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Lifetime of bound states of negative pions and neutrons

H. Garcilazo and A. Queijeiro
Escuela Superior de Fı´sica y Matema´ticas, Instituto Polite´cnico Nacional, Edificio 9, 07738 Me´xico D.F., Mexico

~Received 31 July 1997!

We estimate the lifetime of systems consisting of negative pions and neutrons~pineuts!. We consider the
direct decay of the pion as well as second-order diagrams involving the intermediate decay processesn→p

1e21 n̄ and p2→p01e21 n̄ by assuming a simple single-particle model. We found that the dominant
process is that with an intermediate neutron decay which leads to a lifetime of around 1028 sec.
@S0556-2813~97!03112-9#

PACS number~s!: 13.75.Gx, 25.80.Hp, 36.10.Gv
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I. INTRODUCTION

Bound states ofZ negative pions andN neutrons~pineuts!
have been predicted for a variety of values ofZ and N as-
suming reasonable forms for the various interactions
tween the particles@1,2#. The experimental searches of the
systems up to now have given negative results@3–11# since
they have been restricted to the systems withZ<2 while as
shown in@2# the minimum number of pions that are requir
in order to bind the system isZ55.

The average density of the pineuts is about 3 tim
nuclear matter density. Then, in order to build such a bo
state it is necesary to have neutron matter at that hig
dense state. In nature this can be found at the core of neu
stars, where also negative pions are produced via the d
n→p1p2 @12,13#. Thus, in the neutron star core the form
tion of pineuts is possible, although in a probably sm
amount. Nevertheless, the very presence of pineuts in
neutron star core must modify the solution to t
Oppenheimer-Volkoff equation@14#. We are presently inves
tigating this subject@15#.

Pineuts have isospinI 5N/21Z and they are stable sinc
they cannot decay by electromagnetic or strong interactio
Their only possible modes of decay are through weak in
actions. Thus, in this work we will investigate what are t
dominant weak decay modes in order to give estimates of
lifetime of pineuts with values ofN56 or 7 andZ56 or 7.

In Sec. II we will describe the theoretical model used
obtain the binding energies and wave functions of pineuts
Sec. III we will write down the amplitudes for the decay ra
of the various processes and in Sec. IV we discuss the re
obtained from these amplitudes and give our conclusion

II. THE PINEUT’S MODEL

The theoretical model of Refs.@1,2# consists of a prescrip
tion to calculate~a! the interaction of the pion with the neu
trons, ~b! the interaction between the neutrons themeselv
and ~c! the Coulomb interaction between the pions. T
strong interaction between the pions is neglected since
negative pions must necessarily be in an isospin 2 st
Therefore, since thepp phase shifts for isospin 2 are ver
small @16# one expects this interaction to be negligible.
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A. Binding energies

The energy of a pineut consisting ofN neutrons andZ
pions is

E5EN2ZB1ECoul, ~1!

where EN is the self-energy of theN neutrons,B is the
binding energy of each pion, andECoul is the repulsive Cou-
lomb energy of theZ pions.

The strong interaction between a negative pion and
piece of neutron matter is described by the solution of
truncated Klein-Gordon equation

c~kW !5
2v

k0
22k2E dkW8V~kW ,kW8!c~kW8!, ~2!

where

v5mp22B, ~3!

with mp2 the mass of the pion andB the binding energy, and

k0
25v22mp2

2. ~4!

The potential of a negative pion with a piece of neutr
matter is given in momentum space by

V~kW ,kW8!5
4p

2mp2

~b01b1kW•kW8!rn~kW2kW8!

3
Mn

2

Mn
21k2

Mn
2

Mn
21k82

, ~5!

where

rn~kW2kW8!5E drWei ~kW2kW8!•rWrn~r !, ~6!

and rn(r ) is the ~spherically symmetric! neutron density.
The parametersb0 andb1 are obtained by taking the limit o
the optical potential of pionic atoms when the proton dens
tends to zero@1,2#. Equation~5! contains also a cutoff with a
cutoff parameterMn equal to the mass of the neutron as it
appropriate for thepN amplitude with isospin 3/2.
3384 © 1997 The American Physical Society
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56 3385LIFETIME OF BOUND STATES OF NEGATIVE PIONS . . .
The self-energy of a piece of neutron matter is calcula
from the results of infinite neutron matter by applying t
local density approximation as shown in@1#. Since the pions
are in anS state, this gives rise to a spherically symmet
charge densityrQ(r )52eZuc(rW)u2. Thus, the Coulomb en
ergy is calculated in the standard way by considering
spherical shell of radiusr with a differential of chargedq
5rQ(r )4pr 2dr and integrating from 0 tò as shown in@2#.

