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Statistical prescission point model of fission fragment angular distributions

Bency John and S. K. Kataria
Nuclear Physics Division, Bhabha Atomic Research Centre, Mumbai-400085, India

~Received 15 October 1997!

In light of recent developments in fission studies such as slow saddle to scission motion and spin equilibra-
tion near the scission point, the theory of fission fragment angular distribution is examined and a new statistical
prescission point model is developed. The conditional equilibrium of the collective angular momentum bearing
modes at the prescission point, which is guided mainly by their relaxation times and population probabilities,
is taken into account in the present model. The present model gives a consistent description of the fragment
angular and spin distributions for a wide variety of heavy and light ion induced fission reactions.
@S0556-2813~98!01203-5#

PACS number~s!: 25.70.Jj, 25.70.Gh, 24.75.1i
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I. INTRODUCTION

In particle induced binary fission, the physical origin
fragment angular distribution is contained in the quanta
rotational energies possessed by various rotational degre
freedom of the fissioning nucleus at the transition state.
statistical transition state model of fragment angular distri
tion ~TSM! based on this idea, asserts that the transition s
should be the last state of thermal equilibrium for the r
evant rotational degrees of freedom@1#. There has been a
great deal of discussion in the literature on whether to id
tify this transition state with the saddle or with the scissi
point deformations@1–12#. In the light ion induced fission o
actinide nuclei, the experimental values of angular anis
ropy and their decrease with the increase in fissility of
compound nuclei, tilted the balance towards the saddle p
model @12#. In the heavy ion induced fission, where hig
angular momentum and excitation energy states are p
lated, the experimental values of angular anisotropy did
allow a clear-cut conclusion regarding the question of sad
or scission point models. For these systems of high ang
momentum andZ2/A values, the saddle point model predic
small angular anisotropies since the relevant saddle p
shapes are nearly spherical@13#. Statistical scission poin
models@4,8# in which the fate of the fission process is dete
mined by the phase space available at the scission poin
the other hand, predict large angular anisotropies. Exp
mental angular anisotropy values are spread in between t
predictions@9#. The high angular anisotropies observed
systems which bear characteristics of fast decay proce
such as asymmetric angular distributions and incomple
relaxed mass distributions, were interpreted on the basi
quasifission ~noncompound nucleus formation! @10,14#.
However, there are many instances where anisotropy va
are in disagreement with both saddle and scission p
model predictions, even though there are no clear signat
of the fast decay processes, such as28Si1208Pb @15#,
16O1232Th @10,16#, and 32S1182W @17# systems.

Another experimental approach which probes the equ
bration of the fissioning nucleus is the measurement of a
age gamma multiplicity (Mg) and its angular variation@18#.
Since a theoretical prediction of the average total fragm
spin and its possible angular dependence estimated
570556-2813/98/57~3!/1337~12!/$15.00
f
of
e
-
te
-

-

t-
e
nt

u-
ot
le
ar

nt

-
on
ri-
se

es
ly
of

es
nt
es

i-
r-

nt
m

measuredMg involves some of the same parameters as
fragment angular distribution, one should be able to rep
duce consistently, both fragment angular anisotropy a
spin, in the same model calculation. Systematic investi
tions in both light and heavy ion induced fissions ha
shown that the measuredMg can be explained only by as
suming substantial thermal excitation of the collective an
lar momentum bearing modes, namely, wriggling, twistin
bending, and tilting modes@19–21#. The average values o
Mg are found to be most compatible with the assumption
spin equilibrium at rather elongated configurations, com
rable to those associated with the scission point@21#. Notable
features of the angular variation ofMg are that theMg de-
creases only very slowly with angle for a wide range
about660° around 90°, and beyond this range, it decrea
more rapidly. The overall variations does not show any s
tematic dependence on the fissility of the compound nu
@21#. These features are in contrast to the predictions of
saddle point model@18#.

The underlying idea of the TSM is that the compleme
tary fragments separate along the nuclear symmetry axis
their angular distribution is given by the distribution for or
entation of the symmetry axis relative to the total angu
momentum vectorJ at the transition state@1#. The orienta-
tions of the symmetry axis depend on the values of quan
numbersJ, M , andK of the available states of the transitio
nucleus; whereM is the projection ofJ on a space fixed axis
~taken as beam axis! and K is the projection ofJ on the
symmetry axis. The quantum numbersJ and M are con-
served in the entire fission process. However, no such res
tion holds for the quantum numberK ~the tilting spin! which
in fact can be thermally excited.

According to the saddle point version of the TSM, th
fissioning nucleus redistributes its energy and angular m
mentum in many ways during the evolution from spheric
equilibrium shape to saddle point shape. This shape ev
tion is sufficiently slow near the saddle point such that at t
point, thermal equilibrium is established for theK degree of
freedom. This picture of fission process postulates that
relaxation time for theK degree of freedom is smaller tha
the time spent by the nucleus at the saddle point. This mo
further assumes that the saddle point equilibrium values oK
are frozen beyond the saddle point such that these value
K can be treated as good quantum numbers for descri
the fission process thereafter. This should mean either
1337 © 1998 The American Physical Society
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1338 57BENCY JOHN AND S. K. KATARIA
the duration of descent from saddle to scission has bec
much shorter than the time spent at the saddle point, or
the K relaxation time has increased many times for the m
tion beyond saddle. In either case, the saddle point mo
supposes a substantial change in the nature of the fis
process at the saddle point. This assumption may hold g
for low excitation energy fission of nuclei having modera
to large fission barriers.

