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Linear extrapolation of ultrarelativistic nucleon-nucleon scattering to nucleus-nucleus collisions

Sangyong Jeon* and Joseph Kapusta†

School of Physics and Astronomy, University of Minnesota, Minneapolis, Minnesota 55455
~Received 17 March 1997!

We use a Glauber-like approach to describe very energetic nucleus-nucleus collisions as a sequence of
binary nucleon-nucleon collisions. No free parameters are needed: All the information comes from simple
parametrizations of nucleon-nucleon collision data. Produced mesons are assumed not to interact with each
other or with the original baryons. Comparisons are made to published experimental measurements of baryon
rapidity and transverse momentum distributions, negative hadron rapidity and transverse momentum distribu-
tions, average multiplicities of pions, kaons, hyperons, and antihyperons, and zero degree energy distributions
for sulfur-sulfur collisions at 200 GeV/c per nucleon and for lead-lead collisions at 158 GeV/c per nucleon.
Good agreement is found except that the number of strange particles produced, especially antihyperons, is too
small compared with experiment. We call this model LEXUS: It is a base-line linear extrapolation of ultrarela-
tivistic nucleon-nucleon scattering to heavy ion collisions.
@S0556-2813~97!04807-3#
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I. INTRODUCTION

The program to study the properties of quark-glu
plasma at high energy density is in high gear@1# with the
construction of the Relativistic Heavy Ion Collider~RHIC! at
Brookhaven National Laboratory~BNL! well underway and
due to be completed in 1999. In this machine counterrota
beams of gold nuclei with an energy of 100 GeV per nucle
will be collided. The Large Hadron Collider~LHC! at CERN
will be completed around the year 2005; it will allow for th
collision of counterrotating beams of lead nuclei at about
TeV per nucleon, but will not be dedicated to heavy i
physics as RHIC will be. Since 1986 experiments have b
performed at CERN’s SPS accelerator with beams of oxy
and sulfur at 200 GeV/c per nucleon and, lately, lead at 15
GeV/c per nucleon, striking fixed targets. In the same tim
interval similar beams have been available at BNL’s AG
accelerator at the lower energies of 10–14.6 GeV
nucleon. It is almost universally accepted that the pro
treatment of collisions at RHIC and LHC must involve th
quark and gluon degrees of freedom. At the AGS hadro
degrees of freedom probably suffice~but see@2#!. The jury is
still out concerning collisions at the SPS.

It is oftentimes heard at conferences and workshops
there is a need for a base-line calculation of what one wo
expect at the above heavy ion accelerators if there were
new physics, that is, alinear extrapolation of nucleon-
nucleon collisions to nucleus-nucleus collisions. Constr
tion of such a working model is the goal of this paper. A
tually it is not so obvious how to make such a line
extrapolation. Nucleon collisions produce mesons, and th
mesons can collide with other nucleons and mesons, pro
ing an interesting cascade of hadrons. We do not cons
such a cascade as being a linear extrapolation. The colle
excitations of such a system are not necessarily trivial; no
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it a simple matter to compute or measure all the hadro
cross sections needed to keep track of this cascade. M
such models already exist:ARC @3#, RQMD @4#, VENUS @5#,
FRITIOF @6#, PYTHIA @7#, andQGSM @8# being among the mos
frequently applied to experimental data.

Our interpretation of a linear extrapolation is based on
40 year old philosophy and work of Glauber@9# and on the
20 year old rows on rows model of Hu¨fner and Knoll@10# as
applied to the now disassembled Bevalac at LBN
~Lawrence Berkeley National Laboratory!. Nucleons from
each nucleus follow straight line trajectories, making bina
collisions with nucleons from the other nucleus. These co
sions are as in free space. Inelastic collisions produce
sons; the mesons are not allowed to collide with each o
or with any nucleons. The number of binary collisions su
fered by any given nucleon depends on the nucleon c
section and on the geometry of the nuclei. The details will
given in later sections. It is important to know that this line
extrapolation model which we refer to as LEXUS, for line
extrapolation of ultrarelativistic scattering, has no free p
rameters.

We will apply LEXUS to published data on S1S and
Pb1Pb collisions at the SPS.~At this time the quantity of
Pb1Pb data available to us is not as complete as the S1S
data.! We do not attempt to apply LEXUS to AGS energie
Those energies are probably too low to accept the assu
tion of straightline trajectories as being anywhere near re
istic.

It is important to keep in mind that all LEXUS prediction
in this paper are absolutely normalized. We have not
tempted to tune the results in any sense.

A conclusion of our paper is that a linear extrapolation
nucleon collisions is consistent with S1S and Pb1Pb colli-
sions at the SPS in the sense that it gives a good repres
tion of the baryon rapidity and transverse momentum dis
butions, the negative hadron rapidity and transve
momentum distributions, the average number of pions,
zero degree energy distributions. However, it predicts o
about 80% of the observed number of charged kaons, 50%
468 © 1997 The American Physical Society
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56 469LINEAR EXTRAPOLATION OF ULTRARELATIVISTIC . . .
the number of observed neutral kaons and lambdas, and
of the number of observed antilambdas, all in reference
central S1S collisions. This may suggest where new phys
lies.

In Sec. II we formulate the model and solve for the ba
building blocks, the two-particle baryon rapidity distribu
tions. In Sec. III we compute the final, observable bary
rapidity distribution. In Sec. IV we compute the baryo
transverse momentum distribution. In Sec. V we compute
average multiplicities of various produced hadrons. In S
VI we compute the negative hadron rapidity distribution.
Sec. VII we compute the transverse momentum distribut
of negative hadrons. In Sec. VIII we compute the zero deg
~calorimeter! energy distribution. Conclusions are drawn
Sec. IX.

