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Differential cross sections for quasielastic electron scattering on40Ca have been measured at laboratory
scattering angles of 45.5°, 90°, and 140° with bombarding energies ranging from 130 to 840 MeV. Transverse
and longitudinal response functions have been extracted for momentum transfers from 300 to 500 MeV/c.
Contrary to some previously reported results, the total observed longitudinal strength agrees with the relativ-
istic Fermi gas prediction to within618%. @S0556-2813~97!00112-X#
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I. INTRODUCTION

Medium energy electron scattering has proven to be
of the most useful tools in the study of nuclear structu
Quasielastic scattering of electrons by a nucleus prov
insight into the distribution of charges and currents in
nucleus. In this paper we present results of measuremen
differential cross sections for quasielastic scattering fr
40Ca and the deduced longitudinal and transverse resp
functions for momentum transfers up to 500 MeV/c. A brief
report of the results of this experiment was published ear
@1#.

II. THEORETICAL FORMALISM

The cross sections for quasielastic electron scattering
be described in the one-photon-exchange plane wave B
approximation by the Rosenbluth formula

d2s

dVdv
5sMottStot~q,v,u!, ~1!
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Stot~q,v,u!5UQ2

q2U2

RL~q,v!1S uQu2

2q2
1tan2

u

2D RT~q,v!,

~2!

where

u5 laboratory scattering angle,

V5solid angle,

v5energy loss,

RL~q,v!5 longitudinal response function,

RT~q,v!5transverse response function,

q5three-momentum transfer,

Q25q22v2,

sMott5Mott scattering cross section,

and
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56 3153QUASIELASTIC ELECTRON SCATTERING FROM40Ca
q254Ei~Ei2v!sin2
u

2
1v2,

sMott5S a\ccos~u/2!

2Eisin2~u/2!
D 2

,

Ei5total incident electron energy.

It is convenient to write Eq.~2! in a form in which the
independent variable ranges from 0 to 1 rather than from
`. This can be done in terms of the virtual photon polariz
tion e(u) where

e~u!5F11
2q2

Q2
tan2

u

2G21

. ~3!

Then Eq.~1! becomes

e~u!S 1

sMott
D S q4

Q4D d2s

dVdv
5e~u!RL~q,v!

1
1

2S q2

Q2D RT~q,v!. ~4!

By defining

Stot~q,v,e!5S e~u!

sMott
D S q4

Q4D d2s

dVdv
,

Eq. ~4! becomes

Stot~q,v,e!5e~u!RL~q,v!1
1

2S q2

Q2D RT~q,v!. ~5!

Equation~5! describes a straight line in the independent va
ablee(u) with slopeRL(q,v) and intercept proportional to
RT(q,v). It is clear from Eqs.~2! and~5! thatRL andRT can
in principle be extracted from differential cross sections m
sured at two or more scattering angles but at incident e
gies such that they have the same three-momentum tran

The quasielastic response functions in Eq.~2! reflect the
structure and momentum distribution of the ensemble of
nucleons in the nucleus. Roughly speaking, in quasiela
electron scatteringRL carries information about the stat
charge distribution of the nucleons, andRT carries informa-
tion about the current and magnetization distributions of
nucleons.

The electron is a very light particle and therefore tends
radiate readily, especially during the scattering process.
experimental data must be corrected for these radiative
cesses in order to obtain the true nuclear response to
scattering. The incoming electron waves are also sign
cantly distorted by the nuclear Coulomb field, and these
tortion effects must be corrected if one wishes to comp
experimental results with the above plane-wave Born
proximation~PWBA! formalism. The mathematical forma
ism has been developed for making these corrections, an
application to the present data to extract the response f
tions will be discussed in subsequent sections.
to
-

-

-
r-

fer.

e
tic

e

o
e

o-
he
-

s-
e
-

its
c-

III. BRIEF REVIEW OF PREVIOUS WORK

The usefulness of incoherent scattering of high-ene
electrons from nucleons in nuclei for studying the structu
and momentum distribution of nucleons bound in nuclei h
been long recognized. One of the first such experiments
carried out at Stanford@2#. This experiment on Be and C
clearly showed both the peak due to quasielastic scatte
and the peak due toD-isobar excitation. In the following 14
years a number of quasielastic electron scattering exp
ments were reported from laboratories at Orsay@3–9#, Har-
vard @10,11#, Khark’ov @12–16#, and DESY@17#. These ex-
periments were for the most part somewhat fragmentary
that they were often performed at one or two bombard
energies and at a single scattering angle. There was no
tematic study of the mass dependence of the propertie
quasielastic scattering, and there was no data set that w
allow extraction of separated longitudinal and transverse
sponse functions. However, these early experiments did
vide a database for testing the theories of quasielastic s
tering that existed at that time@18–30#.

The first systematic study of quasielastic scattering pr
erties as a function of mass number was carried out at
Mark III linac at Stanford@31,32#. These data were taken a
a constant energy of 500 MeV and constant angle of 60°
included nine nuclei from mass 6 to mass 208. Since d
were taken only at one bombarding energy and scatte
angle, separation into longitudinal and transverse respo
functions was not possible. The semirelativistic Fermi g
theory of Moniz@26# was used to extract the Fermi mome
tum and effective binding energy by fitting to the quasielas
spectrum. The fitted values of these parameters varied fa
smoothly with mass number and agreed reasonably well w
estimates based on the nuclear sizes. The theoretical cu
with the fitted Fermi momentum and effective binding e
ergy gave a remarkably good account of the data in
quasielastic region of the spectrum, although at larger ene
losses the theory fell well below the data even when me
exchange currents, meson production, andD-isobar excita-
tion were included in the theory. This was especially mark
in the energy loss region between the quasielastic peak
the D resonance. An early attempt was also made to ext
separated longitudinal and transverse response funct
from these and subsequent data taken at Mark III@33,34#.

The fact that the data of Whitneyet al. @32# could be fit
quite well with a very simple nuclear model seemed to in
cate that the quasielastic process might be reasonably
understood, although it was clear that the theory for me
and isobar effects was deficient. At about this time new
cilities were beginning operation at MIT and Saclay th
could produce very high-quality electron beams at energ
of several hundred MeV, and that were equipped with a n
generation of precision magnetic spectrometers. These
facilities permitted data to be acquired over a wide kinema
range at several scattering angles to allow separation of
transverse and longitudinal responses. Theoretical eff
also continued to refine the models for quasielastic scatte
@35–43#.

The first experiment specifically designed to yield sep
rated transverse and longitudinal response functions was
ported by Altemuset al. @44#. In this Bates experiment quas
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3154 56C. F. WILLIAMSON et al.
elastic electron scattering from56Fe was observed over
momentum transfer range of 210<q<410 MeV/c. The
transverse response functions seemed to agree reaso
well with the predictions of the Fermi gas model. Howev
the total longitudinal strength showed a startling tende
with increasing momentum transfer. Atq5210 MeV/c the
experiment and theory agreed reasonably well, but with
creasing q the measured longitudinal strength decrea
steadily with respect to the theory until it was only abo
50% of the theoretical value atq5410 MeV/c. Since the
total longitudinal strength should be only slightly model d
pendent and at high momentum transfers should be very
ply related to the total charge in the nucleus, it was v
difficult to explain these results in the framework of conve
tional models of nuclear structure.

