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Unified description of collective nuclei with the interacting boson model
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It was recently demonstrated that the empirical linear correlation ofE(41
1) with E(21

1) is reproduced by the
interacting boson model 1~IBA-1! if a constant value for the coefficientk of the Q•Q term is used. This
constancy motivates the present investigation of whether it is possible to find sets of IBA-1 parameters, with
fixed k, that reproduce the data for a more general set of observables and a wide range of nuclei. A consistent
procedure, based on contour plots of key observables, was used to extracte and x values for 145 nuclei
spanning theZ 5 50–82 shell, which give reasonable overall agreement with the data with smoothly varying
parameters. The constantk constraint sometimes leads to parameter values different than normal: finitee
values (; 0.1 MeV! even for rotational nuclei and largex values for transitional and vibrational nuclei that
even increase towards the vibrational region. Finally, a systematic correlation ofe values withE(21

1) was
found. @S0556-2813~97!04808-5#

PACS number~s!: 21.10.Re, 21.60.Fw, 27.60.1j, 27.70.1q
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I. INTRODUCTION

Countless interacting boson approximation~IBA ! calcula-
tions have been done over the last 20 years, and the m
@1# has proved to be a valuable interpretive and predic
aid in understanding nuclear structure and its evolution a
function of N, Z, andA. The model has entered the lexico
of standard approaches to nuclear structure.

Recently, it was found that all collective~but nonrota-
tional! medium mass and heavy nuclei display a remarka
compact linear correlation of yrast energies withE(21

1) @2#.
In particular,E(41

1) values are linear withE(21
1) with an

empirically fit slope of 2.006 0.02. IBA-1 calculations re-
produce this linearity with an extremely broad range of p
rameters provided that the coefficientk of the Q•Q term in
the Hamiltonian is kept constant@3#. ~The magnitude of this
constant determines the intercept of the linear correlat
For nuclei in the entire regionZ 5 38–82, the empirical
value of the intercept is 0.166 0.01 MeV, which requires
k 5 0.0326 0.002 MeV.!

There is, of course, noa priori requirement thatk be
constant. The same linear correlation could also be re
duced, nucleus by nucleus, by simultaneously adjustingk,
e, andx, in the IBA Hamiltonian. However, this is far mor
complicated than the simpleAnsatzof constantk, in which
case the linearity becomes virtually automatic and nearly
rameter independent.

Historically, IBA calculations for collective nuclei hav
adjusted the parameters to fit each nucleus with no spe
constraints. As a consequence, a variety ofk values have
been invoked. The reproduction of the empirical yrast ene
correlation mentioned above by the IBA, and the recent a
lytic interpretation of this result in terms of a simple phon
excitation scheme@4#, suggests that it would be worthwhil
to revisit IBA calculations for collective nuclei within th
560556-2813/97/56~2!/829~10!/$10.00
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framework of a constantk Ansatzto determine if it is pos-
sible to reproduce the properties~including nonyrast excita-
tions! of these nuclei with such a constraint: that is, to det
mine if satisfactorye andx values exist for constantk that
give fits to the data, comparable to those obtained previou
and, if so, to determine whether thesee andx values vary in
a smooth and reasonable way withN and Z across a broad
region of the nuclear chart. To further expand the scope
this investigation and to test the generality of a constank
perspective, we have also included rotational nuclei in t
study of all collective nuclei withZ 5 50–82.

There is a secondary point to this study. Traditional
IBA calculations have usually been carried out either
individual nuclei or for sequences of related nuclei~e.g., iso-
topic chains!. Different studies used different prescription
and approaches to the choices of parameters, ranging
simplifying Ansätzebased on external arguments, either ph
nomenological or microscopic, to multiparameter lea
squares fits. It would clearly be of interest to apply a cons
tent set of criteria to a broad range~in mass and structure! of
nuclei so that the parameters are determined within a con
tent framework.

