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State-by-state calculations for all channels of the exoti€¢u™,e™) conversion process
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The coherent and incoherent channels of the neutrinoless muon to electron conversion in nuclei,
u (A,Z2)—e (A,2)*, are studied throughout the periodic table. The relevant nuclear matrix elements are
computed by explicitly constructing all possible final nuclear states in the context of the quasiparticle random
phase approximation. The obtained results are discussed in view of the existing at PSI and TRIUMF experi-
mental data fo*®Ti and 2°%Pb and compared with results obtained(Byshell model sum-rule technique,
nuclear matter mapped into nuclei via a local density approximation,(i@ndearlier similar calculations.
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PACS numbg(s): 23.40.Bw, 13.35.Bv, 21.60.Jz, 12.60.Cn

[. INTRODUCTION lepton flavor violation limits in conjunction with theoretical
predictions, the reader is referred to the recent survey by
The neutrinoless muon to electron conversion in the fieldepommier and Leroy8].

of a nucleus, Because of the similarity of electrons and muopse

conversion was originally expected to proceed very fast.
u-+(AZ)—e +(A2Z)%, (1) From a theoretical point of view, the basic background for

the (uw,e~) was set a long time ago by Weinberg and Fein-

is forbidden in the standard model by lepton flavor conserperg[5] who assumed that this process is mediated by virtual

vation and plays an important role in the study of ﬂaVOf'photons[Fig. 1(a)]. Nonphotonic contribution§Fig. 1(b)—

changing neutral currents which violate muon and electror]_(d)] were included later on in the post_gauge_theory(ma

numberg1-10]. Within the last decade, experiments at PSl3 recent review on this topic see RE0] and for the experi-

[1,3,4 and TRIUMF[2] aiming at a search gf-e conver-  mental data extracted from various targets see Ré&l).

sion electrons have not yet observed such events. These eX- One expects that the-exchange diagrams, Figs(bl and

periments have, however, provided us with useful constraint(c), to be less important than the-box diagrams, Fig. (),

for the violation of muon and electron numbers. The beskyen for the incoherent process. The precise value depends,

upper limit on the branching ratio of course, on details like quark masses, etc. One also expects
Ti o B 1o the W box to dominate by large factors especially in the case
Rie=T(un",e)T(n",v,)<4.3x10 (2 of heavy intermediate neutrind43]. Similar conclusions

. have been obtained by Marciano and Safdld]. In the
Qas_ recently been set by SINDRUM Il at PEI| by using  present work we have not included exotic particles e
oTi as thg tlarget. This value is qf the Ts_ame order as th?lS], exotic Higgs scalars, many Higgs doublets,
previous limit set at TRIUMF[2], i.e., R, ,<4.6X 107 %2  R-parity-violating interactions, etc., which may in some
This year[4], experimental data extracted at PSI by usingmodels be important. We intentionally stayed within the con-
20%h have yielded an upper imMR72<4.6x107*% This  text of the minimal extensions of the standard model, keep-
experiment was an improvement by an order of magnitudéng also in mind that our emphasis here is on the nuclear
over the previous upper IimiﬂR52<4.9>< 10719 extracted structure aspects.
from preliminary experimental data for the same target at An interesting feature of they(",e™) conversion in nu-
TRIUMF [2]. clei is the possibility of the ground-state to ground-state tran-
The experimental sensitivity is expected to be further im-sitions. The strength of this channel is expected to be en-
proved by two to three orders of magnitude by ongoing ex-hanced because of the coherent contribution of all nucleons
periments at PSito 10 %) [1], at TRIUMF (to 10 %) [2,8],  of the participating nucleus or at least all protons. The rate
and at INS(to 10 *-10 1) [11]. Hopefully, such experi- for such transitions can be expressed in terms of the proton
ments will not only yield a still better limit, but they will and neutron nuclear form factof6,7,1§. Earlier estimates
detect some 4~ ,e") events which will signal the break- for the branching ratidR,,. by Weinberg and Feinberp]
down of the muon number conservation, revealing “newhave indicated that, foA= 100, this ratio is approximately
physics” beyond the standard model. For a discussion o€onstant, while Shankgé] found that the rati® ,. could be
larger in heavy nuclei.
The incoherent rate is much harder to calculate. The first
*Permanent address: Theoretical Physics Division, University osuch calculations have been performed only rece®/g7]
loannina, GR 451 10, Greece. in nuclei with closed(subshells throughout the periodic
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p- Vi Ve e~ and medium nuclei, but in the region 8%Pb, a great part of
—> \\ = / i the rate comes from the inelastic channels. Furthermore,
“a v these calculations showed that the dependence of the branch-
- —~—~——— W~ . .
w ing ratioR ;¢ on the nuclear mas& and chargeZ reaches a
¥ maximum aroundd~ 100 in agreement with the estimates of
Ref.[5].
- - Recently[18], we have employed, for the coherent and
p p incoherent f«~,e~) conversion, another approach based on
(a) a local density approximation in conjunction with a relativ-
istic Lindhard function for the description of the elementary
W= processesi” p—e” p andu” n—e"n. The incoherent rate
,*""‘\\ in this method was obtained by integrating over the excited
4 \ .
=L v ve \ e- states of a Ioca_ll Fe_rml_sea. T_hese results have_ shown that the
——1 I coherent contribution is dominant for all nuclei and that the
branching ratioR . presents a maximum in the region of
y/ very heavy nuclei, i.e., in the Pb region.