Separated response functions were also extracted
quasielastic electron scattering from40Ca and48Ca @45,46#
at Bates for momentum transfers up to of 410 MeV/c. These
experiments were consistent with some longitudinal supp
sion. However, a careful analysis of the systematic err
yielded an uncertainty of at least6 20% in the total longi-
tudinal strength, resulting in a somewhat ambiguous con
sion.

Separated quasielastic response functions were also
ported by the Saclay group on12C @47# over a momentum
transfer range of 200<q<500 MeV/c. In the case of this
rather light nucleus the separated response functions ag
reasonably well with those predicted by the Fermi g
model. Subsequent work at Saclay on the nuclei40Ca, 48Ca,
and 56Fe @48,49# seemed to verify the results of Altemu
et al., in that the total longitudinal strength at a momentu
transfer of 550 MeV/c seemed to be 30–40 % below th
Fermi gas predictions.

The above experimental results showing a strong red
tion in the total longitudinal strength compared to the re
tivistic Fermi gas model have inspired a large number
theoretical papers attempting to account for the effect@50–
62#. Many of these theoretical calculations were able
achieve a reduction in the longitudinal responses sufficien
correspond approximately with the Saclay results, but
invariably resulted in an unacceptably bad fit to the tra
verse responses@63#.

The situation was further complicated by recent expe
mental results from Bates and Saclay. The Bates results
quasielastic scattering on238U @64# at a momentum transfe
of 500 MeV/c indicated that the total longitudinal streng
was 956 15 % of that predicted by the Fermi gas model. O
the other hand, the Saclay results for quasielastic scatte
on 208Pb @65# showed a reduction in the total longitudin
strength of greater than 50% relative to the Fermi gas mo
at a momentum transfer of 550 MeV/c. A comparison of the
Bates238U and Saclay208Pb results for the integrated long
tudinal strength as a function of three-momentum transfe
shown in Fig. 1.

New results from Bates for quasielastic scattering fr
40Ca @1# showed about 85% of the total expected longitu
nal strength at a momentum transfer of 450 MeV/c with an
overall uncertainty of about6 15%. These results were i
strong disagreement with the Saclay results of Ref.@49#. A
comparison of the Bates and Saclay results for the integr
longitudinal strength for inclusive quasielastic scatter
bly
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from 40Ca is shown in Fig. 2. The present paper is a m
complete presentation of the results given in Ref.@1#.

IV. EXPERIMENTAL ARRANGEMENT

The measurements described in this paper were car
out at the MIT Bates Linear Accelerator Center. Electr
beams in the energy range 130 to 840 MeV were produ
by the Bates electron linac@66#. Beam currents up to 35mA
were used. The charge passing through the target for e
run was measured by a nonintercepting toroid and integra
to an accuracy of approximately 0.1%.

The 40Ca target used in this experiment was a se
supporting foil of natural calcium ('97% 40Ca! having an
average thickness of approximately 100 mg/cm2. The target
was stored, measured, and transferred under inert atmosp
or vacuum to prevent chemical deterioration. The aver
thickness was measured before and after each transfer
the target laboratory to the scattering chamber by weigh
the foil with a precision balance and carefully measuring
physical area. It was observed that over the time period

FIG. 1. Comparison of the measured total longitudinal streng
for quasielastic scattering from208Pb ~Saclay, inverted triangles!
@65# and 238U ~Bates, squares! @64# as a function of three-
momentum transfer. The longitudinal strengths have been norm
ized by dividing the experimental results by the total strength p
dicted by the relativistic Fermi gas model.

FIG. 2. Comparison of the measured total longitudinal streng
for quasielastic scattering from40Ca as reported from Saclay~in-
verted triangles! @49# and Bates~squares! @1#.
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56 3155QUASIELASTIC ELECTRON SCATTERING FROM40Ca
this experiment the thickness of this target did not change
more than 3%.

Besides 40Ca, several other targets~BeO, C, etc.! were
used for calibration purposes. These were installed in a s
dard target ladder. The target ladder, containing up to e
targets, was contained in a vacuum enclosure which coul
coupled to the scattering chamber, and this ladder could
transferred into the scattering chamber without breaking
vacuum. The design of the scattering chamber allowed
uninterrupted vacuum from the target to the exit vacu
window in the spectrometer just before the detector syste
Changing the scattering angle of the spectrometer requ
bringing the scattering chamber and a short section of
spectrometer vacuum to atmospheric pressure. This coul
accomplished without exposing the targets to air. The des
of the scattering chamber allowed continuous angular co
age from 45.50° to 140.00°. The design of the spectrom
also allowed continuous coverage of this angular range,
the scattering angle could be set with an accuracy of60.01°.

The scattered electrons were momentum analyzed by
vertical bend Bates energy loss spectrometer sys
~ELSSY! @67#. The acceptance solid angle of ELSSY w
determined by two sets of independently variable slits for
horizontal and vertical directions placed approximately
m from the target. Typical openings were 5 cm horizontal
25 cm vertical, and the reproducibility of these settings w
better than6 0.03 cm. The maximum solid angle acceptan
used in this experiment was about 3.4 msr.

The spectrometer system is dispersion matched, with
beam on the target dispersed to match the dispersion
ELSSY. The typical energy spread of the beam from
linac was6 0.15%, and the dispersion resulted in a be
spot size on the target of about 0.3 cm (h) 3 2.5 cm (v).
This had the advantage of sampling a fairly large area
target so that the effective target thickness was insensitiv
local variations in thickness and therefore was accura
represented by the measured average thickness. The res
momentum resolution of ELSSY was typicallyDp/p'1024.

The momentum analyzed electrons were recorded b
detector system located just beyond the exit vacuum wind
of ELSSY. A schematic diagram of this system is shown
Fig. 3. The first element in this system was a vertical d
chamber~VDC! @68# tilted at an angle of 45° with respect t
the optical axis of ELSSY and lying approximately at t
focal surface. This VDC measured the incident elect
angle in the dispersion plane with respect to the central
tical axis of ELSSY to an accuracy of about6 15 mr. It also
measured the position of the intersection of the electron
jectory with the axis of the VDC to an accuracy of abo
60.1 mm. From these two quantities it was possible to
termine the intersection of the electron trajectory with t
actual focal surface and thus determine the electron mom
tum with an uncertainty ofDp/p'1024.

The second element in the detector system was a
chamber whose wires were parallel to the direction of d
persion. This drift chamber, referred to as the transverse
ray, measured the distance of intersection of the elec
trajectory in the direction perpendicular to the dispersion
rection. This made possible a correction for angular ki
matic broadening across the solid angle acceptance
ELSSY.
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The third element in the detector system was a thin pla
scintillator that provided the timing triggers for all events.
the early stages of the experiment this was a single scint
tor, but this was later replaced by two scintillators in coin
dence to reduce background and noise triggers.

The fourth element in the detector system was a Cˇ erenkov
counter to distinguish electrons from heavier charged p
ticles. In the earliest phase of this experiment this consis
of two 5 cm thick slabs of lucite viewed with photomultipl
ers and operated in coincidence to reduce accidental b
ground and tube noise. These gave good rejection of pro
and heavier charged particles, but they were not effectiv
eliminating charged pions and muons. These detectors w
later replaced by aerogel Cˇ erenkov detectors that were ver
effective in rejecting pions and muons at bombarding en
gies up to 700 MeV. For the final phase of the experimen
45.5° where the bombarding energies reached 840 MeV,
aerogel detector was replaced by a gas Cˇ erenkov detector
filled with freon. This detector had a pion and muon thres
old of about 2 GeV, and effectively eliminated all heav
charged particle contamination.

