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Attractive central potential in the SU(3) Skyrme model
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The interaction between the hyperon and the nucleon is investigated in (8¢ Skyrme model. The static
potential, which is expanded in terms of the modified(®Uotation matrices, is obtained for several orien-
tations with the Atiyah-Manton ansatz. The interaction is calculated for the NW,and>N systems. The
medium-range attraction of the central potential betwkesnd N is obtained by considering the X, mixing
through the intermediate sta{&s0556-28137)04212-X

PACS numbes): 12.39.Dc, 13.75.Cs, 13.75.Ev, 21.4%.

l. INTRODUCTION nized as an effective theory in the lard limit, the finite
N¢ correction is requiredl11].

It is widely accepted that quantum chromodynamics The Skyrme model is extended into the (SUflavor sym-
(QCD) is the fundamental theory for the strong interaction.metry. There are two approaches to deal with the extra
The high-energy behavior of QCD is well described by thestrange degrees of freedom. One is the bound state approach
perturbed QCD because of its asymptotic freedom. It ex{12] in which the symmetry breaking is regarded as large.
plains the experimental data such as those in the deep inelaphe K-meson is introduced as a small fluctuation from the
tic scattering process. On the other hand, it is difficult toSU(2) symmetry. Another is the collective coordinate
describe the low energy properties of QCD because the emethod which is based on the &)Y symmetry. In this
fective coupling constant increases with the decreasing mamethod, the symmetry breaking is taken to be small. The
mentum as the renormalization group analysis suggests. symmetry breaking is treated perturbativgy3,14. Yabu

't Hooft proposed to use the inverse number of colorsand Ando unified these two approaches by the exact treat-
1/N¢ as an expansion parameter by generalizing QCD to thénent of the symmetry breakingl5]. The Yabu-Ando ap-
SU(N¢) gauge theory1]. In the largeNc limit, it becomes  proach reproduces the mass splitting of the baryons in the
the theory of the weakly interacting meson. Witten pointedsame multiplet. In the two-baryon case, only the product
out that the baryons should appear as topological solitonansatz has been investigated because of the complexity of the
[2]. The Skyrme model is recognized as an effective theorywumerical simulation of the S3) Skyrme mode[16,17.
of QCD in the largeN¢ limit although the Skyrme Lagrang- In this paper, we investigate the interaction between the
ian is not derived from QCD directly8]. The baryon number hyperon and the nucleon in the 8Y Skyrme model. The
is introduced into the Skyrme model from a topological pointAtiyah-Manton ansatz extended to the (8Usymmetry is
of view. Skyrme proposed a stable configuration called theadopted as the two-baryon configuration. The static potential
hedgehog ansatz. The quantization is performed by introduds expanded in the modified $8) rotational matrices. We
ing the collective coordinates, the flavor rotation of theobtain the interaction between the baryons by integrating the
hedgehog configuratiof®]. The Skyrme model explains the static potential with the initial and final wave functions over
static properties of the baryon such as the charge radius anble Euler angles. To obtain the attractive force in the central
the magnetic moment with 30% accuracy. channel of theA-N interaction, we take account of theN-

