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Ioffe current constant of the Roper resonance from a relativistic three quark model
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The Ioffe current constants for the proton and Roper resonance are evaluated using a linear confining
potential model parametrized to reproduce the proton magnetic moment, spin, and energy. The three-body
Dirac equation, for the (1/21)3 positive parity configuration, is solved in hypercentral approximation. Quark
masses of the order of 9 MeV are needed to reproduce the proton magnetic moment. When the proton rms
charge radius and magnetic moment are reproduced, the Roper has an Ioffe coupling constant about 25% larger
than the proton.@S0556-2813~97!00107-6#

PACS number~s!: 14.20.Dh, 11.10.Ef, 11.40.2q, 12.39.Ki
a
en

he

-
nc

e
tio
a

re
on
in
ti
e
b
eV
er
rk
e
e

ne
fo

a

t
st
Th
dd
th
th

ed
bers
und
om-
dial
nd

the
e
ram-
nd
the
ame

tral
to

rra-
s

av-
-
to
the
als
the
in-
an
in-
of

d-
nor-
or-

m-ta
In a previous paper@1# the Ioffe current constant from
relativistic three quark model was studied. The Ioffe curr
constants for the proton were evaluated using a Poincare
variant solution of the three-body Dirac equation for t
(1/21)3 positive parity configuration. The results were com
parable to the QCD sum rule predictions@2# and also with
the random instanton liquid model@3,4#. These results stimu
lated us to a further investigation of the Roper resona
state properties of the nucleon.

The proton and Roper resonance are described her
three quark systems obeying the three-body Dirac equa
dynamics. This approach has no unwanted center of m
motion in the system rest frame.

The proton is modeled as the ground state of the th
body Dirac equation solved in hypercentral approximati
Harmonic oscillator solutions have been found assum
equal mass quarks using quadratic central diagonal poten
@5,6#. Recently a dipole model of the proton was develop
@7# that uses a linear confining and an attractive Coulom
potential. Using small quark masses on the order of 10 M
this model has a Dirac magnetic moment of 2.763 nm, v
close to the experimental value for the proton. If these qua
are assumed to possess anomalous Pauli magnetic mom
as per QED of (a/2p)(e/m), then this model can reproduc
the proton magnetic moment.

The Ioffe current constant has been previously determi
for the proton using the harmonic oscillator type solution
the composite three quark wave function components@1#.
One needs the probability amplitude that all three quarks
at the center of mass of the nucleon simultaneously.

The constant was maximized at 0.14 GeV3 with a quark
mass of about 80 MeV, and decreases to 0.124 GeV3 for
massless quarks in that model. Here the Ioffe constan
determined using linear confining potentials and also e
mated for the Roper resonance state of the nucleon.
model is solved here for an excited state containing an a
tonal hyperradial node in the hyperradial dependence of
composite three quark wave function compared to
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ground state wave function. This excited state is identifi
here as the Roper resonance. The orbital quantum num
of the three quarks are the same as for the proton gro
state. For the Roper solution, each component of the c
posite wave function has an additonal node in the hyperra
part of the wave function that is not present in the grou
state components.

The dipole model has three parameters, the energy,
quark mass, and the size parameterL. The Roper resonanc
state has the same values for the quark mass and size pa
eter, only the energy is different from the proton grou
state. The size parameter is determined by matching
magnetic moment and the rms charge radius of the rest fr
wave function for the proton to experiment.

The three-body Dirac equation is solved in hypercen
approximation. The six space coordinates necessary
specify the location of the particles are taken as a hype
diusr and five hyperanglesV. The hyperradius is defined a

r25r 1
21r 2

21r 3
252r 2/3. ~1!

The hypercentral approximation utilizes the hyperangular
erage of the( i, jVi j (di j ) potential terms. The QCD equa
tions for the quark potentials are nonlinear leading one
expect a complicated or nonexistant sum rule describing
potential from three interacting quarks in terms of potenti
from a lesser number of quarks. Here the average over
color potential is taken as the model potential. This is a l
ear confining term proportional to the hyperradius, plus
attractive, so-called Coulombic term, proportional to the
verse of the hyperradius. The hyperangular reduction
these equations has been reported elsewhere@7–9#.