The signals from the various detectors were fed to a C
MAC based data acquisition system. The CAMAC un
were interfaced to the data acquisition computer by a mic
programmed branch driver. In the earlier phases of this
periment the data acquisition computer was a PDP-11 wh
acquired data in on-line mode. This was replaced in the la
phases of the experiment by a Microvax II computer ope
ing in event mode data acquisition that allowed off-line da
replay and analysis.

V. DATA ACQUISITION

The useful momentum range of ELSSY using the detec
systems described in Sec. IV was about6 2.5%. The inelas-

FIG. 3. Schematic diagram of the Bates ELSSY spectrom
detector system.



ie
th
u
o

ire
as
ou
e
s

st

bl
th

th
b

rr
tio
e

rr
a
e
th
e

g
fo

d
u
th
u
w
b

h
um
o
Y
a

ru
th
tu
e
d
it

fir
tio
ri
ar
t

tri
in

a
th
re
ct
ot
rin

er

ous
the
arly
ies
na-
the
of
y
uns
the
ance

of
rom
here
as-

al-
nt
er-

ta.

e
at

t
ta

ffi-
ter-

eter
ved
12

odi-
tic
ra-

ef-
ion
re-

d

e for

en-
ted
te-

each
ad

p-
ere

to
he

3156 56C. F. WILLIAMSON et al.
tic momentum range of interest in this experiment var
from about 50 to about 85 % of the total, depending upon
bombarding energy. Therefore, it was necessary to acq
the data by taking a number of runs for different values
spectrometer magnetic field in order to cover the des
range of momenta. Due to limitations in running time it w
not practical to take enough data runs to provide continu
coverage of the entire momentum range. However, the
ergy separation between successive magnet settings wa
ways kept small compared to the width of the quasiela
peak.

In addition to the quasielastic scattering it was possi
over part of the kinematic range to have a contribution to
electron spectrum from secondarye1e2 pair production.
Since pair production is a charge symmetric process,
contribution to the inelastic cross sections was determined
reversing the spectrometer polarity and measuring the co
sponding positron spectrum. In general, the pair produc
contributed at most only a few percent to the inelastic sp
trum.

Since data were acquired at very deep inelasticity, co
sponding to quite small outgoing electron energy, there w
some concern that at the higher energies there might b
measurable contribution from electrons that penetrated
spectrometer acceptance defining slits. These were mad
tungsten alloy and were 5 cm in thickness, correspondin
about 15 radiation lengths. Calculations made using the
malism of Rossi and Greissen@69# of the total transmission
of electrons through 15 radiation lengths of tungsten in
cated that no more than 2% of the incident electrons wo
penetrate the slits at the highest bombarding energy of
experiment. The spectrum of the penetrating electrons wo
be very broad, with the strength strongly shifted to very lo
energies, so that an even smaller fraction would actually
transmitted through the magnetic spectrometer in suc
manner as to contribute to the measured inelastic spectr

There was also a potential concern for the contribution
electrons scattered from the interior structure of ELSS
This was a particular worry in the dispersion plane since
large inelasticities the electrons in the parts of the spect
well above and below the central momentum could strike
vacuum enclosure of the spectrometer and produce a fea
less inelastic spectrum which could not be distinguish
from the almost featureless quasielastic spectrum. In the
sign of ELSSY these vacuum enclosures were fitted w
lead baffles that were designed to intercept all possible
scatterings from the vacuum enclosure walls. In the direc
transverse to the dispersion the concern was for scatte
from the pole structures. However, the optics of ELSSY
such that displacement in this direction is directly related
the scattering angle. Therefore, it was possible to avoid s
ing the pole structures by restricting the horizontal open
of the solid angle defining slits.

In addition to these mechanical safeguards, the d
analysis code allowed placing a software restriction on
angle of incidence of an electron trajectory. This greatly
stricted the possible phase space accessible to an ele
scattered internally in ELSSY. The angle spectra in b
planes were recorded, and no indication of internal scatte
was ever observed.

It was discovered, however, from spectra taken with v
d
e
ire
f
d

s
n-
al-

ic

e
e

is
y
e-
n

c-

e-
s
a
e
of

to
r-

i-
ld
is
ld

e
a
.

f
.
t

m
e
re-
d
e-
h
st
n
ng
e
o
k-
g

ta
e
-
ron
h
g

y

small horizontal slit opening that there was an extrane
source of scattering from the edges of the exit aperture of
scattering chamber. This problem affected some of the e
runs in this experiment. Several runs at different energ
were taken to investigate this effect, and a fairly simple a
lytic model of the process was developed that reproduced
effect to within a few percent. Thus, a reliable correction
no more than 156 1.5 % was applied to the data alread
acquired. The problem was eliminated for subsequent r
by increasing the width of this aperture enough so that
electrons scattered from its edges fell outside the accept
phase space of ELSSY.

The lucite Čerenkov detector used in the early phases
this experiment presented some problems. It was clear f
the spectra taken at reversed spectrometer polarity that t
was a significant contribution from pions at the larger inel
ticities in the higher energy runs. In 1981 the lucite Cˇ erenkov
detector was replaced with an Aerogel detector which
lowed the elimination of pion contributions in subseque
runs. Data taken with the Aerogel system were used to p
form a subtraction of the pion contribution in the older da
A summary of the data runs and the type of Cˇ erenkov detec-
tor used in each is given in Table I.

The systematic errors assigned to the data,6 4% for the
140° runs and6 6% for the 90° runs, reflect the confidenc
in the various corrections that were applied. The data
45.5° were taken with a gas Cˇ erenkov detector using even
mode recording that allowed off-line replay. The 45.5° da
were assigned a systematic error of6 3%.

VI. DATA REDUCTION

A. Corrections for detector efficiency

The first correction applied to the data was for the e
ciency of the focal plane detector system. This was de
mined by observing the elastic scattering peak from12C in
the ELSSY focal plane detector system. The spectrom
magnetic field was varied so that the elastic peak was mo
from one end of the detector system to the other in 10–
steps. The elastic peak from each setting was fit to a m
fied Gaussian function with radiative tail. The total elas
scattering events were calculated by applying the proper
diative corrections. This allowed determining the relative
ficiency of the focal plane detectors as a function of posit
in the focal plane. The statistical accuracy of the measu
ment was about6 1%. The absolute efficiency was limite
to 6 3% by the accuracy with which the12C differential
cross sections were known. This measurement was mad
each of the Cˇ erenkov detectors used in the experiment.

The efficiency corrected data were summed into mom
tum bins of relative width 1–5 %. These were then conver
to differential cross sections using the target thickness, in
grated charge, and solid angle acceptance recorded for
run. Appropriate corrections were made for detector de
time ~usually ,10%!. Since the ELSSY momentum acce
tance was only about 5%, a number of such data sets w
required to construct the inelastic spectrum.