For heavy ion induced fission reactions where values
spin, excitation energy, andZ2/A are high, the fission barri
ers become very small. For such reactions, it is conceiva
that the power of the saddle point to control the nature of
fission process is reduced considerably. Furthermore, the
servation of unexpectedly large prescission neutrons
heavy ion induced fission reactions indicated that the fiss
is a slow process. Detailed analyses suggested that the
sioning system spends comparable times before and afte
saddle point@22–26#. At the final stages of fission, if the
motion in the fission direction is slow compared to theK
relaxation, then one can assumeK equilibration near the
scission point. The present model for fragment angular
tribution in fission reactions at moderate and high excitat
energies, therefore, assumes near-scission-point trans
states.

The concept of conditional equilibrium has several imp
tant implications for the fission studies. As already d
cussed, to interpret measured angular anisotropies, we
to know whether or not the reaction time was sufficien
long to allow statistical equilibration for the tilting mode
Another example is the fission probability calculation whe
the available phase space at the saddle point is the cr
factor. This factor is calculated under the assumption tha
the saddle point, the shape modes relax much slower tha
other numerous intrinsic degrees of freedom. Prakashet al.
@27# have extended the saddle point phase space factor
culation by assuming that the shape modes and tilting m
relax much slower than the other intrinsic degrees of fr
dom. In the phase space factor calculation, they have ad
the tilting mode energy to the potential energy of t
nucleus, and at the same time, allowed thermal excitatio
the tilting mode. In the present work, we adopt a simi
multilayered approach for calculating the phase space fa
near the scission point. Our focus will be to estimate
influences of the tilting mode on the other angular mom
tum bearing collective modes and account for these in
ences in the phase space factor calculation.

In the present work, the transition state configuration
assumed to be the prescission shape@28,29#. This configura-
tion is just a tracing back of the scission point configurat
into the internals prior to scission and contains the phys
shortly before the final split. We have adopted essential
the random neck rupture~RNR! model @28# to define the
prescission shape. These shapes have turned out to be
gated, flat necked nuclei having total length to neck rad
ratio of 9:1 for the compound systems studied. The ration
behind this choice is the impressive success the RNR m
has achieved in describing almost all major exit chan
properties of the fissioning nucleus such as mass distribu
total kinetic energy~TKE! distribution, and post neutron
multiplicity distribution. In the RNR model, the exit chann
properties are connected to the prescission shape via the
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dom neck rupture hypothesis. Improvements in predict
the exit channel properties were possible since the prope
of the scissioning nucleus were considered and not tha
the newborn fragments. In the same spirit, to calculate fr
ment angular and spin distributions, the present model u
the moments of inertia and temperature parameters rel
only to the prescission shape. At the same time, we have
overlooked the fact that the saddle to scission region i
region of fragment formation. As stated earlier, we are c
sidering the effects of collective rotational modes in whi
the forming fragments are the partners. Thus the pres
prescission nucleus has a dual character; it is a mono nuc
and a dinucleus at the same time. The interplay of the co
ent motion of the nucleons in bulk and the internal motion
the nucleons in the nuclear field makes this possible.

Present paper is organized in the following way. In S
II, a description of the present model preceded by a recap
lation of the formulas used in the saddle point model and
earlier scission point models@4,8# is given. In Sec. III, ex-
perimental angular anisotropy data@10,35# are compared
with the model calculations. Issues related to the fragm
spins are discussed in Sec. IV. A discussion on the vari
facets of the present model is given in Sec. V. Finally, co
clusions are presented in Sec. VI.

II. ANGULAR DISTRIBUTIONS—THEORY

In the transition state model of fission fragment angu
distributions, the formula applicable for the binary fission
compound nucleus formed with angular momentumJ and its
projection along the beam directionM50, is given by@1#

W~u!}(
J50

`

~2J11!TJ (
K52J

J

3
~1/2!~2J11!uDM50,K

J ~u!u2r~E* ,J,K !

(
K52J

J

r~E* ,J,K !

, ~1!

whereTJ is the transmission coefficient for the partial wa
J, DM50,K

J (u) is the rotor wave function, andr(E* ,J,K) is
the level density of the transition state nucleus of excitat
energyE* , angular momentumJ, and its projection on the
symmetry axis K. For a deformed, axially symmetri
nucleus,r(E* ,J,K) is obtained by assuming constancy
nuclear temperatureT at the transition state as

r~E* ,J,K !}exp~E* 2Erot
J,K!/T, ~2!

where

E* 5ECN* 2Ep2Edef,

ECN* is the initial excitation energy of the compound nucleu
Ep is the average excitation energy taken away by the p
ticles emitted prior to the transition state, andEdef andErot

J,K

are the deformation and rotation energies of the transi
state, respectively.

In the rigid rotation limit,
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57 1339STATISTICAL PRESCISSION POINT MODEL OF . . .
Erot
J,K5

\2J2

2J'

1
\2K2

2Jeff
, ~3!

whereJeff is the effective moment of inertia given by

Jeff5
J'Ji

J'2Ji
,

whereJ' andJi are the perpendicular and parallel mome
of inertia, respectively, of the transition state nucleus. T
first term on the right-hand side of Eq.~3! describes the
lowest energy mode of rotation for a given value ofJ and is
called yrast mode. The second term@Eq. ~3!# describes the
tilting mode which can be excited thermally. For conv
nience, we denote the first and second terms by the sym
Eyrast

J andEtilt
K , respectively.

In the case of compound nucleus reactions,J has a fixed
set of values and hence Eq.~2! can be written as

r~K !}expS 2K2

2K0
2 D , ~4!

where

K0
25

TJeff

\2
,

and the energiesECN* ,Ep ,Edef, and Eyrast
J assume constan

values. This form ofr(K) has been used universally in th
saddle point TSM whereJeff and T are calculated for the
saddle point configuration.