In yet another recent theoretical study of the (e™)
conversion19], the quasiparticle random phase approxima-
tion (QRPA) was employed for the construction of the final
nuclear states entering the coherent and incoherent rate. Such
(b) quasiparticle RPA results fof®Ti have shown that the co-
herent channel dominates. One of the advantages of the
QRPA method is that it can be used to estimate the mean
excitation energy of the nucleus of interest, which in turn is
useful in checking the results of the above-mentioned closure
approximation which are sensitive to this property. The im-

portant resul{19] was that the mean excitation energyof
the nucleus in procesd) is very small,E~1 MeV, which

is appreciably smaller thaB~20 MeV used in shell model
calculations[9]. The latter value had been chosen from the
phenomenology of the charge-changing(»,) reaction.
This difference is mainly due to the fact that the coherent
elastic channel, possible only in thee(,e™), is the domi-
nant channel.
- From the above discussion it is clear that a detailed study
N ’ of all possible channels of thew(",e™) conversion for me-
g dium and heavy nuclei and in particular for nuclei around
N 208pp, which is of current experimental interest, is needed. In
I i d ~ the present work, we use the formalism developed in the
" context of the quasiparticle RPJL9] (improved in the part
(d) of the reduced matrix elements; see the Appentlixextend
our previous results fof®Ti and we report calculations per-
FIG. 1. Typical diagrams entering the.(,e~) conversion: the ~formed for all individual (»~,e™) conversion channels, in a
photonic (a), Z-exchange(b),(c), and box(d) diagrams. Only the ~Set of isotopes covering the above regisee Table I, be-
specific mechanism involving intermediate neutrinos is exhibitedow) including, of course,*®Ti and 2°%b, since, the upper
here.ve=3;Uejvj, v,=Z;U,;v;, wherev; are the neutrino mass limit on the branching ratiiR . has been extracteld—4]
eigenstates and,;, U ,; are the charge-lepton current-mixing ma- from experimental data on these nuclei. We note that the
tri_x elements. Other mechanisms can also contrig8dSy, Z’, method using a local density approximatidi8] cannot give
Higgs, etc.; see Ref10]). us the individual contribution of each accessible channel.

table by employing shell model sum rules, i.e., by invoking Before embarking on such calculations, we mention that
closure approximation in some form with a suitable choice ofO" Certain nuclei, in particular those with closed shells like

a mean excitation energy, using a single Slater determinantNi @nd 2Pb, a special treatment in the QRPA is required
for the initial state. In reality, these calculations give the totalin order to determine the pairing parameters for protons
rate. The incoherent strength can be estimated by subtractif@pa) and neutronsdp,;). In this work we follow the man-
from the total strength the coherent part obtained indepemer used recently in the double-beta def2g]. In Sec. Il we
dently. What, however, is needed is the ratio of the coherertriefly discuss the method used, while the obtained results
rate to the total rate. Shell model results showed that thare presented and discussed in Sec. lll and the conclusions
coherent channel dominates the (,e”) process for light are summarized in Sec. IV.
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Il. BRIEF DESCRIPTION OF THE METHOD whereF; (Fy) is the usual protor{neutror) nuclear form
factor.
We should mention that, experimentally, the most inter-
The effective Hamiltonian operator of the.(,e”) con-  esting quantities are the branching raRg, and the ratio
version, which involves both vector and axial vector CUT-77 of the coherent to the totalu(_,e_) conversion ratésee
rents, after the usual nonrelativistic reduction takes the forngq. (15), below]. We do not expect the branching ratio to be

