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Binding energy of double A hypernuclei in relativistic mean field theory
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We calculate the binding energy of twohyperons bound to a nuclear core within the relativistic mean field
(RMF) theory. The starting point is a two-body relativistic equation of the Breit type suggested by the RMF
theory, and corrected for the two-particle interaction. We evaluate the@rrelation energy and estimate the
contribution of thec* and® mesons, acting solely between hyperons, to the bond eneBgy, of fiAHe,
kOABe, and fAB. Predictions of theAB,, A dependence are made for heavidr hypernuclei.
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[. INTRODUCTION able grounds, since a sensible estimaté8f, , has impli-
cations on the calculations of mulli- systems within this
Double A hypernuclei, nuclear systems containing tho  model.

hyperons, have been retaining much intefé$tAs the only The RMF approach has been applied to hypernuclear sys-

observed example of a multiply strange system they give ugems containing various amounts of hyperasee for in-

a unigue opportunity to stud A interaction in nuclear me- stance[12—14). While the originalo-w model well repro-

dium and to test existing models of the baryon-baryon interduces spectra of singld hypernuclei(in particular, small

action. Moreover, studies df A hypernuclei are closely re- spin-orbit splitting its straightforward application to bound

lated to searches for th®= —2 dibaryon, known as the H systems with twoA particles failed. It has been found that

particle[2]. Up to now, only a few events have been identi- the o-w model cannot provide a sufficiently attractiveA

fied § ,He, 1%Be, 13 B) [3-5 indicating a strong attrac- interaction and, consequently, the binding energy of double-

tive AA interaction. The analysis of the data yields tha A hypernuclei is substantially underestimated. Considering

bond energyAB, ,~4—5 MeV, where the Lorentz-tensorA-w coupling [15], which allows for
stronger couplings oA to mesons, could lead to a stronger
AA interaction. Detailed calculations revealed, however,

AByA=Baa(112)—2BA(}'2) that stronger\-meson couplings do not necessarily result in
A1 A Ao a larger value ofAB,, [16]. Table | displays a typical ex-
=2M(y "2) =M\ D) —M (" Z), (1) ample of RMF results for coupling constant ratios

a,=0.r/9,8=1/3 and 2/3, compared to the empirical data.
Quite recently, Schaffneet al. [14] proposed to strengthen
B, andB,, being the binding energy ok and a pair of the AA binding by introducing an additiona Y interaction
A’s, respectively. mediated by two strange meso(salarc* and vectord)
Calculations o8, , have been performed in various non- that couple exclusively to hyperons. The coupling of hyper-
relativistic approachd$—11], by using effective interactions ons to theb mesons was assumed to satisfy the@Uela-
or G matrices together with cluster or three-body models tions, whereas the coupling t6* was fixed by fitting to the
fair list of early works is given if8]). In particular, theD

model of the Nijmegem A interactions was shown to yield _ TABLE . By, andaB,, (in 'YloeV) (see text for definitionof
results in good agreement with experiment. the doubleA hypernuclei, \He, 3 Be, and’,B. The RMF pre-
The purpose of the present work is to investigaA®, , dictions for the HS parametrizatig@7] with the coupling constant

within the relativistic mean fieldRMF) theory. To some a0 @,=8u1/9,n=1/3 (@) and a,=2/3 (b) are compared with
extent, this theory is less appropriate than three-body calcu.}be experimental values]

lations to the problem oAB,,, since it replaces the basic
two-body interactions by coupling to meson fields. However,
our aim is to study the possibility to put the RMF on reason-

Baa ABpx
(a (b) exp. (a) (b) exp.