In the scission point TSM due to Rossneret al. @8#, r(K)
is derived by assuming statistical partition of initial angu
momentumJ of the fissioning nucleus into orbital angula
momentuml and channel spins of the two primary fission
fragments; wherel 1s5J andK is defined as the projectio
of s on the symmetry axis. The channel spins is the vector
sum of spins of the two fragments,j 1 and j 2. The r(K) in
this model, is equivalent to that derived for an extended T
model, in which the effective moment of inertia and tem
perature are that of a dinucleus consisting of attached s
roids joined on the long axis. For the symmetric split,

r~K !5exp
2K2

2S0
2

, ~5!

where

S0
25~2I iT/\2!@~2I'1mRc

2!/~mRc
212I'22I i!#,

whereI i and I' are the moments of inertia for a single fi
sion fragment rotating about an axis parallel and perpend
lar to its symmetry axis, respectively,m is the reduced mas
of the fission channel, andRc is the distance between th
centers of the fission fragments at the scission configurat

In the scission point TSM due to Bond@4#, very similar
assumptions were made regarding the channel spins. For
high J systems and for symmetric splits, he gave an exp
sion for r(K) as
s
e

-
ols

r

-
e-

u-

n.

s-

r~K !5exp
2K2

2s i
2

, ~6!

where

s i
25

2JiT

\2
.

Here,Ji and T are calculated for a dinucleus consisting
attached spheroids joined on the long axis.

In the above mentioned scission point transition st
models, the nature of thermally excited collective rotation
modes~which are responsible for the channel spins) viz.,
wriggling, twisting, and bending modes, were not conside
in any detail. This can be allowed only under the assumpt
that these modes achieve quick relaxation@30#. In these
models, it has been assumed implicitly that these modes
excited irrespective of values ofK.

A. Thermally excited rotational modes

It is worthwhile examining various thermally excited ro
tational modes that occur in a prescission nucleus and
estimates of their relaxation times. These modes are buil
the yrast mode which is the minimum energy mode. T
tilting mode (K) is excited by the Coriolis coupling induce
by orbital rotation@30#, and is manifested as an angular m
mentum component along the nuclear symmetry axis. T
twisting, wriggling, and bending modes are excited by t
fast elementary nucleon transfer process@30#. These modes
@31,32#, while conserving the total angular momentum, im
part angular momenta to thefuture fragments. These mode
are illustrated schematically in Figs. 1~a!–1~d!. The thin ar-
rows indicate the velocity fields associated with these mod
The bold arrows show the directions of the spins impart
The doubly degenerate wriggling mode in fact paves way
the formation of the future fragments. The wriggling motio
will generate equal spins in both the future fragments p
pendicular to their symmetry axes. The fragment spins t
generated will be in the same direction@Fig. 1~c!#. To con-
serve the total angular momentum, the system as a w
rotates such that it acquires an angular momentum ha
magnitude equal to that of sum of future fragment spins, a
direction opposite to that of future fragments. The perp
dicular rotations generated in the future fragments aro
their center of mass will tend to break the axial symmetry
the counter rotation around the center of mass of the wh
system will restore this symmetry. In the twisting mode@Fig.
1~b!#, the equal spins generated in the future fragments
opposite in direction but are along the symmetry axis. T
axial symmetry of the deformed nucleus is retained ev
after excitation of this mode. In the bending mode, the c
lective rotation will impart equal angular momenta in the tw
fragments perpendicular to their symmetry axis but in op
site directions@Fig. 1~d!#. This mode, if excited, will break
the axial symmetry of the prescission nucleus because a s
metry restoring counter rotation is absent here. Large res
ing force against the axial symmetry breaking is expected
suppress this mode in a strong necked nucleus. Therefore
assume very low probability for the excitation of bendin
mode in the prescission nucleus.

Quantitative estimates of the relaxation times of the ro
tional modes discussed above are not available, neverthe
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1340 57BENCY JOHN AND S. K. KATARIA
estimates reported for nucleus-nucleus collisions where th
modes are excited, can be used as guide lines. In Ref.@30#,
the dynamical evolution of a dinucleus formed in a nucle
nucleus collision is discussed in terms of the time-depend
relaxation times associated with the rotational modes. For
fission case, where scope for particle exchange between
forming fragments is large till the final split, meaningf
comparisons can be made with the local relaxation tim
calculated for the turning point of relative motion in th
nucleus-nucleus collision@30#. It has been shown in Ref
@30# that for angular momentum values typical of heavy i
induced fission reactions, the relaxation time for the tilti
mode is fairly long as compared to the other nucleon tran
induced modes. Typically, the relaxation time for the tiltin

FIG. 1. ~a!–~d! Schematic illustrating the collective angular m
mentum bearing modes for the prescission point model. The
arrows indicate the velocity fields associated with these modes.
bold arrows show the directions of the spins imparted. In case~a!,
the vectorsJ, R, andK show the total angular momentum, orbit
angular momentum, and tilting angular momentum, respectively
the fissioning nucleus.
se
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e
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mode is around 2.10220 sec whereas for the fast modes th
time is around 3.10222 sec. This may be compared with th
total fission time, which is interpreted as the time needed
the considerable collective rearrangement of the system
typical value of the total fission time estimated after cons
ering the dynamics of the process is about 1.10219 sec@24#.