A. (L~,e7) conversion effective operator

[10] greatly affected by the approximation of H@), especially if
A we calculate the totgl ™ capture rate in the same way. We
_= Na—igr expect this to be good even if for the total muon capture rate
Qv gvgl (3+fyhg)e 0, we use the Primakoff functiofi2l], which is obtained by

explicitly using this approximation. The Primakoff function
A o fits the experimental data remarkably well throughout the
Qp=—0afa>, (é+Brg)—Ze 197, (3)  periodic table(even for heavy nuclgi Furthermore, and for
i=1 V3 similar reasons, we expect that the ratids not going to be
o drastically affected by this approximation.
The parameters)y, ga, and 8 depend on the assumed In the above approximation the nuclear dependence of the
mechanism for lepton flavor violatidi7,10]. For the photo- rate for the coherent process is proportional to the matrix

nic mechanism these parameters take the vallyes 1/6,  element

g,=0, =3, and fy=1, while, for the nonphotonic-

; . : ~ = MZH G =M2¢_45(a?)
neutrino-mediated mechanism, they am,=ga=1/2, co d g.s—gsld
B=5/6, f\/=1, fA2124, and§= fvlfAz 1/1.24. 3_fVﬁ N FN(qz) 2

In Eq. (3), g represents the momentum transfer to the =1+ 37108 Z Fo(d2
nucleus. Its magnitude is approximately given by vB 2(a°)

X Z2F5(9?). 8)

q:|Q|:m,u_6b_(Ef_Eg.s)! (4)

Thus, the variation of the cohereni.(,e”) conversion

wherem,, is the muon massg, is the muon binding energy, o . .
“ b g & Jate through the periodic table can be studied by calculating

andE; andEy ¢ are the energies of the final and ground stat ) > )

of the nucleus, respectively. We should mention tegt  he matrix elementddy ;g of Eq. (8) fgr variousA and

although negligible in light nuclei, can become important inZ- The nuclear form factors involved g s 4 can either

heavy elementgsee Sec. li\. be calculated by using various models as the shell model
The matrix elements of the Operators of Ea) can be [16,22, quasiparticle RPF[lQ,Zﬂ, etC., or can be obtained

obtained via the multipole operatofé;®’ given in the Ap-  directly from experiment whenever possilie4,25.
pendix (for details see Ref§10,19). In the context of the quasiparticle RPA with an uncorre-

lated vacuum as the ground state, the nuclear form factors

are given by(see the Appendijx
B. Nuclear matrix elements for the coherent rate 9 i PP y

In the case of the coherent(',e™) process, i.e., ground- 1
state to ground-state transitions(©-0"), only the vector FT(QZ)Z;E_ (VD22 +1)(jlio(anlj), 7=Z.N,
component of the 4~ ,e™) operator contributes and the co- .
. ; C)
herent rate is proportional {d.0]
[(F1 Q)]s )2 where (\/]-T)2 are the occupation probabilities for the proton
and neutron single-particle stat§y included in the used
_ _ 3—fy8- 2 model spacé¢j=(n,l,j)].
=933+ fyB) Y Fp(a® + an(qz) , (5) We should mention that, in the photonic cage=(3),
V

only the protons of the considered nucleus contribute and the

where right-hand side of Eq(8) becomesZ?F2(g?).

~ : C. Incoherent rate by explicit calculations of the final states
%A&FfdﬁmﬂméquM- ®) , Yo | |
The incoherent £~ ,e~) conversion rate is evaluated by

summing the partial rates for all final nuclear statBsex-

cept the ground state. We need calculate the matrix elements
for both the vector and axial vector operators of B, i.e.,

the quantities

In the last equatiop,(x) andp,(x) represent the proton and
neutron densities normalized ® and N, respectively and
® ,(x) is the muon wave function. If we assume that the
muon is bound in the datomic orbit which varies very little
inside the nucleus, we can factorize the muon wave function s \2 [ dg
out of the integral of Eq(6) and write S.=>, (—) — [(f]Q4]g.5)|%
T mM 41
Fp(qz)“@)lsﬂ':z(qz): Fn(q2)~<(bls>NFN(q2):
(7 Ify#|g.s), a=V,A (10)
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A, . . . . 2