The usefulness and philosophy of such an approach
fourfold. First, such parameters would provide gross pred
tions of the structure of virtually any nucleus. Such pred
tions have many uses in themselves, ranging from und
standing the evolution of structure to providing input f
astrophysical network calculations. Second, such predict
give useful guides to poorly studied nuclei that can be he
ful in designing future experiments. An obvious case
point, of current interest, is in new nuclei that will becom
accessible with radioactive nuclear beams~RNB’s!. It is
likely that the first RNB experiments in a new region w
obtain only the most rudimentary data. Whether or not m
thorough experiments are warranted, and how best to de
829 © 1997 The American Physical Society



ird
ts
re

t
va
et

t o
th
c-

at
ac

an

a

ble

830 56W.-T. CHOU, N. V. ZAMFIR, AND R. F. CASTEN
them, can be aided by standardized IBA calculations. Th
such parameter sets can also serve as good starting poin
more detailed fits to individual nuclei to test the IBA mo
stringently. Fourth, owing to the use of a constantk Ansatz,
the parameter sets and the variations in parameter values
we obtain can be easily compared with microscopic deri
tions of the model parameters and, thereby, can help to b
understand the underlying rationale for the model.

It is therefore our purpose in this paper to apply a se
standard criteria for IBA-1 calculations, expressed in
form of contour plots of predictions for various key colle
tive observables, as a function of two parameterse andx to
a large body of nuclei fromA ; 120 to 200—specifically, all
collective even-even nuclei (R4/2> 2.0! with Z554–78 and
N>66, with boson numberNB 5 4–16. In all, 145 nuclei are
included in this survey. The data are from the Nuclear D
Sheets with a cutoff date at the end of 1996. For e
nucleus two to six such contour plots are used~depending on
the amount and quality of the data available!. A similar
method has recently been used, but with different goals
criteria, by Harder and Tang@5#.

II. METHOD AND RESULTS

It is well known that a few key observables give a re
sonable overall perspective on the~low-spin! structure of a

FIG. 1. Contour plots of different observables in the (x,e) plane
for NB58. The theoretical values are indicated on the curves~the
energies are in MeV!. The experimental values of each observa
in 148Sm are shown as crosshatched bands of values~see text for
details!. The square areas denote the best choice ofx ande consid-
ering all the observables.
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FIG. 2. The same as Fig. 1 but forN59 and 150Sm.

FIG. 3. The same as Fig. 1 but forN510 and152Sm.
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56 831UNIFIED DESCRIPTION OF COLLECTIVE NUCLEI . . .
typical collective even-even nucleus. The most useful are~in
an obvious notation! E(21

1), R4/2 5 E(41
1)/E(21

1), E(2g
1)

where the 2g
1 state is usually the bandhead of the quasg

band, or else a member of the two-phonon-like multip
R025E(02

1)/@E(2g
1)2E(21

1)#, Rgg5B(E2;2g
1→01

1)/
B(E2;2g

1→21
1), and RBE25B(E2;2g

1→01
1)/B(E2;21

1

→01
1). Fortunately, these observables are also among

easiest to measure.
We use the IBA-1 in the extended consistentQ formalism

~ECQF! in which the Hamiltonian takes the form@6#

H5end2kQ•Q, ~1!

where

Q5~s†d̃1d†s!1x~d†d̃ !~2! ~2!

and the electric quadrupole operatorT(E2)5eBQ.
The parameters aree, x, andk. ~Since we consider only

ratios for theE2 transition rates the effective boson char
eB cancels out.! In the three dynamical symmetries the
three parameters take on the values U~5!: k50, x 5 0; O~6!:
e50, x50; SU~3!: e50, x52A7/2. In typical deformed
nuclei, one often uses the simpler consistentQ formalism
~CQF! with e50. We will see, however, that, with fixedk, it
is necessary to use finitee values even for rotor nuclei, jus
as vibrational nuclei will be seen to have improved fits
bothe andx are finite and even sometimes reasonably lar

Equations~1! and ~2! involve three parameters plus th
boson numberNB , defined as half the number of valenc

FIG. 4. The same as Fig. 1 but forN511 and154Sm.
,

he

e.

FIG. 5. The same as Fig. 1 but forN512 and156Sm.