If the fissioning system spends about one-fifth of the to
fission time near the scission point, one can assumeK equili-
bration near the scission point. The relaxation times for
fast modes are much smaller than theK relaxation time so
that the fissioning system allows equilibration of the fa
modes for a given value ofK. It is natural to expect that, in
such conditional equilibrium, theK spin will exert influence
on the excitation of the fast modes. As a result of this infl
ence, the population of the fast modes will not be irresp
tive of values ofK but will depend on them.

The present model takes into account this hitherto
glected dependence. This has been done by calculatingErot

J,K

and T in the formula forr(E* ,J,K) @Eq. ~2!#, taking into
account the additional energy locked in the fast modes a
function of K. Few simplifying assumptions which hav
been made to solve this complex problem are discusse
the following subsection.

B. Calculation of r„E* ,J,K….

We consider only symmetric fission throughout t
present calculation. The matter distribution in the two futu
fragments, which are equal in size, are characterized by t
parallel (J1/2i) and perpendicular (J1/2') moments of iner-
tia. In the present model, these quantities are related to
prescission shape rather than the shapes of the newborn
ments, as

J1/2i5
1

2
Ji ,

and

J1/2'1J1/2'1Jrel5J' ,

whereJi andJ' are parallel and perpendicular moments
inertia, respectively, of the prescission shape, andJrel is the
relative moment of inertia of the two future fragments.

Average intrinsic spins of the future fragmentsK1 andK2
come from their share of tilting mode angular momentumK
with the constraintK5K11K2 @4,8#. For symmetric fission,
K15K25K/2. As stated earlier, the twisting mode populat
nonoscillatory intrinsic angular momentumK twi , in each of
the future fragments. Sum of the rotational energies ass
ated with the twisting mode in the two fragments is given

Etwi5
K twi

2

J1/2i
. ~7!

The population probability forK twi ,P(K twi), can be writ-
ten in the form of a Boltzmann factor exp(2Etwi /T) only if
all modes relax quickly@30#. In this caseP(K twi) will be
independent of values ofK. But we consider cases in whic
the twisting mode contributes to the intrinsic spin of t
future fragments in addition to the tilting mode contributio
in other words, conditional equilibration of the twistin
mode. At first let us consider the case ifK50; the ensuing
conditional equilibration of the twisting mode will result i

in
he
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57 1341STATISTICAL PRESCISSION POINT MODEL OF . . .
equivalent velocity fields in the two future fragments. Se
ondly, if K is nonzero, after achieving the conditional equ
librium, the velocity field in one future fragment will b
much stronger than the others. By overlapping Fig. 1~a! and
Fig. 1~b! one can visualize the above two situations. Beca
of the velocity field mismatch, the second situation will
less probable than the first. This mismatch will be severe
larger values ofK. Thus the population probability ofK twi
will be reduced for larger values ofK. Dependence of this
reduction in probability on the value ofK, temperature, and
moment of inertia of the future fragments can be calcula
as

f 5exp2F ~K/21K twi!
2

2J1/2i
2

~K/22K twi!
2

2J1/2i
G Y TK . ~8!

The numerator in the exponential term@Eq. ~8!# is the
difference in rotational energies of the two future fragme
after ‘‘coupling’’ the tilting and twisting modes. The de
nominatorTK is the prescission temperature corrected for
energy locked in the tilting modeK, beside other correction
factors. On simplification,

f 5exp
2KK twi

J1/2iTK
. ~9!

The probability for occurrence of the prescission nucle
having a value of twisting mode angular momentumK twi , is
now given by

PK~K twi!5exp
2K twi

2

J1/2iTK
exp

2KK twi

J1/2iTK
5exp

2K twi~K twi1K !

J1/2iTK
~10!

which is K dependent.
To calculate the average twisting mode energy for a gi

value of K, one needs to knoŵK twi
2 &K which can be ob-

tained by taking average using Eq.~10! as a probability den-
sity function. Sum of the twisting mode energy in the tw
future fragments for a given value ofK is given by

Etwi
K 5

^K twi
2 &K

J1/2i
. ~11!

The twisting mode introducesfluctuationsin the values of
intrinsic spin in the two future fragments, keeping the tot
intrinsic spinK of the fissioning system unchanged. Figure
shows the relative probability distribution function ofK twi
for K50, 3, and 10\ units for a typical value of the produc
J1/2iTK;50\2. Width of the twisting mode distribution is
largest forK50. As K is increased, the width decreases.
the limiting cases of very large and very small twisting mo
widths, the spin-dependent part of the level density of one
the future fragments can be expressed as the following e
tions.

The limiting case of zero width corresponds to a fix
value ofK1 or a single intrinsic spin state. In such a case@4#,

r~ j !}exp
2~ j 11/2!2

2s'
2

, ~12!
-

e

r

d

s

e

s

n

f
a-

where s'
2 is the spin cutoff parameter given bys'

2

5J1/2'T/\2.
For very large widths, the spin-dependent part of the le

density can be obtained by summing over all allowed intr
sic spin states@33#. Then,

r~ j !}~2 j 11!exp
2~ j 11/2!2

2s'
2

, ~13!

which gives a (2j 11) times increase over single intrinsic
spin-state level density. Thisr( j ) has the same form as th
spin-dependent part of the level density for a spheri
nucleus. This similarity can be understood from the fact t
large width ofK1 implies spherical nature. For intermedia
widths, the increase will not be (2j 11) times but a fraction
of it, which in the present model is obtained by scaling w
the width.