The normalization of the wave function is now consi
ered. Each configuration is here separately considered
malized to unity. After the hyperangular integration, the n
malization for a configuration is

15~2/p3/2!N2S iE r5dr~Ri !
2/G@~L~ i ,i !16!/2#, ~2!

whereL is twice K, and G(n) is the gamma function of
ordern. The sum is over the eight components of the co
posite three quark wave function.K ranges from zero to
te
551 © 1997 The American Physical Society



a

ith

o-
e

y 4
m-

552 56BRIEF REPORTS
three and is the single quark orbital angular momentum
sociated with each component.

For three identical particles, and with each particle w
the same set of quantum numbers, one expects the com
nentsR2, R3, andR5 to be equal, and also for the comp
nentsR4, R6, andR7 to equal each other. Then the wav
of
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function has only four unknown components,R1 , R2 , R4,
andR8. For the (1/21)3 configuration, including central di-
agonal interactions along the diagonal, results in the 4 b
Hamiltonian matrix that operates on the four unknown co
ponents:
F ~3M2E1V1! 2D~5! 0 0

D~0! ~M2E1V2! 2D~6!/2 0

0 2D~21! ~2M2E1V4! 2D~7!/5

0 0 3D~22! ~23M2E1V8!

GFR1

R2

R4

R8

G50. ~3!
en-

tate
r-
er-
unc-
This matrix operates on the hyperradial componentsR1 ,
R2 , R4, andR8. Solutions of this equation are found here
the form:

R15A exp~2Lr !~12aLr !,

R25R35R55Br exp~2Lr !~12bLr !,

R45R65R75Cr2exp~2Lr !~12cLr !,

R85Dr 3exp~2Lr !~12dLr !, ~4!

where

A51,

B52~E23M !/6,
C5~E2M !~E23M !/24, ~5!

D52~E1M !~E2M !~E23M !/48,

a51/3, b51/4, c51/5, d51/6.

For the ground state solution,a, b, c, andd were zero. The
system energyE is taken here as the Roper resonance
ergy. The normalization coefficient,N2 of Eq. ~2! differs for
the Roper wave function compared to the proton ground s
wave function. This difference follows from both the diffe
ing energies of the two states, and from the differing hyp
radial dependences of the composite three quark wave f
tion components. The potentials in terms ofy5Lr , and the
proton and Roper energyEp andE, respectively, are found
to be
Normalized potential Proton Roper

V1 /L (Ep23M )y/6L (E23M )y/8L
V2 /L (Ep2M )y/8L26L/y(Ep23M ) (E2M )y/10L28L/y(E23M )
V4/L (E2M )/y/10L28L/y(Ep2M ) (E1M )y/12L210L/y(E2M )
V8 /L (Ep13M )/L26L/y(Ep1M ) (E13M )/L27.2L/y(E1M )
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The potentials are quite similar in shape and magnitude.
potentials show some energy dependence as the Roper
potentials are systematically more positive than for
ground state proton case. QCD theory leads one to expec
quark-quark potentials would depend on the distribution
the quarks, and therefore to some state dependence o
potentials.

This solution has three parameters, the system energE,
the size parameterL, and the quark massM . E is set to the
Roper resonance energy. The Dirac magnetic moment fo
proton is maximized for massless or small mass quarks, w
a size parameterL of about 0.29 GeV. The maximum calcu
lated Dirac magnetic moment is 2.763 for massless qua
and 2.7472 for 9 MeV quarks. These values are close to,
less than, the experimental proton magnetic moment.
difference is attributed to an anomalous Pauli magnetic m
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ment for each quark. The anomalous magnetic moment
bound quark is calculated following Miller@10#. Including an
anomalous magnetic moment as per QED of (a/2p)(e/m)
from the bound quarks, the proton magnetic moment is
produced for a 9 MeV quark mass, when the Dirac magne
moment is maximized. The model quark mass required
the Dirac plus anomalous magnetic moments to reprod
the proton experimental value varies from about 4 to 9 M
for any size parameter below 0.36 GeV. Such values ar
agreement with the Particle Data Group@11# which deter-
mine quark masses by other means. The proton probab
density has a single peak, while the Roper case has
peaks, with a central minimum. The central minimum is n
zero for the Roper as the various components vanish at
ferent hyperradial values. The Roper is predicted to be ab
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25–35% larger than the proton, depending on the size
rameter.