¢ \He 48 53 109406 08 05 4%06

.Be 14.8 151 17704 11 06 4304
*Unité de Recherche des UniversitParis 11 et Paris 6 Assoeie 1B 235 231 27%07 10 04 4807
au CNRS.
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TABLE Il. Comparison ofAS (in MeV) [see Eq.(2) for defi- Il. THE MODEL
nition] calculated within the RMF model for the HS parametrization

[27] with the experimental valud47] for selected nuclei. A starting point to describe the relativistic system of two

interacting particles inside the nuclear medium would be ei-
180 30g; 3BAr 2ca 92y 210pp, ther the covariant Bethe-Salpeter equalfi®8] or the mani-
festly covariant formalism with constrainf20]. However,
RMF 055 021 029 027 013 0.11  due to the complexity of these approaches, most of the works
exp. 390 214 3.05 3.12 144 125 related to this subject are based on the phenomenological
equal-time two-body Dirac equatid21-24. Although not
fully covariant, it has proved very useful in understanding
estimated potential well depth for the hyperon in a me- two-electron atoms and two-quark systems. We will there-
dium of otherA hyperonsU{"~20 MeV. The improved fore adopt this approach here, as well.

RMF model @+w+o*+®) increases the value In order to write down the Dirac equation for two par-
AB4 (8 \He) to about 3 MeM{from the original<1 MeV). ticleg in a hypernucleus, we consider these two hyperons
It is clear, however, that the discrepancy between the caloving in the scalar ¢) and vector () mean fields
culated and empirical values &fB, , cannot be attributed Prought about by the nucleons. In addition, the hyperons
entirely to the missing meson exchanges between the twihteract with each other. Let us suppose that the interaction is

hyperons. To support this argument, we display in Table 1| Mediated by the exchange of the scalar,] and vector
(wpa) mesongfor simplicity, we neglect all the other pos-

sible meson exchangedn accordance with the above as-
AS=S5;,- 25, (2 sumptions the time-independent Dirac equation we propose,
neglecting retardation effects, has the following form:

calculated for ordinary nuclei with two nucleons outside a
spherical core. Herg, (S,,) is the separation energy of the
nucleon(two nucleons (Note that unlike the binding ener-
giesB in case of hypernuclei, separation enerdiesre used

in nuclear mass tabld47].) The RMF results are compared ..
to the experimental dafd 7]. The model again fails to give =2E,pa(r1,ra), (3
the observedAS. In this case, possible additional mesons R R )

would have to be introduced from the beginnifiift to  where 3 (r;)=34(r;)+ Bi2o(r;) represents the self-energy
nuclear matter dajaand thus are not expected to change theof a A particle due to its interaction with the nucleon fields.
results. Comparing the RMF and experimental values fronThe scalar <) and timelike part of the vector interaction
Table Il it is reasonable to expect a sizable contribution tos, ) are given by Sq(r;)=g,.o(r;) and So(r;)
AB,, coming from other effects neglected in the mean field_

S . =g,1@o(r}), respectively> s, andS,, are the scalar and
apprOX|mat|or{18]. "." the present wo'rk, we aim to develop timelike vector self-energies of thé particles due to their
a simple model, which allows us to include the t#oeor-

relation energy. This is a first step towards estimating Whapwutu?l interaction. In terms af, andwo, fields, they read

fraction is left for the contribution fromo* and® mesons. 2sA(T1:72)=oa0a(r1,12), oa(r1,F2)=gur@on(r1,r2)-
In this way, we are able to extract information about theirFinally, ¢,(rq,r) is a 16-component spinglabeled by two
couplings to theA hyperon. indices, representing the twd- state.a; andg; (i=1,2) are
It has to be stressed that the present work negladds the Dirac matrices acting on théh spinor index. The fields
correlations, which could lower the coupling constants ands(r) and wy(r) fulfill the Klein-Gordon equations with the
thus affect theA A correlation energy. Similarly, the lack of nuclear scalar and vector densities as the source terms
spin dependence of the-nucleus potential derived from the
RMF may be of importance. We will address these questions

{—ia;-Vi—iay Vot By Ma+3(r) ]+ B[ My +3(rp)]

+B1B23sn(F1,F2) +Soa(re, FZ)}(PA(Fl T2)

in Sec. ll, where we show on simple estimates that the (A_mfzr)(f:goi;l:N eni(M)eni(r), 4
present model yields a reasonable limit to th& correlation ’
energy.

