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Spin-dependent neutralino-nucleus scattering forA;127 nuclei
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W.K. Kellogg Radiation Laboratory, 106-38, California Institute of Technology, Pasadena, California 91125

D. J. Dean
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We perform nuclear shell model calculations of the neutralino-nucleus cross section for several nuclei in the
A5127 region. Each of the four nuclei considered is a primary target in a direct dark matter detection
experiment. The calculations are valid for all relevant values of the momentum transfer. Our calculations are
performed in the 3s2d1g7/21h11/2model space using extremely large bases, allowing us to include all relevant
correlations. We also study the dependence of the nuclear response upon the assumed nuclear Hamiltonian and
find it to be small. We find good agreement with the observed magnetic moment as well as other obervables
for the four nuclei considered:127I, 129,131Xe, and125Te. @S0556-2813~97!00707-3#

PACS number~s!: 95.35.1d, 95.30.Cq, 14.80.Ly, 21.60.Cs
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I. INTRODUCTION

An ever increasing amount of evidence indicates the
istence of large amounts of dark matter in the Universe@1#.
Despite this overwhelming evidence, the exact nature of
dark matter remains a mystery. Numerous candidates h
been proposed, including both baryonic and nonbaryo
matter@2#. Observations reveal that some of the dark ma
in the Galactic halo is baryonic, consisting of massive co
pact halo objects~MACHO’s! @3#; however, present data in
dicates that MACHO’s cannot account for all of the da
matter implied by the Galactic rotation curve@4#. Further-
more, a number of arguments based upon large scale mo
in the Universe and large scale structure formation indic
that V'1, which is far in excess of the bounds o
Vbaryonh

2<0.026 arising from cosmic nucleosynthesis@5#.
All considerations point toward nonbaryonic matter compr
ing a sizable fraction of the Universal density. If this is tru
what is the dark matter?

Among the best motivated, and hence highly favored,
the nonbaryonic dark matter candidates is the lightest su
symmetric particle~LSP!. Experimental and theoretical con
siderations indicate that the LSP is a neutralino,x̃ , consist-
ing of a linear combination of the supersymmetric partners
the photon (g̃ ), theZ ( Z̃), and two Higgs bosons (H̃1 and
H̃2). Note that theg̃ and Z̃ are themselves linear combina
tions of the supersymmetric partners of the neutralW (W̃3)
andB (B̃) bosons, hence the neutralino composition is ty
cally written as

x̃5Z1B̃1Z2W̃31Z3H̃11Z4H̃2 . ~1!

The motivation for supersymmetry~SUSY! arises naturally
in modern theories of particle physics@1,6#, although the
x̃ ’s potential as a dark matter candidate was not reali
until later @7#. For a very large region of SUSY paramet
space, neutralinos provide densities that are in accord
the measured value ofV, thus explaining the dark matte
The x̃ is also detectable in at least two ways: indirect
560556-2813/97/56~1!/535~12!/$10.00
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through the products ofx̄̃ x̃ annihilation in the Sun, Earth
and Galactic halo@1,8#, or directly, via elastic~and inelastic

@9#! neutralino-nucleus (x̃N) scattering in a detector@1,10#.

In either case, the elasticx̃N scattering cross section is a
essential ingredient. In this paper we discuss nuclear st

ture calculations relevant tox̃N scattering for several nucle
which are primary constituents of many current and plann
direct detection experiments@9,11–15#.

Physics at three distinct energy scales governsx̃N scat-

tering. The composition and mass of thex̃ , and hence its
interaction with quarks, are fixed near the electroweak sc
The interaction of neutralinos with protons and neutrons
determined by the quark distribution~both spin and density!
within the nucleon, which is determined at the QCD sca
At the modest momentum transfers available to dark ma
neutralinos thex̃ interacts with the entire nucleus, not ind
vidual nucleons within it. Thus, nuclear structure plays
important role in determining thex̃N cross section. The
uncertainties in the electroweak scale physics~the SUSY part
of the problem! are typically handled by considering larg
sweeps through SUSY parameter space@1,11,16#. The QCD
scale physics is currently the focus of much study and
relevant nucleon matrix elements continue to be measu
with high precision@17#. The necessary nuclear physics
not measurable for most nuclei but is amenable to calcula
through a variety of methods. Here we apply the nucl
shell model to the nuclei127I, 129Xe, 131Xe, 125Te, and
23Na ~this last nucleus we discuss in an appendix! in order to
provide a consistent and correct set of nuclear input phy
for determining thex̃N cross section.

The x̃N scattering cross section has two distinct terms
spin-independent, orscalar, term, and a spin-dependent, o
axial, term. It has been well established that for nuclei w
A.30–50 (A[ number of nucleons!, the scalar piece of the
interaction tends to dominate thex̃N scattering rate; how-
ever, there are significant regions of parameter space w
this is not so and the axial rate dominates@1,16#. The impor-
tance of understanding the axialx̃N interaction is amply
535 © 1997 The American Physical Society
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536 56M. T. RESSELL AND D. J. DEAN
demonstrated by a recent SUSY interpretation of a Ferm
scattering event@18#. These papers claim that thex̃ might
be an almost pure Higgsino whose couplings to ordin
matter are completely dominated by the axial part. In t
paper, we shall deal with the axialx̃N interaction. The rel-
evant nuclear physics for the scalar interaction is well
proximated by a fairly simple form factor, suitable for a
nuclei @19,20#. The axial response is far more complicat
and requires detailed nuclear models.

II. NUCLEAR PHYSICS INPUT

A variety of nuclear models have been used to calcu
the axial response of nuclei used as targets in dark ma
detectors. The conventional nuclear shell model@21# has
proven highly successful at accurately representing this
sponse when a reasonable nuclear Hamiltonian is used
sufficiently large model space@22–25#. Until recently, both
of these ingredients have been absent for nuclei in
3s2d1g7/21h11/2 shell, including most of those included i
this study. With recent advances in computer power and s
age, we can now construct model spaces that contain mo
the nuclear configurations that are likely to dominate the s
response of nuclei such as127I. Coupled with this ability to
perform sufficiently large calculations is the recent devel
ment of several realistic nucleon-nucleon (nn) potentials
@26,27#. These potentials can then be converted into suita
nuclear interaction Hamiltonians via theG-matrix–folded
diagram technique@26#. In this paper we consider two suc
nuclear interactions, one using the Bonn A@26# and the other
the Nijmegen II@27# nn potential. The diagonalization of th
Hamiltonian was performed using the shell model co
ANTOINE @28#.