A Fermi distribution is assumed for the density of t
neutrons, i.e.,

rn~r !5
r0

11e~r 2R!/d
, ~7!

with

R5r 0N1/3. ~8!

The parameterr0 in Eq. ~7! is determined by the condition

E drWrn~r !5N, ~9!

while the other two parametersr 0 andd will be determined
as follows. The energy of the pineut is given by Eq.~1! and
is a function of the two parametersr 0 andd of the density of
the piece of neutron matter, i.e.,

E~r 0 ,d!5EN~r 0 ,d!2ZB~r 0 ,d!1ECoul~r 0 ,d!; ~10!

therefore, one has to find the values of the parametersr 0 and
d that minimize the energy. Thus, the energy of the phys
pineut is obtained by applying the variational conditions

]E~r 0 ,d!

]r 0
50, ~11!

]E~r 0 ,d!

]d
50, ~12!

which determine simultaneously the parametersr 0 andd as
well as the energy of the pineut. We give in Table I the
values for the pineuts that are going to be needed in
calculations of this work.

TABLE I. Parametersr 0 and d of the neutron density and en
ergy of the pineutE for different values ofN andZ.

(N,Z) r 0~fm! d~fm! E~MeV!

~5,6! 0.599 0.292 293.3
~5,7! 0.621 0.269 2139.6
~6,5! 0.447 0.409 252.2
~6,6! 0.496 0.377 298.2
~6,7! 0.532 0.350 2145.9
~7,5! 0.302 0.493 251.7
~7,6! 0.375 0.457 298.3
~7,7! 0.424 0.428 2146.6
d

a

l

e
e

B. Vertex functions

Since all the pions are in the ground state which is anS
wave, the spin of the pineut is determined by the neutro
Thus, we will assume that the pineuts withN 5 even have
spin 0 and those withN 5 odd have spin 1/2. Moreover
following the analogy with the nuclear shell model, we w
assume that the neutrons in a pineut are in single-par
states as depicted in Fig. 1. The wave functions for the n
trons in theS andP shells are then given by

f0~r !5
1

ANs

a

Ar 21a2
A4prn~r !, ~13!

f1~r !5
1

ANp

r

Ar 21a2
A4prn~r !, ~14!

where

Ns1Np5N. ~15!

These wave functions satisfy

Nsf0
2~r !1Npf1

2~r !54prn~r !, ~16!

while the normalization condition

E
0

`

r 2drf0
2~r !51, ~17!

determines the constanta. From Eqs.~9!, ~15!, and~17! we
see that theP-state wave function is automatically norma
ized as

E
0

`

r 2drf1
2~r !51. ~18!

In Figs. 2~a! and 2~b! we show the verticesApB and
AnB, whereA and B are pineuts on the mass shell, and
vertex 2~a! the pion is off-mass-shell while in vertex 2~b! the
neutron is off-mass-shell. In vertex 2~a! we will assume that
pineutA is a bound state of ap2 and pineutB. Similarly, in
vertex 2~b! pineutA is a bound state of a neutron and pine
B. In vertex 2~b! pineutsA andB will be assumed to be in
the ground state so that according to the single-part
model of Fig. 1 only theP-shell neutrons will be considered

The vertex 2~a! when pineutsA and B have spin 0 is
written as

FIG. 1. Single-particle model of the neutrons in a pineut.
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3386 56H. GARCILAZO AND A. QUEIJEIRO
VApB~kp
2 !52pFMAEB

Ep
G1/2

~kp
2 2mp

2 !c~p!, ~19!

wherekp
2 is the pion’s four-momentum squared,c(p) is the

radial bound-state wave function which will be taken as
solution of Eq.~2!, p is thep2B relative three-momentum
in the center of mass of the pair which is a Lorentz invari
given by

p5F ~MA
21MB

22kp
2 !