The product ansatz is a two-skyrmion configuration pro-3N mixing through the intermediate state.
posed by Skyrm¢3]. It is a good approximation so long as  In Sec. I, we construct the two-baryon configuration by
the two skyrmions are separated in the long distance. Thghe Atiyah-Manton ansatz. In Sec. Ill, we express the poten-
numerical simulation is a direct method to obtain the exactial in the modified S3) rotational matrices and obtain its
two-baryon configuratiof5]. There is another way to de- matrix element between the baryons. In Sec. IV, we consider
scribe the skyrmion configuration with a few parametersthe AN-3N mixing through the intermediate state together
The Atiyah-Manton ansatz is constructed from the instantonwith the finite N effects. In Sec. V, we discuss our results.
configuration in the S(2) gauge theony6,7]. The stable
configuration with the torus shape can be described by this
ansatz. Even if the skyrmion configuration is obtained, there IIl. TWO-BARYON CONFIGURATION
is a problem that the attraction in the central potential atthe | ot us consider the nonlinear field of the pseudoscalar
intermediate range is absent. It is being solved by consideiyesony within the flavor SU3) symmetry. The action of
ing the N-A mixing through the intermediate stg®9], the  he SU3) Skyrme model is given by
finite-N¢ effect [10], the higher-order terms generated by
w-meson, and the radial excitation. By diagonalizing the po-
tential between the NN andMNstates for each channel, one S:f dt(L,+L,+Lsg) +NcI, )
can construct the better eigenstate. It amounts to the N-
mixing. The finiteN¢ effects are often considered together
with the NN-NA mixing. Since the Skyrme model is recog- where
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Fi Rebbi (JNR) proposed the more general form of the instan-
L2=f d3x1—6tr(aﬂUT&“U), (28  ton configuration[19]. The two-instanton superpotential is
expressed as
1 2 2
|_4=f d*—tU"(9,U),U"(d,U)]%, (2b) p= M n A2
32 (t=T)?+ (x=X)? (1T +(x=X;)?
3 FE’ 2 2 t }\g (7)
Lgg= | d°X) == (m-+m)tr(U+UT—-2 + .
SB f 32( T 7]) ( ) (t_T3)2+(X_X3)2
\/§F§T 2 2 T From the skyrmion point of view, it can describe the stable
+ g (Mz=mtrg(U+UN) 1, (20 configuration with the torus shape. However, it is difficult to

apply the JNR form to the S@3) Skyrme model because of
i the complex relation between the instanton parameters
r=-— f d5XE”k'mtr(UT((9iU)UT(&J-U) (T;,X;) and the skyrmion position. Therefore, we concen-
24072 Jq trate our efforts on the 't Hooft form.
To apply the above method to our problem, we extend the
XU (aU)U (V) U (9U)). (2d Atiyah-Manton ansatz to the $8) symmetry. We can
change Eq(5) into the form

The summation over the repeated indices is assumed and
denote the Gell-Mann matrices. The symmetry breaking part i

of the Lagrangiar(2c) reproduces the mass terms expanded As=— E(rl-aﬁ To-do)Inp, (8
in the pseudoscalar meson fields with the Gell-Mann-Okubo

relation m? +3m7—4mg=0. In the Wess-Zumino-Witten pecause the differentiation with respect to the spatial vari-
term (2d), the integration is taken over the five-dimensionalgples can be separated into that with the instanton coordi-
disc Q the boundary of which is the usual spaceti_me. Then_ates. Now, we extend the gauge group from(ZBto SU3)
length and the meson mass are often measured in the umy, replacing the S(2) r-matrices with the generators of the

1/(eF;), and the energy inK;/e), called the Skyrme units. gy3) groupr,=AN,AT andr,,=B\ B different for each
The hedgehog configuration is also stable in the(3U nstanton coordinate,

Skyrme model. The quantization is done with respect to the

collective coordinates expressed as the rotation of the hedge- A2s2
hog configuration, A, 71 (X Xl)sf{(siJr)\f)(s§+)\§)—>\i>\§}
U(X!t):A(t)UH(X)AT(t) (3) 2.2
. A3S]
It is difficult to construct the two-baryon configuration in —iTe (X_XZ)Sz{(Sz+)\2)(52+)\2)_)\2)\2}’ ©)
. ! 2SI T A(S;T A, A2
the general form. The product ansatz is used as the first ap-
proximation. The product ansatz holds when the two skyrmiwhere we have used the notations
ons are separated in the long distance.
The Atiyah-Manton ansatz is another method to construct sf=(t—T1)2+ (X—X4)?, (103
the two-baryon configuration, which has been used in the
SU(2) Skyrme model. It is obtained from the instanton, a S3=(t—T,) 2+ (x—X,)2. (10b)
topological configuration of the gauge field defined in the
Euclidean spacetime, The Atiyah-Manton configuration does not have the expo-

nential damping behavior of the massive meson in the long

o distance. We introduce the additional parameters for the ex-
Uam(X)=P expg — j_wth“(X’t) : (49 ponential damping by the substitution in EE),
NE= NP1 i X=Xy wib i, (12)

The instanton configuration given by 't HooffL8] is ex-

pressed as This substitution improves the long-distance behavior of the
) Atiyah-Manton configuration for the massive case. It corre-
! sponds to the hedgehog solution with the profile function

