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The sensitivity of nucleon-nucleus elastic scattering observables to the off-shell structure of nucleon-nucleon
t matrices, derived from realisticNN potentials, is investigated within the context of a full-folding model based
on the impulse approximation. Our study uses recently developedNN potential models, which describe a
subset of theNN data base with ax2 per datum;1, which means that theNN t matrices are essentially
on-shell equivalent. We calculate proton-nucleus elastic scattering observables for16O, 40Ca, and208Pb be-
tween 100 and 200 MeV laboratory energy. We find that the elastic scattering observables are insensitive to
off-shell differences of the employedNN t matrices. A more detailed investigation of the scattering equation
and the optical potential as given in a factorized approximation reveals that the elastic scattering observables
do not sample theNN t matrices very far off-shell where they exhibit differences.@S0556-2813~98!03903-X#

PACS number~s!: 25.40.Cm, 21.30.Fe, 24.10.Ht
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I. INTRODUCTION

Theoretical investigations of nucleon-nucleon (NN) tran-
sition amplitudes in their off-shell domain have a long h
tory in the study of few and many-nucleon systems. Of
those investigations were inconclusive due to the lack ofNN
potentials which describe theNN observables with equally
high accuracy. Current interest in this issue is driven by
recent development ofNN potentials which below pion pro
duction threshold describe theNN data base with ax2 per
datum;1 @1–3#. Transition amplitudes derived from thes
potentials can be considered on-shell equivalent. Their
ferent theoretical derivation gives rise to different off-sh
extrapolations.

At intermediate energies elastic nucleon-nucleus (NA)
scattering can be successfully described by the leading
in the spectator expansion of multiple scattering theory@4–
6#. Here an optical potential is derived, which in its mo
general form is given by the expectation value of theNN
transition amplitude and the ground state of the tar
nucleus. This ‘‘full-folding’’ optical potential involves the
convolution of the fully off-shellNN scattering amplitude
with a realistic single particle nuclear density matrix.

Recently, significant advances have been made in a
rately handling these off-shell degrees of freedom in ela
NA scattering@7–11#. Those studies have demonstrated t
an accurate treatment of the off-shell structure of theNN
transition amplitude is needed for a proper account of
theory. In order to cleanly determine ifNA elastic scattering
observables are sensitive to different off-shell structures
realistic NN transition amplitudes, it is necessary to st
from NN potentials which describe theNN data base with a
high degree of accuracy. Our present study is based on
570556-2813/98/57~3!/1378~8!/$15.00
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potential models for theNN interaction recently develope
by the Nijmegen group@1# and the charge-dependent~CD!
Bonn potential@2#. With NN transition amplitudes derived
from these potentials we calculate full-folding optical pote
tials and elastic scattering observables for proton scatte
from a variety of nuclei in the energy regime between 1
and 200 MeV projectile energy. Although the off-shell stru
ture of theNN t matrices is an important ingredient in th
calculations, we find that off-shell differences between
models are not discernible byNA elastic scattering.

In order to understand this result and obtain more insi
as to which regions of the off-shellNN t matrix are sampled
in a calculation ofNA elastic scattering observables, we u
the optimum factorized or off-shelltr formulation of the
optical potential. This formulation, quite a good approxim
tion in the energy regime around 200 MeV and higher, h
the advantage that the fully off-shellNN t matrix enters
together with an on-shell density.

The structure of this article is as follows. First we revie
in Sec. II the relevant expressions for the full-folding optic
potential as used in our calculations. In Sec. III we pres
elastic scattering results for proton scattering from a vari
on nuclei based on the Nijmegen and CD-Bonn potentials
Sec. IV we present a detailed study on which off-shell
gions of theNN t matrix are sampled in a calculation of th
elastic scattering observables. This study is based on the
torized tr approximation to the full-folding optical potentia
and is carried out at 200 MeV projectile energy. We end w
concluding remarks in Sec. V.