4MA
2 2MB

2 G1/2

, ~20!

and

EB5AMB
21p2, ~21!

Ep5Amp
2 1p2. ~22!

In the case when pineutsA and B have spin 1/2 the vertex
2~a! is written as

UApB~kp
2 !5pF EB

EpMB
G1/2

~kp
2 2mp

2 !c~p!. ~23!

In theAnB vertex shown in Fig. 2~b! pineutA containsN
neutrons while pineutB containsN21 neutrons. IfN is even
then pineutA has spin 0 and pineutB has spin 1/2 and the
vertexAnB is written as

VAnB~kn
2!52pA2MA

AEnEB~En1Mn!~EB1MB!

En1Mn1EB1MB

3~MA2En2EB!
f1~p!

p
. ~24!

Herekn
2 is the neutron’s four-momentum squared,f1(p) is

the P-wave radial bound-state wave function in momentu
space which is given in coordinates space by Eq.~14!, p is
the n2B relative three-momentum in the center of mass
the pair which is given by

p5F ~MA
21MB

22kn
2!

4MA
2 2MB

2 G1/2

, ~25!

and

EB5AMB
21p2, ~26!

En5AMn
21p2. ~27!

FIG. 2. TheApB andAnB vertices with pineutsA andB on the
mass shell.
e

t

f

If N is odd then pineutA has spin 1/2 and pineutB has
spin 0. Thus, in this case theAnB vertex will be given by

UAnB~kn
2!522pA2EnEB~En1Mn!

3~MA2En2EB!
f1~p!

p
g5 . ~28!

The verticesVAnB and UAnB are different since in Eq.~24!
f1(p) is the bound-state wave function of two spin-1/2 pa
ticles while in Eq.~28! f1(p) is the bound-state wave func
tion of spin-0 and spin-1/2 particles. The vertices Eq.~24!
and Eq.~28! have been constructed in analogy to thednn
vertex given by Refs.@17,18#.

We show in Fig. 3 the pionic wave functionc(p) and the
neutronic wave functionf1(p)/p for the cases that are goin
to be needed in this work. The pionic wave functionsc(p)
corresponding to (N,Z)5(6,7) and ~7,6! lie in between
those shown in Fig. 3~a!.

III. WEAK DECAY MODES

We show in Fig. 4 the weak decay mechanisms that w
be considered in this work. We will discuss separately
two cases corresponding to the initial pineut having spin
~even number of neutrons! or spin 1/2~odd number of neu-
trons!.

A. Initial pineut with spin 0

Following the rules of Ref.@19# the transition rate for any
of the processes depicted in Fig. 4 in the case when the in
pineut has spin 0 is written as

dv5
m2m3

2MAE1~2p!3(
spin

uM u2
kW1

2ukW3udukW1ud cosu

ukW3u1ukW1ucosu1E2

, ~29!

where

Ei5AkW i
21mi

2, ~30!

with mi the mass of the particle with momentumkW i in Fig. 4
~notice that the massm3 of the antineutrino will be canceled
by a similar mass in the spinor of this particle! and where

cosu5
kW1•kW3

ukW1uukW3u
. ~31!

The simplest decay mechanism that one can think o
that in which one of the negative pions inside the pine
decays into a lepton-antilepton pair as shown in Figs. 4~a!
and 4~b!. The process 4~a! is the dominant decay mechanis
when the pion is free and it determines its lifetime of 2
31028 sec. This process is not allowed for a pineut which
in its ground state due to energy conservation as can be
from Table I. Process 4~a!, however, could in principle still
go on if the decaying pion were in an excited state~which we
will not study here!. The invariant amplitudeM for this pro-
cess is given by
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FIG. 3. Pineut wave functions:~a! pionic wave functionc(p) for (N,Z) 5 ~6,6! and~7,7!, and~b! neutronic wave functionf1(p)/p for
(N,Z) 5 ~6,6!, ~6,7!, ~7,6!, and~7,7!.
-

eu-

free
e in
M4~b!5ZGFf p ū2k” p~12g5!v3

1

kp
2 2mp

2 VApB~kp
2 !,

~32!

whereGF is the Fermi constant,f p is the pion decay con
stant, andVApB is the ApB vertex defined by Eq.~19!.
Equation~32! resembles single pion exchange in beta n
tron decay@20#.