FIG. 6. The same as Fig. 1 but forN513 and162Er.
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832 56W.-T. CHOU, N. V. ZAMFIR, AND R. F. CASTEN
protons and neutrons, each taken separately relative to
nearest closed shell. We obtain the boson numbersNB , using
the standard magic numbers 50, 82, and 126.~A discussion
of the use of theZ564 closure will also be made below.! We
fix k at 0.03 MeV. The procedure leavese and x as free
parameters and we deduce them from the contour plots.
eachNB (NB 5 4–16! we carried out approximately 80 ca
culations for a mesh ofe andx values and constructed th
results for each observable in the form of a contour p
Examples of these contour plots are shown in Figs. 1–9 a
in each, the empirical values of each observable are show
crosshatched bands of values. The nuclei in Figs. 1–9
chosen to show the variety of levels of agreement, rang
from quite good to cases where no set of parameters re
duces all the observables and where a compromise fi
therefore indicated.

We will now inspect a couple of these in more detail
show the procedures used.

Consider Fig. 2 for150Sm. This is a transitional nucleu
with E(21

1)50.334 MeV. This experimental value is show
as the sloping band of hatching in the upper left panel of F
2. The finite width of the band~larger than the experimenta
error! reflects the fact that, in assessing any model, one m
make realistic demands on the model. For example, if
expect a model to predict both energies and branching ra
~BR’s! ~for allowed transitions, say! with comparable accu
racy, we would consider acceptable calculated ener
within a few percent of the absolute values. In this situat
the typical experimental energy uncertainties of a fraction
a keV are not the relevant criterion. Similarly, for BR’s in

FIG. 7. The same as Fig. 1 but forN514 and164Er.
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FIG. 8. The same as Fig. 1 but forN515 and166Er.

FIG. 9. The same as Fig. 1 but forN516 and168Er.
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56 833UNIFIED DESCRIPTION OF COLLECTIVE NUCLEI . . .
FIG. 10. The parameterse andx ~solid lines!
obtained from contour plots for isotopes in th
52,Z,66 region as a function of boson numb
NB . The dotted lines show the range of valu
consistent with the contour plots for all obser
ables included in the analysis. The dashed lines
the bottom panels (N.82) are the parameters ob
tained considering aZ564 subshell closure for
N,90.
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volving weak or forbidden transitions that are sensitive
small components in the wave function, we would norma
be pleased with agreement of calculations within, say, a
tor of 2. For example, for a measured BR of 0.5, a calcula
value of 1.0 misses much of the physics, but if the obser
BR is 0.02, a calculation giving 0.04 nicely reproduces
relative forbiddeness of the numerator. The widths of
empirical bands of values in Figs. 1–9 reflect these crite

Returning to Fig. 2, the observedE(21
1) value is consis-

tent with nearly anyx as long ase is in the range 0.6–1.0
MeV. TheR4/2 ratio gives nearly the same result, albeit ten
ing toward a preference fore values in the upper part of thi
range. TheE(2g

1) data effectively rule out anyx values
more negative than21.0 while being consistent with th
other data on the best choice fore. The BR Rgg reiterates
this limit on x. The R02 ratio makes it clear thatx must be
more negative than about20.8. TheRBE2 ratio is also con-
sistent with all the above considerations, all of which give
best fit range of parameter valuese; 0.65–0.85 MeV and
c-
d
d

e
e
.

-

a

x;20.7→20.8. We stress in this discussion that thee and
x values, regardless of how consistent the data are, sh
not be considered defined or determined to better tha
range of values of roughly6 0.1 MeV and6 0.1, respec-
tively. The square areas denoting the best choices ofe and
x in Figs. 1–9 are of this size. For150Sm, the overall agree
ment is quite good: Each hatched square touches or ne
touches the data value.

Consider as another example the deformed nucleus164Er
~Fig. 7!. Here, the lowerE(21

1) value requirese values
lower ~regardless ofx) than ; 0.5 MeV while E(2g

1) re-
quires thatx be no more negative than20.5 and, in fact, for
all e from 0–0.6 MeV, thatx is ;20.35. In conjunction
with E(21

1) this then determines thate;0.2 MeV. The other
data are consistent.