II. THEORETICAL FRAMEWORK FOR THE OPTICAL
POTENTIAL

The transition amplitude for elastic scattering of a proje
tile from a target nucleus is given as@6#
1378 © 1998 The American Physical Society
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Tel5PUP1PUG0~E!Tel , ~2.1!

where P is the projector on the ground stateuFA& of the
target, P5uFA&^FAu/^FAuFA&, G0(E)5(E2H01 i«)21,
andU represents the optical potential. For the scattering o
single particle projectile from anA particle target nucleus th
free Hamiltonian is given byH05h01HA , whereh0 is the
kinetic energy operator for the projectile andHA stands for
the target Hamiltonian. In the spirit of the spectator exp
sion the target Hamiltonian is viewed asHA5hi1( j Þ iv i j
1Hi , where hi is the kinetic energy operator for thei th
target nucleon,v i j the interaction between target nucleoni
and the other target nucleonsj , and Hi is an (A-1!-body
operator containing all higher order effects. In a mean fi
approximation( j Þ iv i j 'Wi , whereWi is assumed to depen
only on thei th particle coordinate. In this present work w
want to concentrate only on the impulse approximati
which is a good approximation in the intermediate ene
regime ~around 200 MeV projectile energy and highe!,
where the influence ofWi can be neglected@6#. Thus the
propagatorG0(E) in the impulse approximation is given a

G0~E!'gi~E!5@~E2Ei !2h02hi1 i«#21. ~2.2!

HereHi , having no explicit dependence on thei th particle, is
replaced by an average energyEi . In the present calculation
we setEi50. In the energy regime considered in this wo
the effect of a value ofEi of the order of the separatio
energy of a nucleon from a nucleus is negligible@11,12#.

The driving term of Eq.~2.1! denotes the optical potentia
which in first order is given as

^k8u^FAuPUPuFA&uk&[Û~k8,k!

5 (
i 5n,p

^k8u^FAu t̂0i~E!uFA&uk&.

~2.3!

Here k8 and k are the external momenta of the syste
t̂0i(E) represents theNN transition operator

t̂0i~E!5v0i1v0igi~E!t̂0i~E!, ~2.4!

with gi(E) given in Eq.~2.2! and v0i representing theNN
interaction. The sum overi in Eq. ~2.3! indicates the two
different cases, namely, when the target nucleon is oneZ
protons, and when it is one ofN neutrons. The energyE is
the relative energy of the interacting two-nucleon syste
Inserting a complete set of momenta for the struck tar
nucleon before and after the collision and evaluating the m
mentum conservingd functions gives as final expression fo
the full-folding optical potential@10,12#

Û~q,K !5 (
i 5n,p

E d3Ph~P,q,K !t̂0iFq,
1

2S A11

A
K2PD ,EG ,

r i S P2
A21

A

q

2
,P1

A21

A

q

2D . ~2.5!

Here the arguments of theNN amplitudet̂0i are q5k82k
5kNN8 2kNN and 1

2 (kNN8 1kNN)5 1
2 @(A11)/AK2P#, where
a

-

d

,
y

,

,

.
t
-

kNN8 5
1

2Fk82S P2
q

2
2

K

A D G ~2.6!

and

kNN5
1

2Fk2S P1
q

2
2

K

A D G ~2.7!

are the nonrelativistic final and initial nuclear momentum
the zero momentum frame of theNN system, andK5 1

2 (k8
1k). The factorh(P,q,K ) is the Mo” ller factor for the frame
transformation@13#, andr i represents the density matrix o
the target for either protons or neutrons. Evaluating
propagatorgi(E) of Eq. ~2.2! in the nucleon-nucleus cente
of-mass frame yields for the energy argumentE of the NN

amplitudet̂0i of Eq. ~2.5!

E5ENA2
@~A21!/AK1P#2

4mN
. ~2.8!