It has been suggested by Lipkin@21# that the electron-
decay mode which is helicity suppressed in the case of a
pion may be greatly enhanced in the case of a pineut sinc
FIG. 4. Weak decay mechanisms of a pineut:~a! and ~b! first-order processes and~c! and ~d! second-order processes.



s
o

d

d

ay

im

e

rs

s

co

,

tor
ell

n

oef-

nt

it-

vi-

3388 56H. GARCILAZO AND A. QUEIJEIRO
that case angular momentum can be transfered to the
rounding nucleons. Therefore, following the suggestion
Lipkin we have also considered the processes depicte
Figs. 4~c! and 4~d!. The amplitude of diagram 4~c! is

M4~c!5
Z

~2p!4E d4kC

1

kC
2 2MC

2 1 i e
VBpC~kp0

2
!

3
1

kp0
2

2mp0
2

1 i e
Fp2→p01 n̄ 1e2

1

kp2
2

2mp2
2

1 i e

3VApC~kp2
2

!, ~33!

where according to the CVC hypothesis, the elementary
cay amplitudeFp2→p01 n̄ 1e2 is given by

Fp2→p01 n̄ 1e25
GFf

A2
ū2~k” p21k” p0!~12g5!v3 , ~34!

with f 5A2cosuC51.37 in order to describe the free dec
rate ~hereuC is the Cabibbo angle! @20#. We will evaluate
this expression using the spectator-on-mass-shell approx
tion @22#. The spectator particle in this case is the pineutC
and we can write the propagator of this particle as

1

kC
2 2MC

2 1 i e
5

1

~kC02EC1 i e!~kC01EC2 i e!
, ~35!

wherekC0 is the fourth component ofkC and

EC5AkWC
2 1MC

2 . ~36!

In order to integrate overkC0 we close the contour from
below in the complexkC0 plane so that the propagator~35!
will contribute with the pole atkC05EC2 i e. Thus, if we
neglect the contribution of any other pole, Eq.~33! takes the
form

M4~c!5
Z

~2p!3E dkWC

2EC
VBpC~kp0

2
!

1

kp0
2

2mp0
2

1 i e

3Fp2→p01 n̄ 1e2

1

kp2
2

2mp2
2

1 i e
VApC~kp2

2
!. ~37!

Notice that in Eq.~37! particle C has now been put on th
mass shell so that the vertexVApC is given by Eq.~19! where
both pineuts are on the mass shell. The two denominato
Eq. ~37! never vanish so that we may as well drop thei e
there. Since the pineuts that appear in Fig. 4~c! are A
5(N,Z), C5(N,Z21), andB5(N,Z21), we will assume
B5C. The vertexVBpC will be taken of the same form a
given by Eqs. ~19!–~22! except that we have hereMC
5MB and we must include the isospin Clebsch-Gordan
efficient C0,2I 11,2I 11

1,I 21,I 21 with I 5N/21Z. For the vertexVApC

the corresponding Clebsch-Gordan coefficientC21,2I 11,2I
1,I 21,I is

equal to 1.
In order to evaluate diagram 4~d! we will assume that

pineutsA andB have spin 0 and pineutC has spin 1/2. Thus
the amplitude of diagram 4~d! is given by
ur-
f
in

e-

a-

in

-

M4~d!5
Np

~2p!4E d4kC

k” C1MC

kC
2 2MC

2 1 i e

3VBpC~kp
2!

k” p1M p

kp
22M p

21 i e
Fn→p1 n̄ 1e2

3
k” n1Mn

kn
22Mn

21 i e
VAnC~kn

2!, ~38!

where the elementary decay amplitudeFn→p1 n̄ 1e2 is given
by

Fn→p1 n̄ 1e25
GF

A2
gm~12ag5! ū2gm~12g5!v3 , ~39!