A4=§T-r9|np, (5
r
F(r)y=m| 1— . 12
1+ M + A2 " V2N (14 pr)e (
pP= T 24 (v_ 2 T 24 (w2’
(I=T) T (X=X)"  (1=Tp)"+(X=Xy) ©) The long-distance behavior of the profile function leads to

2
where (T;,X;) and\; are the instanton coordinate and the F(r)ﬁﬂ(HMr)e—m_ (13

spreading of theith instanton, respectively. Jackiw-Nohl- 2r?
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FIG. 1. Static potential in MeV as a function of the separation
between the two baryonR(fm) V4, V,, V3, V, for the relative
orientationC=1, e ("2 e~ ("2 @=(7/2)As,

FIG. 3. Spin-isospin part of the NN-potenti], ..

exact value 39.849 estimated by the numerical simulation in
Ref. [15]. The static potentialy/,, V,, V3, andV, for the
In spite of the above modifications, the baryon number of theyrientationsC=1, exp—i(7/2)\,), exp(—i(7/2)\3), and
Atiyah-Manton configuration is still conserved. Indeed, theexp(—i(/2)\,), respectively are shown in Fig. 1.
baryon number is confirmed to be two within 1% discrep-
ancy by the numerical simulation. We use the third param-
eter set in Ref[15] (F,=82.9 MeV, €=4.87, my=769
MeV) throughout this paper. The subtraction of the vacuum- The static potential is generally expanded in the(3U
like energy does not matter because we use the energy difetation matrice§17]. From the symmetry of the solution,
ference between the two configurations. There is ambiguityhe static potential is reduced to the form
in determining the separation of the two skyrmions for the
generated configuration. We adopt the separation between
the two baryons as

}1/2

whereBy, is the baryon number density]. We perform the

IIl. HYPERON-NUCLEON INTERACTION

V(va)z%V)ész(R)D?oss)(osg)(C)v (15

with the conditionv’ggzvg_sz.
In the symmetry-breaking case, it should be expanded in

the modified rotation matrices rather than the nonbreaking

ical simulation by taking th entati f the indi- °"€S because the mixing of a certain representation with its
nhumernical simuiation by taking the orientations of In€ in I'higher ones is not so small as to be neglected. Th€35U

vidual skyrmions as\=/C" andB=/C which ensures the oo i parametrized by the §8) Euler angles,
symmetry under the exchange between the two skyrmions.

We determine the instanton paramet®ts, uq,. From the
symmetry under the exchange of the two skyrmions, we re-
quire that they should be equal for both skyrmions. It turn

out thatA =2.6,.=0.342 for the relative orientatio®€=1 g 101 angleg20]. The wave function for the baryon belong-

—_ — — a— (2N i
and \=2.2,=1.369 for C=e"'("*"+ by minimizing the ing to the multiplet\ is given by Yabu and Ando as the
static energy. These parameters give the classical MagSodified SU3) rotation matrix

M=39.9 in the Skyrme unit which is consistent with the

R=2 (14)

1
Jd3xBo(22—§(x2+y2)

A:ue—ivMe—i(p/\s“E))\gur, (16)

Swhere the matrices andu’ are expressed in the usual @)

T vess) (A= VNN i ves —s) (A, (A7)
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FIG. 2. Central part of the NN-potenti&l: in MeV as a func-
tion of the separatioRR(fm), dashed curve denotes the product an-

satz and dot-dashed curve denotes the one-boson exchange model.  FIG. 4. Tensor-isospin part of the NN-potentia}, .
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~ NN _ /NN NN NN NN
Bt ves— (A =Dt (W iy Vs (7) V=V Ve (r 1) + V(o1 02) +VT7Sg,

xe DS (u), (19 +Vir (01 09) (11 1) + VRS (71 75), (2)
R 4

| s _ for the NN interaction,
whereD, \ andDy, s stand for the usual SQ) rotation
matrices andN, is the multiplicity of the representation. VAN=VANL VAN o) + VNS, (22)
The properties of the symmetry breaking are contained in the
strange-mixing functionf(v). A subsidiary condition de-
rived from the Wess-Zumino term is imposed on the physica
states,