B. Radiative and ionization loss corrections

These inelastic spectra still contained contributions due
the radiative tail of the elastic peak, the radiative tails of t
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56 3157QUASIELASTIC ELECTRON SCATTERING FROM40Ca
inelastic spectrum, and the ionization straggling tail. T
correction for the elastic radiative tail could only be made
calculating the cross sections for the theoretical radiative
and subtracting these from the measured inelastic cross
tions. The elastic radiative tail contained contributions fro
radiation from the Coulomb field of a nucleus other than
one that caused the scattering~external radiation! and from
radiation that occurred during the scattering process~internal
radiation!. The elastic scattering cross sections for these c
rections were calculated by phase shift analysis using s
charge distributions derived from existing elastic scatter
measurements. The ionization straggling correction was
culated according to the formalism of Landau@70#.

The present data were analyzed using the general for
ism for radiative corrections of Mo and Tsai@71# and Tsai
@72# for an extended nucleus using the piecewise analyt
integration technique developed by Maximon and Willia
son @73#. Mo and Tsai estimate that in the region of th
quasielastic peak these calculations should be accura
about6 3%. Since in general the elastic tail contribution

TABLE I. Experimental conditions and dates for the vario
runs.

Lab. scattering Lab. bombarding Calendar Cˇ erenkov
angle@deg# energy@MeV# date detector

45.5 348.0 Apr., 1986 Freon gas
45.5 407.8 Jun., 1988 Freon gas
45.5 470.8 Jun., 1988 Freon gas
45.5 545.3 Apr., 1989 Freon gas
45.5 627.7 Apr., 1989 Freon gas
45.5 680.8 Apr., 1986 Freon gas
45.5 739.3 Apr., 1986 Freon gas
45.5 781.7 Apr., 1986 Freon gas
45.5 840.7 Jun., 1988 Freon gas

90.0 150.2 Jun., 1979 Plastic
90.0 199.8 Nov., 1979 Plastic
90.0 248.3 Jun., 1979 Plastic
90.0 297.8 Jun., 1979 Plastic
90.0 347.4 Jun., 1979 Plastic
90.0 347.4 Nov., 1979 Plastic
90.0 347.4 Apr., 1982 Aerogel
90.0 371.6 Apr., 1979 Plastic
90.0 371.6 Nov., 1979 Plastic
90.0 371.6 Nov., 1981 Aerogel

140.0 130.1 Apr., 1979 Plastic
140.0 160.0 Apr., 1981 Aerogel
140.0 189.2 Feb., 1980 Plastic
140.0 219.0 Jun., 1979 Plastic
140.0 248.9 Apr. 1979 Plastic
140.0 248.9 Apr. 1981 Aerogel
140.0 287.9 Feb., 1980 Plastic
140.0 287.9 Apr., 1982 Aerogel
140.0 327.3 Jun., 1979 Plastic
140.0 327.3 Apr., 1981 Aerogel
140.0 366.7 Jun., 1979 Plastic
140.0 366.7 Apr., 1981 Aerogel
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only a small fraction of the total cross section in the regi
of the quasielastic peak, these uncertainties make a neg
bly small contribution to the overall uncertainty.

At energy losses well above the quasielastic peak
strength of the elastic tail becomes an appreciable fractio
the total strength, and at scattered electron energies less
about 100 MeV the elastic radiative tail becomes the do
nant contributor to the inelastic spectrum. This rise
strength is due to the contribution of scattering of low-ene
electrons that have lost most of their energy due to inter
bremsstrahlung. Because of the uncertainties in the theo
cal calculations at large energy losses, no data were anal
for which the contribution of the calculated elastic radiati
tail was more than 25% of the total strength.

The inelastic spectrum resulting after subtracting the e
tic radiative tail is still distorted by radiation and ionizatio
straggling of the inelastically scattered electrons. A giv
inelastic energy interval contains additional contributio
from electrons which were initially at higher energy b
which lose enough energy to arrive within the given ene
interval. On the other hand, electrons whose energy or
nally fall within the given energy interval could lose enoug
energy so that they are no longer observed in that inter
As in the case of the elastic radiative tail there are contri
tions due to internal radiation, external radiation, and ioni
tion straggling.

The formalism for the internal bremsstrahlung process
such that one can group the contributing terms into th
associated with radiation before scattering and those ass
ated with radiation after scattering. The correction for eve
in which the radiation occurs after scattering is relative
straightforward since all scatterings occur at the incid
electron energy. However, the correction for events in wh
the scattering occurs after emitting a photon is more diffic
since it requires knowledge of the inelastic cross section
all energies less than the bombarding energy. Unlike the c
of elastic scattering these inelastic cross sections canno
general, be calculated with good confidence. Instead itera
unfolding procedures developed in Refs.@71# and @72# were
used to correct the inelastic spectrum.

C. Coulomb corrections

The radiatively corrected cross sections described in
previous section still contain effects due to distortions cau
by the Coulomb field of the scattering nucleus. These m
be corrected in order to compare to theoretical calculati
since the latter normally do not include these effects. In pr
ciple one ought to make a full distorted-wave Born appro
mation ~DWBA! calculation of the electron wave function
in the Coulomb field of the nucleus. In practice, for mediu
weight nuclei it turns out that one can reproduce the corr
tions to an accuracy of a few percent with simple assum
tions @74#.

From elastic electron scattering the rms nuclear rad
r rms in @fm# can be represented quite accurately for medi
and heavy nuclei by

r rms51.02A1/35A3/5R,

where R is the equivalent mean uniform spherical radiu
Then the Coulomb potential for an electron at the center o
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nucleus of atomic numberZ ~assuming a spherical charg
distribution and taking the system of units so that\5c51)
is

Vc52
3aZ

2R
52

3

2
A3

5

aZ

r rms
. ~6!

Then an electron, whose incident momentum at infinity
pi , making a central collision with the nucleus will have a
effective momentumpi

eff at the center of the nucleus,

pi
eff5pi2Vc . ~7!

By the same argument, an electron that scatters at the c
of the nucleus and has momentumpf at infinity actually had
an effective momentumpf

eff of

pf
eff5pf2Vc ~8!

at the point of scattering. Clearly the energy lossv is just

v5pi
eff2pf

eff5pi2pf .

The effective momentum transferqeff is

qeff5F4pi
effpf

effsin2
u

2
1v2G1/2

. ~9!

FIG. 4. Data coverage in the~q,v! plane for this experiment
The solid curves represent the kinematics of each bombarding
ergy and scattering angle. The dashed curves are the approx
trajectories of the quasielastic peak, and the dot-dashed curve
the approximate trajectories of the peak of theD resonance.
s

ter

This assumes that the incident trajectories are stra
lines. In actuality the electron paths will be curved in t
nuclear Coulomb field, producing a focussing effect. T
lowest order correction is just an apparent increase in
incident electron flux. Conservation of angular momentu
then results in an effective flux increase factor equal
(pi

eff/pi)
2. One can therefore express the effective PWB

cross sections for the scattering in terms of the obser
cross sections as

Fd2s~qeff,u,v!

dVdv G
PWBA

5S pi
eff

pi
D 2Fd2s~qeff,u,v!

dVdv G
obs

.

~10!