In some cases, it is impossible to find a consistent se
e and x values. In general, the worst agreement is for
always enigmatic 02

1 states~the observableR02), for which
no models work well. In other cases~e.g., Rgg ,RBE2, and
6
FIG. 11. The same as Fig. 10 but for 6
<Z,80 ~upper panelsN,104 and lower panels
N> 104!.
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834 56W.-T. CHOU, N. V. ZAMFIR, AND R. F. CASTEN
R02 for 156Sm! no data are available. In a few nuclei~e.g.,
Ce, Nd with NB 5 11, W with N,104) only E(21

1) and
R4/2 are known. In themselves, these do not sufficiently c
straine andx. In these cases, we were guided by the pr
erties of similar neighboring nuclei.

We summarize the parameters obtained for each nuc
in Figs. 10 and 11. In Figs. 12 and 13 the parameters
plotted in a compact and revealing way againstE(21

1). Some
comments are perhaps useful. First of all, we note the ove
smoothness of the parameters. Some of the trends ar
expected. For example, typicallye decreases as boson num
bers increase and the nuclei become more rotational. For
E(21

1), e increases rapidly with increasingE(21
1) and, then,

for E(21
1) * 0.15 MeV,e becomes nearly linear inE(21

1)
with a slope quite close to unity such that, for most nuc
~some neutron-deficient Xe-Ce nuclei and neutron-rich W
nuclei are the exceptions!, e ~MeV! ; 0.300 1 E(21

1)
~MeV!. In deformed and many transitional nucleix values
are typically ;20.4 ~see Figs. 12 and 13!. In the Os-Pt
region withN>104 ~see Fig. 13! uxu strongly decreases with

FIG. 12. The parameterse and x obtained from contour plots
for isotopes in the 52,Z,66 region as a function of the exper
mentalE(21

1) values~the panels on the left-hand side forN,82
and those on the right-hand side forN.82).
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increasingE(21
1) as the Pt O~6! region is approached. Th

A;150 region ~see Fig. 12! shows more scatter, and in
volves some subtle issues: Hence we discuss it below
some length.

Some parameter values and trends, in Figs. 12 and 13
rather unexpected. Perhaps the most interesting are the
uxu values in vibrational and transitional nuclei nearA 5
150. In the first half of the rare earth region~Ba-Sm!, for
N. 82, uxu values approach or~in Ba! even exceed 0.8.~For
the same isotopes, but withN,82, x is nearly rigid at
20.4.) We have carefully verified that such largeuxu values
are indeed optimal@recall, x 5 0 is expected for near U~5!
nuclei#. This is illustrated in Fig. 14 for148Sm. The large
uxu solution is shown in the second panel from the left. In t
third panel, we show the optimum fit obtained with sm
uxu, even allowingk to vary. Clearly, theB(E2) ratioRgg is
much better with largeuxu. Also, with small uxu, the ratio
RBE2~0.0003! is much less than the data~0.05!. Finally, the
experimental ratioR3gg[B(E2;3g

1→2g
1)/B(E2;3g

1→2g
1)

<20 is consistent with the largeuxu calculation (R3gg 5 3.3!
but not with the smalluxu fit (R3gg; 3000!.

These results raise an interesting possibility. Figure

FIG. 13. The same as Fig. 12 but for 66< Z,80 ~left-hand side
for N,104 and right-hand side forN> 104!.
eters
FIG. 14. Experimental low-lying states in148Sm compared with three sets of IBA calculations: In the leftmost calculation the param
were obtained from contour plots with fixedk, the middle calculation is the optimum fit with smalluxu, allowingk to vary, and the rightmost
panel usesZ564 as a shell closure. The experimental ratioR3gg is the branching ratioB(E2;3g

1→2g
1)/B(E2;3g

1→2g
1). The mixing ratio

for the transition in the numerator is unknown: The equals sign in the limit shown in the figure corresponds to a pureE2 transition.
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56 835UNIFIED DESCRIPTION OF COLLECTIVE NUCLEI . . .
shows that not only are theuxu values large for this region
~and only for this region! but they also scatter significantly.
may be that this is due to the neglect of theZ564 subshell
closure. To test this, we have reconsidered these nucle
suming aZ564 closure forN,90 @7#. In the right panel of
Fig. 14 we show the results of the calculation for148Sm
consideringZcl 5 64. The fit also results in largeuxu and is
comparable to that in the second panel and superior to
small uxu fit.