HereENA is the total energy in theNA center-of-mass frame
andmN is the nucleon mass. The second term correspond
theNN center-of-mass energy. The expression for the opt
potential as given in Eq.~2.5! shows that the evaluation o
the full-folding integral requires theNN t matrix fully off-
shell as well as at positive energies fromENA to negative
energies@7,8,11#.

III. PROTON ELASTIC SCATTERING OBSERVABLES

In this paper the study of elastic scattering of proto
from spin zero target nuclei at energies between 100 and
MeV incident projectile energy is strictly first order based
the impulse approximation. The full-folding optical pote
tials are calculated according to Eq.~2.5!. The details of the
calculations are given in Refs.@10,11#. As a model for the
density matrix for the target nucleus we employ a Dira
Hartree~DH! calculation@14#. The Fourier transform of the
vector density,r(r 8,r ), serves as our nonrelativistic sing
particle density@10#. The crucial ingredient under investiga
tion here is the fully off-shellNN t matrix. The calculations
presented here employNN t matrices based on two differen
potentials given by the Nijmegen group@1# and the charge-
dependent Bonn potential@2#. All three potentials are fitted
to describe the Nijmegen data base with ax2 per datum;1.
An essential difference between the two Nijmegen model
the presence of a momentum dependent, nonlocal term in
central piece of the NijmI potential, whereas the Nijm
model is strictly local. Both Nijmegen potentials have ax2

per datum51.03 with respect to both the neutron-proton a
the proton-proton data base. The CD-Bonn potential is n
local due to the structure of the relativistic meson-nucle
vertices. An additional nonlocality is contained due to t
so-called minimal relativity factorsAm/E, which are neces-
sary to maintain the relativistic unitarity condition. The CD
Bonn potential also describes the Nijmegen data base wi
x2 per datum51.03. All three potential models describe th
Nijmegen data base with the same high degree of accur
thus theNN t matrices can be considered on-shell equiv
lent. From their different theoretical derivation it can be e
pected that they have different extrapolations off-shell.
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1380 57S. P. WEPPNER, CH. ELSTER, AND D. HUBER
When calculatingÛ(q,K ) as given in Eq.~2.5!, it is to be
understood that all spin summations are carried out. T
reduces the requiredNN t matrix elements to a spin inde
pendent component~corresponding to the Wolfenstein am
plitudeA) and a spin-orbit component~corresponding to the
Wolfenstein amplitudeC!. Since we are assuming that w
have spin saturated nuclei, the components of theNN t ma-
trix depending on the spin of the struck target nucleon v
ish. The Coulomb interaction between the projectile and
target is included using the exact formulation of Ref.@15#.

At first we want to concentrate on proton scattering fro
different target nuclei at 200 MeV projectile energy. In F
1 we display the differential cross sectionds/dV, the ana-
lyzing powerAy , and the spin rotation functionQ for elastic
proton scattering from16O. The solid line represents a ca
culation employing the CD-Bonnt matrix as input, the
dashed line is based on the one derived from the NijmI
tential and the dash-dotted line the one derived from
NijmII model. All three calculations are remarkably close
each other, and all three fail to describe the dips in the a
lyzing power. The same statement is true for proton scat
ing from 40Ca at 200 MeV, which is displayed in Fig. 2. I
Fig. 3 we show the elastic scattering observables for pro
scattering from208Pb at 200 MeV. Again, all threeNN po-
tential models give nearly identical results, however the s
observables are described slightly better for208Pb.

At lower energies the scattering observables may exhib
somewhat larger sensitivity to the energy dependence of
NN t matrix due to the closer proximity of the deuteron po
and the virtual1S0 state. In order to study the sensitivity o
the NA scattering observables to differentNN t matrices at
lower energies we show in Fig. 4 the observables for pro
scattering from40Ca at 160 MeV and in Fig. 5 the ones fo

FIG. 1. The angular distribution of the differential cross sect
(ds/dV), analyzing power (Ay), and spin rotation function (Q) are
shown for elastic proton scattering from16O at 200 MeV laboratory
energy. The solid line represents the calculation performed wi
first-order full-folding optical potential based on the DH dens
@14# and the CD-Bonn model@2#. The dashed line uses the Nijm
model instead, the dash-dotted line the NijmII model@1#. The data
are taken from Ref.@19#.
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proton scattering from16O at 135 MeV. Again, all three
potential models lead to nearly identical results.

