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State-by-state calculations for all channels of the exotic„µ2,e2
… conversion process
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The coherent and incoherent channels of the neutrinoless muon to electron conversion in nuclei,
m2(A,Z)→e2(A,Z)* , are studied throughout the periodic table. The relevant nuclear matrix elements are
computed by explicitly constructing all possible final nuclear states in the context of the quasiparticle random
phase approximation. The obtained results are discussed in view of the existing at PSI and TRIUMF experi-
mental data for48Ti and 208Pb and compared with results obtained by~i! shell model sum-rule techniques,~ii !
nuclear matter mapped into nuclei via a local density approximation, and~iii ! earlier similar calculations.
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PACS number~s!: 23.40.Bw, 13.35.Bv, 21.60.Jz, 12.60.Cn
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I. INTRODUCTION

The neutrinoless muon to electron conversion in the fi
of a nucleus,

m21~A,Z!→e21~A,Z!* , ~1!

is forbidden in the standard model by lepton flavor cons
vation and plays an important role in the study of flavo
changing neutral currents which violate muon and elect
numbers@1–10#. Within the last decade, experiments at P
@1,3,4# and TRIUMF @2# aiming at a search ofm-e conver-
sion electrons have not yet observed such events. Thes
periments have, however, provided us with useful constra
for the violation of muon and electron numbers. The b
upper limit on the branching ratio

Rme
Ti 5G~m2,e2!/G~m2,nm!,4.3310212 ~2!

has recently been set by SINDRUM II at PSI@1# by using
48Ti as the target. This value is of the same order as
previous limit set at TRIUMF@2#, i.e., Rme

Ti ,4.6310212.
This year@4#, experimental data extracted at PSI by usi
208Pb have yielded an upper limitRme

Pb,4.6310211. This
experiment was an improvement by an order of magnit
over the previous upper limit,Rme

Pb,4.9310210, extracted
from preliminary experimental data for the same target
TRIUMF @2#.

The experimental sensitivity is expected to be further i
proved by two to three orders of magnitude by ongoing
periments at PSI~to 10214) @1#, at TRIUMF ~to 10214) @2,8#,
and at INS~to 10214–10216) @11#. Hopefully, such experi-
ments will not only yield a still better limit, but they wil
detect some (m2,e2) events which will signal the break
down of the muon number conservation, revealing ‘‘ne
physics’’ beyond the standard model. For a discussion

*Permanent address: Theoretical Physics Division, University
Ioannina, GR 451 10, Greece.
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lepton flavor violation limits in conjunction with theoretica
predictions, the reader is referred to the recent survey
Depommier and Leroy@8#.

Because of the similarity of electrons and muons,m-e
conversion was originally expected to proceed very fa
From a theoretical point of view, the basic background
the (m2,e2) was set a long time ago by Weinberg and Fe
berg@5# who assumed that this process is mediated by virt
photons@Fig. 1~a!#. Nonphotonic contributions@Fig. 1~b!–
1~d!# were included later on in the post-gauge-theory era~for
a recent review on this topic see Ref.@10# and for the experi-
mental data extracted from various targets see Ref.@12#!.

One expects that theZ-exchange diagrams, Figs. 1~b! and
1~c!, to be less important than theW-box diagrams, Fig. 1~d!,
even for the incoherent process. The precise value depe
of course, on details like quark masses, etc. One also exp
theW box to dominate by large factors especially in the ca
of heavy intermediate neutrinos@13#. Similar conclusions
have been obtained by Marciano and Sanda@14#. In the
present work we have not included exotic particles likeZ8
@15#, exotic Higgs scalars, many Higgs double
R-parity-violating interactions, etc., which may in som
models be important. We intentionally stayed within the co
text of the minimal extensions of the standard model, ke
ing also in mind that our emphasis here is on the nucl
structure aspects.

An interesting feature of the (m2,e2) conversion in nu-
clei is the possibility of the ground-state to ground-state tr
sitions. The strength of this channel is expected to be
hanced because of the coherent contribution of all nucle
of the participating nucleus or at least all protons. The r
for such transitions can be expressed in terms of the pro
and neutron nuclear form factors@6,7,16#. Earlier estimates
for the branching ratioRme by Weinberg and Feinberg@5#
have indicated that, forA>100, this ratio is approximately
constant, while Shanker@6# found that the ratioRme could be
larger in heavy nuclei.

