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Reexamination of the variable moment of inertia nuclear softness model
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The three parameter variable moment of ineftidll ) nuclear softness model named VMINS3 is shown to
be adequate in reproducing the main features of the VMI model. Its failure for deformed nuclei reported by
earlier workers is shown to be the result of a wrong approach in the calculation. The variation of the softness

parametero and of the stretching parameﬂér:(%)CBS with increasing deformation of the nuclear core is
now consistent with results of the variable moment of inertia md&556-28137)00312-9

PACS numbeps): 21.10.Re, 21.60.Ev, 27.70q

Batra and Guptd1] studied the ground-state bands in called VMINS4. Batra and Gupfd] also claimed the range
even-even nuclei by reformulating the variable moment ofof validity of the VMINS model to be 2.€ R,,<3.33, where
inertia (VMI) model of Mariscottiet al. [2] in terms of R,,=E(4,7)/E(2;").
nuclear softness. In VMI one expresses the energy as a sum However, in their calculation of VMINS3 model results,

of the rotational and the potential energy: Batra and Gupta observed that even though the VMINS3
model gave better energy values compared to the two param-
723(J+1) ) eter VMI model for softly deformed nuclei such &#Ba and
EQJ)= 2—0J+(1/2)C(‘9J_ fo) 1) 1920s nuclei, it gave rather poor resulisnergy valuesfor

deformed nuclei such a$®Dy, ®Er, 74vb, "Hf, and

and treats the moment of inertiz= 6, itself as a variable,  W. Observing that this may be due to the large values of
dependent od. Here, 6, is determined from the equilibrium ©1 (obtained in the calculationthey justified the use of the

condition VMINS4 model[1] which gave level energies comparable to
the VMI model[2] and to the NS3 moddB] for the nuclei
dE under consideration.
T =0 2 In fact, in their plot for some 130 nucléFig. 1 of [1])
J they obtained an unexpected trend of variatiowrpfvith the

. ) . o deformation measur®,,, the value ofg; increasing with
which yields a cubic equation ifl,. The ground-state mo- R, for R,,>3.0. Similar trend for the Yb isotopes differed
ment of inertiad, and the stretching consta@ not being  from the continuous decrease of with increasingR,, in
known ab initio, the solution of the cubic equation is some- the other approaches, e.g., NS3, VMI, é&ee Fig. 2 of 1]).
what involved for which several alternative approaches hav&ince the VMINS model was intended to be an improvement
been adoptell,2]. Following the success of the earlier pro- gyer the NS model, the above results were somewhat per-
posed nuclear softness mod@] in which the moment of  pjexing. Hence we have carefully worked out the results of
inertia was expressed as a polynomiallim the single term  \MINS3 model using Eq(4), following their procedure of

energy formula solving the first three energy level equations for the three
) coefficientso, 6y, andC.
E(J)= A7 J(I+1) 3) In such an approach as an intermediate gbgpeliminat-

200(1+ 01+ 0p0%++)’ ing B and A from Eq. (4) for J=2, 4, § one obtains a
quadratic equation i (= o)

Batra and Gupta replaced the equilibrium conditi@ for

determiningé; in Eqg. (1) by the Taylor series expansion of a;o’+bot+c;=0 5)
0, about its ground-state valug for J=0 as in the denomi- o ) )

nator of Eq.(3). By retaining only the first order term i,  Lthe coefficientsa;, by, ¢, being known in terms oE(2,),
viz., 6;= 6o(1+ ¢d), the VMI model Eq.(1) was simplified ~ E(41), andE(6,)] which yields two real roots. A complex

[1] to root if obtained, implies the inapplicability of VMINS3 to
the given nucleusgalso see beloy For a proper choice af
AJ(J+1) value we set a constraint on it to yield a positive value of the
E(J)= erBJ2 (4)  coefficientsB andK in Eq. (4), sinceC, 6,, ando are all

positive. Also, out of two rootsif both yield positiveB), the
smaller one was preferred, since a lowerrepresents a
where A=(3)%2/6, and B=Ko?=(2)C6,%0?. As it in- smaller correction td,.

volves three parameters, namely, softness paranesetdre While our results for softly deformed nuclei coincide with
ground-state moment of inerti@,, and the stretching con- those of Ref[1], altogether different results were obtained
stantC, it was called the VMINS3 model. If the second for well-deformed nuclei. This is infact the region in which
order softness parametes, is also retained, the model was VMINS3 results were reported to be relatively pgtf. Our
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TABLE I. The parameters of the models.