A. The Hamiltonian

The residual nuclear interaction based upon the Bon
potential has been described in Ref.@26#. This Hamiltonian
has been derived for the model space consisting of
1g7/2, 2d5/2, 3s1/2, 2d3/2, and 1h11/2 orbitals~which we use
in this study!. It was originally derived to describe light S
isotopes (A'102–110! which have no protons in the spac
In order to find good agreement with observables for nu
with A'130, the single-particle energies~SPE’s! were ad-
justed. We made an initial guess at the SPE’s based upon
excited state energy spectra of nuclei with either a sing
neutron hole in the space (131Sn! or a single proton in the
space (133Sb and125Sb!. These initial SPE’s were then use
in conjunction with the two-body matrix elements~TBME’s!
of the interaction to calculate observables for the nucl
127I. We varied the SPE’s until reasonable agreement
tween calculation and experiment was found for the follo
ing 127I observables: the magnetic moment (m), the low ly-
ing excited state energy spectrum, and the quadrup
moment (Q20). This procedure is similar to that performed
Ref. @22#. The magnetic moment is extremely important, a
is the observable most closely related to thex̃N scattering
matrix element and has traditionally been used as a be
mark of a calculation’s accuracy. In Fig. 1, we show the fin
SPE’s used in our calculations. In Table I we show the fi
calculated values ofm andQ20 for

127I vs the experimenta
b
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values; agreement is excellent. Once the SPE’s are spec
we have a reasonable Hamiltonian to use for the nuclei
are studying.

In order to test the sensitivity of our results to the nucle
Hamiltonian, we have also examined another one, deri
from the Nijmegen IInn potential @27#. We have used the
codes and methods described in@29# to convert the potentia
to a usable shell model interaction. The procedure is sim
to that used for the Bonn A force. The two sets of TBME
are generally similar but significant differences do exist. W
initially used the same set of SPE’s as above but found
a significant lowering of the 1g7/2 SPE was necessary i
order to find agreement with the observables. The SPE’s
comparisons with observables for this force are shown
Fig. 1 and Tables I and II.

B. The model space

To perform a full basis, positive parity, calculation of th
127I ground state properties in the space consisting of
1g7/2, 2d5/2, 3s1/2, 2d3/2, and 1h11/2 orbitals, we would
need to have basis states consisting of roughly 1.33109

Slater determinants~SD’s!. Current, state of the art, calcula
tions ~including those presented here! can diagonalize matri-
ces with basis dimensions in the range 1–23107 SD’s;
clearly severe truncations of the model space are nee
Fortunately, given the size of the model spaces that can
treated, a truncation scheme that includes the majority
relevant configurations can be devised.

Our scheme is best understood by viewing Fig. 1. As
base configuration, we have for protons (1g7/22d5/2)

3 ~i.e., a
total of three protons spread among the 1g7/2 and 2d5/2 or-
bitals! and for neutrons (1g7/22d5/2)

141(3s1/22d3/2)
6

1(1h11/2)
4. We then assign the following values of th

FIG. 1. A visual description of the127I model space. See the tex
for specific details of the construction of the space. The other nu
studied use the same jump assignments and SPE’s. The leftg7/2
SPE is that used for the Bonn A interaction and the one on the r
is used by the Nijmegen II interaction.

TABLE I. The calculated magnetic and quadrupole moments
127I compared to experiment for calculations using both effect
interactions. For the quadrupole moment, effective charges
ep51.5e anden50.5e have been used. The magnetic moment c
culations use the free particleg factors. We also include the ISPSM
estimates of the quantities in order to illustrate the quenching
tained.

Observable ISPSM Bonn A Nijmegen II Experimen

m 4.79 2.775 3.150 2.813
Q20 20.654 20.577 20.577 20.789
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56 537SPIN-DEPENDENT NEUTRALINO-NUCLEUS . . .
‘‘jump’’ to each proton$neutron% orbital: jump(1g7/2,2d5/2)
5 0 $0%, jump(3s1/2,2d3/2) 5 1 $2%, and jump(1h11/2)
52$3%. The differences in these values is the cost of mov
particles between the different~sets of! orbitals. Hence, to
move a proton$neutron% from the 1g7/2 to the 2d5/2 costs
nothing while moving one from the 1g7/2 to the 3s1/2 would
cost 1 $2% unit$s% of jump ~to the 1h11/2 would cost 2$3%

TABLE II. A comparison of various calculations of the sp
distribution of 127I, 129Xe, 131Xe, and125Te. Bonn A and Nijmegen
II are the calculations presented here. OGM is the odd group m
of @30#. IBFM is the interacting boson Fermion model of@31#.
TFFS is the theory of finite Fermi systems calculation of@33#.
QTDA is the quasi Tamm-Dancoff approximation of@20#. A blank
entry means that the value of that particular angular momen
component was not presented in the reference. An entry of N/A
the magnetic moment column implies that the experimental m
netic moment was used to find the values of spin^Sp& or ^Sn&
shown. Calculations of the magnetic moment using effectiveg fac-
tors as described in the text are given in parenthesis.

^Sp& ^Sn& ^L p& ^Ln& m

127I

Experiment 2.813
Bonn A 0.309 0.075 1.338 0.779 2.775~2.470!
Nijmegen II 0.354 0.064 1.418 0.664 3.150~2.790!
OGM @30# 0.07 0.0 2.43 0.0 N/A
IBFM @31# 0.154 0.0034 N/A
TFFS @33# 0.15
ISPSM @32# 0.5 0.0 2.0 0.0 4.793

129Xe

Experiment 20.778
Bonn A 0.028 0.359 0.22720.114 20.983~20.634!
Nijmegen II 0.0128 0.300 0.37220.185 20.701~20.379!
OGM @30# 0.0 0.2 0.0 0.3 N/A
IBFM @31# 0.0 0.2 N/A
TFFS @33# 0.25
ISPSM @32# 0.0 0.5 0.0 0.0 21.913

131Xe

Experiment 0.69
Bonn A 20.009 20.227 0.165 1.572 0.980~0.637!
Nijmegen II 20.012 20.217 0.215 1.514 0.979~0.347!
QTDA @20# 20.041 20.236 0.026 1.751 0.70
OGM @30# 0.0 20.18 0.0 1.68 N/A
IBFM @31# 0.0 20.17 N/A
TFFS @33# 20.186
ISPSM @32# 0.0 20.3 0.0 1.8 1.71