The incoherent rate is much harder to calculate. The fi
such calculations have been performed only recently@9,17#
in nuclei with closed~sub!shells throughout the periodi
f

526 © 1997 The American Physical Society
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56 527STATE-BY-STATE CALCULATIONS FOR ALL . . .
table by employing shell model sum rules, i.e., by invoki
closure approximation in some form with a suitable choice
a mean excitation energy, using a single Slater determin
for the initial state. In reality, these calculations give the to
rate. The incoherent strength can be estimated by subtra
from the total strength the coherent part obtained indep
dently. What, however, is needed is the ratio of the cohe
rate to the total rate. Shell model results showed that
coherent channel dominates the (m2,e2) process for light

FIG. 1. Typical diagrams entering the (m2,e2) conversion: the
photonic ~a!, Z-exchange~b!,~c!, and box~d! diagrams. Only the
specific mechanism involving intermediate neutrinos is exhibi
here.ne5( jUe jn j , nm5( jUm jn j , wheren j are the neutrino mas
eigenstates andUej , Um j are the charge-lepton current-mixing m
trix elements. Other mechanisms can also contribute~SUSY, Z8,
Higgs, etc.; see Ref.@10#!.
f
nt
l
ing
n-
nt
e

and medium nuclei, but in the region of208Pb, a great part of
the rate comes from the inelastic channels. Furtherm
these calculations showed that the dependence of the bra
ing ratioRme on the nuclear massA and chargeZ reaches a
maximum aroundA;100 in agreement with the estimates
Ref. @5#.

Recently@18#, we have employed, for the coherent a
incoherent (m2,e2) conversion, another approach based
a local density approximation in conjunction with a relati
istic Lindhard function for the description of the elementa
processes:m2p→e2p andm2n→e2n. The incoherent rate
in this method was obtained by integrating over the exci
states of a local Fermi sea. These results have shown tha
coherent contribution is dominant for all nuclei and that t
branching ratioRme presents a maximum in the region o
very heavy nuclei, i.e., in the Pb region.

In yet another recent theoretical study of the (m2,e2)
conversion@19#, the quasiparticle random phase approxim
tion ~QRPA! was employed for the construction of the fin
nuclear states entering the coherent and incoherent rate.
quasiparticle RPA results for48Ti have shown that the co
herent channel dominates. One of the advantages of
QRPA method is that it can be used to estimate the m
excitation energy of the nucleus of interest, which in turn
useful in checking the results of the above-mentioned clos
approximation which are sensitive to this property. The i

portant result@19# was that the mean excitation energyĒ of

the nucleus in process~1! is very small,Ē'1 MeV, which

is appreciably smaller thanĒ'20 MeV used in shell mode
calculations@9#. The latter value had been chosen from t
phenomenology of the charge-changing (m2,nm) reaction.
This difference is mainly due to the fact that the coher
elastic channel, possible only in the (m2,e2), is the domi-
nant channel.

From the above discussion it is clear that a detailed st
of all possible channels of the (m2,e2) conversion for me-
dium and heavy nuclei and in particular for nuclei arou
208Pb, which is of current experimental interest, is needed
the present work, we use the formalism developed in
context of the quasiparticle RPA@19# ~improved in the part
of the reduced matrix elements; see the Appendix! to extend
our previous results for48Ti and we report calculations per
formed for all individual (m2,e2) conversion channels, in a
set of isotopes covering the above region~see Table I, be-
low! including, of course,48Ti and 208Pb, since, the uppe
limit on the branching ratioRme has been extracted@1–4#
from experimental data on these nuclei. We note that
method using a local density approximation@18# cannot give
us the individual contribution of each accessible channel

Before embarking on such calculations, we mention t
for certain nuclei, in particular those with closed shells li
60Ni and 208Pb, a special treatment in the QRPA is requir
in order to determine the pairing parameters for proto
(gpair

p ) and neutrons (gpair
n ). In this work we follow the man-

ner used recently in the double-beta decay@20#. In Sec. II we
briefly discuss the method used, while the obtained res
are presented and discussed in Sec. III and the conclus
are summarized in Sec. IV.
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II. BRIEF DESCRIPTION OF THE METHOD

A. „µ2,e2
… conversion effective operator

The effective Hamiltonian operator of the (m2,e2) con-
version, which involves both vector and axial vector cu
rents, after the usual nonrelativistic reduction takes the fo
@10#

VV5 g̃V(
j51

A

~31 f Vbt3 j !e
2 iq•r j ,

VA52 g̃Af A(
j51

A

~j1bt3 j !
s j

A3
e2 iq•r j . ~3!