Moreover, assumingZ564 is a good subshell closure fo
N,90 gives a much smoother systematics inx and even a
slightly more compacte phenomenology. This is shown i
Fig. 15 which should be compared with the more erra
values in Fig. 12. Thex values assuming a subshell closu
at Z564 are also given in Fig. 10 as a dashed line: They
not disturb the smooth systematics across the isotopic ch
Interestingly, though, the results obtained assuming a s
shell closure atZ564 donot change the other feature note
above, namely, the very large magnitude forx found in these
nuclei. ~Similar results have also been found for152Sm by
Wilhelm and Radermacher@8#.! A microscopic study of
these unexpected results is clearly called for.

Another unexpected result is that the optimale values in
deformed nuclei are nonzero: Values of 0.1–0.2 MeV
typical and definitely improve the fits. Kuyucak and Li@9#
have also found that the predictions of the IBA in the 1N
expansion method for high spin states are improved if a fi
e is used, and Barfield and Barrett@10# have used finitee
values in calculations of rotational bands in U isotopes. T

FIG. 15. The same as Fig. 12 left-hand panels but usin
Z564 subshell closure in counting boson numbers forN,90.
s-
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large uxu ande values in the neutron-deficient Xe-Ba regio
are also interesting. These nuclei have historically been c
sidered good O~6! nuclei@11# which would suggeste, x 5 0.
This particular result, and its relation to the constantk con-
straint, will be discussed at more length in a forthcomi
paper@12#.

Of course, it is important to remember that these res
are not inconsistent with other IBA calculations that us
small uxu values in vibrational nuclei and negligiblee values
in deformed nuclei. Our results are a direct consequenc
the constraint of constantk and are a measure of the impl
cations of such anAnsatz.

It is useful to see how the level of agreement for each p
of e andx values from Figs. 10 and 11 translates into tra
tional level schemes. To look at the results in this way,
consider Figs. 16–20. The agreement is generally good w
the general exception of the 02

1 level. For this level, the
calculation generally follows thetrend in energies but the
absolute values are often quite far off.

a

FIG. 16. Comparison between the experimental level ener
~symbols connected by dashed lines! and the IBA calculations~con-
nected by solid lines! for Xe and Ba isotopes withN,82.

FIG. 17. The same as Fig. 16 but for Nd and Sm isotopes w
N.82.
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FIG. 18. The same as Fig. 16 but for Dy and Er isotopes w
N,104.

FIG. 19. The same as Fig. 16 but for Yb and Hf isotopes w
N,104.

FIG. 20. The same as Fig. 23 but for Os and Pt isotopes w
N>104.
h

h

FIG. 21. Experimental B(E2) ratios for isotopes with
52,52,66 ~the panels on the left-hand side forN,82 and on the
right-hand side forN.82) compared with the IBA calculations
The dashed lines represent the extreme values obtained with
parameters from contour plots irrespective ofZ. Here and in Fig.
22, the symbols have the same meanings as in the correspon
Figs. 12 and 13.

FIG. 22. The same as Fig. 21 but for 66<Z,80 ~left-hand side
for N,104 and right-hand side forN>104).

FIG. 23. Comparison of the experimentalB(E2) ratios in Er
isotopes~symbols! with two IBA calculations: present ECQF ca
culations ~solid lines! and CQF calculations~i.e., e50! ~dashed
lines!.
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56 837UNIFIED DESCRIPTION OF COLLECTIVE NUCLEI . . .
The 02
1 states remain an enigma in virtually all mode

and their structure is still largely unknown. Traditional
calledb vibrations, in fact a number of them decay predom
nantly to theg vibration and there has been discussion
whether or not they might have significant double-g charac-
ter @13#. Clearly, more research is needed on these states
the difficulties experienced by the IBA calculations are ty
cal of the current understanding of them.