We do not want to carry out further studies at lower e
ergies, since it is well known that the impulse approximati
alone is not adequate to describe the scattering observab
lower energies@6,7,11#. We prefer to pursue further invest
gations to find out why expected off-shell differences in t

a

FIG. 2. Same as Fig. 1, except that the target nucleus is40Ca.
The data are taken from Ref.@20#.

FIG. 3. Same as Fig. 1, except that the target nucleus is208Pb.
The data are taken from Ref.@20#.



ef

th
e

oo
n

en

ry

rm
es
,
c-

is

or

m,

g

re
of

ial

for
ill

lly

m

16

13

57 1381OFF-SHELL STRUCTURES OF NUCLEON-NUCLEONt . . .
potential models are not visible in the elasticNA observ-
ables.

IV. INVESTIGATION OF OFF-SHELL DIFFERENCES

In the full-folding optical potential as given in Eq.~2.5!
the energy of propagation in theNN t matrix is coupled to
the integration variable. This makes it difficult to access
fects resulting from the off-shell structure of theNN t ma-
trices separately. For this reason, we prefer to carry out
following study using the optimum factorized form of th
optical potential, which has been shown to be quite a g
approximation to the full-folding expression at projectile e
ergies of 200 MeV and higher@11#. The optimum factorized
form is characterized by two approximations. First, the
ergy E of the NN t matrix in Eq. ~2.5! is fixed at half the
projectile energy~in the laboratory frame!

FIG. 4. Same as Fig. 2, except that the projectile energy is
MeV. The data are taken from Ref.@21#.

FIG. 5. Same as Fig. 1, except that the projectile energy is
MeV. The data are taken from Ref.@22#.
-
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E[E05
1

2

klab
2

2mN
5

1

2

@~A11!/Ak0#2

2mN
. ~4.1!

Hereklab andk0 are the on-shell momenta in the laborato
and NA system, respectively, andmN is the mass of a
nucleon. Second, theNN t matrix and the Mo” ller factor are
expanded inP around a fixed valueP0, determined by the
requirement that the contribution of the first derivative te
is minimized. For elastic scattering the contribution vanish
if P0 is chosen to be zero@16,17#. With these assumptions
the expression for the optical potential in the optimum fa
torized form is given as

Û fac~q,K !5 (
i 5p,n

h~q,K !t̂0i S q,
A11

2A
K ,E0D r i~q!.

~4.2!

In this form the nonlocal character of the optical potential
solely determined by the off-shellNN t matrix and the
Mo” ller factor. If we now consider the integral equation f
elasticNA scattering as given in Eq.~2.1!, we see that only
the second term in the right-hand side of Eq.~2.1! contains
the integration over the optical potential. The driving ter
Û fac(k08 ,k0 ,E) contains theNN t matrix evaluated at the
fixed momentak08 andk0, multiplied with the density profile
r i(q). In this case the momentum vectorsq and K are q
5k082k0 andK5 1

2 (k081k0).
In order to study off-shell effects, we define the followin

quantity:

B~k08 ,k0 ,E!5 lim
e→0

E
0

`

d3k9
Û fac~k08 ,k9,E!T~k9,k0 ,E!

E2E~k9!1 i e
,

~4.3!

whereT(k9,k0 ,E) is the solution of Eq.~2.1!, obtained us-
ing the optical potential in the factorized form. He
B(k08 ,k0 ,E) represents the integral on the right-hand side
Eq. ~2.1!, and thus the quantity in which the optical potent
U enters off-shell when calculatingTel . Since the nuclear
density in momentum space is a function strongly peaked
small momenta, we may conjecture that the density w
dominate the falloff behavior ofÛ fac(k08 ,k9,E) for large val-
ues of the integration variablek9. To investigate this more
closely, we write Eq.~4.3! as

B~k08 ,k0 ,E!5 lim
e→0

E dV9E
0

kmax
dk9k92

3
Û fac~k08 ,k9,E!T~k9,k0 ,E!