The parametersg̃V , g̃A , and b depend on the assume
mechanism for lepton flavor violation@7,10#. For the photo-
nic mechanism these parameters take the valuesg̃V51/6,
g̃A50, b53, and f V51, while, for the nonphotonic-
neutrino-mediated mechanism, they areg̃V5 g̃A51/2,
b55/6, f V51, f A51.24, andj5 f V / f A51/1.24.

In Eq. ~3!, q represents the momentum transfer to t
nucleus. Its magnitude is approximately given by

q5uqu5mm2eb2~Ef2Eg.s.!, ~4!

wheremm is the muon mass,eb is the muon binding energy
andEf andEg.s.are the energies of the final and ground st
of the nucleus, respectively. We should mention thateb ,
although negligible in light nuclei, can become important
heavy elements~see Sec. III!.

The matrix elements of the operators of Eq.~3! can be
obtained via the multipole operatorsTM

( l ,s)J given in the Ap-
pendix ~for details see Refs.@10,19#!.

B. Nuclear matrix elements for the coherent rate

In the case of the coherent (m2,e2) process, i.e., ground
state to ground-state transitions (01→01), only the vector
component of the (m2,e2) operator contributes and the co
herent rate is proportional to@10#

u^ f uV~q!u i ,m&u2

5 g̃V
2~31 f Vb!2F F̃p~q

2!1
32 f Vb

31 f Vb
F̃n~q

2!G2, ~5!

where

F̃p,n~q
2!5E d3xrp,n~x!e2 iq•xFm~x!. ~6!

In the last equationrp(x) andrn(x) represent the proton an
neutron densities normalized toZ andN, respectively and
Fm(x) is the muon wave function. If we assume that t
muon is bound in the 1s atomic orbit which varies very little
inside the nucleus, we can factorize the muon wave func
out of the integral of Eq.~6! and write

F̃p~q
2!'^F1s&ZFZ~q

2!, F̃n~q
2!'^F1s&NFN~q2!,

~7!
-
m

e

n

whereFZ (FN) is the usual proton~neutron! nuclear form
factor.

We should mention that, experimentally, the most int
esting quantities are the branching ratioRme and the ratio
h of the coherent to the total (m2,e2) conversion rate@see
Eq. ~15!, below#. We do not expect the branching ratio to b
greatly affected by the approximation of Eq.~7!, especially if
we calculate the totalm2 capture rate in the same way. W
expect this to be good even if for the total muon capture r
we use the Primakoff function@21#, which is obtained by
explicitly using this approximation. The Primakoff functio
fits the experimental data remarkably well throughout
periodic table~even for heavy nuclei!. Furthermore, and for
similar reasons, we expect that the ratioh is not going to be
drastically affected by this approximation.

In the above approximation the nuclear dependence of
rate for the coherent process is proportional to the ma
element

M coh
2 ~q2![Mg.s.→g.s.

2 ~q2!

5F11
32 f Vb

31 f Vb

N

Z

FN~q2!

FZ~q
2! G

2

3Z2FZ
2~q2!. ~8!

Thus, the variation of the coherent (m2,e2) conversion
rate through the periodic table can be studied by calcula
the matrix elementsMg.s.→g.s.

2 of Eq. ~8! for variousA and
Z. The nuclear form factors involved inMg.s.→g.s.

2 can either
be calculated by using various models as the shell mo
@16,22#, quasiparticle RPA@19,23#, etc., or can be obtained
directly from experiment whenever possible@24,25#.

In the context of the quasiparticle RPA with an uncorr
lated vacuum as the ground state, the nuclear form fac
are given by~see the Appendix!

Ft~q
2!5

1

t(j ~Vj
t!2~2 j11!^ j u j 0~qr !u j &, t5Z,N,

~9!

where (Vj
t)2 are the occupation probabilities for the proto

and neutron single-particle statesu j & included in the used
model space@ j[(n,l , j )#.

We should mention that, in the photonic case (b53),
only the protons of the considered nucleus contribute and
right-hand side of Eq.~8! becomesZ2FZ

2(q2).

C. Incoherent rate by explicit calculations of the final states

The incoherent (m2,e2) conversion rate is evaluated b
summing the partial rates for all final nuclear statesu f & ex-
cept the ground state. We need calculate the matrix elem
for both the vector and axial vector operators of Eq.~3!, i.e.,
the quantities

Sa5(
f

S qfmm
D 2E dq̂f

4p
u^ f uVaug.s.&u2,

u f &Þug.s.&, a5V,A ~10!
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56 529STATE-BY-STATE CALCULATIONS FOR ALL . . .
(q̂f is the unit vector in the direction of the momentum tran
fer qf).