II. FORMULATION AND SOLUTION OF THE MODEL

To formulate the model it is convenient to consider
collision between two rows of nucleons. A nucleus-nucle
collision will be constructed from an ensemble of row-ro
collisions. Refer to the nucleons comprising these rows
projectile and target nucleons. LetWmn(yP ,yT) represent the
two-particle rapidity distribution for themth projectile
nucleon and thenth target nucleon immediately after the
collision. The single-particle projectile distributio
Wmn

P (yP) is obtained by integrating the two-particle distrib
tion over the unobserved target rapidity. The indexmn then
refers to themth projectile nucleon after colliding withn
target nucleons:

Wmn
P ~yP!5E dyTWmn~yP ,yT!. ~1!

Similarly, Wmn
T (yT) is the single-particle target distributio

obtained by integrating over the unobserved projectile rap
ity. The indexmn then refers to thenth target nucleon afte
colliding with m projectile nucleons. These single-partic
distributions are normalized to unity:

E dyPWmn
P ~yP!5E dyTWmn

T ~yT!51. ~2!

As a result of the indistinguishability of nucleons, the outg
ing nucleon with the larger rapidity is called a projectile a
the other is called a target.

The two-particle distributionWmn is obtained by the col-
lision between themth projectile nucleon, which has suffere
n21 previous collisions, with thenth target nucleon, which
has sufferedm21 previous collisions:

Wmn~yP ,yT!5E dyP8dyT8Wmn21
P ~yP8 !Wm21n

T ~yT8 !

3K~yP8 1yT8→yP1yT!. ~3!

Here we assume that the process is Markovian with ke
K. This is not a necessary assumption and could be rela
Doing so would result in a correlated cascade. Howeve
would require experimental information on the correlati
between the two outgoing baryons which is generally
available.
%
to
s

c

n

e
c.

n
e

s

s

-

-

el
d.
it

t

A basic input is the kernelK which must be taken from
experiments on nucleon-nucleon collisions. To that end c
sider a nucleon-nucleon collision in the laboratory frame
reference so that the initial single-particle distributions ar

W10
P ~yP8 !5d~yP8 2y0!,

W01
T ~yT8 !5d~yT8 !, ~4!

wherey0 is the beam rapidity. Substitution into the evolutio
equation gives

W11~yP ,yT!5K~y010→yP1yT!. ~5!

Experiments do not measure the correlated two-nucleon
tribution over all phase space; they only measure the sin
particle distribution:

dN

dy
~y!5W11

P ~y!1W11
T ~y!. ~6!

Here the projectile contribution is

W11
P ~yP!5E dyTW11~yP ,yT! ~7!

and similarly for the target contribution.
It has long been known that, to good approximation,

distribution of outgoing nucleons in a high-energy nucleo
nucleon collision is flat in longitudinal momentum or a h
perbolic cosine ~symmetric about the c.m.! in rapidity
@11,12#. This knowledge does not uniquely determine t
two-particle kernelK but, with the additional, sensible, re
quirements that the projectile distribution be forward peak
and that the simplest mathematical representation be u
consistent with the data, leads to the parametrization

K~yP8 1yT8→yP1yT!5l
cosh~yP2yT8 !

sinh~yP8 2yT8 !

cosh~yP8 2yT!

sinh~yP8 2yT8 !

1~12l!d~yP2yP8 !d~yT2yT8 !. ~8!

It is convenient for later use to define

Q~a,b,c!5l
cosha

sinhb
1~12l!d~c!. ~9!

Then the distribution of outgoing projectile nucleons is

W11
P ~y!5Q~y,y0 ,y02y!5l

coshy

sinhy0
1~12l!d~y02y!.

~10!

This is the same distribution@13# as used in the evolution
model proposed by Hwa@14# to describe proton stopping in
high-energy proton-nucleus scattering and solved and
plied to data by Csernai and one of the authors@15#. The
distribution is normalized to unity. The parameterl is the
fraction of nucleon-nucleon scatterings that result in a h
collision and 12l is the fraction that are diffractive or elas
tic. A recent compilation of data onp1p→p1X in the mo-
mentum range 12–400 GeV/c leads tol50.6 @16#. These
data and the fit are shown in Fig. 1. Unless otherwise sta
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470 56SANGYONG JEON AND JOSEPH KAPUSTA
this is the numerical value used in the rest of the pap
Physical observables turn out to be rather insensitive to s
(60.1) variations inl. There is a small rollover in the dat
near the projectile and target rapidities which is not rep
sented by the parametrization. This has to do with precis
how one separates hard inelastic and diffractive collisio
Our results are only as good as the input parametrization
the future it might be worthwhile to treat these compone
on a finer level.

There is an obvious and useful symmetry between
single-particle projectile and target distributions:

Wmn
P ~y!5Wnm

T ~y02y!. ~11!

These distributions are not independent. In the present
mulation of the model only single-particle observables m
be reliably computed. Hence we only need to compute
Wmn

P (y). For this we need an evolution equation. It is o
tained by integrating Eq.~3! over the target rapidity and
using Eq.~8! for the kernel:

Wmn
P ~y!5E dyPdyTWmn21

P ~yP!Wnm21
P ~y02yT!

3Q~y2yT ,yP2yT ,y2yP!. ~12!

It only remains to solve this Boltzmann-like equation. Th
can be accomplished by starting with the initial distributio
Eq. ~4!, and then iterating over allm andn.

A closed form expression can be given for the fi
nucleon in the row undergoing an arbitrary number of co
sions@15#:

W1n
P ~y!5

coshy

sinhy0
(
k51

n S nkD lk~12l!n2k

~k21!! F lnS sinhy0sinhy D Gk21

1~12l!nd~y02y!. ~13!

Unfortunately we were not able to find a closed express

FIG. 1. Proton rapidity distribution inp1p→p1X in the
center-of-mass frame. From the top:plab512, 24, 69, and 400
GeV/c. The solid symbols indicate experimentally measured d
points and the open symbols are the reflected ones. The solid
aredN/dy5lcosh(y)/sinh(y0/2) with corresponding maximum ra
pidity y0. The data were assembled in Ref.@16#.
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for arbitrarymn, and so we solved the equations numerica
for m andn up to and including 14. The solutions have th
form

Wmn
P ~y!5W̄mn

P ~y!1~12l!nd~y02y!, ~14!

where W̄ is a continuous function albeit with logarithmi
singularities aty50 andy5y0. These very soft singularities
are a consequence of the explicit functionQ chosen above.
When comparing with experiment it should be remembe
to smooth these by the experimental resolution of the de
tors. See also Fig. 1 and the previous discussion. We h
constructed numerical tables ofW̄. These may be obtaine
from the web site of one of the authors@17#. Some represen
tative examples are plotted in Fig. 2.