(qg; is the unit vector in the direction of the momentum trans- (%s.) ~(1,0)3 2

=|— SHTY? .S)|4, 14

fer q). So={, | & KoslTllgs)l (14
As we have mentioned in the Introduction, for the calcu-

lation of S, and Sy, one can either use the closure approxi-for the vector component=0 and for the axial vector com-

mation[in which case the stafé)=|g.s) is included in Eq.  ponento=1. For 0" nuclei only the vector term contributes.
(10)] or compute, state by state, the partial rates involved if

one can construct the final statd$ in the context of some
nuclear model. By using the multipole expansion operators
T(ho)d (see the Appendix the matrix elementS, andS, are Using the method outlined above, in the present work we
written as have calculated the matrix elements needed for both the co-
herent and incoherenty( ,e”) rates, for the nuclef*Ti,
(qex
ml-‘

Ill. RESULTS AND DISCUSSION

ol . 50N, "°Ge, 117Cd, 1%?vb, and 2°%Pb. The specific parameters
2 [(fed TEMgs)? (1) - e
o 1\ex g used and a brief description of the model spaces employed
can be read from Table I. For all nuclei considered we have
[@=V,A, for the vector =0) and axial vector ¢=1) employed the same model space for protons and neutrons.
components, respectivdlyThe partial matrix element from For the harmonic oscillator parametbrin the region of
the initial state 0 to an excited statff) in the context of the heavy nuclei we have employed the improved expressions of

QRPA takes the form Ref. [26].
In the BCS description of the uncorrelated ground state,

A for each nuclear isotope the single-particle energies have
(Fl[T"j0") = ; WADXG UV Y VIDUDY, peen caleulated from a Iz:oulomb cgrreréted Woods—gaxon po-
' (12) tential with spin-orbit coupling. Th&-matrix elements of
the realistic Bonn one-boson-exchange poterial] have
whereV{” andU(" represent the probability amplitudes for been employed. The values of the pairing parameggs
the single-particle states to be occupied and unoccupied, recndggair renormalizing the proton and neutron pairing chan-
spectively. They are determined by solving the BCS equanels in theG matrix have been deduced by comparing the
tions iteratively.X and Y represent the forward and back- quasiparticle energies with experimental pairing gaps as is
ward scattering amplitudes. They are obtained by solving thelescribed in Refs[28,29. For the special cases c%Ni,
QRPA equations. The index runs over two-particle con- which is a proton closed-shell nucleus, a§Pb, which is a
figurations coupled to a gived, namely, (;,j,)J for the  doubly closed-shell nucleus, the pairing parameters have
proton (r=1) or neutron ¢=-1). The quantities peen deduced from the neighboring nuciife and32%o,
WiEWszjl are given in the Appendix. respectively, in analogy with the procedure followed in the
For the total {«~,e”) rate the relevant matrix elements study of the nuclear double-beta decay in the double closed-
are obtained by adding the vector and axial vector contribushell nucleusjsCa [20]. The resulting pairing parameters
tions of the coherent and incoherent rate, i.e., Opair and g, fOr each nucleus are shown in Table |.

sa=f2

exc

2 _
Miot=Sy+3Sa+ S, (13 A. Coherent process

where S, is associated with the ground-state—to—ground- It is obvious from Eq.(8) that, for the coherent process,
state transition, i.e., g.s—g@.s. transitions, we need the proton and neutron

TABLE |. Renormalization constants for protogggir) and neutron gga") pairing interactions determined
from the experimental protomcjx"') and neutron 45 pairing gaps.