ror the AN interaction, and

VIN=VEN+HVIN(TL 1) +VEN (01 00) + VIS,

Yr=1. (19 +ViN(o1-00)(Ty 7)) + VIS Ty 1), (29
We can determine the coefficientg in the static potential  for the N interaction. Since the baryons stay in thexis,
(15) by observing it for several relative orientations. Oncethe tensor operator is defined By,= 30 1,05,— 01 5. The
the static potential is given, the interaction between the hypotentialsV,,V,,V3,V, for the relative orientations deter-
peron and the nucleon is obtained by integrating the statimine the coefficient&/3,, V3,, V3,, V&, in the static poten-
potential between the initial and the final wave functionstial (15) expanded up to the octet representation. The graphs
over all orientations, of the interactionViN, VNN NN AN SN VAN Cand

or VYTr > oT !

V%L“ are shown in Figs. 2—8. The central potentig| of the

NN, AN, 2N systems is still repulsive, while the Atiyah-
YN _ * *
v (R)_f dAdBYy, (A, (B) Manton ansatz tends to show the less repulsive force than the
‘ product ansat£16,17. For the spin-isospin paN/,,, the
XV(RATB)Wy(A)W\(B). (20 results show a good agreement with the Nijmegen potential

(model D, the one-boson-exchange potential developed by
where we adopt the direct product of the Yabu-Ando wavethe Nijmegen groug21] at the rangeR>1.6 fm. The be-
function as the two-baryon state for the first approximationhavior of the tensor-isospin pavt;, is consistent with the

The interaction is obtained in the form Nijmegen model.
120 T T T T T T T T 35 T T T T T T T T
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FIG. 6. Central part of th& N-potentialV¢. FIG. 8. Tensor-isospin part of tieN-potentialV+, .
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120 — T for thel=1/2S5=1,S,=0 channel, and
00T 1 Var=VaN+ VAN ovaN (289
80 | \ 1
s el ] Vis=(Veh=2viM)+(ViN-2avit)+2(viN-2ve)),
c (280)
S5 40 t .
5
20 r 1 Vas=g(ViNEN Vet eo(vp N, (280
o e el

o for the 1=1/25=1S,=*+1 channel. The nonzero off-
12141618 2 22242628 3 diagonal matrix element® N-*N shows that the direct prod-
R(fm) uct of the single-baryon wave functions is not a good eigen-
FIG. 9. Central part of the N-potentialVe with AN-3N mix- state for the two-bary_on syst_e_m. One can obtain the better
ing, solid curve stands for that with thie-S, mixing, dashed one for {Wo-baryon state by diagonalizing the matrix
the naive estimation, and dot-dashed one for the one-boson-
Viaa VAE)

exchange model.
Vas  Vss

IV. AN-%N MIXING

It is well known that the naive estimation of the interac- for each channel. After the diagonalization, the lowest eigen-
tion is insufficient to give the central attraction at the inter-value is adopted for th& N central potential. The finité&c
mediate range. In the SP) case, theA-N mixing is taken effects should be taken into consideration together with the
into account. The direct product of the wave functions as the\ -3, mixing because the Skyrme model is recognized as an
two-baryon eigenstate becomes worse when the separati@ffective theory in the largélc limit. The spin-isospin ma-
between the skyrmions decreases. The candidate for thfix elements are enhanced in tNe=3 case compared with
SU(3) symmetry is theA-X mixing. We consider the\N-  those in the largélc limit by the factors 20/9 fov=N, viN

oT !

2N mixing in the intermediate state together with the finite 34 (20/3)/9 forVﬁTN'E N V?,N'z N from the analysis of the

Nc effects. It is shgwn by.the fact that the off-diagonal ele'quark hedgehog model as in REEO]. The graph of the\ -N
ment of the potential survives, interaction in the central channgf:N with the AN-3N mix-
ing is shown in Fig. 9. The attractive force at the intermedi-

AN-3N_ (\JAN=SN_ \AN-SN/ _ AN-3N
v \E v (01-02) V1 75101, ate range appears by taking account of -3 N mixing

oT

(24) through the intermediate state together with the fimite
where effects.
Or=—\2/3Tp. 8y 1+ 2I\3T 5,6, ot V203T G . V. DISCUSSION
(25

We discuss the results in this section. The static potential
is obtained from the Atiyah-Manton ansatz extended to the
SU(3) symmetry. The Atiyah-Manton ansatz gives a lower
@nergy than the product ansatz at the intermediate range.