III. BARYON RAPIDITY DISTRIBUTION

In this section we will apply the most obvious output
the model, the baryon rapidity distribution, to the availab
experimental data on nucleus-nucleus collisions. But first
must describe how to make a nucleus-nucleus collision
of row-on-row collisions. This is standard material for an
Glauber-like model, and so we shall go over it without t
much discussion.

Consider a collision between a projectile nucleus an
target nucleus with an impact parameterb. We can think of
this approximately as a sum of independent collisions
tween rows of nucleons as illustrated in Fig. 3. Two ro
will collide when the transverse positionsP of the projectile
row relative to the projectile nucleus’ center of mass and
transverse positionsT of the target row relative to the targe
nucleus’ center of mass are related bysT5b1sP . The aver-
age numbers of nucleons in each row, with cross sectio
area equal to the nucleon-nucleon cross section, are

a
es

FIG. 2. Graphs ofW3n(y) for n5$1,4,7,10,13%.
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56 471LINEAR EXTRAPOLATION OF ULTRARELATIVISTIC . . .
nP~sP!5sNNE dzrP~sP ,z!,

nT~sT!5sNNE dzrT~sT ,z!, ~15!

wherer is the baryon density andz is the longitudinal coor-
dinate. LetPm̄

P(sP) andP n̄
T(sT) denote the probability of hav

ing m̄ and n̄ nucleons in the projectile and target rows, r
spectively, at the given impact parameter. We defer
actual choice of these probabilities.

There will be fluctuations in the number of nucleons
each row. Similarly, there will be fluctuations in the numb
of collisions suffered by any given nucleon in a row. Taki
these into account, results in the contribution of the projec
nucleons to the final baryon rapidity distribution as follow

dNP

dy
~y,b!5 (

m̄51

AP

(
m51

m̄

(
n50

AT

Wmn
P ~y!E d2sP

sNN
PnT~sT!Pm̄

P
~sP!.

~16!

There is an analogous expression for the target contribut
The total rapidity distribution at the fixed impact parame
is the sum of the projectile and target contributions.

Now the choice of theP’s must be made. One candida
is a Poisson distribution. Its disadvantage is twofold: It ov
estimates the magnitude of the fluctuations~they are unlim-
ited in a Poisson but are limited in reality by the number
available nucleons! and it would require knowledge of th
Wmn

P for arbitrarily large values ofm andn, which is com-
putationally infeasible. A natural alternative is a binomi
but with what maximum value? It is physically unreasona
to allow all nucleons in a nucleus to fluctuate into one ro
The maximum average value of the nucleons in a given
is about 10 in a large nucleus. We have chosen the maxim
valueNmax to be 14. Varying this number by 1 or 2 does n
change any distribution by more than a percent. Explic
we have chosen

Pm̄
P
~sP!5SNmax

m̄
D FnP~sP!

Nmax
G m̄F12

nP~sP!

Nmax
GNmax2m̄

3Q~Nmax2m̄!. ~17!

HereQ is the step function. For the nucleon-nucleon cro
section we use a constant value of 4 fm2 which is appropriate
for beam energies ranging from tens to hundreds of GeV

FIG. 3. A schematic view of a row-on-row collision.
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For the nuclear density distribution in lead we use
Woods-Saxon function

r~r !5
r0

11exp@~r2b!/a#
, ~18!

with parametersa50.546 fm andb56.62 fm. Normalization
to A5208 fixesr050.1604 fm23. For sulfur we use a three
parameter Gaussian@18#

r~r !5
r0~11wr2/b2!

11exp@~r 22b2!/a2#
, ~19!

with parametersw50.160,a52.191 fm, andb52.54 fm.
Normalization toA532 fixesr050.226 fm23.

To compare with experimental measurements we m
know the trigger conditions; that is, we must know with wh
probability any particular impact parameter is accepted
the detector. Such a trigger can best be accommodated b
event generator, for then the output of the theory can be
through the experimental filter. Since our model is not
event generator, at least in its present form, we can o
attempt to simulate the trigger as best we can. The proce
we shall use is to make a sharp impact parameter cutoff.
total nucleus-nucleus cross section may be computed foll
ing Karol @19#:

sAPAT
tot 5E d2b$12exp@2 f ~b!#%. ~20!

Here f is the geometrical overlap function of the two nucle

f ~b!5E d2sP
sNN

nP~sP!nT~sT!. ~21!

If only those nucleus-nucleus collisions are accepted with
impact parameter less than or equal tobcut, then the corre-
sponding cross section is

sAPAT
~bcut!5E d2b$12exp@2 f ~b!#%Q~bcut2b!.

~22!

Clearly

sAPAT
tot 5 lim

bcut→`

sAPAT
~bcut!. ~23!

The impact parameter cutoff can be adjusted to reprodu
given centrality cut. For example, if only the 6% ‘‘most ce
tral’’ collisions are accepted, thenbcut is adjusted such tha
sAPAT

(bcut)50.06sAPAT
tot .

Now we compare with experiment. Figure 4 shows t
proton rapidity distribution measured by NA35@20# for the
2% most central collisions of S1S at a beam energy of 20
GeV/c per nucleon. The solid symbols are the actual m
surements and the open symbols are those obtained b
flection about midrapidity. Except possibly for the nucle
fragmentation regions, that is, within61 unit of rapidity of
beam and target, the data are represented very wel
LEXUS.