As we have mentioned in the Introduction, for the calc
lation of SV andSA , one can either use the closure appro
mation@in which case the stateu f &5ug.s.& is included in Eq.
~10!# or compute, state by state, the partial rates involve
one can construct the final statesu f & in the context of some
nuclear model. By using the multipole expansion operat
T̂( l ,s)J ~see the Appendix!, the matrix elementsSV andSA are
written as

Sa5(
fexc

S qexcmm
D 2(

l ,J
u^ f excuuT̂~ l ,s!Juug.s.&u2 ~11!

@a5V,A, for the vector (s50) and axial vector (s51)
components, respectively#. The partial matrix element from
the initial state 01 to an excited stateu f & in the context of the
QRPA takes the form

^ f uuT̂~ l ,s!Juu01&5(
l,t

Wl
J@Xl

~ f ,J,t!Uj 2
~t!Vj 1

~t!1Yl
~ f ,J,t!Vj 2

~t!Uj 1
~t!#,

~12!

whereVj
(t) andUj

(t) represent the probability amplitudes fo
the single-particle states to be occupied and unoccupied
spectively. They are determined by solving the BCS eq
tions iteratively.X andY represent the forward and bac
ward scattering amplitudes. They are obtained by solving
QRPA equations. The indexl runs over two-particle con
figurations coupled to a givenJ, namely, (j 1 , j 2)J for the
proton (t51) or neutron (t521). The quantities
Wl

J[Wj 2 j 1
J are given in the Appendix.

For the total (m2,e2) rate the relevant matrix elemen
are obtained by adding the vector and axial vector contri
tions of the coherent and incoherent rate, i.e.,

M tot
2 5SV13SA1S0 , ~13!

where S0 is associated with the ground-state–to–grou
state transition,
-

-
-

if

rs

re-
-

e

-

-

S05S qg.s.mm
D 2(

l ,J
u^g.s.uuT̂~ l ,s!Juug.s.&u2, ~14!

for the vector components50 and for the axial vector com-
ponents51. For 01 nuclei only the vector term contributes

III. RESULTS AND DISCUSSION

Using the method outlined above, in the present work w
have calculated the matrix elements needed for both the
herent and incoherent (m2,e2) rates, for the nuclei48Ti,
60Ni, 72Ge, 112Cd, 162Yb, and 208Pb. The specific parameters
used and a brief description of the model spaces employ
can be read from Table I. For all nuclei considered we ha
employed the same model space for protons and neutro
For the harmonic oscillator parameterb in the region of
heavy nuclei we have employed the improved expressions
Ref. @26#.

In the BCS description of the uncorrelated ground sta
for each nuclear isotope the single-particle energies ha
been calculated from a Coulomb corrected Woods-Saxon
tential with spin-orbit coupling. TheG-matrix elements of
the realistic Bonn one-boson-exchange potential@27# have
been employed. The values of the pairing parametersgpair

p

andgpair
n renormalizing the proton and neutron pairing cha

nels in theG matrix have been deduced by comparing th
quasiparticle energies with experimental pairing gaps as
described in Refs.@28,29#. For the special cases of28

60Ni,
which is a proton closed-shell nucleus, and82

208Pb, which is a
doubly closed-shell nucleus, the pairing parameters ha
been deduced from the neighboring nuclei26

60Fe and84
208Po,

respectively, in analogy with the procedure followed in th
study of the nuclear double-beta decay in the double clos
shell nucleus20

48Ca @20#. The resulting pairing parameters
gpair
p andgpair

n for each nucleus are shown in Table I.

A. Coherent process

It is obvious from Eq.~8! that, for the coherent process
i.e., g.s.→g.s. transitions, we need the proton and neutr
TABLE I. Renormalization constants for proton (gpair
p ) and neutron (gpair

n ) pairing interactions determined
from the experimental proton (Dp

expt) and neutron (Dn
expt) pairing gaps.

Nucleus Configuration space bHO(fm
21) Dp

expt(MeV) Dn
expt(MeV) gpair

p gpair
n

22
48Ti26 16 levels~no core! 1.92 1.896 1.564 1.082 1.002

28
60Ni32 16 levels~no core! 2.02 1.718a 1.395a 1.033 0.901

32
72Ge40 16 levels~no core! 2.07 1.611 1.835 0.924 0.995

48
112Cd64 16 levels~core 20

40Ca20) 2.21 1.506 1.331 1.099 0.950

70
162Yb92 23 levels~core 20

40Ca20) 2.32 1.170 1.104 0.894 0.951

82
208Pb126 18 levels~core 50

100Sn50) 2.40 0.807a 0.611a 0.861 1.042

aFor the closed-shell nuclei the parametersgpair
p andgpair

n have been borrowed from the (N62,Z72) nuclei;
i.e., the experimental gaps~columns 4 and 5! for 28

60Ni32 and 82
208Pb126 are those of26

60Fe34 and 84
208Po124,

respectively.
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TABLE II. Nuclear form factors for protons (FZ) and neutrons (FN) calculated in the context of the she
model @9# and quasiparticle RPA cases QRPA~i! and QRPA~ii ! ~see text!. For comparison the experimenta
form factors@24,25# are also shown.