For 40Ca, from Eq.~6! Vc.29.6 MeV. The smallest inci-
dent momentum was about 160 MeV/c, so the focussing ef-
fect of the Coulomb field represents a maximum correct
of about 6% inpi . Since cross sections were measured
pf as low as 100 MeV/c, the correction inpf could be as
large as about 10%. Higher order correction terms are
pected to be significantly smaller. Comparison of PWBA a
DWBA calculations for quasielastic scattering in mediu
weight nuclei indicate that the corrections are indeed qu
reliable @74#.

D. Rosenbluth separations

The first step in making the Rosenbluth separations wa
transform the experimental cross sections to effective PW
cross sections according to the transformation in Eq.~10!.
The total response functions at constant energyEi and labo-
ratory scattering angleu were calculated from

Stot~qeff,u,v!5
1

sMott~Ei ,u!Fd2s~qeff,u,v!

dVdv G
PWBA

.

~11!

This calculation yielded total response functions along ki
matic trajectories corresponding to the incident electron m
mentum and laboratory scattering angle. The trajectorie
the experimental spectra in the~q,v! plane taken in this ex-
periment are shown in Fig. 4. It is clear from this figure th

n-
ate
are

FIG. 5. Typical inelastic spectrum showing the analysis at va
ous stages. The data corrected only for detector efficiencies
shown by diamonds. The squares show the spectrum after co
tion for slit scattering, pion contributions, pair-produced electro
and the elastic radiative tail. The circles show the spectrum a
radiative unfolding. The curves are drawn through the points
guide the eye.
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56 3159QUASIELASTIC ELECTRON SCATTERING FROM40Ca
FIG. 6. Inelastic spectra observed at various bombarding energies at a laboratory scattering angle of 45.5° from40Ca. These data have
been corrected for the elastic radiative tail, detector efficiencies, and pair production, and they have been radiatively unfolded.
curves indicate the estimated systematic error band. Statistical errors on the individual points are smaller than the symbols.
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it was necessary to interpolate the data in order to const
the response functions at constantq for a givenu. For con-
venience in making the Rosenbluth separations the data
binned in 10 MeV intervals ofv, and a common set o
values ofq was used for all angles.

It was necessary to interpolate the experimental respo
functions in order to obtain the constant-q response functions
Stot(q,v,u). There are in principle an infinite number of tra
jectories in this plane along which one may interpolate
obtainStot(q,v,u) at the chosen grid points. It was desirab
from the point of view of numerical accuracy that the inte
polation trajectory be such as to minimize the changes
response function between spectra. Mo and Tsai@71# sug-
gested interpolation along lines of constant missing m
since this would tend to line up the quasielastic peaks.
improved method was used in the present analysis using
c-scaling variable of Albericoet al. @75#. Making the trans-
formation

S~qeff,v,u!→S~c,u!, ~12!

wherec is a function ofqeff, v, and Fermi momentumkf , as
described in Sec. VII C results in a set of response functi
ct

re

se

o

in
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s

whose peaks are very well aligned and whose strengths
slowly with c. One then interpolates this set of respon
functions along the value ofc corresponding to each give
(q,v) pair on the predetermined grid to obtainS(c,u) at
each of these points. One then obtainsStot(q,v,u) at each
point by inverting the transformation of Eq.~12!. In the
present analysis interpolation polynomials of maximum
der three were used to obtainS(c,u).

The experimental unknowns in Eqs.~2! and ~5! are the
longitudinal response functionRL(q,v) and the transverse
response functionRT(q,v). When values ofStot(q,v,u)
were available for only two values ofu the transverse and
longitudinal response functions~obtained from the intercep
and slope of the Rosenbluth plot! were uniquely determined
When values ofStot(q,v,u) were available for more than
two angles, the Rosenbluth plot was determined by lin
regression.

E. Error analysis

In this analysis two types of errors were recognized
statistical errors and instrumental errors. Each type of e
was propagated separately through the analysis. The sta
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FIG. 7. Same as Fig. 6 for a laboratory scattering angle of 90°.

FIG. 8. Same as Fig. 6 for a laboratory scattering angle of 140°.
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56 3161QUASIELASTIC ELECTRON SCATTERING FROM40Ca
FIG. 9. Total inelastic response functions vs energy loss at constant three-momentum transfer for40Ca at a laboratory scattering angle
45.5°. The solid curves indicate the systematic error band. Statistical errors on the individual points are smaller than the symbol
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cal errors arise from the finite number of events recorded
each momentum interval of the spectrum. These statis
errors are assumed to follow a Poisson parent distribut
However, since there were typically more than 100 event
a given momentum interval, the Poisson distribution differ
negligibly from a normal distribution. Thus, all statistic
errors were evaluated assuming a normal distribution. Th
statistical errors were propagated through all calculation
the standard way. In an interpolation calculation the varia
of the resultant value was calculated as the weighted sum
the variances of each element contributing to the resul
value.

The values of systematic errors as given in Sec. V refl
the best estimates of the instrumental reproducibility of
measurement. The response functions at constantq and v
must be obtained by interpolation of different measureme
and it is not always clear how instrumental errors from d
ferent measurements should be combined. In the pre
analysis the systematic error in an interpolation was ev
ated by interpolating the extremes of the systematic e
bars. We emphasize that in general we have chosen t
extremely conservative in our estimates of systematic err

In all the response functions the systematic errors w
significantly larger than the statistical errors. Therefore, o
the systematic errors were used in the extraction of the
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gitudinal and transverse response functions by the Ro
bluth procedure. In the linear regression the systematic er
were taken as variances in a normal distribution. The lon
tudinal and transverse response functions are the fitted
rameters of the regression process, and their variances
calculated in the usual way.

The total strengths of the longitudinal transitions at ea
value ofq were obtained by integrating the longitudinal r
sponse functions over energy loss. In doing this it is ve
important to distinguish between the statistical and inst
mental errors. Integrating over the inelastic spectrum redu
the relative statistical errors. However, the instrumental
rors are expected to apply equally to all data runs. Theref
integrating over the inelastic spectrum does not reduce
instrumental errors. The instrumental error for each in
grated response was taken as one-half the difference betw
the area of the curve determined by the upper limits of
instrumental errors and the area under the curve determ
by the lower limits of the instrumental errors.

F. Integrated response strengths

In order to compare the experimental results with theo
ical calculations of integrated response strengths it is in p
ciple necessary to have separated response functions ove
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FIG. 10. Same as Fig. 9 for a laboratory scattering angle of 90°. Statistical errors on the individual points are shown as error
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entire range of kinematically accessible values of ene
loss. In practice this is almost never totally achievable.
some cases because of the cutoff imposed by the elasti
diative tail, some longitudinal strength will exist above t
largest usable value of energy loss. In the present experim
no attempt was made to extrapolate the strength to unm
sured values ofv since it was not clear how this should b
done.

Even in spectra where the radiative tail was not signific
in the quasielastic region, the usable range was restricte
the fact that for energy losses much above the quasiela
peak the accuracy of the extracted longitudinal respo
functions was very poor. The region well above the qua
elastic peak is dominated byD-isobar and meson exchang
current effects which are overwhelmingly transverse in
ture. Therefore, extracting the longitudinal responses in
kinematic region by the Rosenbluth method results in re
tively large errors being assigned to the relatively small lo
gitudinal responses. It is not profitable to extend the integ
tion over a kinematic region where the errors are compara
to or larger than the longitudinal responses themselves s
this would result in an increased error with little change
the value of the longitudinal strength. Thus, the integrat
was terminated at an energy loss at which the errors w
essentially equal to the response functions. This is a so
what arbitrary procedure, but the total strengths so de
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mined were found to be insensitive to the cutoff energy
‘‘reasonable’’ choices.