In addition to the twisting mode, there are wrigglin
modes populated in the fissioning nucleus and their con
tional equilibration has to be taken into account. As sta
earlier, the wriggling modes induce rotations in both the
ture fragments perpendicular to their axes of symmetry. T
average squared magnitude of such rotations in one fu
fragment^Rwri

2 &, can be calculated using the relation@34#

^ j 2&5^Rwri
2 &1^K2& th , ~14!

where

^ j 2&5
( j 2r~ j !

(r~ j !
,

and ^K2& th5uK/2u21^K twi
2 & the average squared total intrin

sic spin which include the twisting mode contributions.
The sum of the average wriggling mode energies of

two fragments, for a given value ofK, is given by

FIG. 2. Relative probability for occurrence of the prescissi
nucleus as a function of twisting mode angular momentumK twi .
The continuous, long dashed, and dashed lines show this proba
for the prescission nucleus having tilting mode spins 0, 3, and 1\
units, respectively.
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1342 57BENCY JOHN AND S. K. KATARIA
Ewri
K 5

^Rwri
2 &
J1/2'

1
2^Rwri

2 &
J'

. ~15!

Equations~11! and ~15! give the average twisting mode en
ergy and the average wriggling mode energy, respectiv
for a given value ofK. The total rotational energy as a fun
tion of J andK is obtained by adding these rotational en
gies to the yrast and tilting energies@Eq. ~3!# as

Erot
J,K5Eyrast

J 1Etilt
K 1Etwi

K 1Ewri
K . ~16!

Figure 3 showsEtilt
K ,(Etilt

K 1Ewri
K ), and (Etilt

K 1Ewri
K 1Etwi

K )
as a function ofK as long dashed, dashed, and continuo
lines, respectively. These quantities have been calculated
a prescission nucleus of massA5225 and temperatureT
52 MeV. It may be noted that the trough formed in theK
versusEtilt

K plot is smeared considerably by the inclusion
the fast modes, and also that the contribution to theErot

J,K

from the wriggling mode is quite large compared to th
from the twisting mode.

Substitution ofErot
J,K @Eq. ~16!# in Eq. ~2! allows one to

calculater(E* ,J,K). The resultingr(E* ,J,K), after expan-
sion will not have the commonly assumed GaussianK dis-
tribution. Usingr(E* ,J,K), one can calculate the fragme
angular distribution by using Eq.~1!.

III. ANGULAR DISTRIBUTIONS—
COMPARISON TO EXPERIMENTAL DATA

Experimental angular anisotropy data@10# for an exten-
sive series of heavy ion reactions leading to compound
clei in the fissility range of 0.76 to 0.88 and initial temper
ture range of 1 to 4 MeV have been used for compari
with present theoretical predictions. The4He1238U reaction,
which is one of the very few light ion systems for whic
anisotropy data are available over a wide range of ini
temperatures@35#, has also been included in the compariso

The entrance channel spin distribution to be given as

FIG. 3. Rotational energy of thermally excited collective mod
for a prescission nucleus of massA5225 and temperatureT
52 MeV, as a function of tilting mode angular momentumK.
Breakup of the rotational energy contributions are shown in
panel.
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input in Eq. ~1!, is contained in the spin-dependent cro
section given by

sJ5p|2~2J11!TJ , ~17!

where| is the reduced wave length andTJ is the transmis-
sion coefficient for the partial waveJ. The total fusion cross
section is given by the relations fusion5(J50

` sJ . Since the
present systems are highly fissile, we have used the exp
mental fission cross sections@10,35# as a reasonable approx
mation for the fusion cross sections.

The form of the transmission coefficient was taken to

TJ5F11exp
J2Jmax

D G21

, ~18!

where Jmax was determined by matching the total fissio
cross section. TheJ-diffuseness parameterD(\ unit! was
calculated using the approximate relation@36#

D5
ka~12EB/2E!

~12EB /E!1/2
, ~19!

wherea is the diffuseness of the nuclear surface,k is the
wave number (k51/|),E is the incident energy, andEB is
the Coulomb barrier in the entrance channel. The value oa
was taken as 0.35 fm for all the systems.

The flat necked prescission shapes of compound nu
formed in the reactions were calculated using the dumb
shape parameterss0 ~elongation! ands2 ~constriction! @37#.
For each compound nucleus, the liquid drop model~LDM !
potential energy surface was generated and the minimum
ergy trajectory or the LDM valley was computed. Among t
shapes along the LDM valley, the prescission shape is
fined using the relation 2l 59r @28#, where l is the half
length andr is the neck radius of the dumbbell shap
nucleus. For all compound nuclei studied in the pres
work, the prescission shape corresponded tos052.4 and
s250. The values ofEdef were calculated as the differenc
between potential energies of the prescission shape an
the spherical shape. The radius parameterr 0 and the surface
tension coefficientg used in all calculations were 1.16 fm
@38#, and 1.02$121.79@(A22Z)/A#2%MeV fm22, respec-
tively.

Consistency of the total length of the prescission sh
2l , with the experimental mean TKE values was check
following Ref. @29#. The net energy of repulsion between th
two newborn fragments, which should be approximat
equal to the mean TKE, was calculated using the embed
spheroid approximation@29#. The experimental mean TKE
was obtained from the Viola systematics@39#. Table I lists
these two quantities for few systems. The agreement betw
them is reasonably good. The use of the refined parame
suggested in Ref.@28# for the prescission shape is not e
pected to change significantly the relevant moments of in
tia and temperature parameters discussed in Sec. II B
hence was not attempted.

The energy taken away by the prescission particlesEp ,
was calculated by assuming only neutron emission, and
ing the relation@40#

s

e
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Ep5Mn
pre~711.5T!,

whereT is the nuclear temperature andMn
pre is the prescis-

sion neutron multiplicity. The later was calculated using t
systematics given in@40#.