The model used in our study is described in the following (A-m2)wo=—0, > oni(Nyoeni(r). (5)
section. In Sec. lll, we present results of the calculations. We i=1N

show that the correlation energy between tWé is very

sensitive to the RMF parametrization used. Though for quarldere, the spinor@Ni(F) represent the one-nucleon states.
model inspired values ok couplings the correlation energy  As stated above, each particle in addition moves in the
contributes substantally tAB, , it is not sufficient to ac- o, and wg, fields whose source is the second hyperon. In
count for the empirical values. Indeed, extra meson exthe approximation of heavy, static baryons the corresponding

changes proposed by Schaffretral, specific to the hyperon  Kiein-Gordon equations fowr, and wg, acquire the form
(A) sector are required. Taking the @) value for thed A

coupling constantgg, we determine thes* A coupling (A—m§)0A=ggA5(F1—Fz)y (6)
0.+ A by fitting the experimental data from observed hy-

pernuclei. Predictions are then made f®B,, in heavier ) - -

hypernuclear systems. Conclusions are drawn in Sec. IV. (A=mM) wor= =0, 0(r1— ). )
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If the AA interaction is neglected the Dirac equatidn

reduces to two identical Dirac equations, each being equivaand (7)] give

lent to the mean field approximation for /& particle in a
hypernucleus.

To proceed further we express the twospinor in terms
of its four large ¢,), eight medium ¢,, 9,), and four
small (y,) component$22,23:

A
Oa
If @, from Eq.(8) is brought into the Dirac equatig8) and

the componentg, , J,, andy, are eliminated, the follow-
ing equation for the componenis, is obtained:

Lo\
XA

-

Pp(ry,rp)=

>

8

I 1 . o I 1 . o -
—01-Vi——=01-V1—0,-Vy—=—0,-V,+24(r)
1A 2A

+3(ro) +30(r1) +3o(r2) +Sgp(r)

+30a(N) [A(r1,T2) =225 (11,T2), (9)

where M\ =Ef+MF -3 +2gy, With EF=E,—3(r}),
M¥=M,+3r;), ex=E,—M,, andr is the relative dis-
tance between twd. particles,r =|r;—r,|.

Equation(9) for ¢ (ry,r>) is still rather complicated be-
causeM;, depends orr; andr,. We simplify the solution
by neglecting the radial dependence M\‘A and replacing
1/M,, by the ground state expectation val®M,). This

approximation leads to neglecting the spin-orbit interaction
and terms that renormalize somewhat the central potential.

However, since the spin-orbit interaction is very small for
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Theo, andw, exchanges betweek hyperondEgs.(6)
rise to an effective A-A potential

U(r)=Sg\(r) +3oa(r) (r=|r;—r,]) which reduces to a
difference of two Yukawa forms:

9oy e M
4o r

gon €M
U(N)=S gy (N +Son(1) =~ 5 —

+
(11)

The above two approximations lead to the following replace-
ment in the Schidinger-like equatior(10):

ES(F1)+ES(F2)+20(F1)+EO(F2)+ESA(r)+EOA(r)

—V(ry,r ) =W(r)+W(ry)+U(r). (12

In fact, the oscillator depthVy and its frequency» were
not determined by fitingV/(r;) to S¢(r;)+3o(r;) but di-
rectly fitted to the experimental energy spectrum of the par-
ticular A hypernucleus. The two coupling constagts, and
g, from Eq. (11) were chosen to reproduce the spectro-
scopic data in the relativistic mean field formali$@6], as
accurately as possible, in the whole ensemble of single-
hypernuclei known. With the above determined parameters,
Eq. (10) allows us to estimate the correlation energy of the
two hyperons, which is neglected in the mean field approxi-
mation.

Parametrizing theA self-energiesS (r;)+3o(r;) in
terms of HO potentials enables us to express the equation of
motion (10) in Jacobi coordinatesR, r):

1

V2

R - -
r1=—2(R+r); ro (R=r),

2

the A hyperon this does not represent a serious drawbacl@nd to separate the center-of-mass coordinates from the rela-

The resulting(Schralinger-type equation fory, is then
=2

e

M,
+30(r2) +Zp (1) +ZpA(r)

1
2M,

>€§+ES(F1)+ES(F2)+EO(F1)

NGERD)

= e\ hp(r1,12). (10

Although at this stage, Eq10) can be solved by expanding

#A(r1,7,) in a convenient basis, it is still tedious enough
that it is useful to look for further simplifications.