125Te

Experiment 20.889
Bonn A 0.001 0.287 0.077 0.13521.015~20.749!
Nijmegen II 20.0003 0.323 0.102 0.07521.134~20.824!
OGM @30# 0.0 0.23 0.0 0.27 N/A
IBFM @31# 20.0004 0.23 N/A
TFFS @33# 0.22
ISPSM @32# 0.0 0.5 0.0 0.0 21.913
g

units!. It would cost 2 units of jump to move 2 neutrons fro
the 2d3/2 to the 1h11/2, etc. All that remains is to specify th
total amount of jump available. In our truncation, we allo
protons up to 3 units of jump, neutrons up to 4 units, an
total of up to 4 when adding the jump used by the proto
plus neutrons. Thus, if the protons remain in the 1g7/2 and
2d5/2 orbitals ~as they tend to do!, the following neutron
configurations are allowed: (1g7/22d5/2)

141(3s1/22d3/2)
6

1(1h11/2)
4, (1g7/22d5/2)

141(3s1/22d3/2)
41(1h11/2)

6,
(1g7/22d5/2)

131(3s1/22d3/2)
51(1h11/2)

6, and (1g7/22d5/2)
14

1(3s1/22d3/2)
21(1h11/2)

8. If 1 or 2 protons are excited ou
of the 1g7/2 and 2d5/2 orbitals, the last two neutron configu
rations are not allowed. In this truncation, them-scheme di-
mension of the127I model space is about 3 million SD’s.

Our results indicate that this space is more than adeq
to describe the ground state properties of the nuclei con
ered. As mentioned above, our calculation of the observa
agrees well with experiment. The major potential proble
with this model space would be if it failed to allow enoug
neutron excitations into the 1h11/2 orbital. It allows at most 8
neutrons out of a possible 12 in that orbital. In Table III w
present the occupation numbers for127I. We see that our
interactions do not seem to prefer excitation of more th
one extra neutron pair to the 1h11/2. Most configurations
have six neutrons in that orbital, while eight are allowe
Hence, our model space is more than adequate.

For the two xenon isotopes considered (A5129 and 131!,
we have used exactly this truncation scheme. For125Te we
used this scheme and also one where the total jump and
neutron jump was 6~instead of 4!. Very little difference was
noticed for the two truncations. In this paper we present
results for the larger truncation since it should be sligh
more realistic.

III. RESULTS

A. The zero-momentum transfer limit

Neutralinos in the halo of our Galaxy are characterized
a mean virial velocity ofv.^v&.300 km/sec51023c. The
maximum characteristic momentum transfer inx̃N scatter-
ing is qmax52Mrv whereMr is the reduced mass of th

el

m
in
g-

TABLE III. The proton (p) and neutron (n) occupation num-
bers obtained for each orbital in the127I calculations. The points to
notice are the similarities between the two different interactions
the fact that the 1h11/2n number is significantly less than 8, th
maximum number allowed.

Orbital Bonn A Nijmegen II

1g7/2p 1.97979 1.83023
1g7/2n 7.87440 7.94902
2d5/2p 0.89648 0.95545
2d5/2n 5.92205 5.93768
3s1/2p 0.02859 0.09023
3s1/2n 1.57985 1.71861
2d3/2p 0.09511 0.12374
2d3/2n 2.62799 2.71644
1h11/2p 0.00004 0.00034
1h11/2n 5.99571 5.67825
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538 56M. T. RESSELL AND D. J. DEAN
x̃N system. If the productqmaxR is small (!1), whereR is

the nuclear size, the matrix element for spin-dependentx̃N
scattering reduces to a very simple form@1,19#

M5C^NuapSp1anSnuN&•sx̃ , ~2!

where

Si5(
k
si~k!, i5p,n ~3!

is the total nuclear spin operator,k is a sum over all nucle-
ons, andap ,an are x̃ -nucleon coupling constants which d
pend upon the quark spin distribution within the nucleo
and on the composition of thex̃ . In keeping with previous
work @19,22# we use the convention that all angular mome
tum operators are evaluated in theirz projection in the maxi-
mal MJ state, e.g.,̂S&[^NuSuN&5^J,MJ5JuSzuJ,MJ5J&.
Much of the uncertainties arising from electroweak and Q
scale physics are encompassed byap andan . The normal-
izationC involves the coupling constants, masses of the
changed bosons, and various LSP mixing parameters
have no effect upon the nuclear matrix element. Equation~2!
has often been written as

M5CL^NuJuN&•sx̃ ~4!

with

L5
^NuapSp1anSnuN&

^NuJuN&
5

^Nu~apSp1anSn!•JuN&
J~J11!

. ~5!

Examples of the fullx̃N cross section can be found in Ref
@1,19,22#.

Equations~2!–~5! show that thex̃ couples to the spin
carried by the protons and the neutrons. The matrix elem
~2! is similar to the magnetic moment operator:

m5^Nugn
sSn1gn

l Ln1gp
sSp1gp

l L puN&. ~6!

The free particle g factors are given bygn
s523.826,

gn
l 50, gp

s55.586, andgp
l 51 ~in nuclear magnetons!. Given

the similarities of Eqs.~2! and~6!, it is no surprise thatm is
often used as a benchmark on the accuracy of the calcula
of SpandSn in L. We follow that prescription as well. In th
following section we will briefly outline some problems wit
this procedure.

In Table II we present the values forSp , Sn , L p , Ln , and
m that we calculate for each Hamiltonian for the nuc
127I, 129Xe, 131Xe, and 125Te. We also include the exper
mentally measured magnetic moment, it is apparent
agreement is quite good for all nuclei. A number of oth
calculations of these quantities appear in the literature,
we include summaries of these calculations in the table
well. The following abbreviations are used for the vario
nuclear models: Bonn A, our calculation using the Bonn
derived force; Nijmegen II, our calculation using th
Nijmegen II derived force; OGM, the odd group model@30#;
IBFM, the interacting boson fermion model@31#; ISPSM, the
independent single particle shell model@32#; TFFS, the
theory of finite Fermi systems@33#; and QTDA, the quasi
s
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Tamm-Dancoff approximation@20#. In most previous experi-
mental analyses, the OGM values have been used@12,13#.