These experimental limitations imply that any longitud
nal strength distributed at values of energy loss much ab
the quasielastic peak will not be included in the repor
value of integrated longitudinal strength. This is an inher
limitation in the Rosenbluth method, and integrated longi
dinal strengths obtained by this method must always be c
sidered as lower limits.

One could in principle also obtain total integrate
strengths for the transverse response. However, these
much more difficult to interpret in a straightforward way. A
higher energies in particular, there are significant contri
tions in the quasielastic region from meson exchange c
rents and from the tails of theD-isobar resonance. Thes
have very small longitudinal components. A fairly unam
biguous determination of the longitudinal strengths is the
fore obtained by considering only the contribution fro
quasielastic scattering. The integrated transverse stren
on the other hand, in general include very significant con
butions from other excitation mechanisms. Interpretations
the integrated strengths would require very model-depend
calculations of these mechanisms. The existing theories
not account for the shape of the transverse responses, e
cially in the region between the quasielastic peak and thD
resonance. Therefore, it was felt that a comparison of m
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FIG. 11. Same as Fig. 10 for a laboratory scattering angle of 140°.
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sured integrated transverse strengths to theoretical
would not be very useful.

VII. RESULTS AND DISCUSSION

A. Response functions

As described in the previous section, a number of corr
tions had to be applied to the experimental spectra. An
ample of a spectrum at three stages in the analysis proce
displayed in Fig. 5. This is a spectrum at a bombarding
ergy of 372 MeV observed at a laboratory scattering angle
90°. This particular spectrum required all the corrections
scribed in the previous section, and it had the largest cor
tion of any spectrum taken in this experiment. In particula
required significant corrections both for pion contributi
and slit scattering. Data points are shown by the symb
and the spline curves are intended to guide the eye.

The diamonds and the solid line give the spectrum
scattered electrons corrected only for the efficiencies of
detectors. The squares and dotted line show the spec
after it has been successively corrected for pion contri
tions, pair-produced electrons, slit scattering, and the ela
radiative tail. The circles and dashed line show the fi
spectrum after iteratively unfolding the previous spectrum
correct for inelastic radiative effects.
es
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The corrected spectra for the three scattering angles
served in this experiment are shown in Figs. 6–8. A fai
complete set of spectra was obtained at 45.5° and 140°,
accelerator running time constraints allowed only a restric
set of data at 90°. All these spectra exhibit a clear quasie
tic peak. The higher-energy spectra, especially at 45.5°,
hibit evidence of theD-isobar resonance. However, the kin
matic range of this experiment was not sufficient to allow
systematic study ofD excitation in nuclei. In all spectra the
solid lines indicate the estimated instrumental error ba
The statistical error bars were smaller than the data symb

The experimental cross sections were then interpolate
give response functions at constant three-momentum tr
fers. These were extracted on a grid of 25 MeV/c steps inq
and 10 MeV steps inv from 300 to 500 MeV/c. The results
are shown in Figs. 9–11. The solid lines indicate the e
mated instrumental error band and the vertical error bars
dicate the statistical error. The range of the data cover es
tially the entire quasielastic peak up to a momentum tran
of 475 MeV/c at 45.5° and 140°. However, the 90° da
cover the entire quasielastic peak only for momentum tra
fers up to approximately 400 MeV/c.

The response functions at constantq at the three experi-
mental scattering angles were the basis for Rosenbluth s
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FIG. 12. Rosenbluth plots for a constant three-momentum transfer of 300 MeV/c at several energy losses for40Ca. The error bars
indicate the propagated systematic errors.
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rations from 300 to 500 MeV/c in 25 MeV/c steps. Selected
Rosenbluth separations plotted according to Eq.~5! are
shown in Figs. 12–15 forq 5 300, 350, 400, and 450 MeV
c. One feature of these Rosenbluth plots is that for 300
350 MeV/c some of the responses at 90° lie significan
below the fitted straight line. As noted in Sec. V the 90° d
were taken with a plastic Cˇ erenkov detector that could no
discriminate against pions whose momenta corresponde
those of electrons with energy losses above the quasiel
peak. The data taken at this angle required more correct
than those taken at the other two angles and were thus
signed a larger instrumental error. It is also clear from th
figures that many of the separations at largeq and v were
determined only by the data at 45.5° and 140°.

The longitudinal response functions extracted from th
data are shown in Fig. 16. The solid lines are the calcula
responses based on the relativistic Fermi gas model@75#. It is
immediately clear that the relativistic Fermi gas model do
not give an accurate description of the shape or peak pos
of the longitudinal responses. The peaks of the measu
response functions are in general somewhat shifted to hi
energy losses than predicted by the relativistic Fermi
model. Furthermore, the measured distributions appear t
wider in energy loss than predicted by the relativistic Fer
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gas model. The dashed lines in Fig. 16 are the calcula
responses based on the relativistic Hartree shell model@76#.
The overall agreement of these calculations with the exp
mental data is quite good except for the responses at
MeV/c.

The transverse response functions extracted from th
data are shown in Fig. 17. At low values ofq both the rela-
tivistic Fermi gas model and the relativistic Hartree sh
model overestimate the magnitude of the response functi
At higher values ofq both models do better at reproducin
the magnitudes of the response functions. However, i
clear that the relativistic Hartree shell model gives a supe
reproduction of the shapes of the response functions at
ergy losses up to the quasielastic peak. It is evident that th
are contributions to the transverse response functions f
processes other than quasielastic scattering at energy lo
above the quasielastic peak. No process other than quasi
tic scattering is included in the theoretical models.

The apparent failures of the relativistic Fermi gas mo
are not surprising. This model contains no nucleon-nucle
correlation effects other than the Pauli principle for a co
fined Fermi gas. It can therefore not generate momen
components beyond those required by the simple confi
ment of the gas. Real nuclei are certainly more complica
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FIG. 13. Rosenbluth plots for a constant three-momentum transfer of 350 MeV/c at several energy losses for40Ca. The error bars
indicate the propagated systematic errors.
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than this in their internal correlations. Furthermore, in
truly covariant form, the relativistic Fermi gas has a negat
nucleon separation energy. Real nuclei are in fact bound
tems and have positive separation energies. It is therefore
surprising that the position of the quasielastic peak is
accurately reproduced.

These deficiencies are partially remedied in the relativi
Hartree shell model calculations. The nuclear wave functi
are the result of a self-consistent calculation using reali
nuclear potentials. The calculation is gauge invariant in t
both the initial bound state wave functions and the final
bound state wave functions are generated from the same
tential. These calculations reproduce the shape and pos
of the quasielastic peak much better than the relativi
Fermi gas model.

In spite of its shortcomings, the relativistic Fermi g
model does have the possibility of describing with reas
able accuracy the total strength of the quasielastic interac
in the kinematic domain where incoherent scattering is
pected to be dominant. To first order, the total strength w
be the incoherent sum of the scatterings from all the nu
ons. This can be calculated with good accuracy based
measured transverse and longitudinal form factors of
nucleon. Short-range correlations can redistribute the ca
lated strength inv, but they do not change the total streng
Therefore, a comparison of the total measured quasiela
strength to that predicted by the relativistic Fermi gas mo
should be meaningful. As noted above, the longitudinal
sponses are probably the only ones that are useful for su
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comparison since the transverse responses contain s
contributions from processes other than quasielastic sca
ing.