with a51.21 in order to describe the free decay rate~where
a measures the rate of the axial-vector coupling to vec
coupling! @20#. If we now apply the spectator-on-mass-sh
approximation@22#, Eq. ~38! becomes

M4~d!5
Np

~2p!3E MC

EC
dkWC v̄ CVBpC~kp

2!
k” p1M p

kp
22M p

21 i e

3Fn→p1 n̄ 1e2

k” n1Mn

kn
22Mn

21 i e
VAnC~kn

2!vC , ~40!

where vC5 ig2uC* is a charge conjugate spinor@19#. The
vertexVAnC is given by Eq.~24! where both pineuts are o
the mass shell. The pineuts that appear in Fig. 4~d! are A
5(N,Z), C5(N21,Z), andB5(N,Z21). The vertexVBpC
will be taken of the same form as given by Eq.~24! except
that here we must include the isospin Clebsch-Gordan c
ficient C1/2,2I 11/2,2I 11

1/2,I 21/2,I 21 with I 5N/21Z. For the vertexVAnC

the corresponding Clebsch-Gordan coefficie
C21/2,2I 11/2,2I

1/2,I 21/2,I is equal to 1.

B. Initial pineut with spin 1/2

If the initial pineut has spin 1/2 the transition rate is wr
ten as

dv5
m1m2m3

E1~2p!3(
spin

uM u2
kW1

2ukW3udukW1udcosu

ukW3u1ukW1ucosu1E2

, ~41!

with Ei and cosu defined by Eqs.~30! and ~31!.
The amplitude for the decay process depicted in Figs. 4~a!

and 4~b! is given by

M4~b!5ZGFf p ū2k” p~12g5!v3

1

kp
2 2mp

2 ūBUApB~kp
2 !uA ,

~42!

whereUApB is theApB vertex defined by Eq.~23!.
Following similar arguments as those given in the pre

ous subsection, the amplitude of the process 4~c! in the
spectator-on-mass-shell approximation is given by
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M4~c!5
Z

~2p!3E MC

EC
dkWCūBUBpC~kp0

2
!uC

1

kp0
2

2mp0
2

1 i e

3Fp2→p01 n̄ 1e2

1

kp2
2

2mp2
2

1 i e

3 ūCUApC~kp2
2

!uA , ~43!

with UApC(kp2
2 ) the ApC vertex defined by Eq.~23!.

Finally, the amplitude of the process depicted in Fig. 4~d!
is given within the spectator-on-mass-shell approximation

M4~d!5
Np

~2p!3E dkWC

2EC
ūBUBpC~kp

2!
k” p1M p

kp
22M p

21 i e

3Fn→p1 n̄ 1e2

k” n1Mn

kn
22Mn

21 i e
UAnC~kn

2!uA , ~44!

whereUAnC(kn
2) is theAnC vertex defined by Eq.~28!.

IV. RESULTS AND CONCLUSIONS

We evaluated numerically the decay amplitudes deri
in the previous section and calculated the total decay rate
integrating overdukW1u anddcosu in Eqs. ~29! and ~41!. We
show in Table II our results for the decay rates of pine
with N56,7 and Z56,7 considering the different deca
mechanisms depicted in Fig. 4.

As shown in Table II, the direct decay mechanism d

TABLE II. Decay ratev in sec21 of the various processe
depicted in Figs. 4~b!, 4~c!, and 4~d! for pineuts with different val-
ues of (N,Z).

(N,Z) v~sec21)
4~b! 4~c! 4~d!

~6,6! 1.603102 1.883105 1.453107

~6,7! 1.933102 2.293105 1.333107

~7,6! 1.503102 2.103105 3.083107

~7,7! 1.823102 2.553105 2.833107
af
s

d
by

s

-

picted in Fig. 4~b! has the smallest decay rate. The proce
4~c! with an intermediate pion decay has a decay rate wh
is about three orders of magnitude larger than the direct
cay process. However, the process 4~d! with an intermediate
neutron decay is the dominant one since it is about two
ders of magnitude larger than the process 4~c!. Thus, the
process depicted in Fig. 4~d! will be the one that determine
the lifetime of the pineut. Using the decay rates of the fou
column of Table II we see that the lifetime of these pine
will go from t53.2431028 sec for (N,Z)5(7,6) up tot
56.9231028 sec for (N,Z)5(6,7).