Nucleus Configuration space  byo(fm™)  AP®(MeVv)  APP(MeV) Obair Opair

3 Tisg 16 levels(no core 1.92 1.896 1.564 1.082  1.002
S9Nis, 16 levels(no corg 2.02 1.718 1.395% 1.033  0.901
15Geyy 16 levels(no coré 2.07 1.611 1.835 0.924  0.995
2Cdyy 16 levels(core 59Cay) 2.21 1.506 1.331 1.099  0.950
2Ybg, 23 levels(core 59Cay) 2.32 1.170 1.104 0.894 0.951
2 %Pbyos 18 levels(core £3°Sny,) 2.40 0.807 0.611° 0.861  1.042

¥ or the closed-shell nuclei the parametgps, andgy,;, have been borrowed from thél¢-2,Z25 2) nuclei;
i.e., the experimental gapgolumns 4 and Bfor SNig, and 39%Phy,¢ are those ofSdFesy, and 39014,
respectively.
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TABLE II. Nuclear form factors for protonsH;) and neutronsK,) calculated in the context of the shell
model[9] and quasiparticle RPA cases QRPAand QRPAIi) (see teXt For comparison the experimental
form factors[24,25 are also shown.

Nucleus Shell model QRRA QRPA(ii) Expt.

(A,2) buo (fm™1) F, Fn F, Fu €, (MeV) F, Fn Fo!

B Tie 1.906 0.543 0528 0.528 0.506 1.250 0.537 0514 0.532
S9Niso 1.979 0.489 0.478 0.489 0.476 1.950 0.503 0.490 0.494
1%Gey, 2.040 0.470 0.448 0.456 0.435 2.150 0.472 0.451 0.443
13°Cdgy 2.202 0.356 0.318 0.349 0.312 4.890 0.388 0.352 0.353
1%%Ybg, 2.335 0.261 0.208 0.252 0.218 8.445 0.314 0.280 0.305
2980, 56 2.434 0.194 0.139 0.207 0.151 10.475 0.271 0214 0.242

nuclear form factors ;(q?) and Fy(g?), respectively. The about a factor of 2 larger than the corresponding QRPA
results, obtained by using as the ground state the uncorr@nd shell model values. This implies that the coherent rate
lated RPA vacuum, are listed in Table Il for the following becomes larger for the heavy nuclei, Pb region, which makes
two cases. such nuclei attractive from an experimental point of view
(i) By neglecting the muon binding energy in Eq. (4)  [2,4] provided, of course, that they also satisfy other addi-
(as in Refs[5,9]). Then, the elastic momentum transfer is tional criteria, e.g., the minimization of the reaction back-
the same for all nuclei, i.eq~m,~0.535 fm *. Such re-  ground, etc[8,12]. The (»~,e~) conversion electrons of a
sults are indicated as QRRA _given target are expected to show a pronounced peak around
(i) By taking into account, in Eq. (4). Then, the elastic E.=m,—e,, which for the lead region i€,~95 MeV.

momentum jransfer qu,”mu_fb and varies from e prefers this peak to be as far as possible above the
q~0.529 fmrt, for “*Ti where e~1.3 MeV, to o ionicduced background.

~ 1 20 ~
q~0.482 fm %, for **Pb wheree,~10.5 MeV[see Table We should recall that, in the present work and in the shell

I, results indicated as QRR®)]. o o

In Table 1l we also present the shell model results of Ref.mOOIEI method %f Rﬁf[g]’ the factonz_atlon approxma(‘;u_)n,
[9], obtained withg=0.535 fm ! throughout the periodic Eq. (7), was used. The exa_ct expression, Eb‘q was usedin

' Ref.[18] and yielded matrix elements which for heavy nu-

table, i.e., as in cas@) above. We see that QRRPA and lei | than th imat This. h
shell model methods give about the same results. Howevef €' @ré 1arger than the approximate ones. 1his, hOWever, as

the form factors of QRP#) for heavy nuclei differ appre- we have extensiyely seen in Se_c. II B, only slightly affects
ciably from those of both QRPA and the shell model. For the branching rat'lcRM.e and the ratiop of the coherent rate to
208pp, for example, the QRRMA) form factors are about t_h_e total rate, which in our case are the most important quan-
30% larger than the corresponding QRPANd shell model. tities. We also mention that shell model results for the total
This happens because the inclusionegfesults in a smaller Muon capture ratg31], obtained by using the exact muon
momentum transfer to the nucleus and, consequently, in awave function, differ by only 5.7%, in the case 8Ni, and
increase of the form factors. The larger the valug,pflead by 7.0%, in the case of°®b, from those obtained by using
region, the larger the difference between form factorsthe approximation of Eq(7). Detailed QRPA calculations,
QRPA(i) and QRPAii). which do not invoke this factorization approximation, are
In Table Il we also show the experimental form factorsunder way and will be published elsewhere.
obtained from electron scattering d4gat,25 at momentum
transferq=m, — €,. We see that, when using the right form B. Incoherent process
factors, i.e., taking into account the binding energy ) ) i
[QRPAi) casd, the form factors calculated in the present AS We have stated in Sec. Il C, the incoherent process in
work, are in good agreement with the experimental ones. ThE'€ Present work is investigated by calculating, state by state,
deviation is less than 5% with the possible exception ofthe contributions of all the excited states of the nucleus in