Nucleus Shell model QRPA~i! QRPA~ii ! Expt.
(A,Z) bHO (fm21) FZ FN FZ FN eb (MeV) FZ FN FZ

expt

22
48Ti26 1.906 0.543 0.528 0.528 0.506 1.250 0.537 0.514 0.5

28
60Ni32 1.979 0.489 0.478 0.489 0.476 1.950 0.503 0.490 0.4

32
72Ge40 2.040 0.470 0.448 0.456 0.435 2.150 0.472 0.451 0.4

48
112Cd64 2.202 0.356 0.318 0.349 0.312 4.890 0.388 0.352 0.3

70
162Yb92 2.335 0.261 0.208 0.252 0.218 8.445 0.314 0.280 0.3

82
208Pb126 2.434 0.194 0.139 0.207 0.151 10.475 0.271 0.214 0.2
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nuclear form factorsFZ(q
2) andFN(q

2), respectively. The
results, obtained by using as the ground state the unco
lated RPA vacuum, are listed in Table II for the followin
two cases.

~i! By neglecting the muon binding energyeb in Eq. ~4!
~as in Refs.@5,9#!. Then, the elastic momentum transfer
the same for all nuclei, i.e.,q'mm'0.535 fm21. Such re-
sults are indicated as QRPA~i!.

~ii ! By taking into accounteb in Eq. ~4!. Then, the elastic
momentum transfer isq'mm2eb and varies from
q'0.529 fm21, for 48Ti where eb'1.3 MeV, to
q'0.482 fm21, for 208Pb whereeb'10.5 MeV @see Table
II, results indicated as QRPA~ii !#.

In Table II we also present the shell model results of R
@9#, obtained withq50.535 fm21 throughout the periodic
table, i.e., as in case~i! above. We see that QRPA~i! and
shell model methods give about the same results. Howe
the form factors of QRPA~ii ! for heavy nuclei differ appre-
ciably from those of both QRPA~i! and the shell model. Fo
208Pb, for example, the QRPA~ii ! form factors are abou
30% larger than the corresponding QRPA~i! and shell model.
This happens because the inclusion ofeb results in a smaller
momentum transfer to the nucleus and, consequently, in
increase of the form factors. The larger the value ofeb , lead
region, the larger the difference between form fact
QRPA~i! and QRPA~ii !.

In Table II we also show the experimental form facto
obtained from electron scattering data@24,25# at momentum
transferq5mm2eb . We see that, when using the right for
factors, i.e., taking into account the binding energyeb
@QRPA~ii ! case#, the form factors calculated in the prese
work, are in good agreement with the experimental ones.
deviation is less than 5% with the possible exception
112Cd and208Pb where it is about 10%.
The variation of the coherent nuclear matrix eleme

M coh
2 with respect toA andZ is shown in Fig. 2~a!, for the

photonic mechanism, and Fig. 2~b!, for the nonphotonic one
From these figures we see that, by taking into account
muon binding energyeb , QRPA~ii !, all matrix elements in-
crease continuously up to the lead region where they bec
re-

f.

r,

an

s

t
e
f

s

e

e

about a factor of 2 larger than the corresponding QRPA~i!
and shell model values. This implies that the coherent r
becomes larger for the heavy nuclei, Pb region, which ma
such nuclei attractive from an experimental point of vie
@2,4# provided, of course, that they also satisfy other ad
tional criteria, e.g., the minimization of the reaction bac
ground, etc.@8,12#. The (m2,e2) conversion electrons of a
given target are expected to show a pronounced peak aro
Ee5mm2eb , which for the lead region isEe'95 MeV.
One prefers this peak to be as far as possible above
reaction-induced background.