ince the symmetry breaking is not small, the static potential
is expanded in the modified $8) rotation matrices up to the
octet representation. We have obtained the baryon-baryon
VAA:VéN_?)VgN’ (263 interaction by integrating the static potential bet.ween .the
two-baryon states over the Euler angles. In the naive estima-
tion, we have not obtained the intermediate attraction of the
central force although the result from the Atiyah-Manton an-
satz is less repulsive than the product ansatz. To improve the

It is found that the isospin is conserved under the baryon
baryon interaction. The total spin is not an invariant of the
hyperon-nucleon system whereas the projection of the spi
in the z direction is still conserved. The potentials with re-
spect to the total spin and isospin states are written as

Ves=(VEN-2vEN—3(viN-_2viN)  (26h

Y, AEZE(V/T\ N-X N—3V§TN'E Ny, (260 estimation of the central pqtential, we have to take account
3 of the several effects as in the &) case. One of such
effects is introduced by considering the mixing with the
for the | =1/25=0 channel, higher excitations, theA-N mixing in the SU2) case,
AN VAN AN through the intermediate state. The candidate within the
Vaa=Ve ' +V, " —4VrT, (273 SU(3) symmetry is the mixing betweed and A [22]. The
effects from the mixing of these particles are expected to
Ves=(VeN-2viN+(viN-2vi M) —aviN-2viD), play a significant role in the hyperon-nucleon interaction be-

(27D cause the mass difference betweeA and I,
ms—m,=80 MeV, is smaller than that between N and
m,—my=300 MeV.

5
_ 2 A JANSN L \ANSNy _ g\ ANSN
Vas Ve TVor T4V ' 279 The central potential betweekh and N with theAN-2N

3
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mixing shows the attraction at the intermediate range. Thithe one boson exchange model. Therefore, we conclude that
result is consistent with the one-boson-exchange model. Thiae configuration with a certain accuracy, théN-SN mix-
direct product of the two single-baryon states is not a goodng, and the finiteN effects are required for the attractive
eigenstate when the two skyrmions close together. It is sugorce in theA-N interaction.
gested by the nonvanishing off-diagonal matrix element be- Finally, we discuss the validity of the Atiyah-Manton
tween theA-N and3-N states. By diagonalizing this matrix configuration based on the 't Hooft instanton. In this paper,
for each channel, one can obtain the better eigenstate of thvee have adopted the 't Hooft form as a starting point of the
two-baryon system. The lowest eigenvalue is adpoted for th€U(3) skyrmion configuration. On the other hand, the
AN potential. This procedure amounts to taking account oflackiw-Nohl-Rebbi form gives the more general configura-
the AN-X N mixing through the intermediate state. The finite tion. It can describe the stable configuration with the torus
N effects is considered together with the3, mixing. The  shape. Indeed, it is significant to reproduce such a configu-
finite N¢ correction is estimated from the analysis of quarkration in the SWU3) model as well. In this field, the stable
hedgehog model. point in the manifold of the Atiyah-Manton configuration is
The spin-isospin pa ., and the tensor-isospin pavt;, investigated. By quantizing the fluctuation around it, one
shows a consistent behavior with the one-boson-exchangmnstructs the quantum state which has the same quantum
model at the rang®>1.6 fm. This implies that the long- number as the deuter¢@3]. However, the JNR form is dif-
range force which is dominated by the-exchange repro- ficult to handle the modification of the long-distance behav-
duces the one-boson-exchange potential well. ior caused by the mass of the pseudoscalar meson. At this
In the present paper, we have observed that the naiveoint, it is convenient to take the 't Hooft form owing to the
estimation of the interaction between the hyperon and th&ansparent relation between the instanton coordinate and
nucleon does not show the attractive central force at the inthat of the skyrmion. Furthermore, our configuration based
termediate range. The Atiyah-Manton ansatz is adopted ton the 't Hooft form is still valid in the region where the
improve the medium-range behavior of the skyrmion con-individual skyrmions are identified.
figuration rather than the product ansatz. ThN-3N mix-
ing in the intermediate state is taken into account. The finite
Nc effects are included from the quark hedgehog model. ACKNOWLEDGMENT
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