11204 and 2%%Pb where it is about 10%. question which are included in the model space described in
The variation of the coherent nuclear matrix elementsTable I. _ _ _
M ¢on With respect toA andZ is shown in Fig. 2a), for the For the photonic mechanism the nuclear matrix elements

photonic mechanism, and Fig(tg, for the nonphotonic one. obtained for all positive and negative parity states up o 6
From these figures we see that, by taking into account thand 6" are shown in Table I1l. For this mechanism only the
muon binding energy,, QRPAi), all matrix elements in- Vvector componentS, gives a nonzero contribution

crease continuously up to the lead region where they becon{é/ ﬁw= Sy). For the nonphotonic mechanism we have non-
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FIG. 2. Variation of the coherentu(",e™) conversion matrix

elementsM?2.,, for specific mas#A and chargeZ (see text for the
photonic mechanisnta) and the nonphotonic mechanisth). In

QRPA(i) the muon binding energy, was neglected, but it was

included in QRPAii). We see thak, strongly affects the matrix
elements for heavy nuclei. For comparison the results of [Rgf.

(shell model resulysare also shown. For photonic and nonphotonic _ .

diagrams the coherent rate increases up toRtheegion where it
starts to decrease.

zero contributions from both the vector and axial vectorS”
componentsS, andS,, and the results are shown in Table

IV (M2,=Sy+3Sy).

From Tables Ill and IV we see that the main contribution
to the incoherent rate comes from the low-lying excited?"
states. High-lying excited states contribute negligibly. This3~
means that for a giveA, a nuclear isotope with many low- 4
lying states in its spectrum is characterized by large incohers™

ent matrix elements.
For the doubly closed-shell nuclei8%b, which is of
current experimental intereg2,4], the incoherent matrix el-

ements are smaller than expected. A plausible explanation g2

that the spectrum of this nucleus presents a large(igipi-

531

TABLE Il Incoherentu-e conversion matrix elementsvZ,
for the photonic mechanism. Only the vector compon&y) (of the
operator of Eq(3) contributes.

ygT SN o lcd b b

o* 1.946 1.160 2.552 2.088 4.305 2.512
2+ 0.242 0.738 1.396 2.669 6.384 2.342
4% 0.004 0.005 0.015 0.021 0.063 0.056

6% 6x10°°% 6x10°° 1x10°° 6x10°° 2x10°* 3x10°*4

1- 3.711 4215 5066 5.282 4.824 4533
3 0.037 0.081 0.152 0.249 0.542 0.476
5~ 2x1074 2x10°* 5x10°* 0.001 0.005  0.005

Sy 5940 6.199 9.181 10.309 16.123 9.924
M2 5940 6199 9.181 10.309 16.123 9.924

inc

mum energy needed to excite the first excited $tate only
few excited states lie below5 MeV.

In general, the incoherent matrix elements do not show
clearA andZ dependence. Their magnitude depends on the
spectrum of the individual nuclear isotope.

In obtaining the results of Tables 11l and IV for 1states,
we removed the spurious center-of-mass contributions by ex-

TABLE IV. Nonphotonic mechanism. Incoherepte conver-
sion matrix elementsl\(lﬁm) for the vector G,) and axial vector
(Sa) components of they ™ ,e™) operator.