E2E~k9!1 i e
, ~4.4!

and study the behavior ofB(k08 ,k0 ,E) as a function ofkmax.
SinceB(k08 ,k0 ,E) depends on vector variables, we actua
haveB(k0 ,k0 ,u,E), whereu is the angle betweenk08 andk0.
In Fig. 6 we show the real part ReB(k0 ,k0 ,u,E) for different
values ofkmax for neutron scattering from16O at 200 MeV
projectile energy, and in Fig. 7 for neutron scattering fro
90Zr at the same energy. We see that in the case of16O an
integration up tokmax5k011.0 fm21 is already sufficient to

0

5
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1382 57S. P. WEPPNER, CH. ELSTER, AND D. HUBER
obtain the full result. In the case of90Zr one only needs to
integrate tokmax5k010.5 fm21 to have a result identical to
the complete integral. In both casesk0;3 fm21. When con-
sidering the imaginary part ofB(k0 ,k0 ,u,E) we arrive at the
same conclusion. We carried out similar tests at differ
energies and arrived essentially at the same values forkmax
for the two different nuclei. Assuming that the nuclear de
sity is responsible for the fast falloff of the optical potent
as function ofk8, this finding is not surprising. From Figs.
and 7 we also see that for a heavier nucleus the contribu
beyond the on-shell valuek0 is much less than for a ligh
nucleus. Again, this is not too surprising, when one rec
the functional form of the nuclear density profiles. The de
sity profile rp(q) for the proton distribution of16O has its
first minimum atq;2 fm21, whereas the proton distributio
of 90Zr has its first minimum atq;1 fm21.

In order to verify that the functional form of the density
the limiting factor for the range of the integration, we ide
tify in Eq. ~4.4! T(k9,k0 ,E) as well asÛ fac(k0 ,k9,E) with
the densityr(uk92k0u)5( i 5p,nr i(uk92k0u) to obtain

B8~k08 ,k0 ,E!5 lim
e→0

E dV9E
0

kmax
dk9k92

3
r~ uk92k0u!r~ uk92k08u!

E2E~k9!1 i e
, ~4.5!

and repeat the above study, namely, considerB8(k0 ,k0 ,u,E)
as a function ofkmax. In Fig. 8 we plot the real par

FIG. 6. The real part of the functionB(k0 ,k0 ,u,E) as defined in
Eq. ~4.4! for neutron scattering from16O at 200 MeV laboratory
energy. The solid line represents the full calculation, the das
line, which coincides with the solid line, represents the calculat
with an upper limitkmax in thek integration ofkmax5k011.0 fm21,
while the dot-dashed line represents a calculation usingkmax5k0

10.5 fm21.
t

-

on

ls
-

d
n

FIG. 7. Same as Fig. 6 that the nucleus is90Zr. The solid line
represents the full calculation, the dashed line, which coincides w
the solid line, represents the calculation with an upper limitkmax in
the k integration ofkmax5k011.0 fm21, while the dot-dashed line
represents a calculation usingkmax5k010.5 fm21. For the dotted
line kmax5k010.125 fm21 was used.

FIG. 8. The real part of the functionB8(k0 ,k0 ,u,E) as defined
in Eq. ~4.5! for 16O at 200 MeV laboratory energy. The solid lin
represents the full calculation. The dash-dotted line represents
calculation with an upper limitkmax in the k integration ofkmax

5k011.5 fm21, while the dashed line represents a calculation
ing kmax5k011.0 fm21.
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57 1383OFF-SHELL STRUCTURES OF NUCLEON-NUCLEONt . . .
ReB8(k0 ,k0 ,u,E) using different integration ranges. The r
sult is similar to the one in Figs. 6 and 7. Considering Fig
the upper bound for the integral can be constrained
k011.5 fm21. Since the integral in Eq.~4.5! is symmetric
about the on-shell value, the lower bound of integration c
be constrained tok021.5 fm21. An estimate of approxi-
mately the same size was reported in Ref.@18#, where the
authors consider the falloff behavior of the momentum d
tribution of their off-shell density matrix to arrive at the
conclusion.