Examining our results forSpandSn in Table II and com-
paring them to results from other nuclear models reveal s
eral interesting facts. In almost every instance, our res
show that the spinuSi u ( i5p,n) carried by the unpaired
nucleon is greater than that found in the other nuclear mo
~except for the ISPSM, whereuSi u is maximal!. Despite our
larger values for uSi u, our calculations have significan
quenching of the magnetic moment and are in good ag
ment with experiment in all cases~see the later section o
quenching!. The reason that we find larger values ofuSi u for
the odd group is due to the fact that we allow more excitat
of the even group of the nuclei, allowing them to be a ma
contributor to the total nuclear spin:J5 Sp1 Sn1 L p 1
Ln . The naive expectation forLn in the Bonn A calculation
of 127I is zero. We findLn50.779,Ln is responsible for over

30% of iodine’s total angular momentum (J5 5
2 ). This ex-

plains both the large quenching ofm (Ln does not contribute
to m sincegn

l 50) and the large value ofSp found. We note
that most previous experimental analyses used the O
value for 127I, Sp5 0.07. Our results give a factor of;20
increase in iodine’s sensitivity to spin-dependent scatter
over that previously assumed. Due to the form factor s
pression ~discussed below! a sodium iodide detector’s
@11,13# spin response is still dominated by23Na but not to
the extent previously thought. For the remainder of the
clei considered, Table II also reveals increased scatte
sensitivity, although the factor of increase is much mo
modest.

B. Quenching and uncertainties

As we noted earlier, the comparison of the compu
magnetic moment vs the experimental value has been use
the primary~and in some cases, only! indicator of a calcula-
tion’s reliability. This seems quite reasonable in light of t
similarities between the matrix elements in Eqs.~2! and~6!.
This prescription is not without several potential problem
@22,34#. Not only doesm depend upon the orbital angula
momentumL i but the spin angular momentumSi is subtly
different. Thex̃N matrix element~2! results from the non-
relativistic reduction of the axial-vector current. Because
this, it is not strongly affected by meson exchange curre
~MEC’s!. The magnetic moment’s spin operators,Si , are a
result of the nonrelativistic reduction of the vector curre
They can be strongly affected by MEC’s@23,34#. The effects
of MEC’s uponm is typically lumped together with severa
other effects to give effectiveg factors @35,36#. Unfortu-
nately, there is no hard and fast rule as to what effectivg
factors are the best. We have chosen to remain with the
particleg factors. As an example of the potential uncerta
ties this ambiguity leads to, we have also included, in Ta
II, the calculated magnetic moment for our nuclei using
reasonable set of effectiveg factors. The ‘‘quenched’’ mag-
netic moments are the values in parentheses in the table
the effective g factors used are:gn

s522.87, gn
l 520.1,

gp
s54.18, andgp

l 51.1. The table shows that theseg factors
do little, overall, to improve the concordance between cal
lation and experiment.
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56 539SPIN-DEPENDENT NEUTRALINO-NUCLEUS . . .
A related concern involves the quenching of the~isovec-
tor! Gamow-Teller~GT! g factor,gA @22,34#. The spin term
of the GT operator also comes from the axial-vector curr
and thus is closely related to the spin operators in Eq.~6!. Its
is well established that most nuclear model calculations
GT strength require a reduction ofgA of order 20%@21#.
Whether this quenching ofgA should also be applied toa1
~the isovector x̃ -nucleon coupling constant! is unknown
@34#. Since there is no real guidance, and our magnetic
ments agree well with experiment, we do not believe that
extra quenching of the spin matrix elements~or equivalently
the coupling constantsa0 anda1) is desirable for these nu
clei when calculatingx̃N scattering rates. Nonetheless,
pointed out in Ref.@34#, it is useful to keep these potentia
uncertainties in mind when calculating scattering rates.

C. Finite momentum transfer

When the LSP was first proposed as a viable dark ma
candidate, its preferred mass was between 5 and 10 GeV@7#.
With a mass of this order and a typical galactic halo veloc
(v.1023c), the neutralino’s total momentum (q;Mrv
;10 MeV! was small compared to the inverse of the nucl
size (1/R;1/1 fm;200 MeV) and the zero-momentum
transfer limit was appropriate for studies ofx̃N scattering.
Since then, experiments at accelerators have pushed th
lowed x̃ mass,mx̃ , to larger values~there are ways aroun
this if some of the theoretical assumptions are relaxed@37#!,
and it has been shown that heavyx̃ ’s are just as viable as
dark matter candidate as the lighter ones@38,39#. As mx̃

becomes larger than a few 10’s of GeV the productqR starts
to become non-negligible and finite momentum transfer m
be considered for heavier nuclei.

The formalism for elasticx̃N scattering at all momentum
transfers has been developed in Refs.@19,20#. Here, we fol-
low precisely the definitions used in@22#. It is a simple mat-
ter to go from our definitions to those used in Ref.@1#. The
formalism is a straightforward extension of that develop
for the study of weak and electromagnetic semileptonic
teractions in nuclei@40#. The differentialx̃N cross section is
given by

ds

dq2
5

8GF
2

~2J11!v2
S~q!, ~7!

whereS(q) is the spin structure function

S~q!5 (
L odd

~ u^NiTLel5~q!iN&u21u^NiLL5~q!iN&u2!. ~8!

Tel5(q) andL5(q) are the transverse electric and longitudin
multipole projections of the axial-vector current opera
@40#. The double vertical lines imply that these are the
duced matrix elements of these operators. For their exp
form in the x̃ context, see@19,20,22#. In the limit of zero-
momentum transferS(q) reduces to

S~0!5
2J11

p
L2J~J11!. ~9!
t
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The reduced matrix elements of the multipoles in Eq.~8!
are easily evaluated in the harmonic oscillator basis in
nuclear shell model@40#. With the exception of the calcula
tion of the 27Al structure function in@23# all calculations of
S(q) have used bases of these harmonic oscillator w
functions. In this paper, we have used the more reali
Woods-Saxon wave functions to evaluate Eq.~8!. To specify
the wave functions, we use the parameters recommende
@41#. We have used the codes from@42# to calculate the
actual wave functions. We have also calculated the Bon
structure function for127I using harmonic oscillator wave
functions. The differences in the two prescriptions are s
nificant at very large momentum transfers but are minor
most relevant values of of the momentum transfer (q).