The results of Table II also confirm the suggestion
Lipkin @21# that processes involving more than one hadr
will dominate over the direct decay process and will lead
an enhancement of the decay rate.

Notice that processes where the final pineutB is left in an
excited state~which in principle are allowed by our single
particle model! are expected to lead to smaller decay ra
since in that case the kinetic energy of the three final p
ticles is smaller and consequently the available phase s
will be reduced.

Finally, we would like to say a few words about the pr
cess 4~d! when the decaying neutron is in theS shell in Fig.
1. In that case we do not know the wave functions and bi
ing energies of the intermediate pineutC which will be in an
excited state. However, we can estimate those process
we calculate them using the same binding energy as for
ground state together with theS-state wave function given by
Eq. ~13! ~and appropriate vertices!. We obtain that the decay
rate is of the formvS;(NS /NP)2vP , where vP are the
decay rates of Table II so that the decay ratesvS will be
rougly between 4 and 6 times smaller thanvP .

In summary we have presented calculations for
pineuts lifetime, considering various weak decay modes,
confirmed the estimated enhancement suggested by Li
@21#. The pineuts lifetimes range from 1.24 to 2.8 times t
free pion lifetime. Our calculations are based on the theo
ical model of Refs.@1,2# and the assumption of a single
particle model. It is interesting that the lifetime is of th
order of the pion lifetime but proceeds from a diagram wh
a neutron is decaying.

ACKNOWLEDGMENT

This work was supported in part by COFAA-IPN.
n

@1# H. Garcilazo, Phys. Rev. Lett.50, 1567~1983!.
@2# H. Garcilazo, Phys. Rev. C52, 1126~1995!.
@3# F. W. N. de Boeret al., Phys. Rev. Lett.53, 423 ~1984!.
@4# E. Piasetzkyet al., Phys. Rev. Lett.53, 540 ~1984!.
@5# J. Lichtenstadtet al., Phys. Rev. C33, 655 ~1986!.
@6# R. van Dantzig, F. W. N. de Boer, and A. van der Scha

Czech. J. Phys.36, 982 ~1986!.
@7# D. Asheryet al., Phys. Lett. B215, 41 ~1988!.
@8# B. Parkeret al., Phys. Rev. Lett.63, 1570~1989!.
,

@9# S. Stanislauset al., Phys. Lett. B219, 237 ~1989!.
@10# F. W. N. de Boeret al., Phys. Rev. D43, 3063~1991!.
@11# T. K. Hemmicket al., Nucl. Phys.A525, C369~1991!.
@12# A. B. Migdal, Rev. Mod. Phys.50, 107 ~1978!.
@13# S. L. Shapiro and S. A. Teukolsky,Black Holes, White Dwarfs

and Neutron Stars~Wiley-Interscience, New York, 1983!.
@14# J. N. Bahcall and R. A. Wolf, Phys. Rev. B140, 1452~1965!.
@15# A. Queijeiro, F. Angulo-Brown, and H. Garcilazo, work i

progress.



s

e

6

3390 56H. GARCILAZO AND A. QUEIJEIRO
@16# C. D. Frogatt and J. L. Petersen, Nucl. Phys.B129, 89
~1977!.

@17# R. Blankenbecler and L. F. Cook, Jr., Phys. Rev.119, 1745
~1960!.

@18# W. W. Buck and F. Gross, Phys. Rev. D20, 2361~1979!.
@19# J. D. Bjorken and S. D. Drell,Relativistic Quantum Mechanic

~McGraw-Hill, New York, 1964!.
@20# E. D. Commins,Weak Interactions~McGraw-Hill, New York,
1973!.

@21# H. J. Lipkin, in Proceedings of the 3rd Conference on th
Intersections between Particle and Nuclear Physics, Rockport,
Maine, 1988, edited by G. M. Bunce, AIP Conf. Proc. 17
~AIP, New York, 1988!.

@22# H. Garcilazo, Phys. Rev. C35, 1804~1987!.