It is also interesting to determine if the systematic var
tion of parameters accounts for theB(E2) ratios. The
B(E2) ratios in Figs. 21 and 22 do generally show the sa
trends as the data. For the BR on the left, which vanishe
U~5! and O~6!, and approaches the Alaga ratio of 0.7 in t
large NB limit for a rotor Hamiltonian, the experimenta
trend is more or less reproduced although the calculation
average underestimate the ratios somewhat. TheB(E2) ratio
on the right is always small (, 0.1! since the denominator i
a very collective phonon or intraband rotational transiti
while the numerator is either forbidden, highly hindered,
an interband transition. Therefore, one hopes for and exp
only approximate agreement from a model, that is, sm
values for this branching ratio. In this regard, the calculatio
are reasonable, giving ratios that are never more than a
0.06 which is the same range as for the data although
tailed agreement is elusive.

The motivation for the calculations in this paper is the fa
that the IBA reproduces the linearE(41

1) vs E(21
1) relation

found empirically ifk is kept constant and the extension
this Ansatzto rotational nuclei. As the parameter values o
tained show finitee values for well deformed nuclei, th
question naturally arises as to the relation between
present calculations and standard ones for such nuclei.
illustrate the comparison of the present ECQF~CQF with e
term! calculations with CQF calculations@14# for the Er nu-
clei in Fig. 23, for two importantB(E2) ratios.~Both calcu-
lations show comparable levels of agreement with the e
gies.! Although the two sets of calculations beha
differently in the left-hand panel, the agreement is com
rable. Moreover, overlaps of the wave functions in the t
calculations are high (; 0.80–0.95! for deformed nuclei,
except for the excited 01 states. Clearly, to distinguish
preference for one approach or the other on the basis of t
B(E2) values would require new data in the light, neutro
deficient Er isotopes where the effects of thee term are
greatest.

III. CONCLUSIONS

We have carried out calculations for 145 nuclei in t
Z550–82 shell fromA5120 to 200 with the IBA-1 using a
et
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consistent set of procedures and a standarized set of six
servables. Using the extended CQF and a constraint of c
stant k, which is motivated by the linear correlation o
E(41

1) with E(21
1), we extracted optimale andx values for

each nucleus by combining the results of contour plots
each of these observables. Generally, pairs ofe andx values
reasonably consistent with each of the observables coul
obtained. In some cases, no consistent solution resulted
some compromise was necessary in the choice ofe and x.
Overall, the agreement of calculated energy andE2 transi-
tion rate observables with the data is reasonable. The m
exceptions are the 02

1 states whose structure is still poor
understood.

The parameter values obtained are interesting in th
selves. In deformed nuclei we found a need for small
finite e values~typically 0.1–0.2 MeV!. Even slightly higher
e values are needed for optimal fits to O~6!-like nuclei. Per-
haps the most surprising result is the largeuxu values (* 0.8!
found for vibrational and transitional nuclei in the ma
A;150 region and the frequentlyincreasingtrend in uxu as
boson numberdecreases, as opposed to common perceptio
This presumably reflects the effects of imposing the c
straint of constantk. Finally, another interesting result is
nearly linear behavior ofe with E(21

1) for most transitional
and vibrational nuclei studied. Indeed, a good approximat
to the results fore is the simple expressione ~MeV! 5 0.300
1 E(21

1) ~MeV! for E(21
1)* 0.15 MeV.

These results can be useful in testing microscopic ca
lations of IBA parameters. They can serve as starting po
for more detailed fits to specific nuclei. By extrapolation
the parameter trends, they can provide estimates for the p
erties of inaccessible nuclei for use, for example, in as
physical calculations or as guidance in the design of exp
ments on new nuclei with radioactive beams. Finally, alo
with the striking empirical linearity ofE(41

1) with E(21
1),

which is most naturally reproduced in the IBA by assumi
constantk, they provide a means of assessing both the ra
nale or justification of a constantk Ansatzand of assessing
its usefulness in IBA calculations.
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