The A particle in a hypernucleus spends most of its time

in a high density region, where the potenﬁ‘ag(Fi)+Eo(Fi)

tive ones. After straightforward manipulations the former
equation(10) transforms into the following two equations:

P2 1

2yt Mo R®+2W, | yr(R)=Eryr(R), (13
52 1 2,2
2my T 2Me T U2 () =Erin(r), (14

where P, p are the Jacobi impulse operators and
myt=(1M ).

If the harmonic oscillator parameters are fitted to eigen-
values of a single\ hypernucleus(taken either from RMF
or from experimentisthese two coupled equations yield a
first approximation to the two A binding energy
B,ar=—(Ert+E,). The correct value has to include at least

can be approximated rather accurately by a spherical hagyg corrections: a modification of the harmonic oscillator

monic oscillator W(r;) = —W,+ 1/2M , w?r? [25]. Conse-

parameters due to the additional and the increase of the

quently, we shall use both that the RMF reproduces the hyeore energy, the so-called rearrangement energy.

pernuclear spectra with a great accurg2g] and that the
potential seen by thd is very close to the harmonic oscil-
lator to get a practical solution of E410). Note that very

The rearrangement energy can be estimated in the RMF
approximation as a difference between theigenvalue and
binding energy

similar approximations have been used in nonrelativistic cal-

culations.

AEcoe= —Ep—By. (15
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TABLE lll. The parametrizations used in this work. Meson TABLE IV. AB,, (in MeV) for the o-w model with the pa-
masses(in MeV) and meson-nucleon coupling constants wererametrizations of Table Ill as a function of the mass number.
adopted from Refd.27] (HS) and[28] (L1 and L3. Two setgde-
noted by(a) and(b)] of the coupling ratiosy;=g;, /gin (i=0, ) He Be B (0] Ca Zr Pb
are presented, as well.

HS
M O Mo O «, (@ 096 093 091 078 055 043 020

(b) 182 1.69 160 141 101 079 038
@ (a,=1/3) (b)(@,=2/3) |1

HS 520.0 10.481 783.0 13.814 0.342 0623 @ 078 076 074 063 044 034 016
L1 550.0 10.30 783.0 12.60 0.334 0607 122 113 107 094 067 053 025
L3 492.26 10.692 780.0 14.8705  0.341 0624 L3

@ 1.05 1.02 0.99 0.86 0.61 0.48 0.23
(b) 2.33 2.17 2.05 1.82 131 1.04 0.51
The modification of the harmonic oscillator parameters due

to the secondA can be neglected as it is expected to be(,) \whereas the value of 2/3 is predicted by the constituent
negligible in comparison with the aboveEcoe. This is be-  quark model, 1/3 ratio was widely used in the pioneering
cause, whereas all the core particles contributéEBe,  RMF hypernuclear calculations. The correspondingwas
only the added\ is affected by the change of the harmonic then chosen to fit the hypernuclear spef29]. The ratiose;
oscillator parameters. are included in the list of parameters in Table IlI, as well.
Furthermore, one can expect that the rearrangement en- The AB,, corresponding to the different parametriza-
ergy of the twoA hypernucleus is approximately twice the tions of Table Ill are displayed in Table IV. The results
one of the single\ hypernucleus. Consequently, we obtain indicate thatAB, , depends on the model used. The values
of AB,, are larger for lower values ah, as predicted. In
AB\p=Bjr—2By=—(ErtE,)+ER+E(U=0) addition,AB, , is quite sensitive to the coupling raties, .
B _ Whereas fora,,= 1/3 there is hardly any improvement over
=E(U=0)-E. 18 the RMF values, 0.5-1.0 MeV is gained with,= 2/3.