The first measurements of the proton rapidity distributi
in Pb1Pb collisions at 158 GeV/c per nucleon have jus
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472 56SANGYONG JEON AND JOSEPH KAPUSTA
recently been published by NA44@21#. They are shown in
Fig. 5 and represent the 6.4% most central collisions. T
systematic plus statistical uncertainties together are v
large, and there are only two measured points. To comp
with the proton distributions in Pb1Pb we should point ou
an uncertainty in our current application of LEXUS. W

FIG. 4. Proton rapidity distribution for a S1S collision at 200
GeV/c with a centrality of 2%. The solid line represents our calc
lation. Solid diamonds are data from NA35. Open diamonds and
dashed line are the reflection of the left half.

FIG. 5. Proton rapidity distribution for a Pb1Pb collision at 158
GeV/c with a centrality of 6.4%. The solid line is our result. Th
data points from NA44 are marked by solid diamonds. The o
diamonds and the dashed lines are the reflection of the left
Error bars on the NA44 data represent statistical errors; the limi
short bars represent systematic errors.
e
ry
re

have not distinguished between outgoing protons and n
trons but have only counted baryons. For collisions of cha
asymmetric nuclei at high energy it is reasonable to exp
that nearly 1/2 of the outgoing baryons will be protons due
the preference to convert more neutrons into protons t
vice versa. This simply follows from phase space and
tropy. Accepting that, the LEXUS predictions are in ve
good agreement with the data.

So far NA49 has not published its measurements of
baryon rapidity distribution in Pb1Pb collisions. The predic-
tion of LEXUS is shown in Fig. 6 for a centrality cut of 5%
The baryon rapidity density for Pb1Pb is higher than that for
S1S by an order of magnitude.

IV. BARYON TRANSVERSE MOMENTUM DISTRIBUTION

Even though LEXUS assumes straight-line trajectories
is still possible to get an enhancement of the baryon tra
verse momentum compared to nucleon-nucleon collisio
Every time a collision occurs the baryons can get a tra
verse kick. As long as they continue to travel with high v
locity this will not negate the assumption of straightline tr
jectories. The path of the baryon may be thought of a
random walk in transverse momentum-space. The ave
transverse momentum-squared of a baryon is related to
average numberk of collisions it has suffered according to

^pT
2&k5k^pT

2&NN , ~24!

where^pT
2&NN is the average in a nucleon-nucleon collisio

This quantity is approximately beam energy independent
the beam energies of interest to us@22,23#. We will use
^pT

2&NN50.282 (GeV/c)2.
We will assume that the rapidity and transverse mom

tum distributions factorize in the elementary nucleo
nucleon collisions, which is close to fact except near

-
e

n
lf.
g

FIG. 6. Proton rapidity distribution for a Pb1Pb collision at 158
GeV/c with 5% centrality.
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56 473LINEAR EXTRAPOLATION OF ULTRARELATIVISTIC . . .
edges of phase space. The transverse momentum distrib
is well represented by the thermal form

dN

pTdpT
5N1mTK1~mT /T1!, ~25!

wheremT5AmN
21pT

2 is the proton transverse mass andN1

normalizes the distribution to one. TakinĝpT
2&NN

50.282 (GeV/c)2 converts intoT15113 MeV. After suf-
fering k collisions the baryon transverse momentum distrib
tion becomes broader as reflected in a higher tempera
Tk @24# which is determined by

NkE
0

`

dpTpT
3mTK1~mT /Tk!5k^pT

2&NN . ~26!

The transverse momentum distribution of projectile baryo
can now be computed by averaging over the number of
lisions. ForyÞy0, pTÞ0 it is

d2NP

pTdpTdy
5 (

m̄51

AP

(
m51

m̄

(
n51

AT W̄mn
P ~y!

12~12l!n(k51

n S nkDlk

3~12l!n2kNkmTK1~mT /Tk!E d2b

sAPAT
~bcut!

3Q~bcut2b!E d2sP
sNN
PnT~sT!Pm̄

P
~sP!. ~27!

The reason for the sum overk at fixedn is that the probabil-
ity of any given scattering to be considered hard isl, which
is binomially distributed. Thek50 term just results in
pT50. There is an analogous expression for target nucle

Now we compare with experiment. The transverse m
mentum distribution in the 2% most central S1S collisions
at 200 GeV/c per nucleon has been measured by NA35@20#.
The data span the rapidity range 0.2,y,3.0 and are shown
in Fig. 7. The shape and the absolute normalization ar
very good agreement with the results of LEXUS.

The transverse mass distribution for protons from
6.4% most central Pb1Pb collisions at 158 GeV/c per
nucleon have been measured by NA44@21#. The measure-
ments were performed aty52.10 and aty52.65. They are
shown in comparison with LEXUS in Fig. 8. The high
rapidity data are again in very good agreement with LEXU
the lower rapidity data are in less good agreement. The m
likely explanation is that we have assumed that elastically
diffractively scattered nucleons acquire zero transverse
mentum. Allowing for it would increase the distribution
small pT nearer the projectile and target rapidities. This is
topic for future investigation.

V. AVERAGE MULTIPLICITIES
OF PRODUCED HADRONS

The production of secondary hadrons, such as pions
kaons, or the conversion of the incident nucleons to hyp
ons, carries additional information about the collision d
namics, in particular the entropy. In LEXUS we assume t
mesons are created in the collisions of the cascading bar
as in free space. Once created, the mesons are assum
ion

-
re

s
l-
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-
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e

;
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r
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-
t
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freely disperse: They no longer participate in the nucl
collision. The incident nucleons may very well change th
character as they cascade: Protons may convert to neu
and vice versa, or they may be excited into variousD, N* , or
hyperon states. In this section we will compute the aver
multiplicities of charged hadronsh2; kaonsK1, K2, and
KS
0 ; and hyperonsL andL̄. We could compute the full mul-

tiplicity distributions, but in this paper we are content to g
the average multiplicities.

FIG. 7. Proton transverse momentum distribution for a S1S
collision at 200 GeV/c with a centrality of 2%. The solid line
represents our calculation. Data are from NA35. Rapidity rang
0.2,y,3.0.