6o (MeV) 1 oy
Nucleus VMINS32 VMINS42 Present VMINS3 NSF Present
162Dy 48.49 31.80 38.26 0.4382 0.0021 0.0121
164 43.74 27.29 34.0 0.3508 0.0036 0.0173
%yp 48.41 31.72 39.9 0.5717 0.0010 0.0071
1724 41.77 30.38 329 0.2567 0.0070 0.0268
174y 31.65 29.43 28.8 0.1239 0.0176 0.0631

%Referencd1].

values are rather closer to those of the nuclear softdS&  mation parametes decreases regularly with increasiRg,.

and NS3 model[3]. The large value ofr obtained in Ref. Note that in a few cases, e.g.,t=80, 84, 86 both roots in
[1] for the deformed nuclei was unphysical. In Table | we Eq. (5) yield negativeB in Eq. (5) ando values lie much off
report our values ofr which are quite small for the typiCﬁ' the genera| trenﬂn Specific cases the roots of H@) were
We”'deformed nUCIei Of Re[l] S|m||a.r|y, our Va|ueS Of the Comp|e)§_ These data lie outside the Scope of VMINS3 and
moment of inertiad, are smaller than those of R¢fl] and  yere excluded from smooth curve in the graph. This also
lie closer to those of NSBL] (see Table)L This also yields  jmpjies that in general the VMINS3 model is not useful for
the calculated energies of ground band levels much closer t§42<2_4_ The smooth curve in Fig. 1 is the least square fit to

experiment(_TabIe 1 tha_n obtained previousil]. The i”_" the data using a quadratic Ry,. It represents the data better
provement in the value is even upto 400 keV at-1&.g., in than the linear fit

172Hf. The other(largep value of o of course reproduces the Also, the K = (1/2)C 62 value in VMINS3 no longer de-

results of Ref[1]. . . g
We also extended the calculation to all the nuclei in theCraSes WittRq, for R4;>3.0 as wrongly obtained in Fig. 1

Z=54-76,N=66-126 region. The wrong trend of the of [1]. There is a slow increase in .the.valuelﬁfupto R4
variation ofo; with R,, at large values oR,, obtained if1] = 3-0(Fig. 2), and & sharp exponential rise beyon¢Hig. 3).
iS now Correctedsee F|g J_ As expected' now the defor- This Sharp rise fO'R42>3.O Corresponds to the very small

TABLE II. Ground-state band energiéis keV) for a few typical nuclei. The dashes refer to the energies
used in determining the three parameters of @.

Model E2 E4 E6 E8 E10 E12 E14 E16 E18
Dy-162

Expt. 80.7 265.7 548.5 921 1375 1903 2494 3143 3836
VMINS3? 928 1403 1974 2640 3402 4260
VMINS3P 923 1385 1927 2547 3240 4001
Er-164

Expt. 91.4 299.5 614.4 1025 1518 2083 2703 3263 3769
VMINS3? 1034 1556 2181 2909 3740 4673
VMINS3P 1028 1531 2119 2784 3522 4327
Yb-174

Expt. 76.5 253.1 526.0 890 1336 1861 2457 3117 3836
VMINS3? 895 1358 1917 2572 3321 4166
VMINS3P 891 1346 1886 2510 3212 3992
Hf-172

Expt. 95.3 309.3 628.1 1037 1521 2065 2654 3278 3920
VMINS3? 1047 1564 2179 2890 3697 4600
VMINS3P 1040 1536 2107 2746 3449 4209
W-174

Expt. 111.9 355.0 704.0 1137 1635 2186 2780 3392 3973
VMINS3? 1146 1675 2285 2974 3741 4583
VMINS3P 1142 1658 2242 2890 3597 4358

&/MINS3 results are froni1].
®Jmproved results of VMINS3 as explained in text.
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FIG. 3. The same as in Fig. 2 but on a condengextale for all
nuclei. TheK values of Fig. 2 now overlap with the axis andK
values for largelR,, increase exponentially.