After having found that only a limited region of theNN t
matrix enters a calculation ofNA elastic scattering observ
ables, we need to project this region, namely,k061.5 fm21,
on theNN t matrices and see if thet matrices employed in
our calculations differ in this restricted region. Thus w
show first in Fig. 9 the real part of the off-shell Wolfenste
amplitudeA, ReA(kNN8 ,kNN ,E0), at 200 MeV obtained from
the NijmI potential as function ofkNN and kNN8 . Here the
angle betweenkNN andkNN8 is chosen to be zero. The valu
of the on-shell momentum is located atkNN5kNN8 51.55
fm21. It should be noted that the values of ReA in the plotted
domain range between 0.6 and23 MeV fm3. Since the
study of the integration bounds in the integralB(k0 ,k0 ,u,E)
was carried out using momenta defined in theNA system, we
use Eqs.~2.6! and~2.7! to transform the bounds to momen
given in theNN system. As a reminder, since we work in th
optimum factorized form, the momentumP in Eqs.~2.6! and
~2.7! is zero. Using these transformations, which are exp
itly given as kNN8 5 1

4 @(1/A13)k081(1/A21)k9# and kNN

5 1
4 @(1/A21)k081(1/A13)k9#, we obtain the ‘‘skew box’’

given in Fig. 9 as region of theNN t matrix whose values
enter theNA scattering equation.

Next, we display in Fig. 10 the difference between t
real parts of the Wolfenstein amplitudes ReA(kNN8 ,kNN ,E0)
given by the NijmI and CD-Bonn potentials, again as fun
tion of kNN , kNN8 and the angle between the two vecto
being zero. First we notice that within the plotted region t
off-shell differences between the two amplitudes is relativ
small. Only for kNN5kNN8 ;5 fm21 there is a difference
larger than 0.2 MeV fm3. Again, the on-shell value is locate

FIG. 9. The Wolfenstein amplitude ReA(kNN8 ,kNN ,E0) for np
scattering at 200 MeV obtained from the NijmI potential@1#. The
angle betweenkNN andkNN8 is chosen to be zero. The contour line
represent steps of 0.2 MeV fm3. The ‘‘skew box’’ represents the
region of momenta, which is accessed by a calculation of theNA
scattering observables as described in the text.
8
o

n

-

-

-

e
y

at kNN5kNN8 51.55 fm21. The region which enters a calcu
lation of NA scattering observables is again indicated by
‘‘skew box.’’ Within this box there are essentially no differ
ences between the amplitudes. The largest difference is
cated in the upper right corner of the ‘‘skew box’’ almo
opposite the on-shell point, and is about 6% of the total va
of ReA.

In Fig. 11 we show the difference between the real pa
of the Wolfenstein amplitudes derived from the NijmI an
NijmII potentials. These two amplitudes show off-shell d
ferences of 1 MeV fm3 and larger for values ofkNN5kNN8
;4 fm21, which corresponds to a difference of about 160
in the two amplitudes. However, in the region which
sampled byNA scattering calculations~‘‘skew box’’ ! both
amplitudes are nearly identical in the lower left half arou
the on-shell value. Larger differences between those two
tentials are located in the upper right corner furthest aw
from the on-shell value. For the other Wolfenstein amp
tude, which enters our calculations of elasticNA scattering
observables, we obtain similar conclusions. A close insp
tion of the scattering observables for the light nuclei16O and
40Ca in Figs. 1 and 2 shows that the dash-dotted cur
representing the calculations with the NijmII model can
distinguished from the other two curves, especially at lar

FIG. 10. The difference of the Wolfenstein amplitud
ReA(kNN8 ,kNN ,E0) obtained by subtraction the amplitude obtain
from the CD-Bonn potential@2# from the one obtained from the
NijmI potential@1#. The angle betweenkNN andkNN8 is chosen to be
zero. The contour lines represent steps of 0.2 MeV fm3.