It is useful~and traditional! to use the isospin conventio
instead of the proton-neutron formalism when discuss
x̃N scattering at finite momentum transfer. Writing the is
scalar coupling constant asa05an1ap and the correspond
ing isovector coupling constant asa15ap2an we may split
S(q) into a pure isoscalar term,S00, a pure isovector term
S11, and an interference term,S01, in the following way:

S~q!5a0
2S00~q!1a1

2S11~q!1a0a1S01~q!. ~10!

Using this decomposition ofS(q) it is a simple matter to
derive the structure function for ax̃ of arbitrary composi-
tion.

Two factors contribute to the maximum allowed mome
tum transfer. Asmx̃ becomes much greater than the nucle
mass,mN , the reduced mass asymptotes toMr→mN . Also,
the x̃ ’s have a Maxwellian velocity distribution in the hal
and some will possess velocities significantly greater th
^v&.1023c. A maximum velocity of vmax.700 km/sec
~slightly greater than Galactic escape velocity@14#! implies
maximum momentum transfers ofqmax(A;127).550 MeV.
This value is notsmallcompared to the inverse nuclear siz
In a harmonic oscillator basis, the fiducial nuclear size is
by the oscillator parameter,b51 fm A1/65(1/197.327
MeV)A1/6. In order to maintain contact with previous litera
ture @22,23# we retainb as the size parameter in our Wood
Saxon evaluations ofS(q). We do, however, use a slightl
better, empirical, parametrization of b @43#:
b5(41.467/\v)1/2 fm with \v545A21/3225A22/3 MeV.
Hence, we have values nearb(A5127)52.282 fm51/
86.47 MeV for the nuclei in this study. We parametrize
of our structure functions in terms ofy[(qb/2)2. For y!1
the effects of finite momentum transfers are small;
y>1 the effects are quite noticeable. For these nuc
ymax5(qmaxb/2)

2.10@1, hence nuclear form factors ar
extremely significant. These extremely large values ofy are
only valid for extremely massivex̃ ’s moving near escape
velocity. A more realisticx̃ , with mx̃5100 GeV moving at
^v& would haveymax.0.4.

In order to cover all of the relevantx̃ parameter space
we have evaluated the structure functions all the way
y510 for the nuclei studied. This presents a problem in t
it has become standard to present structure functions as p
nomials iny of order 6 or less.~A structure function of this
sort can easily be incorporated into the codeNEUTDRIVER of
Ref. @1#.! We could find no suitable fits of this form valid ou
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FIG. 2. The three spin struc
ture functions Si j (q) where
i , j50,1 for the four nuclei con-
sidered. The results using both e
fective interactions are plotted
Accurate fits to these structur
functions can be found in Appen
dices B and C.~a! Si j (q) for
127I, the ordering is S01.S00
.S11 for each force.~b! Si j (q) for
129Xe, the ordering isS00.S11
.S01 for each interaction.~c!
Si j (q) for 131Xe, the ordering is
S00.S11.S01 for each interac-
tion. ~d! Si j (q) for

125Te, the or-
dering is S00.S11.S01 for each
interaction.
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to values ofy510. We have addressed this in two ways.
Appendix B we present fits of the structure functionsS00,
S01, andS11 as sixth-order polynomials iny. These fits are
only good for values ofy,1. They shouldnot be used be-
yond this value as they give meaningless results. In orde
accurately representS(q) at all relevant momentum trans
fers, we have had to resort to a somewhat more complic
functional form. In a harmonic oscillator basis, the mat
elements of the operatorsTel5(q) and L5(q) are precisely
represented as polynomials iny times a factor of exp(2y).
@The isovector Goldberger-Trieman term inL5(q) compli-
cates this slightly.# Using this form as a guide we have fit th
structure functions as eighth-order polynomials iny times a
factor or exp(22y). This form has proven adequate to acc
rately describe the structure functions for127I and 131Xe. A
slightly more complicated form with a term added to mim
the effect of the Goldberger-Trieman term was required
129Xe and 125Te. As an example, we present the fit for t
termS00(q) for the Bonn A calculation of127I:

S00~y!5e22y~0.098 339 320.489 096y11.1402y2

21.471 68y311.1717y420.564 574y5

10.158 287y620.023 8874y710.00 1542 52y8!.

~11!

We relegate the remaining formulas to Appendix C. T
various fits can be acquired in a form suitable for inclusion
a Fortran program by contacting one of the authors.

In Figs. 2~a!–2~d!, we present the functionsSi j (y) for the
nuclei 127I, 129Xe, 131Xe, and 125Te. The solid lines are for
the calculations using the Bonn A Hamiltonian and t
dashed lines are for the Nijmegen II based Hamiltonian
order to make comparisons with other work easier, we
strict the results to values ofy<2 (q2<;60 000 MeV2).
For illustration, in Fig. 3 we show the full structure functio
of 127I out to y510. In Figs. 4~a!–4~d!, we show the full
to
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-
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n
-

structure functions for a pureB̃ (Z151, Z25Z35Z450)
for each of the nuclei out to a value ofy52. In these figures
each function has been normalized to the va
S(y50)51 in order to highlight the similarities and differ
ences in the shapes of the structure functions. In our de
tion of the B̃ we use the older, EMC, values of the sp
content of the proton. This convention makes it easier
compare our work to previous work on131Xe @20,44#. The
precise values ofap andan ~or a0 anda1) can be found in
@22#; the ratio isa0 /a150.297.

In Figs. 4 and 5 all of the structure functions have be
normalized toS(y50)51 to highlight their similarities and
differences. In order to correctly gauge the true differen
between the variousS(q), the different normalizations mus
be taken into account. This is easily done by using Eq.~9!
and Table II. As an example, consider127I in Fig. 4~a! and in
Fig. 5~a!. To truly compare the structure functions each
the lines needs to be multiplied by a factor such that the r
at y50 is given by Bonn A~Woods-Saxon!: Nijmegen II

FIG. 3. Another view of~a! in Fig. 2. Here we have extende
Si j (q) out to y510 and chopped off much of the initial fall of
from Si j (0) in order to highlight the similarities and difference
between the two sets of structure functions.
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FIG. 4. The spin structure functionS(q) for a pureB̃ (a0 /a150.297) for the four nuclei considered. Woods-Saxon~WS! wave functions
have been used. The results using both effective interactions are plotted. Additionally, the pure single-particle estimate ofS(q) with
harmonic oscillator~HO! wave functions is included for comparison. All structure functions have been normalized toS(0)51 in order to
better compare their intrinsic shapes. To truly compare the differences the functions need to be normalized using Eq.~9! and the values in
Table II. ~a! S(q) for 127I. Also included for comparison is theS(q) used in@13# and the results for the Bonn A interaction using HO wa
functions.~b! S(q) for 129Xe. ~c! S(q) for 131Xe. ~d! S(q) for 125Te.
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~Woods-Saxon!: Bonn A ~harmonic oscillator!: phenomeno-
logical ~w/ OGM!: single particle~harmonic oscillator! 5 1 :
1.42 : 1 :1/14.7 : 3.47. Similar results can be recovered
the other nuclei considered.