J7 5T SONi Ge n%cd  Fvb 3%%PDb
0" 2.245 1441 3.326 3.006 6.097 4.106
2+ 0.363 1.000 1.899 4.869 12.618 3.769
4+ 0.002 0.006 0.017 0.029 0.078 0.070
6% 2x10°% 7x107% 1x10°® 8x10°% 2x10°* 4x10°¢
1 4.010 6.164 6.676 7.243 6796 5.537
3 0.059 0.097 0.177 0.328 0.684 0572
5- 1x10% 2x10% 5x10°* 0.002 0.006 0.006
6.679 8.708 12.095 15477 26.280 14.061
1" 0.265 1114 0795 0.943 1599 0.951
2+ 0.041 0.189 0.208 0.362 0.644  0.466
0.044 0.221 0.244 0.422 0.693 0.635
4% 2x10% 0.001 0.002 0.005 0.013 0.015
5% 2x10% 0.002 0.002 0.007 0.013 0.021
1xX1077 1x10°% 1x1077 1x107° 4x10°° 9x10°°
0~ 0.770 1498 1.394 1.840 1.925 1539
0.594 1149 1.057 1.394 1.072 0.616
0.673 0.800 0.880 1.035 1137 1.170
0.010 0.015 0.024 0.050 0.091 0.110
0.009 0.019 0.031 0.057 0.164 0.129
8x10°6 2x107° 6x10°° 2x10°* 0.001  0.001
6~ 9x10°% 7x107° 1x107* 3x10°* 0.001  0.001
3S,  2.405 5009 4.637 6.115 7.305 6.226
9.084 13.717 16.732 21592 33.585 20.287

inc




532 KOSMAS, FAESSLER,VSJIKOVIC, AND VERGADOS 56
TABLE V. Coherent and totalt-e conversion rate matrix ele- In earlier calculationsy was estimated5] to be a de-

ments QRPAii) (see text for the photonic mechanism in the creasing function ofA with a value of »~83% in the Cu

neutrino-mediated process. For comparison, we also show the rati‘égion. By using, however, the most appropriate QRPA

7 of Eq. (15) given by the shell mod¢B] obtained by ignoring the  resy|ts, we find that indeed the coherent channel dominates

muon binding energy, . The results of QRPA) are similar o tnroughout the periodic tablsee Table V for the photonic

those of the shell model. and Table VI for the nonphotonic mechanismis fact we

see that the values of obtained in the present calculations

Nucleus QRL_D Ail) Matrix elen;ents % are a bit larger than those of R¢18] obtained with a local
(A2) Mgs—gs. Miw  QRPAIi) Shell model  yonsity approximation and a lot larger than those of F&f.
BT 139.6 1455 95.9 We should stress, _however, that the exaggeration of the in-
60Niis, 198.7 204.9 96.9 64.9 _coherent channels_ in the shell model _calculatlons of Fedf.
$Geso 227.8 237.0 96.1 59.7 is not a shortcoming of the method itself but the result of
112 ignoring the muon binding energy, in calculating the
12°Cdgy 346.7 357.0 97.1 _ _

1621, 4843 500.4 96.8 36.9 nuclear form factors. In fact, repeating the calculations of
10 2 ' ' ' ' Ref.[9] and taking into account the effect ef on the form
298Pby g 494.7 504.6 98.0 25.5 '

factors of the coherent process as well as on the mean exci-
tation energy entering the total rate, we find a value of
plicitly calculating the spurious stais) and removing its ~ 7=75%.

admixtures from the incoherent and total rate. We have also

calculated the overlap&l~,m|S) (wherem counts the T IV. CONCLUSIONS
excited statesand found that most of the spuriousity lies in o ]
the lowest T state, being 88% fof®Ti, 63% for ©°Ni, 62% In the present work we have studied in detail the depen-

for °Ge. 57% for 112Cd. 87% for %2vb. and 77% for dence of u~,e™) conversion matrix elements on the nuclear
208py [30]. We should stress that, for all nuclei studied, theParametersA andZ. Our nuclear matrix elements were ob-
spurious center-of-mass contribution is less than 30% of thigined in the context of quasiparticle random phase approxi-

incoherent matrix elements, i.e., 1.0-1.5% of the totaiMation(QRPA which permits a relatively simple construc-
(w~,e") conversion rate. tion of all needed final states. So there was no need to invoke

An additional point we should note is the effect of the @ closure approximation. The results obtained cover six
ground-state correlations on the.(,e”) matrix elements. huclear systems frorfPTi to 2°%Pb, which are of experimen-
In the QRPA this can be easily estimated by using a corret@dl interest. The most important conclusions stemming out of
lated quasiparticle RPA vacuum instead of the uncorrelate@Ur detailed study are the following. o
one [32-35. In the present work we have not performed () The'cqherent mode domlnqtes throughout the periodic
additional calculations with a correlated RPA vacuum. It ist@ble but it is more pronounced in the heavy nuclétieb .
known, however, that the matrix elements f8iTi obtained ~ Which is currently used at PSI in the SINDRUM I experi-
this way[19] are reduced by=30%. The ground-state cor- Ment _
relations tend to decrease the strengths of all ™) con- (i) The coherent and total rates as well as the rafio

version channels, but do not affect the parametésee Sec. (coherent to totaltend to increase as a function of the mass
Il C). ’ numberA up to the Pb region. This encourages the use of

heavier nuclear targets to look for lepton flavor violation.
(iii) In evaluating the nuclear matrix elements the muon

binding energy should not be ignored especially for heavy
As we have seen above, the g-93.s. channel is the most nuclear elements.