The details of evaluating the Ioffe current are the same
in @1#. We finally obtain, for the Ioffe current constant,

I 1510AN/p9/4A3. ~6!

This Ioffe coupling constant depends only on the first com
ponent as all other components vanish at the origin for
(1/21)3 configuration. The coupling constant also depen
linearly on the normalization constant of the composite thr
quark wave function.

The component constants by themselves suggest that
normalized first component would be smaller for the Rop
than for the proton. Due to the interplay of the node in th
wave function with the normalization this turns out to de
pend on the size parameter. For size parameters smaller
0.396 GeV, it is correct, but the reverse holds for larger s
parameters.

In Fig. 1 are shown the Roper and proton Ioffe couplin
constants versus the size parameter of the dipole model.
quark mass is assumed to be 9 MeV. The coupling consta
have a negligible variation for smaller quark masses, fo
given size parameter. The Ioffe coupling constant increa
at about the third power of the size parameter in the dipo
model. For size parameters below 0.396 GeV, the Ro
Ioffe constant is smaller than that of the proton.

For quark masses of about 9 MeV or less, the linear co
fining potential can reproduce both the proton magnetic m
ment and the rms proton charge radius. The rms charge
dius restricts the size parameters to about 0.536 GeV. T

FIG. 1. The first Ioffe coupling constant vs the size parame
L of the dipole model. The curves cross atL50.396 GeV. Proton
curve,A; Roper curve,B.
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for parameters which reproduce both the proton magn
moment and the rms charge radius, the model predicts
Ioffe coupling constant for the proton of 1.234 GeV3 and for
the Roper, 1.524 GeV3.

The Ioffe coupling constant for the Roper resonance
predicted by this model as about the same but slightly m
than for the proton, using size parameters in this range
each state. For a size parameter ofL50.396 GeV, the dipole
model predicts equal Ioffe constants for the Roper and
proton.

The linear confining potential model of the proton h
been extended to include a breathing mode excitation c
acterized by a node in the hyperradial dependence of
composite three quark wave function. The Roper resona
is identified as this excited state. This model has three
rameters, the energy, the quark mass, and a size param
The quark mass and the size parameter are taken the
for both states, with only the energy varying from the grou
to the excited state. The ground state has been paramet
to reproduce the magnetic moment of the proton. Assum
an anomalous magnetic moment of the quarks as in QED
(a/2p)(e/m), this requires a quark mass of 9 MeV. Th
assumes equal mass quarks in the proton. The rms ch
radius of the proton is reproduced with size parameters ab
0.536 GeV. The Roper has a slightly smaller Ioffe coupli
constant than the proton if the size parameter is below 0.
GeV. A size parameter of 0.536 GeV and a quark mass ab
that of the electron will simultaneously reproduce the pro
rms charge radius and magnetic moment. For these pa
eters the Ioffe coupling constant is 1.234 and 1.524 GeV3 for
the proton and Roper, respectively.

The relativistic potential quark model is able to be para
etrized to successfully predict Ioffe current constants
agreement with QCD sum rule predictions. The linear co
fining potential model, with parameters that reproduce
proton magnetic moment, predicts Ioffe coupling consta
comparable to but larger than random instanton liquid mo
estimates. Simultaneously reproducing the rms charge ra
and magnetic moment of the proton results in Ioffe consta
larger than predicted by the Gaussian model.
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