_ ) _ The results of Table IV indicate also that including the
The alternative and equivalent way to determir,, iS 10 ¢ relation energy from the- and w exchange, though siz-
fit the harmonic oscillator parameters in such a way that the,j 1o in the case ofr =2/3. cannot by itself account for
[0} i)

A binding energyB,=—3[Eg+E,(U=0)] in the corre-  empirical 4.5 MeV of theAB, , in light hypernuclei. Note
sponding hypernucleus reproduces the empirical binding erthat the results of Table 1V, for light nuclei, cannot be com-
ergies. NowB, immediately incorporateAE.,, and simi-  pared directly to those of Table | on a quantitative level,
larly By,=—(Er+E;) includes the rearrangement of the because of small differences used in each calculation. Quali-
core caused by the twa particles=2AE_,.. As a result, tatively, however, the strong dependence of the correlation

relation (16) is fulfilled again. energy on the strength of the coupling and its large inci-
dence oMAB, , for 2/3 can be taken for granted. Therefore,
IIl. THE RESULTS according to the chosen parametrization, at least half of the

_ . _ ~ empiricalAB, 4 has to come from “new” meson exchanges
The model presented in the previous section was applieghat are not included in the original versions of RMF models.

to calculation ofAB, , for the following sample of doublé& In order to investigate the range of coupling constants
hypernuclei:§ \He, 13Be, B, 20, 14Ca, 32, and needed to bring the calculatesiB, , into agreement with
3%Pb, which includes the measured cases. experiments, we followed the work of Schaffretral. [14]

Fitting the HO parameteréw and W, requires two ex- and assumed scalar* and vectord meson fields. We ad-
perimental values. Starting fror’C they are given by the dopted their meson masses, namely,. =975.0 MeV and
1s and Ip A binding energies. For the three lightest ele-mg=1020.0 MeV, respectively. Similarly thé@ coupling is
ments, where the d level is unbound, we extrapolated the taken from the S(B) relations, ap=0¢ps/Jun=— J213.
sp splitting from the C and O region. Contrary to their work, ther* coupling is considered as a

We used three different RMF models, namely, the HSfree parameter to be fitted to the empirical valuea\&, , .
model of Horowitz and Serd®7], and models L1 and L3 of Since ¢* and ® act only between twao\’s, they simply
Lee et al. [28]. The masses and meson-nucleon couplingnodify the potentialJ(r) to be used in Eq(14).
constants ofc and w mesons are presented in Table Ill.  The calculatedAB,, as a function ofw,~ are presented
Different parametrizations allowed us to study the depenin Fig. 1 for § \He, 1 Be, and}3 B. Use is made of the HS
dence ofAB,, on the mass of the mesonm,.. One would  parametrization of the RMF, which stands roughly in be-

expect that the smaller values of; (t.e., model L3 will tween the two other casés andL 5 as for the magnitude of
give larger correlation energy and consequently largethe predictedAB,, . The two sets of curves corresponding
ABj, - to a,= 1/3 and 2/3 intercept the domain defined by the