We should recall that, in the present work and in the sh
model method of Ref.@9#, the factorization approximation
Eq. ~7!, was used. The exact expression, Eq.~6!, was used in
Ref. @18# and yielded matrix elements which for heavy n
clei are larger than the approximate ones. This, however
we have extensively seen in Sec. II B, only slightly affec
the branching ratioRme and the ratioh of the coherent rate to
the total rate, which in our case are the most important qu
tities. We also mention that shell model results for the to
muon capture rate@31#, obtained by using the exact muo
wave function, differ by only 5.7%, in the case of60Ni, and
by 7.0%, in the case of208Pb, from those obtained by usin
the approximation of Eq.~7!. Detailed QRPA calculations
which do not invoke this factorization approximation, a
under way and will be published elsewhere.

B. Incoherent process

As we have stated in Sec. II C, the incoherent proces
the present work is investigated by calculating, state by st
the contributions of all the excited states of the nucleus
question which are included in the model space describe
Table I.

For the photonic mechanism the nuclear matrix eleme
obtained for all positive and negative parity states up to2

and 61 are shown in Table III. For this mechanism only th
vector component SV gives a nonzero contribution
(M inc

2 5SV). For the nonphotonic mechanism we have no
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zero contributions from both the vector and axial vec
componentsSV andSA , and the results are shown in Tab
IV (M inc

2 5SV13SA).
From Tables III and IV we see that the main contributi

to the incoherent rate comes from the low-lying excit
states. High-lying excited states contribute negligibly. T
means that for a givenA, a nuclear isotope with many low
lying states in its spectrum is characterized by large incoh
ent matrix elements.

For the doubly closed-shell nucleus208Pb, which is of
current experimental interest@2,4#, the incoherent matrix el-
ements are smaller than expected. A plausible explanatio
that the spectrum of this nucleus presents a large gap~mini-

FIG. 2. Variation of the coherent (m2,e2) conversion matrix
elementsM coh

2 for specific massA and chargeZ ~see text! for the
photonic mechanism~a! and the nonphotonic mechanism~b!. In
QRPA~i! the muon binding energyeb was neglected, but it was
included in QRPA~ii !. We see thateb strongly affects the matrix
elements for heavy nuclei. For comparison the results of Ref.@9#
~shell model results! are also shown. For photonic and nonphoton
diagrams the coherent rate increases up to thePb region where it
starts to decrease.
r

s

r-

is

mum energy needed to excite the first excited state! and only
few excited states lie below'5 MeV.

In general, the incoherent matrix elements do not sh
clearA andZ dependence. Their magnitude depends on
spectrum of the individual nuclear isotope.

In obtaining the results of Tables III and IV for 12 states,
we removed the spurious center-of-mass contributions by

TABLE III. Incoherentm-e conversion matrix elements (M inc
2 )

for the photonic mechanism. Only the vector component (SV) of the
operator of Eq.~3! contributes.

Jp
22
48Ti 28

60Ni 32
72Ge 48

112Cd 70
162Yb 82

208Pb

01 1.946 1.160 2.552 2.088 4.305 2.512
21 0.242 0.738 1.396 2.669 6.384 2.342
41 0.004 0.005 0.015 0.021 0.063 0.056
61 631026 631026 131025 631025 231024 331024

12 3.711 4.215 5.066 5.282 4.824 4.533
32 0.037 0.081 0.152 0.249 0.542 0.476
52 231024 231024 531024 0.001 0.005 0.005

SV 5.940 6.199 9.181 10.309 16.123 9.924

M inc
2 5.940 6.199 9.181 10.309 16.123 9.924

TABLE IV. Nonphotonic mechanism. Incoherentm-e conver-
sion matrix elements (M inc

2 ) for the vector (SV) and axial vector
(SA) components of the (m2,e2) operator.

Jp
22
48Ti 28

60Ni 32
72Ge 48

112Cd 70
162Yb 82

208Pb

01 2.245 1.441 3.326 3.006 6.097 4.106
21 0.363 1.000 1.899 4.869 12.618 3.769
41 0.002 0.006 0.017 0.029 0.078 0.070
61 231026 731026 131026 831025 231024 431024

12 4.010 6.164 6.676 7.243 6.796 5.537
32 0.059 0.097 0.177 0.328 0.684 0.572
52 131024 231024 531024 0.002 0.006 0.006

SV 6.679 8.708 12.095 15.477 26.280 14.06

11 0.265 1.114 0.795 0.943 1.599 0.951
21 0.041 0.189 0.208 0.362 0.644 0.466
31 0.044 0.221 0.244 0.422 0.693 0.635
41 2 31024 0.001 0.002 0.005 0.013 0.015
51 2 31024 0.002 0.002 0.007 0.013 0.021
61 131027 131026 131027 131025 431025 931025