B(=Ko?), o, ando,. A test of the method was performed
FIG. 1. The softness parametey versus the energy rati@,,. for all nuclei by applying the method to the VMINS3 expres-
The smooth curve here is the least square fit to the data on a qugion, wherein the numerical solutions agreed with the ana-
dratic expression as explained in the text. lytic ones.

While convergence was readily attained for the relatively

value of o (less than 0.06so thatB=Ko? in the potential  softer nuclei witho=01>0.2, it was often hard to attain the
energy term remains finite. same for very smaly values say around 0.05 or less. Of the
The value of the stiffness constabtof Eq. (1) no longer  two solutions, one with smaller conformed to the trend of
decreases with increasing neutron numleas obtained in ¢ decreasing with increasinB,,, but the other value was
Fig. 4 of [1] for Yb and W isotopegsee our Fig. 4 for Yb  often very large §=1.0), the latter value was reported for
and has a trend similar to the VMI mod&]. Thus our work  the nuclei considered in Refl]. In some cases the two
removes the anomalies noted for the VMINS3 model in Refsolutions were for negative and positive yielding larger
[1], and the predictions of the VMINS3 model are in reason-and smaller values foir;, respectively. The one with
able agreement with other solutions of VMI. smallero, was preferred as in VMINS3. For the values of
Since improved results on level energies in Réf.were ¢, obtained in VMINS4 no correlation could be obtained

obtained in the four-parameter version VMINS4, using large
values ofo for the few deformed nuclei cited in Table | of

[1], we need to analyze results of VNINS4. As an analytical 63
solution was not obtainable, we worked for a humerical so- 16k
lution. Here, we adopted the Newton-Raphson method of ° mmgg%g%f;
solving the F(X)=0 problem for the four parameters, o VMI NS4 (OURS)
X VMINS4{Ref.1)
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oot 4° r | . | . FIG. 4. The stiffness constafit for Yb isotopes versus neutron
2.0 22 24 2.6 2.8 3.0 numberN in the VMINS3 and VMINS4 models. The values Gf
R42 increase with N corresponding to the deformed nuclei. For

VMINS4 some values are not availablsee text The values in
FIG. 2. The constar versusR,, for nuclei with R4, less than  Ref.[1] are shown for comparison. The latter values decrease with
3.0. increasingN and correspond to larger value of .
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betweeng; and R4, and thus a plot of such values has no plification of the VMI model calculation and the results of

relevance. In Refl1] no plot for VMINS4 o, was given. VMINS3 should, therefore, be adequate. Thus our work
The values of stiffness consta@t obtained in VMINS4  shows the utility and the limitations of the VMINS model

for Yb isotopes are shown in Fig. 4. No convergence couldadoption of VMI model.

be obtained in the numerical solution for smad] in some

cases in the VMINS4 model. Hence these data are missing in The first two author¢J.B.G. and A.K.K) are grateful to

the graph. University Grants Commission, Government of India for fi-
In VMINS4 one does obtain better energy fits, but con-nancial support. Facilities provided for research by Ramjas

sidering the difficulties cited above, it does not offer a sim-College are gratefully acknowledged.

[1] J. S. Batra and Raj K. Gupta, Phys. Rev4& 1725(199J). Rev.178 1964(1969.
[2] M. A. J. Mariscotti, G. Scharff-Goldhaber, and B. Buck, Phys. [3] Raj K. Gupta, Phys. LetB6B, 173(1971.