FIG. 8. Proton transverse momentum distribution for a Pb1Pb
collision at 158 GeV/c with a centrality of 6.4%. Solid diamond
are NA44 data and the solid curve is our result. The upper curv
for y52.65. The lower curve is fory52.10 scaled by a factor o
1/10.



o
of
ro

ng

ed

tr

e
-
on
to
-

-

to
or
g
ot
ly
a
et
c
nt
n
n

th
s

he

e
en-
he
per
ass

%
ese
all

ose
his
pa-
uld
ope

474 56SANGYONG JEON AND JOSEPH KAPUSTA
Let ^X(s)&NN represent the average number of mesons
typeX produced in a nucleon-nucleon collision at center-
mass energyAs. The average number of such mesons p
duced in a collision between themth projectile nucleon and
thenth target nucleon is

^Xmn&5lE dyPdyTWmn21
P ~yP!Wm21n

T ~yT!

3^X~yP2yT!&NN , ~28!

where As52mNcosh@(yP2yT)/2#. The total number pro-
duced in a given row-row collision is obtained by summi
over all nucleon-nucleon collisions:

^X~sP ,sT!&5 (
m̄51

AP

(
n̄51

AT

P n̄
T
~sT!Pm̄

P
~sP! (

m51

m̄

(
n51

n̄

^Xmn&.

~29!

Finally we need to sum over all rows and over all allow
impact parameters:

^X~b,bcut!&5E d2b

sAPAT
~bcut!

Q~bcut2b!

3E d2sP
sNN

^X~sP ,sT!&. ~30!

This can be written as a trace over the product of two ma
ces.

Let us first consider the production of negatively charg
hadrons. Gaz´dzicki has shown@25# that the average multi
plicity of charged hadrons in isospin averaged nucle
nucleon collisions for laboratory momenta ranging from 2
400 GeV/c is fit to within about 6% by the simple param
etrization

^h2&NN50.784FNNp~s!, ~31!

whereFNNp is the Fermi variable modified for the pion pro
duction threshold,

FNNp~s!5
~As22mN2mp!3/4

s1/8
, ~32!

and whereAs is given in GeV. There are two caveats
using this parametrization in LEXUS. The first is that f
light nuclei such as oxygen or sulfur the isospin averagin
alright, but for heavier nuclei such as gold or lead it is n
However, after one or two collisions protons are more like
to transform into neutrons than vice versa because of ph
space or entropy. Then isospin averaging becomes a b
approximation. The second is that occasionally a nucleon
convert into a hyperon. There is essentially no experime
information on the charged hadron multiplicity in a hypero
nucleon collision, for good reason. Therefore, for lack of a
other information, we shall continue to use Gaz´dzicki’s pa-
rametrization.

There is somewhat less experimental information on
multiplicity of kaons produced in nucleon-nucleon collision
These data have been compiled by Gaz´dzicki and Ro¨hrich
f
-
-

i-

d

-

is
.

se
ter
an
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-
y

e
.

@26# and shown to be rather well-defined functions of t
Fermi variable. The parametrizations we shall adopt are

^K1&NN5
aFNNK1

2

b1~FNNK12c!2
,

^K2&NN5
aFNNK2

3

b1~FNNK22c!2
,

^KS
0&NN5

aFNNK
S
0

3

b1~FNNK
S
02c!2

. ~33!

The parametersa,b,c are displayed in Table I.
The experimental data onL and L̄ production was also

analyzed by Gaz´dzicki and Ro¨hrich. We have constructed
the following parametrizations for use in LEXUS:

^L&NN5
aFNNL

2

b1~FNNL2c!2
,

^L̄&NN5
aF

NNL̄

3

b1~FNNL̄2c!2
. ~34!

These parametersa,b,c are also listed in Table I.
In all cases above theFNNX are defined as

FNNX5
~As2MX!3/4

s1/8
, ~35!

where the threshold energies areMX5MN1ML1MK1 for
X5L, K1, andKS

0 ; MX52MN1MK11MK2 for K2; and
MX52MN12ML for L̄. We have taken into account th
uncertainties in the production cross sections in the elem
tary nucleon-nucleon collisions as illustrated in Fig. 9 for t
L hyperon. In addition to making a best fit to the data, up
and lower envelopes are constructed which roughly p
through the upper and lower error bars, respectively.~The
parameters for these envelopes are not tabulated here.!

Calculated results for S1S collisions are shown in Table
II and compared with measurements of NA35@27,28# for 2%
centrality. The LEXUS results are given for 0%, 2%, and 4
most central collisions based on impact parameter. Th
represent the variation in computed abundances with sm
variations in impact parameter away fromb50. The experi-
mental data are based on a definition of centrality as th
collisions with the highest value of transverse energy. T
does not exactly correspond to a sharp range of impact
rameter because of fluctuations. A better comparison wo
involve impact parameter smearing. That is outside the sc
of this paper.

TABLE I. Table of the parameters for the fits in Eqs.~33! and
~34!.

K1 K2 KS
0 L L̄

a 0.208 0.0190 0.0426 0.0891 0.00203
b 6.92 2.62 4.28 4.03 5.67
c 2.24 2.20 0.794 1.16 2.14
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The average number of negatively charged hadrons
dicted by LEXUS is in very good agreement with the me
surements. The average number of positive or negative ka
obtained from LEXUS is about 80% of that observed. This
a two-standard-deviation effect when account is made of
uncertainty in the production rate in nucleon-nucleon co
sions. The number of short-lived neutral kaons is a facto
2 too small, as is the number of lambdas. The numbe
antilambdas is nearly an order of magnitude too small co
pared to experiment. This almost certainly indicates a fail
of the model, most likely as a result of the neglect of m
tiple scattering of produced mesons.

Table III is a prediction of LEXUS for the 5% most cen
tral collisions of Pb1Pb at 158 GeV/c per nucleon. No data
have yet been published for these abundances.

VI. RAPIDITY DISTRIBUTION OF SECONDARIES

It is important to know where the produced particl
emerge in rapidity space. Several types of detectors are
to measure the negative charged hadron rapidity distribu
d^h2&/dy.