02 0.770 1.498 1.394 1.840 1.925 1.539
12 0.594 1.149 1.057 1.394 1.072 0.616
22 0.673 0.800 0.880 1.035 1.137 1.170
32 0.010 0.015 0.024 0.050 0.091 0.110
42 0.009 0.019 0.031 0.057 0.164 0.129
52 831026 231025 631025 231024 0.001 0.001
62 931026 731025 131024 331024 0.001 0.001

3SA 2.405 5.009 4.637 6.115 7.305 6.226

M inc
2 9.084 13.717 16.732 21.592 33.585 20.28
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plicitly calculating the spurious stateuS& and removing its
admixtures from the incoherent and total rate. We have a
calculated the overlapŝ12,muS& ~wherem counts the 12

excited states! and found that most of the spuriousity lies
the lowest 12 state, being 88% for48Ti, 63% for 60Ni, 62%
for 72Ge, 57% for 112Cd, 87% for 162Yb, and 77% for
208Pb @30#. We should stress that, for all nuclei studied, t
spurious center-of-mass contribution is less than 30% of
incoherent matrix elements, i.e., 1.0–1.5 % of the to
(m2,e2) conversion rate.

An additional point we should note is the effect of th
ground-state correlations on the (m2,e2) matrix elements.
In the QRPA this can be easily estimated by using a co
lated quasiparticle RPA vacuum instead of the uncorrela
one @32–35#. In the present work we have not performe
additional calculations with a correlated RPA vacuum. It
known, however, that the matrix elements for48Ti obtained
this way @19# are reduced by'30%. The ground-state cor
relations tend to decrease the strengths of all (m2,e2) con-
version channels, but do not affect the parameterh ~see Sec.
III C !.

C. Comparison of coherent and incoherent processes

As we have seen above, the g.s.→g.s. channel is the mos
important one. Therefore, a useful quantity for t
(m2,e2) conversion is the fraction of the coherent mat
elementsM coh

2 divided by the total oneM tot
2 , i.e., the ratio

h5M coh
2 /M tot

2 . ~15!

TABLE V. Coherent and totalm-e conversion rate matrix ele
ments QRPA~ii ! ~see text! for the photonic mechanism in th
neutrino-mediated process. For comparison, we also show the
h of Eq. ~15! given by the shell model@9# obtained by ignoring the
muon binding energyeb . The results of QRPA~i! are similar to
those of the shell model.

Nucleus QRPA~ii ! Matrix elements h%
(A,Z) Mg.s.→g.s.

2 M tot
2 QRPA~ii ! Shell model

22
48Ti26 139.6 145.5 95.9

28
60Ni32 198.7 204.9 96.9 64.9

32
72Ge40 227.8 237.0 96.1 59.7

48
112Cd64 346.7 357.0 97.1

70
162Yb92 484.3 500.4 96.8 36.9

82
208Pb126 494.7 504.6 98.0 25.5
o

e
l

-
d

In earlier calculationsh was estimated@5# to be a de-
creasing function ofA with a value ofh'83% in the Cu
region. By using, however, the most appropriate QRPA~ii !
results, we find that indeed the coherent channel domin
throughout the periodic table~see Table V for the photonic
and Table VI for the nonphotonic mechanisms!. In fact we
see that the values ofh obtained in the present calculation
are a bit larger than those of Ref.@18# obtained with a local
density approximation and a lot larger than those of Ref.@9#.
We should stress, however, that the exaggeration of the
coherent channels in the shell model calculations of Ref.@9#
is not a shortcoming of the method itself but the result
ignoring the muon binding energyeb in calculating the
nuclear form factors. In fact, repeating the calculations
Ref. @9# and taking into account the effect ofeb on the form
factors of the coherent process as well as on the mean e
tation energy entering the total rate, we find a value
h>75%.

IV. CONCLUSIONS

In the present work we have studied in detail the dep
dence of (m2,e2) conversion matrix elements on the nucle
parametersA andZ. Our nuclear matrix elements were ob
tained in the context of quasiparticle random phase appr
mation ~QRPA! which permits a relatively simple construc
tion of all needed final states. So there was no need to inv
a closure approximation. The results obtained cover
nuclear systems from48Ti to 208Pb, which are of experimen
tal interest. The most important conclusions stemming ou
our detailed study are the following.

~i! The coherent mode dominates throughout the perio
table but it is more pronounced in the heavy nucleus208Pb
which is currently used at PSI in the SINDRUM II exper
ment.

~ii ! The coherent and total rates as well as the ratioh
~coherent to total! tend to increase as a function of the ma
numberA up to the Pb region. This encourages the use
heavier nuclear targets to look for lepton flavor violation.