Preliminary results of such a comparison were made
the present data in Ref.@1# and are reproduced in Fig.
above. These data have been completely reanalyzed
some modest improvements in the data reduction codes.
final results are shown in Fig. 18. Also shown are the cor
sponding results from Mezianiet al. @48#. This figure clearly
shows the discrepancies between the present Bates re
and the previous Saclay results. The Bates data indica
reduction in the longitudinal strength of no more than ab
18% atq 5 450 MeV/c, whereas the Saclay data indicate
much as 40% reduction in the longitudinal strength co
pared to the prediction of the relativistic Fermi gas model
reduction of this magnitude is very difficult to understand
the framework of conventional nuclear physics.

The Bates and Saclay groups have cooperated close
attempting to resolve this discrepancy. The Saclay data
the radiatively corrected cross sections were analyzed u
the Bates codes. The results reproduced accurately
Saclay results. It was therefore concluded that the discrep
cies were not due to this part of the analysis. Unfortunate
it was not possible to check the radiative correction part
the analysis since the uncorrected Saclay cross sections
parently are no longer available. Since the radiative corr
tions are a fairly straightforward procedure, it is unlikely th
they are the source of the discrepancy. We therefore c
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FIG. 14. Rosenbluth plots for a constant three-momentum transfer of 400 MeV/c at several energy losses for40Ca. The error bars
indicate the propagated systematic errors.
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clude that it is most likely that the differences lie in the ra
data themselves.

Recent theoretical quasielastic scattering calculations
Amaro et al. @77# and by Van der Sluyset al. @78# have
included meson exchange currents. In both of these calc
tions the calculated longitudinal response functions are
reasonably good agreement with the latest Bates data.
calculations of Ref.@77# are also in reasonable agreeme
with the present transverse response functions. The ca
lated transverse response functions of Ref.@78# lie about
25% higher than the present data. None of these theore
calculations is in agreement with the data of Ref.@49#. These
calculations are interesting and informative, but unfor
nately they cannot resolve the question of the discrepan
between the two data sets.

A reanalysis of the world data for quasielastic scatter
on 56Fe and 40Ca has been carried out by Jourdan@79#. In
the case of56Fe the data set included the measurements
Day et al. @80# taken at SLAC at laboratory scattering angl
between 15° and 30°. The analysis of the56Fe data indicated
no significant reduction of the longitudinal strength co
pared to the predictions of the relativistic Fermi gas mod
Unfortunately, the measurements of Ref.@80# did not include
40Ca as a target. However, the equivalent40Ca structure
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functions were calculated in Ref.@79# by interpolation of
data from other nuclei. The resulting longitudinal streng
showed no significant deviations from the strengths expec
on the basis of the relativistic Fermi gas model. Because t
are the result of interpolation and not of actual data, th
comparisons for40Ca unfortunately do not have the sam
level of credibility as the56Fe comparisons.

B. The Coulomb sum rule

The total longitudinal strength in quasielastic electr
scattering has been traditionally compared to the Coulo
sum ruleRi(q). Including the relativistic corrections of d
Forest@83#, this can be written as

Ri~q!5
1

ZEv1

` RL~q,v!

G̃E
2~Q2!

dv, ~13!

with the effective electric form factor given by

G̃E
2~Q2!5FGEp

2~Q2!1
N

Z
GEn

2~Q2!G ~11t!

~112t!
,
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FIG. 15. Rosenbluth plots for a constant three-momentum transfer of 450 MeV/c at several energy losses for40Ca. The error bars
indicate the propagated systematic errors.
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whereN and Z are the neutron and proton numbers of t
target, respectively, andGEp andGEn are the Sachs electri
form factors for the proton and neutron, respectively. T
quantity t is given by t5Q2/4MN

2, where MN is the
nucleon mass. The lower limit of integrationv1 is chosen to
include all the inelastic strength but to exclude the ela
peak. All other symbols have been previously defined.
value of unity forRi(q) indicates fulfillment of the Coulomb
sum rule.

The Coulomb sum rule as expressed in Eq.~13! has sev-
eral shortcomings. It is impossible to measure the respo
functions forv.q ~the timelike region! in a single-arm scat-
tering experiment. It is difficult to estimate how muc
strength is missed in this timelike region. Equation~13! also
does not take into account Pauli blocking effects and is
expected to be valid forq less than twice the Fermi momen
tum ~about 480 MeV/c for 40Ca!. Finally, it is not clear that
the relativistic corrections in Eq.~13! are truly valid for large
values ofq.

For these reasons, we do not feel that the Coulomb s
rule is a very useful way of characterizing the data. We p
fer to compare the data to the predictions of a particu
model, such as the relativistic Fermi gas model or the re
tivistic Hartree shell model. However, since the Coulom
e
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sum rule has become the traditional way of characteriz
quasielastic scattering data, we present the results of ap
ing Eq. ~13! to the present data in Fig. 19. Also presented
Fig. 19 for comparison is the corresponding Coulomb s
rule for the relativistic Fermi gas model.

The results shown in Fig. 19 are qualitatively the same
those shown in Fig. 18. At the lower values ofq both the
data and the relativistic Fermi gas model fail to exhaust
Coulomb sum rule, although they agree quite well with o
another. At larger values ofq, the relativistic Fermi gas
model does exhaust the Coulomb sum rule, whereas the
fail to exhaust this sum rule by about 15%. A similar effect
seen in Fig. 18, and in both cases this may indicate the p
ence of longitudinal strength beyond the experimental cu
values ofv.

C. Scaling

Many classes of natural phenomena exhibit the prope
known as scaling. Scaling is manifested when the appare
independent variables upon which a phenomenon depe
are functionally related in an underlying manner such t
the phenomenon can actually be described by fewer~ideally
one! independent variables. In the case of quasielastic s
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FIG. 16. Longitudinal response functions extracted from the present data for40Ca over the three-momentum transfer range 300–
MeV/c. The error bars indicate the propagated systematic errors. The solid curves were calculated from the relativistic Fermi gas m@75#,
and the dashed curves were calculated from the relativistic Hartree shell model@76#
up
f
de
st
p
ed

a
st
th
f.
m
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ns-
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as
-

tering the response functions are apparently dependent
two independent variablesq and v. However, a number o
authors have explored the possibility that there is an un
lying relationship between these variables in quasiela
scattering, and a number of scaling variables have been
posed. For example, a subset of the present data was us
a test of they-scaling function@81#.

A scaling variablec was defined by Albericoet al. @75#
in such a manner that if the relativistic Fermi gas were
exact description of nuclear structure, then all quasiela
response functions would scale exactly according to
variable. In this section the formalism will be that of Re
@75#, and therefore the definitions of the mathematical sy
bols will not be repeated here.

It is shown in Ref.@75# that in the framework of the
relativistic Fermi gas model one can define a scaling varia
c that maps the separated response functions into parab
as

c5@2u~l2l0!21#A 1

jF
~g221!.