The temperature at the prescission pointT was calculated
using the relationE* 5aT2, whereE* is the excitation en-
ergy available at the prescission point anda is the level
density parameter. The mass number and deformation de
dence ofa was calculated according to@41#. The corrected
temperatureTK was calculated in the same manner, but af
subtracting the energy locked in the tilting modeK. The
parametersS0

2 @Eq. ~5!# ands i
2 @Eq. ~6!# were calculated for

the touching spheroids configuration obtained using the
bedded spheroid approximation@29#.

Throughout the present work no fits to the experimen
data will be presented, rather the calculations based on
common procedure discussed above will be shown. The
sults of the calculations and the experimental data for he
ion systems and4He1238U system are presented in Fig
4~a!–4~j! and Fig. 5, respectively. The short dashed a
dashed lines are calculated using Bond’s model@4# and
Rossner’s@8# model, respectively. The long dashed lines a
calculated using Eq.~4! with Jeff and T calculated for the
prescission shape. The continuous lines are calculated u
the present model. Experimental data are shown by s
circles@10,35# and plus signs@15,42#. There is a remarkable
improvement in agreement between the experimental
and present model calculations compared to the other mo
@4,8,9#. As stated earlier, the other models overestimate
angular anisotropy by a huge margin. The improvem
made by the inclusion of the twisting and wriggling energ
in calculating the level density can be appreciated by co
paring the long dashed and continuous lines.

Some discrepancies can be seen in the compariso
present model calculation and experimental data. Minor
crepancies as in the cases shown in Figs. 4~a!–4~g! and Fig.
5 may disappear by some slight changes in the pre-scis
shapes and the associated parameters. Significant discr
cies exist in Figs. 4~h! and 4~i!, especially for the low bom-
barding energies, which cannot be removed by simple adj
ments of parameters. For16O1238U system@Fig. 4~j!#, it has
been shown@42# that the increase observed in the values
anisotropy for bombarding energies below 90 MeV is due
the presence of quasifission events. Such a possibility e

TABLE I. Calculated and experimentally estimated total kine
energy~TKE! and average total fragment spin^S& for few systems.
TKEexpt is obtained from the Viola systematics@39#. ^S&calc and
^S&expt

1 are obtained using Eqs.~22! and~21! ~with parameters from
@21#!, respectively.^S&expt

2 52Mg where values ofMg are taken
from @21#.

Reaction TKEcalc TKEexpt ^S&calc ^S&expt
1 ^S&expt

2

120 MeV 16O1208Pb 161 16663 25.1 20.6 27
120 MeV16O1209Bi 164 17063 25.4 21.8 28
120 MeV16O1232Th 187 19063 30.2 27.0 30.3
120 MeV16O1238U 194 19663 31.0 28.1 30.4
214 MeV32S1208Pb 189 19263 29.4 30.9 36
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for 32S1208Pb, and32S1197Au systems also, since the pro
jectile in these cases is massive. Thus, the presence of q
ifission events could be the reason for the observed disc
ancies in Fig. 4~h!–4~j! at low bombarding energies.

IV. GAMMA MULTIPLICITY

Measurements of the average gamma multiplicity (Mg) in
fission reactions provide estimates of the average total f
ment spin^S&. The latter quantity is defined as the sum
average individual fragment spins

^S&5^u j 1u&1^u j 2u&. ~20!

The Mg is related to the average total fragment spin via
relation

^S&52~Mg2a!1bMn , ~21!

wherea,b, andMn are the number of statistical gamma ra
per fragment, average spin removed by one emitted neut
and total neutron multiplicity, respectively.

According to the Bond@4# and Rossner@8# scission point
models, the average total fragment spin^S& depends only on
the spin cutoff parameters of the newborn fragments. In
present model,̂S& depends only on the spin cutoff param
eters of the future fragments through the following relatio
For symmetric fission,

^S&52^u j u&, ~22!

where

^u j u&5
(u j ur~ j !

(r~ j !

wherer( j ) is calculated according to Eq.~13!. In Table I,
the values of average total fragment spin calculated us
Eq. ~22! (^S&calc) and the values experimentally determin
@21# (^S&expt

1 ) for five heavy ion systems are given. Withi
about 3\ units, the theoretical and experimental values are
agreement. This is somewhat a good agreement conside
the uncertainties in the parametersa, b, andMn . To illus-
trate the dependence of experimentally determined^S& on
these parameters,̂S&calc

2 52Mg values are also listed in
Table I.

The angular variation ofMg is another experimental ob
servation which theoretical models must address. Consp
ous features of the observed angular variation are that
change inMg as a function of the angle is small and esse
tially identical, for most of the systems. In the remaining p
of this section, we discuss some clues on this observat
developed in the premises of the present model.

