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Efimov effect in the nuclear halo 14Be nucleus

I. Mazumdar and V. S. Bhasin
Department of Physics and Astrophysics, University of Delhi, Delhi-110007, India

~Received 14 March 1997!

The Efimov effect in the halo nucleus14Be, considered as a three-body~n-n- 12Be! system, is studied
employing separable potential for the binary systems. Assuming a possibility for the existence of a low lying
s-orbital state for the halo neutrons with12Be as core, we investigate its effect on the possibility of occurrence
of the Efimov states by computing the three-body integral equations. A virtual state of 2 to 4 keV for then-
12Be binary system predicts not only the ground state energy for14Be, which is in reasonable agreement with
the experimental value, but also shows excited states close to about zero binding energy for the halo neutrons.
@S0556-2813~97!50107-5#

PACS number~s!: 21.45.1v, 21.10.Dr, 21.60.Gx, 27.20.1n
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The discovery of neutron rich isotopes of the lightest
ements on the neutron dripline exhibiting a halo structure
opened up new vistas in research activities. The novel st
tural features associated with the halo phenomena have
the subject for extensive theoretical and experimental inv
tigations in recent times@1#. From a purely phenomenolog
cal standpoint, it is now generally recognized that simple f
body cluster models provide a natural premises to acco
largely for the structural properties of nuclear halos. In
case of two neutron halos, these nuclei, characterized
large spatial extension and very low separation energy of
neutrons, may well be regarded as three-body systems w
are ideally suited for studying the Efimov effect@2#. The
conditions for the occurrence of Efimov states in two neut
halos have recently been investigated@3,4# employing the
Faddeev equations in coordinate space. It has thus b
pointed out that the obvious place to look for the Efim
states is among the halo nuclei with the outer neutrons in
sd shells. One of the promising candidates to investigate
the possible occurrence of Efimov states is the halo14Be
nucleus.

Some time ago we proposed a three-body model emp
ing two-body separable potential to study the structural pr
erties of 11Li nucleus@5# ~henceforth referred to as@A#!. The
results on two neutron separation energy, the momentum
tributions of the cluster9Li and of the halo neutrons as we
as the root-mean-square separations ofn-n andn- 9Li pairs
within the nucleus were quite satisfactory.

In the present Rapid Communication, we extend t
three-body model to investigate the Efimov effect in t
nucleus14Be. For the neutron-neutron and neutron-12Be bi-
nary subsystems, we assume thes-state interaction. As far
then-n pair, the separable potential

vnn52
ln

2mnn
g~pnn!g~pnn8 !, g~p!5
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~1!

is known to reproduce the low-energy scattering data rea
ably well. Thus for instance, the strength parameterln5
18.6a3, b55.8a ~wherea is the deuteron binding energ
parameter;a2/m52.225 MeV! yields the value of the1s0
scattering lengthann5223.69 fm and that of the effective
560556-2813/97/56~1!/5~3!/$10.00
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range r nn52.32 fm. In the present analysis, we keep t
parameters of then-n potential fixed. However, for the
n- 12Be potential

vnc52
lc

2mnc
f ~pnc! f ~pnc8 !, f ~p!5

1

~p2 1 b1
2!

~2!

we allow the parameterslc andb1 to vary so as to obtain
different sets, producing virtual and bound two-body syste
near zero energy. Here it is worth pointing out that wh
there is an experimental evidence for a narrow peak
13Be corresponding to a52

1 ~l52! resonance unbound b
more than 2 MeV@6#, a strong possibility for the existence o
a low lying s-orbital state which could have been difficult t
identify experimentally cannot be ruled out. To explore t
consequences of considering such an intruder state in
context of studying14Be as a three-body system, partic
larly, looking for its effect on the possibility of Efimov
states, is the main motivation of the present work.

The basic structure of the three-body equation in terms
the spectator functions,F(p) andG(p), of the 12Be core and
of the halo neutron satisfying the coupled integral equati
is essentially the same as given in@A# @cf. Eqs.~13! and~14!
and the details given therein#. However, for the purpose o
studying the sensitive computational details of the Efim
effect, we here recast these equations involving only dim
sionless quantities. Thus, by defining

tn
21~p!F~p![f~p! and tc

21~p!G~p![x~p! , ~3!

where tn
21~p!5mn

212Fb r S b r1Ap2

2a
1e3D 2G21

,

~4!

and tc
21~p!5mc

2122aF11A2aS p24c1e3D G22

, ~5!

and wheremn5p2ln /b1
3 andmc5p2lc/2ab1

3 are now the
dimensionless strength parameters. We reduce the
coupled equations into one integral equation forx(pW ) by
R5 © 1997 The American Physical Society
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substituting Eq.~13! into Eq.~14! ~of Ref. @A#! and using the
definition ~3! for f(p) andx(p) given above. Thus

l ix~pW !5E dqWk3~pW ,qW ,e!tc~qW !x~qW !12E E dqWdqW 8k2

3~pW ,qW ,e!tn~qW !k1~qW ,qW 8,e!tc~qW 8!x~qW 8! , ~6!

where the kernelsk1, k2 , andk3 are the same as given in@A#
@of Eq. ~15!# except that the variablesp, q, etc., are now
dimensionless quantities;p/b1→p andq/b1→q, and

2
mE

b1
2 [e3 , b r5

b

b1
. ~7!