This then leads to a scaling functionS(c) of the form
on

r-
ic
ro-

as

n
ic
is

-

le
las

S~c!5
3

4
~12c2!u~12c2!, ~14!

where u(x2a) is the unit step function ata. The scaling
function defined in this manner is normalized such that

E
21

11

S~c!dc51.

The scaling function is related to the longitudinal and tra
verse response functions by

RL5(
i

NijF

MNikhF
3 @GEi

2 ~t!1W2i~t!D#S~c!, ~15!

RT5(
i

NijF

MNikhF
3FtGMi

2 ~t!1
1

2
W2i~t!D GS~c!, ~16!

whereGEi(t) and GMi(t) are the Sachs electric and ma
netic form factors, respectively, for thei th nuclear species.

An extension of the relativistic Fermi gas model w
made by Cenniet al. @82# to include effects of nuclear bind
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FIG. 17. Same as for Fig. 16 but showing the transverse response functions.
ns
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he
ticle
FIG. 18. Ratio of experimental integrated longitudinal respo
functions to the total longitudinal strength calculated from the re
tivistic Fermi gas model for40Ca. The solid squares are the prese
data and the solid triangles are the results of Mezianiet al. @49#.
The present results are given in tabular form in Table II.
e
-
t

FIG. 19. The Coulomb sum rule for40Ca. The solid circles are
calculated from the data of the present experiment. The solid lin
the sum rule calculated from relativistic Fermi gas calculations. T
dashed curve is the theoretical sum rule for the independent par
model with relativistic corrections.



ctions are

3170 56C. F. WILLIAMSON et al.
FIG. 20. c8-scaled response functions for40Ca. The experimental response functions were scaled according to Eqs.~15! and ~16! as
modified by Eq.~17!. The scaled longitudinal response functions are shown as circles, and the scaled transverse response fun
shown as crosses. The solid curves are the predictions of the relativistic Fermi gas model.
e
ew
m

be
ing at the cost of a slight loss of relativistic covarianc
Within the framework of this model, one can define a n
scaling variablec8. This scaling variable has the same for
asc if one makes the following substitutions:

v85v2~ES1TF!, ~17!

where

ES5nucleon separation energy,
.
TF5MNS 211A11S p

MN
D 2D .

It turns out thatS(c) and S(c8) have almost exactly the
same shape and magnitude, butS(c8) gives a much better fit
to the position of the quasielastic peak.

The experimentally determined scaling functions can
determined from Eqs.~15! and ~16! ~with the substitution
c→c8) from the experimentally determined values ofRL
4 give
umn 5
and 7
tively.
TABLE II. Integrated longitudinal strength as a function of three-momentum transferq. Column 2
indicates the maximum energy loss to which the longitudinal strength was integrated. Columns 3 and
the integrated experimental longitudinal strength and its systematic uncertainty, respectively. Col
presents the total longitudinal strength calculated from the relativistic Fermi gas model. Columns 6
show the ratio of the experimental to the theoretical longitudinal strength and its uncertainty, respec
These ratios are given graphically in Fig. 18.

q@MeV/c# vmax@MeV# SRL
(exp) d(SRL

(exp)) SRL
(RFG) Ratio d~Ratio!

300.0 140.0 9.92 0.52 10.16 0.977 0.052
325.0 160.0 10.04 0.55 9.92 1.012 0.056
350.0 190.0 9.18 0.60 9.55 0.961 0.062
375.0 220.0 8.83 0.66 9.17 0.963 0.072
400.0 250.0 8.08 0.78 8.64 0.935 0.090
425.0 260.0 6.95 0.67 8.07 0.862 0.083
450 240.0 6.21 0.55 7.47 0.831 0.073
475.0 230.0 5.64 0.50 6.84 0.826 0.074
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andRT . If S(c8) were truly a universal scaling function, it
form as determined from Eqs.~15! and ~16! should be the
same for bothRL and RT . If nuclear dynamics were truly
described by the relativistic Fermi gas model, then the
perimentally determined scaling function would be describ
by Eq. ~14!.

The scaling functionsS(c8) have been extracted from th
experimental data using Eqs.~15! and ~16!. The results are
shown in Fig. 20 in increments ofq of 25 MeV/c over the
range from 300 to 500 MeV/c. It is clear from this figure that
in the range 375 MeV< q < 450 MeV/c for values ofc8
smaller than those corresponding to the quasielastic peak
values ofS(c8) extracted from the transverse and longitu
nal responses agree to within the experimental errors.
agreement is lost for values ofc8 larger than those corre
sponding to the quasielastic peak. This is not surprising s
one expects in this kinematic range to observe signific
contributions to the transverse response from processes
than quasielastic scattering.

The agreement for values ofq less than 375 MeV/c is not
as good, and it becomes worse asq decreases. This is als
not surprising since at these lower momentum transfers
wavelength of the virtual photon is not short enough to
sure incoherent scattering from individual nucleons. An
preciable portion of the strength may be diverted to exc
tion of coherent degrees of freedom in the nucle
corresponding to low-lying states.

For q> 475 MeV/c the S(c8) values extracted from the
transverse responses lie significantly above those extra
from the longitudinal responses. It is unclear whether t
reflects the onset of new physics or simply reflects an
creasing dominance in the transverse response of
quasielastic processes.

The c8 scaling variable is based on the relativistic Fer
gas model, but the data do not scale well to this mod
However, the data do seem to indicate that, in the kinem
region where quasielastic scattering is expected to domin
both the longitudinal and transverse responses scale to
same function. Therefore, there may be deeper physical
et

le,

v

-
d

the

he

ce
nt
her

e
-
-
-
s

ed
s
-
n-

i
l.
ic
te,
he
ig-

nificance to the scaling variablec8 than would be expected
from its roots in the relativistic Fermi gas model.

VIII. CONCLUSIONS

The results reported here of the total longitudinal stren
in quasielastic electron scattering from40Ca are in sharp
contrast to the previously reported Saclay results. The Sa
results show a reduction of as much as 40% in the integra
longitudinal strength compared to the predictions of the re
tivistic Fermi gas model. The present data show a mu
smaller reduction in the integrated longitudinal strength
indicated by Table II. The general trend of the integrat
strength seems to be a systematic decrease with increasiq.
This may be due to the fact that at larger momentum tran
some strength is missed due to the necessity of cutting
the integrals of the response functions at finitev.

The implications of the above observations for conve
tional nuclear physics are profound depending on which~if
either! result is correct. The bibliography contains many th
oretical attempts to explain the large reduction reported
the Saclay group. In general, the results may be summar
by stating that it has been found to be almost impossible
fit both the longitudinal and transverse response functi
reported by Saclay by nuclear models using physically r
sonable parameters. On the other hand, the modest re
tions reported here are easily accommodated by many
ventional nuclear model calculations.

We consider it very important that the question of t
longitudinal strength in quasielastic electron scattering
cleanly resolved. This would require precision measureme
over a kinematic range that would allow Rosenbluth sepa
tions from 300 MeV/c<q<700 MeV/c for several nuclei in
the range 12<A<238 at four or more laboratory scatterin
angles. Such a set of measurements, if carefully perform
should lead to reliable separation of the transverse and
gitudinal responses as a function of energy loss, the beha
of their integrated strengths as a function of moment
transfer, and the dependence of these strengths on nu
mass.
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