In nucleon-nucleon collisions the charged particle rapid
distribution is approximately Gaussian,

FIG. 9. Data and fits forL hyperon production inp1p colli-
sions. The middle line is the weighted fit for the whole data;
upper and the lower lines represent maximum and the minim
envelopes. Experimental data are taken from Ref.@25#.
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d^h2&NN
dy

5
^h2&NN

A2psL~yrel!
exp@2~y2yc.m.!

2/2sL
2~yrel!#,

~36!

with a width given by the Landau model,

sL
2~yrel!5

8

3

c0
2

12c0
4 lnS As

2mN
D , ~37!

whereyrel5yP2yT is the relative rapidity of projectile and

target andyc.m.5
1
2(yP1yT) is the rapidity of the center o

mass.c0 is the speed of sound of the produced matter. N
surprisinglyc0

2'1/3 provides a good fit to nucleon-nucleo
data@29#. We have used a very slightly smaller value of 0.
corresponding to a free gas of massive pions at a tempera
of 140–160 MeV. The distinction between 1/3 and 0.32
irrelevant for the purposes of this paper.

It is straightforward to compute the distributio
d^h2&/dy in nucleus-nucleus collisions. All we need to do
replace the quantitŷX&NN with expression~36! in Eqs.
~28!–~30!.

The rapidity distribution ofh2 has been measured in S1S
collisions by NA35@20#. The results for the 2% most centra
collisions are shown in Fig. 10. The prediction of LEXUS
also shown and presents a very good representation of
data. Predictions for the 5% most central collisions
Pb1Pb at 158 GeV/c per nucleon are shown in Fig. 11. N
data have yet been published.

VII. NEGATIVE HADRON TRANSVERSE MOMENTUM
DISTRIBUTION

Mesons are produced when nucleons collide, and si
the colliding nucleons are undergoing a random walk
transverse momentum, the mesons will acquire extra tra
verse momentum too. This is taken into account in the f
lowing way.

Suppose that the center-of-mass frame takes discrete
v in transverse velocity when baryons undergo hard sca
ing. The magnitude is fixed but its direction in the transve
plane is random. Then one can show that the average tr
verse momentum squared of pions produced in a collis
between two nucleons which have together undergonei pre-
vious scatterings is

^pT
2& i5^pT

2&p1
v2

12v2
Bi~v

2!F32 ^pT
2&p1mp

2 G , ~38!

where

m

ed
TABLE II. The average particle multiplicities in S1S collisions. The NA35 data should be compar
against the 2% most central collisions in LEXUS.

h2 K1 K2 KS
0 L L̄

NA35 9863 12.560.4 6.960.4 10.561.7 9.461.0 2.260.4
LEXUS 0% 106 9.7 22.4

11.5 5.7 21.4
10.8 5.2 20.8

10.2 4.1 22.1
10.5 0.29 20.17

10.46

LEXUS 2% 102 9.4 22.3
11.4 5.5 21.3

10.8 5.0 20.8
10.2 3.9 22.0

10.5 0.28 20.16
10.44

LEXUS 4% 97.8 9.0 22.2
11.4 5.3 21.3

10.8 4.8 20.7
10.2 3.8 22.0

10.4 0.27 20.16
10.43
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Bi~v
2!5 (

k50

i21 S 11 1
2 v

2

12v2
D k. ~39!

Here ^pT
2&p is the average squared transverse momentum

pions in elementary nucleon-nucleon collisions. Identifyin

^pT
2&NN5

4mN
2v2

12v2
, ~40!

we obtainv50.272.
The average value of the pion transverse momentum

elementary nucleon-nucleon collisions varies surprisin
little for beam momenta ranging from 11.6 GeV/c to 195
GeV/c @22#. We shall use^pT

2&p50.155 (GeV/c)2. For
pions, too, a good representation of the transverse mom
tum distribution in nucleon-nucleon collisions is the therm
form ~25! with the nucleon mass replaced by the pion ma
This results in a pion temperature in nucleon-nucleon co
sions of 133 MeV.

After i previous scatterings of nucleons the pion distrib
tion becomes broader with a temperatureTi determined by

NiE
0

`

dpTpT
3mTK1~mT /Ti !5^pT

2& i . ~41!

TABLE III. Predictions for 158 GeV/c Pb1Pb collisions as-
suming 0 and 5% centrality.

h2 K1 K2 KS
0 L L̄

LEXUS 0% 886 68 216
113 37 210

16 35 23
10.5 33 217

13 1.6 20.9
12.0

LEXUS 5% 781 60 214
111 32 29

16 31 23
10.5 29 215

13 1.4 20.8
11.8

FIG. 10. Rapidity distribution ofh2 in 200 GeV/c S1S colli-
sions with a centrality of 2%. The solid line represents our res
Solid diamonds are data from NA35. Open diamonds and
dashed line are the reflection of the left half.
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The full distribution of pions in rapidity and transverse m
mentum is then computed analogously to the procedure
Sec. V:

d2Np2

pTdpTdy
5 (

m̄51

AP

(
n̄51

AT

P n̄
T
~sT!Pm̄

P
~sP! (

m51

m̄

(
n51

n̄

3lE dyPdyTWmn21
P ~yP!Wm21n

T ~yT!

3
^p2~yrel!&NNexp@2~y2yc.m.!

2/2sL
2~yrel!#

A2psL~yrel!

3Nn1m22mTK1~mT /Tn1m22!. ~42!

A similar analysis can be done for kaons. In this case we
@22# ^pT

2&K50.290 (GeV/c)2. We assume that the sum o
theK2 andp2 multiplicities equals theh2 multiplicity.