In Sec. II B, it has been shown that for smaller values
K, the twisting and wriggling modes are excited with larg
probability. Among the two modes, the wriggling mode ha
dominant role and is the sole provider of perpendicular s
(Rwri) to the fragments. The final fragment spins origina
from the coupling of these modes and the tilting mode (K).
By following the method given in@18#, one can disentangle
the angular variation of̂K2&. Reference@18# predicts that
for a typical value ofK0

2 @Eq. ~4!# for the present systems
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FIG. 4. ~a!–~ j! Angular anisotropy versus bombarding energy for heavy ion induced fission reactions. The closed circles indi
experimental data from@10# and the plus signs indicate data from@15,42#. The lines show the result of various model calculations. T
continuous lines are calculated using the present model. The short dashed, dashed, and long dashed lines are calculated after sub
~6! ~Bond model!, Eq. ~5! ~Rossner model!, and Eq.~4! ~Freifelder model!, respectively, in Eq.~1!.
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^K2& will remain nearly a constant for a wide range of ang
around 90° and then will fall off rapidly near 0° and 180
The complementary variation of^Rwri

2 & can be obtained by
using the approximate relation̂j 2&5^Rwri

2 &1^K2&. This re-
lation implies that^Rwri

2 & will be nearly a constant for the
same angular range around 90°, and will increase nea
and 180°. Thus, the present model predicts definable ang
variation for the quanta of perpendicular and parallel ro
tions. The ratiô Rwri

2 &/^K2& will not vary for a wide range of
s

0°
lar
-

angles around 90° but will increase as 0° or 180° is
proached. A point to be noted here is that the increase of
above ratio near 0° and 180° will be much larger than
case if^Rwri

2 & is angle independent@21#. One can expect tha
this relative variation in spin components will be retained
the newborn fragments, and the neutron emission from
fragments will carry its signatures.

It is known that the neutrons emitted from the fragme
carry orbital angular momenta and impart equal and oppo
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angular momenta~recoil angular momental ) to the residual
fragments. If the component ofl along an axis perpendicula
to the symmetry axis~which passes through the center
mass of the fragment; one axis! l 1 is negative, then a part o
angular momentum arising from rotations perpendicular
the symmetry axis is removed from the fragment. Simila
if the component along the symmetry axis~three axis! l 3 is
negative, then a part of angular momentum arising from
intrinsic spin is removed from the fragment. For spheroi
fragmentsu l 1u can take larger values compared tou l 3u, since
for a given linear momentum distribution of the emitted ne
trons, the average length of the radius vector is larger w
measured relative to the one axis rather than the three a

Dietrich et al. @43# have worked out a simple semiclass
cal method to calculate thel 1 or l 3 distributions for any
arbitrary deformation. The basic principle of the method
the following. The probability for emission of a neutron ca
rying an orbital angular momentuml and its projection on
the rotation axisl i , is controlled by the transmission coeffi
cient w(e,l ,l i ,x) and the phase space factors. In the ar
ment list of the transmission coefficient,e, l , andl i represent
the energy, orbital angular momentum, and its project
along the rotation axisi of the emitted neutrons, respectivel
andx stands for all quantities not explicitly mentioned su
as mass, nuclear deformation, and direction in space
which the particles are emitted. We have calculatedl 1 andl 3
distribution using this prescription, for a typical spheroida
deformed fragment of mass number 115 and axis ratio 1:

Figure 6~a! shows the calculated transmission coefficie
as a function ofl 1 and l 3, for fixed values neutron energ
(e55 MeV) and recoil angular momentum (l 52\). The
presented values are normalized for the purpose of comp
son. Figure 6~b! shows the calculated transmission coe
cients, normalized after averaging over all possiblel values
with average transmission coefficientswl as weights, and
over all possible values ofe with neutron energy spectr
N(e) as weights. As expected, thel 3 distribution is consid-
erably narrower than thel 1 distribution.@In the above calcu-
lations,N(e) was obtained by assuming excitation energy
the fragment as 30 MeV. The average value of the transm
sion coefficientwl was calculated by averagingw(e,l ,l 1 ,x),
over allowedl 1 values. Figure 6~c! showswl as a function of
l for e55 MeV for the spheroidal and spherical shapes.#

From the above study on transmission coefficients
spheroidally deformed fragments, it may be noted that
neutrons can remove angular momentum more efficie

FIG. 5. Fragment angular anisotropy versus bombarding en
for the 4He1238U system. The symbolism and descriptions are
same as in Fig. 4. The experimental data are from@35#.
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from the perpendicular rotations. For a quantitative estim
of angular momentum removal, one has to consider the
of phase space which usually favor removal of angular m
mentum from large rotations. The present model pred
relatively large quanta of perpendicular rotations near 0°
180° for the spheroidal fragments.

The dynamics of the shape evolution of the newborn fr
ments from spheroidal to spherical shape also has to be t
into account in such calculations. It may be noted that
rotational energy associated with the perpendicular rotati
increases whereas the rotational energy associated with
intrinsic rotations decreases, as the fragment evolves f
initial spheroidal shape to spherical equilibrium shap
Therefore, the fragments may retain intrinsic angular m
mentum and give away perpendicular angular momentum
neutron emissions during the evolution. We intent to perfo
realistic calculations to quantitatively predictMg as a func-
tion of angle, by including the above mentioned effects
the angular momentum removal, in a future work. T
present study suggests that the angular dependence oMg
arises mainly from post scission particle emission charac
istics. If this is true, then the angular dependence ofMg will
be almost independent of the fissility of the system. T
experimental data@19–21# in fact show such a trend.

gy
e

FIG. 6. Transmission coefficients for neutrons emitted from
spherical and a spheroidal~axis ratio 1:1.9! nucleus ofA5115.
Case~a! corresponds to fixed value of neutron energye55 MeV
and recoil angular momentuml 52\. Case~b! is obtained after
averaging transmission coefficients over all possible values ofe and
l . Case~c! shows transmission coefficientswl as a function of recoil
angular momentuml , for e55 MeV.
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V. DISCUSSIONS

Models of statistical equilibrium at the scission point ha
been used for many aspects of particle induced fission s
as mass distribution, TKE distribution, fragment spin, ex
tation energy distributions, etc. However, for the fragme
angular distribution there have been some reservation
using the scission point model. One of the reasons could
that the formulas derived under certain reasonable assu
tions @4,8# yielded substantially higher values of anisotro
compared to the experimental data~see Fig. 4!. In Refs.
@4,8#, an expression for calculating the anisotropy is giv
for the case where the transition state configuration is
sumed to be touching spheroids which are not aligned. T
expression yielded anisotropy values somewhat in agreem
with the experimental data@8#. However, this expression wa
not favored since the physical nature of the transition s
configuration assumed is not realistic; one has to ass
nonaxial separation of the fragments such as in the cas
particle evaporation.