The integral Eq.~6! is the eigenvalue equation inl i . After
having performed the angular integration over the vectorqW
andqW 8 and having properly symmetrized the final kernel, w
compute the above integral equation as an eigenvalue e
tion in l i . In fact by feeding the parameters of the bina
systems, i.e., forn-n and n-c potentials in the right-hand
side of Eq.~6!, we seek the solution of the above equati
for the three-body energy parametere3 when the eigenvalue
l i approaches to 1, accurate to at least four decimal pla
Here it may be pointed out that the factorstn andtc defined
above through Eq.~4! and Eq.~5! are quite sensitive particu
larly when the scattering lengths of the binary systems
infinitely large values. In fact, these factors blow up as
variablep→0 and the three-body energy parametere3 ap-
proaches extremely small values. This necessitates, from
computational point of view, a rather large size of the thr
body matrix with double precision so as to minimize t
possible truncation errors.

Table I summarizes the results for the14Be ground and
excited states three-body energy as a result of different t
body input parameters. Keeping the range parameterb1
55.0a as fixed, we vary the strength parameterl1 to pro-
duce virtualn- 12Be states at energies varying from 50 ke
to 0.01 keV. The corresponding values of the scatter

TABLE I. 14Be ground and excited states three-body energy
different two-body input parameters.

n-12Be Energy l1 as e0 e1 e2
keV fm keV keV keV

50 11.71 221 1350

5.8 12.32 261.6 1408 .053

2 12.46 2105 1450 2.56 0.061

1 12.52 2149 1456 3.8 0.22

0.1 12.62 2483 1488 6.1 0.62

0.05 12.63 2658 1490 6.4 0.68

0.01 12.65 21491 1490 6.9 0.72
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length range from221.0 fm to21491.0 fm. We observe tha
at 50 keV virtual state@7#, the three-body binding energy fo
14Be, as obtained from Eq.~6!, is 1350 keV which is exactly
the experimental value of the two neutron separation ene
However, this two-body potential does not reproduce a
excited state for 14Be. As the virtual state energy o
n-12Be system is decreased, we not only get the ground s
energy, but also the excited state energy for the14Be system.
In fact the first excited state appears when then-12Be virtual
state is about 4 keV. At 2 keV virtual state, the second
cited state at about 0.06 keV appears for14Be. We have also
considered here the possibility of assuming a nearly z
energyn-12Be bound state. This yields a little higher bindin
energy for the14Be ground as well as excited states.

In Fig. 1 we give a plot of three-body energy vs the tw
body scattering length~actually, lnuasu) for the n-12Be sys-
tem. While the lower curve corresponds to the virtu
n-12Be states and reproduces the two neutron separation
ergy on the lower side, the upper curve corresponds to hig
separation energy directly proportional to the two-bo
bound state energy. To depict the behavior of the three-b
energy, lying in the range from zero to 2.0 keV, vs the tw
body scattering length, we use a different scale for the
ergy and show the plot in Fig. 1~a!.

To summarize, the present analysis makes it amply c
that as the virtual state energy of the binaryn-12Be sub-
system approaches zero, the resulting three-body sys
starts swelling and enters into the regime of Efimov effe

r

FIG. 1. Plot of three-body energy vs the two-body scatter
length~actually, lnuasu! for then-12Be system.~a! shows the behav-
ior of the three-body energy lying in the range from zero to 2 k
and the bottom~b! shows the behavior in higher-energy region~see
text!.
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Even a virtual state of a few~2–4 keV! energy correspond
ing to the scattering length from250 fm to 2100 fm pre-
dicts not only the ground state energy, which is in reasona
agreement with the experimental value, but also shows
cited states close to about zero binding energy for the h
neutrons. To establish the existence of a low-lyings-orbital
n-12Be virtual state in13Be near zero energy may be a d
ficult task from the experimental point of view, but, neve
u
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theless, must be challenging from the point of view of see
the Efimov states as physical reality in halo nuclei.
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@7# The virtual state energy, say, 50 keV forn-12Be system has
been defined here by correlating with the value of the scat
ing length, i.e.,ks5u1/asu. ThusEs5\2ks

2/2m, wherem is the
reduced mass of then-12Be system.