In Fig. 12 we show theh2 transverse momentum distr
bution for the 2% most central S1S collisions for the rapid-
ity interval 0.8,y,2.0. The data is from NA35@20#. In Fig.
13 we show the distribution for the interval 2,y,3. The
agreement is acceptable with no surprises. The slight un
estimate at very smallpT could be a result of too crude a
approximation to the transverse momentum distribution
nucleon-nucleon collisions. It could also be a result of m
tiple scattering among the produced pions@30#. We do not
attempt to compute the distribution forpT.1.5 GeV/c since
the parametrization chosen is not representative of highpT
pion data in nucleon-nucleon collisions.

t.
e

FIG. 11. LEXUS prediction for the rapidity distribution of nega
tively charged hadrons in 158 GeV/c Pb1Pb collisions with a cen-
trality of 5%.
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VIII. ZERO DEGREE ENERGY DISTRIBUTION

Many experiments have what is known as a zero deg
calorimeter~ZDC! which measures the energy carried by fo
ward going particles in a collision. It is in some sense
measure of impact parameter since any projectile nucle
which participate in the collision get scattered away from
forward direction; to first approximation only spectat
nucleons go into the ZDC. There is a monotonic relations
between the average number of spectator nucleons and
impact parameter. The ZDC is oftentimes used as a centr
trigger whereby acceptance of only small energy deposi
roughly corresponds to central collisions.

The physics of the ZDC is much more complicated th
the basic idea presented above. The ZDC has a very spe
response to a given hadron (p, n, p0, K2, etc.! with a given
laboratory momentum. This response must be accounted
to get an accurate comparison between a model calcula
and the data. In this paper we shall make a zero order
mate of the ZDC energy distribution for heavy ion collision
and then make a first order correction.

In a heavy ion collision a certain number of project
nucleons will not scatter but will continue along the bea
direction without deflection. Knowing this number we ca
compute the energy deposited in the ZDC~see caveat
above!. At a given impact parameter the average numbe
projectile spectator nucleons is

Nspec
P ~b!5E d2sP

sNN
(
m̄n

Pm̄
P
~sP!m̄PnT~sT!~12l!n. ~43!

Herem̄ is the number of projectile nucleons in the row wi
probability distributionPm̄

P andPnT(12l)n is the probability

FIG. 12. Negative hadron transverse momentum distribution
a S1S collision at 200 GeV/c with a centrality of 2%. The solid
line represents our result and the solid diamonds are NA35 d
Rapidity range is 0.8,y,2.0.
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of encounteringn target nucleons without suffering any ha
scattering. All possibilities are summed over as are all ro
With the probability distribution~17! we get

Nspec
P ~b!5E d2sP

sNN
nP~sP!@12lnT~sT!/Nmax#

Nmax

'E d2sP
sNN

nP~sP!exp@2lnT~sT!#. ~44!

This has the interpretation of the average number of pro
tile nucleons in a row times the probability of not making
hard collision with any of the target nucleons, integrat
over all rows. Whenl→0 or whenb→` the average num-
ber of spectator projectile nucleons approachesAP as it
should.

There will be fluctuations in the number of spectat
nucleons even at fixed impact parameter. The dispersion
be computed in the same way as the average number:

Dspec
2 ~b!5E d2sP

sNN
(
m̄n

Pm̄
P
~sP!m̄PnT~sT!~12l!n

3@12~12l!n#

5E d2sP
sNN

nP~sP!$@12lnT~sT!/Nmax#
Nmax

2@12l~22l!nT~sT!/Nmax#
Nmax%

'E d2sP
sNN

nP~sP!$exp@2lnT~sT!#

2exp@2l~22l!nT~sT!#%. ~45!

Whenl→0 or whenb→` the dispersion goes to zero, con
sistent with every single one of the projectile nucleons en
ing the ZDC.

FIG. 13. The same as Fig. 12 but with rapidity ran
2.0,y,3.0.
r

ta.
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478 56SANGYONG JEON AND JOSEPH KAPUSTA
We will use the central limit theorem to approximate t
conditional probability distribution of the energy carried b
projectile spectators into the ZDC at fixed impact parame
by a Gaussian:

dP
dEZDC

~EZDCub!5
1

A2pD~b!Ebeam

exp$2@EZDC

2^E~b!&#2/2D2~b!Ebeam
2 %. ~46!

Here we have made the identification^E(b)&
5EbeamNspec

P (b) and similarly for the dispersion. To get th
ZDC energy distribution we integrate over the impact para
eter:

ds

dEZDC
5E d2b

dP
dEZDC

~EZDCub!. ~47!

Now we compare with experiment. Data from NA35 f
S1S @31# are shown in Fig. 14 as well as the cross sect
for forward-going nucleons in LEXUS~dashed curve!. The
central plateau is just about right, as it should be, reflec
the basic geometry of the nuclei. The data go beyond
kinematical limit of 6.4 TeV in a single S1S collision as a
result of inefficiencies in the detector. LEXUS predicts t
much cross section for forward-going energies of 1–2 Te

Data from NA49 for Pb1Pb collisions@32# are shown in
Fig. 15. Once again the central plateau is correctly rep
duced, but the shoulder at low energy, indicating the m
central collisions, is shifted too far left by about 4 TeV. Th
ZDC is improved over that of NA35 and does not go beyo
the kinematic limit of 32.9 TeV.

FIG. 14. The zero degree energy distribution for 200 GeVc
S1S collisions. The solid line represents LEXUS with an open
angle of 0.15°. The dashed line represents LEXUS with only
spectator nucleons. Data are from NA35@31#.
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In actual experiments there is a finite opening angleu0 for
particle acceptance in the ZDC. This is generally a fract
of a degree, in the laboratory frame of course. Some of
hard scattered nucleons, both projectile and target, m
emerge with a laboratory angle smaller than this. This eff
will tend to increase the energy flow into the ZDC at a fix
impact parameter. The additional energy entering the ZDC

E0,u,u0
~b!5E dydpT~mTcoshy2mN!

d2NP

dpTdy
~b,pT ,y!

3Q„u02tan21~pT /mTsinhy!…. ~48!

Hered2NP/dpTdy is the same as expression~27! but without
the averaging over impact parameter. Then in Eq.~46! we
identify ^E(b)&5EbeamNspec

P (b)1E0,u,u0
(b). In addition,

the dispersion in the energy entering the ZDC increases
can be estimated by

D2~b!5E d2sP
sNN

(
m̄n

Pm̄~sp!Pn~sT! (
m51

m̄

smn
2 . ~49!

Here

smn
2 5E dyE

0

pT
max

dpTEK
2
d2Nmn

P

dpTdy
~pT ,y!