The line labeled phenomenological above and in the
ures requires some explanation. This is a shape for a gen
structure function postulated and used in Ref.@13#. It is ap-
parent from the figures that this approximation does a r
sonable job in reproducingS(q) for y<2. It is clearly inad-
equate for larger values of the momentum transfer. Be
y52, its shortcomings are also clear but any result deri
using this parametrization ofS(q) for 127I should not be far
off. The overall 127I axial result of Ref.@13# is another mat-

FIG. 5. Another view of~a! in Fig. 4. Here we have extende
S(q) out toy510 and chopped off much of the initial fall off from
S(0) in order to highlight the similarities and differences betwe
the various structure functions.
r

-
ral

a-

w
d

ter, as that paper normalizes to the OGM aty50. As we
have shown, that model severely underestimatesS(0).

While the parametrization ofS(q) in @13# is adequate for
127I ~although we now advocate the use of the127I structure
functions presented in the appendices!, it is not applicable
for all nuclei. The flattening observed inS(q) neary51 is
the result of higher order multipoles becoming important
Eq. ~8!. For 127I the L51,3,5 multipoles all contribute to
S(q). For smally(!1), the structure function is dominate
by theL51 multipole. Fory>1, all three multipoles con-

tribute and the higher order multipoles dominate. ForJ5 1
2

nuclei, such as129Xe and125Te, only theL51 multipole can
contribute. Figures 2~b! and 2~d! and 4~b! and 4~d! clearly
show that there is no flattening ofS(q). Hence, an approxi-
mate form like that in@13# is clearly inappropriate in thes
cases. In Fig. 6 we show the Bonn A derived structure fu

tions for a pureB̃ for all four nuclei. It is obvious that they
cannot all be fit by a single, simple, parametrization. Figu
4 and 5 do show that the pure single-particle form factor a
does an acceptable, but not compelling, job of represen
the structure functions at all momentum transfers ifcorrectly
normalizedat y50. The correct single-particle form facto
can be easily found by using the tables in the paper by D
nelly and Haxton of Ref.@40#.

Examining the structure functions for125Te and129Xe in
Fig. 6 illustrates an interesting feature. Both of these nu
areJ5 1

2 nuclei with an unpaired neutron. In the ISPSM bo
of these nuclei would be represented by a neutron in
3s1/2 orbital and have virtually identical properties. Table
shows that the magnetic moments are quite similar but
the distribution of the angular momentum in each nucleu
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quite different. This is most obvious in the orbital angu
momentumL i where the two distributions are quite differen
Figure 6 reveals that while the structure functions have d
nite similarities, there are significant differences as well. W
point all of this out to highlight the fact that seemingly ve
similar nuclei can have very different properties when exa
ined in detail. If precise information on the spin distributio
of a nucleus is required, detailed calculations must be p
formed.

It is also useful to consider differences inS(q) that are the
result of different nuclear models.S(q) has been calculate
for 131Xe in the context of two other nuclear models, t
QTDA @20# and the TFFS@44#, as well as here. In Fig. 7 we
showS(q) for a pureB̃ as a function ofq2 for 131Xe. This
figure is meant to be a direct analog of Fig. 2 in Ref.@20# and
Fig. 3 of Ref.@44#. Examining the three figures yields som
interesting conclusions. All three calculations show sign
cant quenching compared to the single-particle estimate.
spin distribution between the QTDA and TFFS is somew
different while the full structure functions are quite simila
While the values forSn differ very little between our work
and the QTDA, the difference in the values ofS(0) is almost
a factor of 2 between the two calculations. Finally, it shou
be noted that both the QTDA and TFFS calculations
S(q) asymptote to the single-particle structure function. T
is not the case in our calculations, which are well below
single-particle estimate for all values ofq2. This can also be
seen in Ref.@34# where our values ofSi j (q) for the Bonn A
calculation are compared to those of the QTDA calculati
In that comparison, it is apparent that the shell model deri
structure functions have a much steeper fall off as a func
of q2.

Finally, we mention the difference between the struct
functions derived using Woods-Saxon wave functions
those derived using a harmonic oscillator basis. In Fig
panel ~a! and Fig. 5 we show the structure functions f
127I using both sets of basis states. Significant differen
between the two sets are apparent for extremely high
mentum transfers but in the range that is most relevant
dark matter detection there is little difference.

In this section we have discussed the formalism of, a
presented our results for, thex̃N axial structure function for

FIG. 6. The Bonn A calculations ofS(q) for a pureB̃ for all
four nuclei compared. Note the very large differences neary51
between the nuclei withJ5

1
2 (129Xe and 125Te! and those with

largerJ.
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several nuclei involved in dark matter detectors. Accurate
which are suitable for use in calculating event rates in de
tors are presented in the appendices. Several interesting
tures of the functions have been noted and it is apparent
no single simple parameterization ofS(q) is suitable for all
nuclei. Finally we have compared our results to other cal
lations of 131Xe structure functions and noted several sim
larities and differences that arise from different nuclear m
els.

IV. DISCUSSION

In this paper we have calculated the full axial response
several heavy nuclei used in a number of direct dark ma
detection experiments. With this set of structure functio
there now exists accurate calculations of the axialx̃N re-
sponse to most, if not all, nuclei used as targets in d
matter detectors. We have used the largest model sp
practical in conjunction with realistic nuclear Hamiltonian
to construct our wave functions. Two different nucle
Hamiltonians have been used in order to investigate the
sitivity of our results to this particular input.

