusion of a phenomenological temperature
pendent effectivev-mass, however, the calculated level de
sity parameter compares reasonably with the experime
data, particularly its temperature variation is well repr
duced. The second order corrections to the Thomas-Fe
theory do not change the level density parameter much, t
increase the level density parameter typically by a f
percent.
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