important one. Therefore, a useful quantity for the (iv) The great part of the incoherent rate comes from the

(n~,e7) conversion is the fraction of the coherent matrix low-lying excitations.

C. Comparison of coherent and incoherent processes

elementsM?,,, divided by the total ondlZ,, i.e., the ratio The results obtained in the present work are in good
) ) agreement with those obtained in the framework of the local
7= Mo Migr (15  density approximation as well as those of shell model calcu-

TABLE VI. The same as in Table V for a nonphotonic mechanigs=6/6) in the neutrino-mediated
process. For comparison we have added the results @tained with a local density approximatidrDA )
[18] and shell mode]9].

Nucleus QRPAii) Matrix elements 7%

(A,2) Mis gs. M2, QRPAii) Shell model LDA
S Tisg 375.2 384.3 97.6 91.0
SoNis, 527.4 541.1 97.5 74.9

15Geyg 639.5 656.2 97.4 70.3

15°Cly 983.3 1004.9 97.8 93.0
1% bg, 1341.2 1374.8 97.6 40.1

208Pby 6 1405.2 14255 98.5 28.2 94.0
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lations provided that all calculations take into account the

muon binding energyy .
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APPENDIX

(A) The multipole expansion operatoig?”, resulting
from Q,, andQ, of Eq. (3), are written as

A
T&L'O”zavaumgl (3+ Bra)ii(ar)Yi(r) (A1)

for Qy, the spin-independent component, and

- [amd .
Th=Ga\ 52, (E+ Bradii(anlY ()@ el
(A2)

for Q4, the spin-dependent componeri(qr) are the

spherical Bessel functions.

The quantitiee\/\/;‘EWJ»JZJ-l of Eq. (12) contain the reduced
matrix elements of the operatof§® between the single-

particle proton or neutron statg¢s andj, as

(il Tllj2)

2J+1 A3

Wi, (1) =(Z+7B)

(=3 for Qy and {=1/1.24 forQ,). The reduced matrix
elements(j,||T7||j,) are given in Ref[19]. The relevant
radial matrix elementgn,l,|j;(qr)|n,l,), for the harmonic
oscillator basis often used, can be written in the elegant way Y

(nilafji(aninyl)=e ¥ X e, x ' x=(qb)’/4,
—0
(Ad)

where

533

Kmax= N1+ N+m,  m=(ly+1,—1)/2.

The coefficients . (n411,n,l5,,1), in general simple numbers,
are given by

Wnl!nz! 2

ar(ng+1y+ )T (npt1p+ 3)

Ny n2

X 2 2 A, (i) A (Nl ) A(nl),

K1=¢ Ko=0

(A5)

where theA (nl) are defined in Ref{19], n=k;+ k,+m,

and
0, k—mM—n,<0,
¢= K—M—N,, kK—mM—Ny>0,
0, k—m— k<0,
0=) k—m—ky, k—mM—k;>0.

The advantage of EqA4) is that it permits the calcula-
tion of ¢ ., which are independent of the momentgponce
and for the whole model space used. Afterwards, the relevant
reduced matrix elements are easily obtained for every value
of the momentum transfef.

(B) In the context of the quasiparticle RPA, the point-
proton(-neutron nuclear form factors of Eq9) can be cast
in the compact form

Nspace

1
Fa?)=—e Y 6{ab)?, r=ZN, (A6)

whereb is the harmonic oscillator paramete,,..repre-
sents the maximum harmonic oscillator quanta included in
the model space usddee Table), and ¢ the coefficients

L2i+nnicy

oy i (A7)

2 (= C(n+1+2)

where (\/]-T)2 are the occupation probabilities for the proton
(neutron single-particlej levels. The coefficient<Cl|, are
given in Ref.[22].
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