The differences in the response due to the two force
clearly visible in Table II and Figs. 2–6. In all cases, reaso
able agreement between calculation and experiment for
magnetic moment~using free particleg factors! is achieved.
It is obvious from the table that the differences between
two calculations are nontrivial but that they are quite a
smaller than the differences coming from the use of altern
nuclear models. This shows that the interaction is not
primary uncertainty in calculations of thex̃N nuclear re-
sponse.

We have also attempted to examine the uncertainty du
the nuclear model chosen. A number of calculations
131Xe’s response have been performed. We find that our
culations are in reasonable agreement with other studie

FIG. 7. The131Xe structure function for a pureB̃. The single-
particle structure function has been normalized toS(0)51. The
Bonn A and Nijmegen II calculations have been correctly norm
ized relative to the single-particle model. This figure is a dire
analog of, and should be compared to, Fig. 2 of Ref.@20# and Fig.
3 of Ref. @44#. The major differences between these calculatio
and those of@20#, @44# are that we findS(0).0.4–0.5 vs their
values ofS(0).0.25 and both of the other model’s structure fun
tions asymptote to the single-particle model forq2.0.02 GeV2

while these calculations stay well below the single-particle mod
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the spin distribution and finite momentum response but
tinct differences do exist. In the case of131Xe it is not im-
mediately obvious which calculation is to be preferred. T
calculations presented here contain more excitations wi
the model space and use more modern and realistic nu
interactions than the others in the literature. By restrict
excitations within this model space, the calculations p
sented in@20# included excitations out of the space that w
worked within. Both calculations reproduce the magne
moment well, with the QTDA calculation doing slightly be
ter. ~We note that the QTDA model, and a refined version
it, have been applied to127I and was unable to reproduce th
magnetic moment with sufficient accuracy@45#.! Much of
the existent literature on xenon detectors uses the QT
structure functions for131Xe. Given that the131Xe calcula-
tions presented here do not reproduce the observables
greater accuracy than those of@20#, we recommend that fu
ture analyses continue to use the QTDA structure functi
for 131Xe. Our calculations can be used as a measure of
uncertainties introduced by nuclear models. This prescrip
will allow newer work to be more easily compared to earl
studies.

Another improvement incorporated into these calculatio
of S(q) is the use of Woods-Saxon wave functions to eva
ate the multipole operators in Eq.~8!. The Woods-Saxon
wave functions made a significant difference at extrem
high momentum transfers when compared to the usual
monic oscillator wave functions. At the more modest m
mentum transfers typical of ‘‘average’’ neutralinos, the d
ference is found to be small.

Now that these structure functions for127I, 129Xe, and
125Te are available, we hope that they will be used by
experiments based upon these materials. This will facilit
comparisons between different groups. To date, each ex
ment has used different structure functions in their analy
A first step in this direction has already been taken by o

TABLE IV. The decomposition of the angular momentum f
23Na along with the calculated and experimental magnetic m
ments.

^Sp& ^Sn& ^L p& ^Ln& m

23Na

Experiment 2.218
Calculation 0.2477 0.0198 0.9117 0.3206 2.219
OGM 0.1566 0.0 1.3434 0.0 N/A
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group. The most recent analysis of the experiments base
the Gran Sasso laboratory uses the127I and 129Xe structure
functions presented here@11#. We hope that other group
will follow suit so that all future results can be compared
equal footing.
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APPENDIX A: 23Na

All of the current dark matter detectors which use iodi
as a target also use sodium. The detectors are large so
iodide ~NaI! crystals@14#. Since a detailed calculation of th
axial response of23Na has not appeared in the literature, w
present one here. The nucleus23Na lies in the middle of the
sd shell and therefore is amenable to the same methods
plied to othersd-shell nuclei. For our calculation we perform
the exactly analogous calculation to those done for29Si in
Ref. @22# and 27Al in @23#; including the use of harmonic
oscillator wave functions. The details of the calculation c
be found in the above references.

For 23Na we use an oscillator parameter
b51.6864 fm5(1/117.01) MeV21. For our adopted maxi-
mum halo velocity of v5700 km/sec we haveymax
50.1875. A breakdown of the angular momentum alo
with a comparison of the measured and calculated magn
moments is presented in Table IV; agreement is excell
Table IV also shows a significant difference inSp from that
predicted in the OGM. Finally, in the following equations w
present fits to the structure functionsSi j (q) as third-order
polynomials iny which are highly accurate to values we
pastymax.

S00~y!50.037 993 520.174 341y

10.378 299y220.342 962y3, ~A1!

S01~y!50.064 652 520.350 289y

10.910 031y220.985 833y3, ~A2!

-

404

5

6

85
TABLE V. 127I.

Bonn A Nijmegen II

S00 S01 S11 S00 S01 S11

1 0.0982724 0.119851 0.0365375 0.116548 0.161931 0.0562
y 20.675013 20.843567 20.262676 20.792274 21.14026 20.408512
y2 2.13531 2.73535 0.875115 2.49846 3.71441 1.3777
y3 23.7595 24.93029 21.61455 24.38312 26.71583 22.57019
y4 3.77735 5.05806 1.69076 4.38495 6.89384 2.7086
y5 22.0091 22.73609 20.930164 22.32223 23.72586 21.4945
y6 0.435566 0.60084 0.206944 0.501504 0.817068 0.3328
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TABLE VI. 129Xe.

Bonn A Nijmegen II

S00 S01 S11 S00 S01 S11

1 0.0712796 20.121583 0.0518388 0.0464592 20.0853234 0.0391694
y 20.480418 0.874546 20.394855 20.313776 0.614961 20.299123
y2 1.47263 22.83165 1.34334 0.965631 21.98471 1.00873
y3 22.53226 5.09221 22.51522 21.6666 3.54959 21.86483
y4 2.49681 25.19757 2.64796 1.64774 23.60225 1.93996
y5 21.30712 2.79235 21.4557 20.864196 1.92573 21.05644
y6 0.279589 20.60881 0.322793 0.185069 20.418234 0.232626

TABLE VII. 131Xe.

Bonn A Nijmegen II

S00 S01 S11 S00 S01 S11

1 0.0295866 20.0544505 0.0250499 0.0277038 20.0497326 0.0223178
y 20.185155 0.36762 20.181162 20.175382 0.338942 20.162659
y2 0.593387 21.18133 0.593168 0.560377 21.10015 0.542687
y3 21.03518 2.05291 21.03886 20.996936 1.97087 20.98921
y4 1.00492 21.98269 1.00706 1.01 21.99963 1.01495
y5 20.507773 0.996715 20.50709 20.540224 1.06809 20.54588
y6 0.103658 20.202596 0.103134 0.11739 20.231591 0.118858

TABLE VIII. 125Te.