The fluctuationsin the values ofintrinsic spin of future
fragments at the prescission point~Sec. II B! deserves specia
attention in the context of the assumption made in@4,8# on
nonaxial separation of the fragments. What motivated s
an assumption is the requirement of relaxation of the con
tion on having fixed values of intrinsic spins of the fra
ments. In the present model, the fluctuations introduced
the twisting mode provide variation inK states automati-
cally. At the same time, there is no need for assuming n
axial nature for the prescission shape. This observation
parently broadens the definition of the term transition st
from that characterizes a one-dimensional process@1#. For a
related discussion see@44#.

The present model has the ability to treat the presciss
shape as a whole, and the density of levels at the prescis
point r(E* ,J,K) takes into account the orientation of th
deformed shape relative to the angular momentum vector@7#.
Unlike the previous models@4,8#, which assume that the sta
tistical equilibrium of the fission axis is decided by the pro
erties of fragments after the scission, the present mo
makes a more reasonable assumption@7,9# that this equilib-
rium is achieved at a stage prior to the final split. Althou
ordinary LDM predicts a steep saddle-to-scission landsca
there are many experimental results which suggest that
landscape is rather flat@45#, and in that sense, the prese
assumption of a quasiequilibrium point near scission may
justified.

Models of statistical equilibrium at the scission point c
be broadly classified according to the level of mixing
collective and single particle degrees of freedom. The
postulated by Fong@46# advocates strong mixing ofall de-
grees of freedom. The Ericson model for particle evapora
from a compound nucleus@47#, which is the basis of the
models presented in Refs.@4# and@8#, has an approach simi
lar to Fong’s model. No¨renberg’s model@48# has a different
approach, as it assumes a condition of intermediate mix
between the collective and single particle degrees of freed
as the system moves along the fission degree of freed
According to Nörenberg, the mixing among collective de
grees of freedom is expected to be stronger compared
that between collective and single particle degrees of fr
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dom. The scission point model of Wilkinset al. @49#, which
is based on the assumption of statistical equilibrium amo
collective degrees of freedom at the scission point, is sim
in many aspects to No¨renberg’s model. The present mod
also assumes a condition of intermediate mixing between
collective and single particle degrees of freedom, howeve
the prescission point.

The inclusion of the effects arising from the excitation
wriggling and twisting modes is the main factor responsi
for the improved angular distribution prediction by th
present model. The final fragment spins originate from
coupling of these modes and the tilting mode; therefore
high degree of correlation between the angular distribut
and final fragment spin distribution is expected. The go
agreement observed between the present model calcul
and the experimentally estimated average total fragment
~Table I! points towards this correlation. The finding of Og
haraet al. @50# that the angular momentum coupling betwe
the entrance and exit channels plays a decisive role on
angular distribution of the fragments is also in conform
with this expectation.

The present model can be extended for obtaining corr
tions between the angular anisotropy and specific exit ch
nel properties, by the combined use of the present presc
tion for angular distribution and the random neck ruptu
~RNR! model for the exit channel. Algorithms for the usag
of the RNR model are given in Ref.@29#. Let us consider the
mass-asymmetry angular-anisotropy correlation at first. If
fission channel calculation of the RNR model predicts o
one prescission shape for a fissioning system, then the a
cation of the present model without any further modificatio
will yield the same angular anisotropy for all mass spli
However, for some systems, if several prescission shape
predicted, then angular anisotropy should be calculated
properly weighting each prescission shape by the predic
branching ratios@29#. In such a case, a definite correlatio
between mass and anisotropy may emerge as a consequ
of different weights for the various prescission shapes wh
produce mass dispersion and the associated anisotro
Similarly, the correlation between fragment shell effects a
angular anisotropy can be studied, since one can asso
some magic numbers of the prescission nucleus in term
prescission shapes with the magic numbers of the fragm
@29#. Experimental studies have reported such correlatio
for examples, see Ref.@16# and Refs.@3–12# cited therein.

VI. CONCLUSIONS

We have developed a model for fission fragment angu
distributions, which assumes statistical equilibrium for t
tilting mode at the prescission point. The conditional eq
librium of the collective angular bearing modes at t
prescission point, which is guided mainly by their relaxati
times and population probabilities, has been taken into
count in the present model. This has brought in a hithe
neglected dependence of the population probability for
wriggling and twisting modes, on the tilting mode angul
momenta. It has been found that for the tilting angular m
mentum (K) values near zero, the wriggling and twistin
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mode contributions are maximum and asuKu is increased,
this contribution decreases. It has been suggested that
calculating the fragment angular distribution using the tr
sition state model, the phase space factor at the prescis
point ~transition state! should be calculated after subtractin
the rotational energy locked in these modes.

Present model calculations are in reasonable agreem
with the experimental angular anisotropy data for a w
variety of heavy and light ion induced fission reactions.
has been shown that the present model provides substan
improved predictions compared to the earlier scission p
models. Some discrepancies observed for few systems a
bombarding energies have been attributed to the presen
ep
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quasifission reactions. The present model also provide
consistent description of the average total fragment spins
timated from the experimentalMg data.
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