~iii ! In evaluating the nuclear matrix elements the mu
binding energy should not be ignored especially for hea
nuclear elements.

~iv! The great part of the incoherent rate comes from
low-lying excitations.

The results obtained in the present work are in go
agreement with those obtained in the framework of the lo
density approximation as well as those of shell model cal

tio
TABLE VI. The same as in Table V for a nonphotonic mechanism (b55/6) in the neutrino-mediated
process. For comparison we have added the results forh obtained with a local density approximation~LDA !
@18# and shell model@9#.

Nucleus QRPA~ii ! Matrix elements h%
(A,Z) Mg.s.→g.s.

2 M tot
2 QRPA~ii ! Shell model LDA

22
48Ti26 375.2 384.3 97.6 91.0

28
60Ni32 527.4 541.1 97.5 74.9

32
72Ge40 639.5 656.2 97.4 70.3

48
112Cd64 983.3 1004.9 97.8 93.0

70
162Yb92 1341.2 1374.8 97.6 40.1

82
208Pb126 1405.2 1425.5 98.5 28.2 94.0
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lations provided that all calculations take into account
muon binding energyeb .

ACKNOWLEDGMENTS

This work has been partially supported~T.S.K.! by DFG
Grant No. FA67/19-1. The authors T.S.K. and J.D.V. wou
like to acknowledge support from the EU Human Capital a
Mobility Program No. CHRX-CT 93-0323.

APPENDIX

~A! The multipole expansion operatorsT̂( l ,s)J, resulting
from VV andVA of Eq. ~3!, are written as

TM
~ l ,0!J5 g̃Vd lJA4p(

i51

A

~31bt3i ! j l~qri !YM
l ~ r̂ i ! ~A1!

for VV , the spin-independent component, and

TM
~ l ,1!J5 g̃AA4p

3 (
i51

A

~j1bt3i ! j l~qri !@Y
l~ r̂ i ! ^si #M

J

~A2!

for VA , the spin-dependent component.j l(qr) are the
spherical Bessel functions.

The quantitiesWl
J[Wj 2 j 1

J of Eq. ~12! contain the reduced

matrix elements of the operatorsT̂J between the single
particle proton or neutron statesj 1 and j 2 as

Wj 1 j 2
J ~t!5~z1tb!

^ j 1uuT̂Juu j 2&
2J11

~A3!

(z53 for VV and z51/1.24 forVA). The reduced matrix
elements^ j 1uuTJuu j 2& are given in Ref.@19#. The relevant
radial matrix elementŝn1l 1u j l(qr)un2l 2&, for the harmonic
oscillator basis often used, can be written in the elegant w

^n1l 1u j l~qr !un2l 2&5e2x (
k50

kmax

«kxk1 l /2, x5~qb!2/4,

~A4!

where
e

d

y

kmax5n11n21m, m5~ l 11 l 22 l !/2.

The coefficients«k(n1l 1 ,n2l 2 ,l ), in general simple numbers
are given by

«k5F pn1!n2!

4G~ n11 l 11
3
2 !G~ n21 l 21

3
2 ! G1/2

3 (
k15f

n1

(
k25s

n2

n!Lk1
~n1l 1!Lk2

~n2l 2!Lk~nl !, ~A5!

where theLk(nl) are defined in Ref.@19#, n5k11k21m,
and

f5H 0, k2m2n2<0,

k2m2n2 , k2m2n2.0,

s5H 0, k2m2k1<0,

k2m2k1 , k2m2k1.0.

The advantage of Eq.~A4! is that it permits the calcula
tion of «k , which are independent of the momentumq, once
and for the whole model space used. Afterwards, the relev
reduced matrix elements are easily obtained for every va
of the momentum transferq.

~B! In the context of the quasiparticle RPA, the poin
proton~-neutron! nuclear form factors of Eq.~9! can be cast
in the compact form

Ft~q
2!5

1

t
e2~qb!2/4 (

l50

Nspace

ul
t ~qb!2l, t5Z,N, ~A6!

whereb is the harmonic oscillator parameter,Nspacerepre-
sents the maximum harmonic oscillator quanta included
the model space used~see Table I!, andul

t the coefficients

ul
t 5

Ap

2 (
~n,l ! j ,l> l

~Vj
t!2

~2 j11!n!Cnl
l2 l

G~n1 l1 3
2 !

, ~A7!

where (Vj
t)2 are the occupation probabilities for the proto

~neutron! single-particle j levels. The coefficientsCnl
m are

given in Ref.@22#.
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