FIG. 11. Same as Fig. 10, except that here the real part of
Wolfenstein amplitudeA obtained from the NijmII potential is sub
tracted from the one obtained from the NijmI potential.
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1384 57S. P. WEPPNER, CH. ELSTER, AND D. HUBER
angles. However, the differences in the observables are
quite small, indicating the calculations are dominated by
area around the on-shell value. Thus we can see, tha
though the Wolfenstein amplitudesA andC derived from the
different NN potentials under study exhibit differences f
large off-shell momenta, the off-shell region which
sampled inNA elastic scattering calculations is restricted
an area close to the on-shell value and thus does not p
those far off-shell regions where the larger differences oc

V. SUMMARY AND CONCLUSION

In this paper we addressed the question of whet
nucleon-nucleus elastic scattering observables are sens
to different off-shell structures ofNN transition amplitudes
derived from realisticNN potentials. Our study is based o
the recently developed potential models NijmI and NijmII
the Nijmegen group@1# and the charge dependent Bonn p
tential@2#. All three potentials models describe the Nijmeg
NN data base with ax2 per datum51.03. Thus the transi
tion matrices derived from these models can be conside
on-shell equivalent. The Wolfenstein amplitudes, which
ter our NA calculations, show considerable differences
large off-shell momenta. However, these differences are
visible in theNA elastic scattering observables.

We calculated elastic scattering observables for pro
scattering from16O, 40Ca, and208Pb in the energy regime
between 100 and 200 MeV projectile energy. Here we c
culated the full-folding integral for the first order optical p
tential using the impulse approximation within the fram
work of the spectator expansion of multiple scatteri
theory. In addition to theNN t matrices from the three abov
mentioned potential models our optical potentials emplo
Dirac-Hartree model for the nuclear density matrix. Rec
and frame transformation factors are implemented in the
culation in their complete form. We find that the elastic sc
tering observables based on the three different poten
models are almost identical. A very similar result has be
obtained in Ref.@7#. This work employs different density
matrices and is based on the Paris potential and inver
potentials which are constructed to be phase-shift equiva
to the Paris potential as well as to the experimentally
tracted phase shifts.

In order to better understand our numerical results,
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study the regions of theNN t matrices, which are sampled i
a calculation ofNA elastic scattering observables within th
off-shell tr or optimum factorized approximation to the ful
folding optical potential. In this approximation the off-she
character of the optical potential is solely determined by
off-shell NN t matrix. This feature allows us to determin
which region of off-shell momenta for a fixed energy slice
the NN t matrix enter the calculation. Our investigation
the rescattering term of the Lippmann-Schwinger equat
shows that the off-shell dependence of the optical potentia
limited by the nuclear density, which in momentum space
a strongly peaked function for small momenta. It is w
known that the heavier the nucleus becomes, the strong
that forward peaking. This property of the nuclear dens
prevents far off-shell momenta of theNN t matrix from en-
tering the optical potential and thus theNA scattering ob-
servables. The coincidence of the calculations based on
different realisticNN potentials strongly indicates that onl
off-shell momenta close to the on-shell value of theNN t
matrix are relevant forNA scattering. In this region the dif
ferent potentials still give very similar results for theNN t
matrix.

Comparing our calculations of elastic scattering obse
ables to experimental data, we still find some systematic
abilities of the first order full-folding optical potential to de
scribe certain details for theNA scattering data in the
considered energy regime. However, we find the limitatio
of the first order optical potential cannot be attributed
uncertainties associated with the off-shell behavior of
realisticNN t matrices employed.
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