Bonn A Nijmegen II

S00 S01 S11 S00 S01 S11

1 0.0396831 20.0788638 0.0391772 0.049567 20.0993273 0.0497519
y 20.271174 0.572717 20.30043 20.342464 0.731525 20.387508
y2 0.869383 21.90069 1.03775 1.06657 22.39301 1.32901
y3 21.56951 3.46977 21.94604 21.85469 4.32285 22.49519
y4 1.61835 23.5546 2.02635 1.84644 24.42823 2.6334
y5 20.879731 1.90199 21.09438 20.976196 2.39046 21.45353
y6 0.194048 20.411614 0.238043 0.210989 20.524466 0.32414

TABLE IX. 127I.

Bonn A Nijmegen II

3(e22y) S00 S01 S11 S00 S01 S11

1 0.0983393 0.11994 0.0365709 0.11663 0.162054 0.0562
y 20.489096 20.618424 20.194994 20.572149 20.836288 20.303825
y2 1.1402 1.50893 0.504876 1.33797 2.05944 0.79478
y3 21.47168 22.07367 20.747451 21.72517 22.83193 21.17027
y4 1.1717 1.77307 0.704344 1.37742 2.39726 1.0637
y5 20.564574 20.903597 20.393018 20.669986 21.21214 20.571342
y6 0.158287 0.26002 0.121881 0.190522 0.348612 0.1721
y7 20.0238874 20.0387025 20.0191881 20.0291803 20.0521813 20.0266165
y8 0.00154252 0.00235675 0.00121021 0.0019081 0.00320731 0.0016
1

11y
0.0 0.0 0.0 0.0 0.0 0.0
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TABLE X. 129Xe.

Bonn A Nijmegen II

3(e22y) S00 S01 S11 S00 S01 S11

1 0.0713238 20.12166 22.05825 0.046489 20.0853786 21.28214
y 20.344779 0.644351 1.80756 20.225507 0.453434 1.09276
y2 0.755895 21.52732 21.27746 0.499045 21.06546 20.712949
y3 20.933448 2.02061 0.654589 20.622439 1.3867 0.314894
y4 0.690061 21.57689 20.221971 0.46361 21.0594 20.0835104
y5 20.302476 0.723976 0.0454635 20.20375 0.47576 0.0105933
y6 0.0765282 20.190399 20.00425694 0.0510851 20.122077 0.000233709
y7 20.0103169 0.0263823 20.000136779 20.00670516 0.0164292 20.000243292
y8 0.000573919 20.00148593 0.00004396 0.0003565920.000894498 0.0000221666
1

11y
0.0 0.0 2.11016 0.0 0.0 1.32136

TABLE XI. 131Xe.

Bonn A Nijmegen II

3(e22y) S00 S01 S11 S00 S01 S11

1 0.0296421 20.0545474 0.0250994 0.0277344 20.0497844 0.0223447
y 20.133427 0.271757 20.137716 20.124487 0.247247 20.122063
y2 0.377987 20.723023 0.366609 0.328287 20.632306 0.319493
y3 20.579614 1.0545 20.53851 20.481399 0.896416 20.466949
y4 0.578896 20.971333 0.492545 0.475646 20.816445 0.428767
y5 20.345562 0.538422 20.269903 20.285177 0.452352 20.236789
y6 0.115952 20.168988 0.0836943 0.0968193 20.142686 0.0740837
y7 20.0201178 0.027416 20.0133959 20.0170957 0.0233463 20.0119668
y8 0.00141793 20.00180527 0.000868668 0.0012373820.00156293 0.000787042
1

11y
0.0 0.0 0.0 0.0 0.0 0.0

TABLE XII. 125Te.

Bonn A Nijmegen II

3(e22y) S00 S01 S11 S00 S01 S11

1 0.0397091 20.0789431 0.0392236 0.0495946 20.0993873 21.92941
y 20.196101 0.42738 20.229376 20.247766 0.54303 1.68075
y2 0.472653 21.09331 0.622146 0.547656 21.28816 21.16336
y3 20.650229 1.55324 20.922531 20.665532 1.67206 0.586501
y4 0.541926 21.28933 0.784648 0.474621 21.26883 20.207302
y5 20.264563 0.618441 20.382445 20.199442 0.56728 0.0514094
y6 0.074891 20.16964 0.105709 0.0481866 20.145438 20.00869728
y7 20.0114632 0.0248165 20.0154157 20.00616326 0.0195887 0.00087036
y8 0.000749022 20.00152108 0.000928651 0.00032272820.00106519 0.000035409
1

11y
0.0 0.0 0.0 0.0 0.0 1.97923



r
s

s

ns
he

f
s of

nal

in
und

546 56M. T. RESSELL AND D. J. DEAN
S11~y!50.027 501 320.169 641y

10.507 868y220.617 985y3. ~A3!

APPENDIX B: THE ABBREVIATED STRUCTURE
FUNCTIONS

The fits to S(q) in this appendix are only valid fo
y<1. The fits are presented as tables of the coefficient
sixth-order polynomials iny: Si j (q)5(k50

6Cky
k. The first

column gives the order ofyk, then the next three column
give the corresponding values of theCk for S00, S01, and
S11 for the Bonn A calculation. The last three colum
present the results for the Nijmegen II calculation in t
same manner.~See Tables V–VIII.!
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APPENDIX C: THE FULL STRUCTURE FUNCTIONS

The fits toS(q) in this appendix are good for all values o
y<10. The fits are presented as tables of the coefficient
eighth-order polynomials iny plus a term included to mimic
the Goldberger-Trieman term present in the longitudi
multipole @20#, all multiplied by a factor of exp(22y) :
Si j (q)5$(k50

8Cky
k1C9@1/(11y)#%e22y. ~See Tables IX–

XII. ! The first column gives the order ofyk, then the next
three columns give the corresponding values of theCk for
S00, S01, and S11 for the Bonn A calculation. The last 3
columns present the results for the Nijmegen II calculation
the same manner. An example of the table’s use can be fo
by comparing Eq.~11! to the entries forS00 in the Bonn A
portion of the Table IX.
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