The couplings of the\ hyperon to the meson fields are experimental values ak,~ around 0.71 and 0.79, respec-
often defined via  coupling constant  ratios tively. In view of the large experimental errof§able |
ai=0ir/0in, 1=0, w. For each of the above RMF param- these values are only approximates. Nevertheless, it means
etrizations we used two coupling raties,=1/3 (a) and 2/3  that in spite of the correlation effects taken into account,
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77+ rT7T T T T T T We shall end this section by discussing two effects which
s 3 could qualitatively affect the present conclusions. The first
1 ; one concerns the spin dependence of thA potential.
Whereas the twa\ are in a singlet state, the actual determi-
nation of theA coupling constants relies on theN spin
average. In other words, th& A interaction is somewhat
underestimated, the singlet potential being known to be more
3 attractive than the triplet one.
In order to get an idea of how much this effect influences
3 the value of the coupling constants, we compared the singlet
and triplet effective YNG interactions of Yamamoto and
Bando[30]. The ratio of their strengths was then used to
determinevgr’:‘glet from the spin averag®¥*N RMF interac-
tion. We left the vector coupling unchanged and modified the
scalar coupling constant. The resultiag relevant for the
singlet state increased by 2.8 and 4.3%dqr=2/3 and 1/3,
respectively.
The second effect is acting in the opposite direction;
namely, the AN interaction determined from hypernuclei
FIG. 1. AB,, for § ,He (dotted ling, 1% Be (dashed ling and ~ contains implicit correlations, whereas the estimate of the
13 B (solid line) as a function of the coupling ratia,. calculated A A correlation energy should rely on the bare potential. This
for two differentA-w coupling ratios &,=1/3 and 2/3 using the  last should be determined from the RMF interaction by un-
HS parametrization. The horizontal dotted lines indicate the spreadolding with an appropriaté\ N correlation function.
ing of experimental values without errofsee Table)l To obtain at least a rough estimate of the effect we used
the correlation function of Pareret al. [31] and folded the
which reduce the short range repulsion effect, the largedd(r) interaction entering Eq14). The a,, coupling constant
repulsivea,, implies the largest attractive .« coupling. ratio appearing inJ(r) is then decreased in order to get
Having fixeda,« we performed the calculations for the exactly the same eigenvalue of E¢4) as before. We deter-
set of doubleA hypernuclei mentioned above. It provides us mine in this way the bare scalar coupling conspt while
with the prediction of theA dependence aAB,,. The re-  «, Iis kept unchanged. This procedure ends in a decrease of
sults are displayed in Fig. 2. We observed a decrease of the, by 6.3 and 1.7% for, = 2/3 and 1/3, respectively. These
bond energy withA which is roughly the one predicted by a results have been confirmed by a second estimate based on a
crude perturbative estimate of the\ interaction. This result ~correlation function constructed from the approach described
confirms recent calculations by Lanskeyal.[11], based on in [32], which leads to even slightly lower values.
a Skyrme-Hartree-Fock approach, which show a comparable Adding the two effects we conclude that they tend to can-
decrease oAB, , with A. cel each other to a large extent. Consequently the RMF cou-
pling constants might change up to 4%. The uncertainty in
g —— the results of Table IV due to the neglecting of these two
C ] effects are well within the approximations used in the present
i model.

salaa sl

0.9

] IV. CONCLUSIONS

] This paper is devoted to the binding energy of douhle
| hypernuclei, more precisely to the bond enedyB,, as
defined by Eq(1). We show that within the relativistic mean
] field approach, part of this energy is provided by the short
1 range correlation, the remaining being due to the exchange
of o* and ® mesons between the tw&’s. The balance
between the two effects depends sensitively on the coupling
of the A to the o field. Whereas for a coupling constant
a,=1/3 the correlation effects are not very efficient, they
become sizable at higher values, doubling the RMF results
0 b e for a,=2/3.
1/3 The present results have been obtained by reducing a rela-
A tivistic two-body equation of the Breit type to a ScHinger
FIG. 2. AB,, as a function ofA calculated within HS param- €quation. Furthermore, advantage has been taken of the fact
etrization for two differentA-w coupling ratios:a,=1/3 (dashed  that the average potential experienced by Ahi a nucleus
line) and «,=2/3 (solid line). Experimental values are also dis- iS very close to a harmonic oscillator potential. In this way
played. the calculations are considerably simplified.
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Although more sophisticated calculations are desirable, We remind the reader that the RMF theory cannot com-
they are not expected to change the present results, at leastpatte with more elaborate three-bo@yjuste)p calculations of
a semiquantitative level. We recall that for reasons stated inB, , . In particular for such a light system %AHE- its

the Introduction our estimate is an upper limit to theA  gppjication is questionable. In view of extensions to malti-

correlation energy. _ ) systems, however, it is important to check the constraints it
We found that, according to the-A coupling, at least pings on the coupling of tha to the various meson fields.

half of AB,, arises from the meson exchanges specific tqp, thjs respect, it would be very desirable to obtain experi-

the AA interaction. In such a case one may suspect the ainental data for heavier nuclear cores than those actually
gument advocated in the Introduction, stating that for ordi-yyaijaple.

nary nucleiAS is essentially due to correlation effects. Ac-
tually, it is very easy to get convinced from toy models that
the gain in binding energy coming from the short-range two
body correlation is dominated by the repulsiwefield. In-
deed, assuming,=1. AB,, gets close to 3.5 MeV. Thus, J.M. is thankful for the hospitality of the Division of The-
the difference between th& and the nucleon case reflects oretical Physics, IPN Orsay. J.M. would also like to ac-
the strength of their coupling to the field. knowledge support from GACR Grant No. 202 0442.
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