2S E dyE
0

pT
max

dpTEK

d2Nmn
P

dpTdy
~pT ,y! D 2

1target contribution, ~50!

e

FIG. 15. The zero degree energy distribution for 158 GeVc
Pb1Pb collisions. The solid line represents LEXUS with an ope
ing angle of 0.3°. The dashed line represents LEXUS with only
spectator nucleons. Data are from NA49@32#.
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whereEK5(mTcoshy2mN), pT
max5tanu0mTsinhy, and

d2Nmn
P

pTdpTdy
~pT ,y!5

W̄mn
P ~y!

12~12l!n(k51

n S nkDlk

3~12l!n2kNkmTK1~mT /Tk!

1~12l!nd~y2y0!d~pT!. ~51!

The target contribution is obtained by simply changi
y→y02y.

Now we recompare with experiments. The results
LEXUS with an opening angle of 0.15° is shown in Fig. 1
by the solid curve. The result of allowing some of the sc
tered nucleons to enter the ZDC is obvious; it reduces
cross section at small forward energies. The results
Pb1Pb with an opening angle of 0.3° are shown in Fig.
also with a solid curve. The better agreement for Pb than
S is somewhat mysterious. The opening in the ZDC for b
experiments was actually a square, not a circle, with an
erture of 86msr. It is quite possible that the simple ang
cutoff we have used does not do justice to the complica
workings of these calorimeters. It is also quite possible t
our use of a baryon distribution which factorizes in rapid
and transverse momentum in nucleon-nucleon collision
too crude near the edges of phase space, such as for
forwardgoing nucleons.

IX. CONCLUSION

In this paper we have constructed a means to mak
linear extrapolation of nucleon-nucleon collisions to ve
high-energy nucleus-nucleus collisions. We call this extra
lation procedure LEXUS. There is no reference to quar
gluons, strings, Pomerons, or QCD. The treatment is sim
based on a sequence of binary nucleon-nucleon collision
in free space. We know that this treatment cannot be exa
all of our accumulated knowledge of QCD and high-ene
physics of the last 25 years can attest. But it is importan
do these calculations as a base line against more detailed
of necessity approximate, treatments based on perturba
and nonperturbative QCD to discover thermodynamic pr
erties of quark-gluon plasma and hadronic matter. What h
we learned?

The rapidity and transverse momentum distributions
baryons in central sulfur-sulfur and lead-lead collisions at
SPS seem to be well described by LEXUS. The same ca
said for the multiplicity of negatively charged hadrons a
their rapidity and transverse momentum distributions. T
zero degree energy distribution for lead-lead comes out
about right; for sulfur-sulfur the agreement is less good. T
may be due to our rather simple treatment of elastic
diffractive nucleon-nucleon collisions which are more like
to influence the outcome of the collisions between sma
nuclei.

What is not reproduced so well by LEXUS is the abu
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dance of strange particles. Formation of quark-gluon plas
increases the number of strange quarks in the system du
its relatively small mass in comparison to the kaon m
@33#. But it is also possible to increase the number of kao
over that produced in nucleon-nucleon collisions by multip
scattering and attendant pair production of kaons@34#. Most
notably the number of antilambdas is too small in LEXUS
comparison to central sulfur-sulfur data by almost an or
of magnitude, indicating that there are proportionately ma
more antistrange quarks in the heavy ion collision than
nucleon collisions@35#. This is interesting physics. It ha
been discussed several times at Quark Matter confere
@1#. Our calculations confirm it. We anxiously await pu
lished data on strangeness in central lead-lead collisions

There is a preliminary conference report on a forwa
backward azimuthal asymmetry in Pb-Pb collisions@36#.
This asymmetry is similar to that seen at much lower Be
lac energies. It has been interpreted variously as a collec
bounce-off, as if the two nuclei were behaving as fluids, a
as the absorption of particles in the cold spectator matter
either way of thinking the present linear extrapolation
nucleon-nucleon scattering does not take this crosstalk
rows into consideration. It would be challenging to do
@37#.

A linear extrapolation like LEXUS is only as good as th
data input from nucleon-nucleon collisions. In this paper
have used reasonably accurate yet simple parametrizatio
the basic input data. Nevertheless, improvements can
made. For example, our treatment of the elastic and diffr
tive components of nucleon-nucleon collisions could be r
resented more accurately but at the cost of significant c
plication to the solution to the model as described in Sec
A better prediction for the baryon momentum distributio
near the projectile and target rapidities would likely result,
would a description of the energy deposited in a zero deg
calorimeter. Even then, our ability to make a linear extrap
lation will be hindered by the lack of experimental measu
ments of many-particle correlations, such as between the
outgoing baryons in an elementary collision, or the corre
tion between the rapidities of outgoing baryons with t
number of produced mesons. It is unlikely that all the exc
sive cross sections for nucleon-nucleon, nucleon-hype
and hyperon-hyperon collisions at all the energies of r
evance will ever be known experimentally. This is a partic
lar shortcoming if one wants to make a Monte Carlo ev
generator out of LEXUS. In case of improvements
LEXUS in the future the model described in this paper w
be known as version 1.0.

We have not made any comparison to transverse en
distributions as measured by electromagnetic calorimet
Many such measurements have been made, but it is a c
lenging task to normalize them in such a way that we c
know how much energy each type of hadron (p, n, p0,
K2, etc.! actually deposits to within a certain accuracy
make a comparison meaningful. This will be the subject o
future application of LEXUS.

Also under study is an application of LEXUS to som
very interesting results on the production ofJ/c, photons,
and lepton pairs as discussed in recent Quark Matter con
ences@1#.
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480 56SANGYONG JEON AND JOSEPH KAPUSTA
Finally, it would be interesting to make LEXUS predic
tions for RHIC where we certainly anticipate it to fail, lack
ing a description of hard perturbative QCD@38,39# and the
inside-outside cascade effect@40#. The difficulty is that there
are no nucleon-nucleon data available at RHIC energy be
the turn-on of the accelerator. Nevertheless, a prediction
the baryon rapidity distribution may be considered and
now in progress.
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