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Approximate Coulomb distortion effects in „e,e8p… reactions
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Institute of Nuclear and Particle Physics, Department of Physics and Astronomy, Ohio University, Athens, Ohio 45701

~Received 30 December 1996!

In this paper we apply a well-tested approximation of electron Coulomb distortion effects to the exclusive
reaction (e,e8p) in the quasielastic region. We compare the approximate treatment of Coulomb distortion
effects to the exact distorted wave Born approximation evaluated by means of partial wave analysis to gauge
the quality of our approximate treatment. We show that the approximate Mo” ller potential has a plane-wave-like
structure and hence permits the separation of the cross section into five terms which depend on bilinear
products of transforms of the transition four current elements. These transforms reduce to Fourier transforms
when Coulomb distortion is not present, but become modified with the inclusion of Coulomb distortion. We
investigate the application of the approximate formalism to a model of208Pb(e,e8p) using Dirac-Hartree
single particle wave functions for the ground state and relativistic optical model wave functions for the
continuum proton. We show that it is still possible to extract, albeit with some approximation, the various
structure functions from the experimentally measured data even for heavy nuclei.@S0556-2813~97!03707-2#

PACS number~s!: 25.30.Fj, 25.70.Bc
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I. INTRODUCTION

Medium- and high-energy electron scattering has lo
been acknowledged as a useful tool in the investigation
nuclear structure and nuclear properties, especially in
quasielastic region. In the plane wave Born approximat
~PWBA!, where electrons are described by Dirac pla
waves, the cross section for the exclusive reaction (e,e8p)
on nuclei can be written simply as

d3s

dEfdV fdVP
5

PEP
~2p!3

sM@vLRL1vTRT1cos2fPvTTRTT

1cosfPvLTRLT1hsinfPvLT8RLT8# ~1!

whereqm
25v22q2 is the four-momentum transfer,sM is the

Mott cross section given bysM5(a/2E)2cos2(u/2)/
sin4(u/2), andRL , RT , RTT , RLT , andRLT8 are the longitu-
dinal, transverse, transverse-transverse, longitudi
transverse, and polarized longitudinal-transverse struc
functions which depend only on the momentum transfeq
and the energy transferv. The functionsv only depend on
electron kinematics and are given by
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, vLT852
qm
2

q2
tan

ue
2
. ~2!

Choosing the momentum transferq to define theẑ axis
and using the azimuthal symmetry of the spatial part of
Mo” ller potential permits the extraction of the explicit depe
dence on the azimuthal anglefP of the outgoing proton as
measured with respect to the electron scattering plane. M
specifically, we defineŷ5p̂i3p̂f . These structure function
are defined as
560556-2813/97/56~1!/302~9!/$10.00
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RL5
q4

qm
4 W00, RT5W111W22,

cos2fPRTT5W112W22, cosfPRLT52
q2

qm
2 ~W011W10!,

sinfPRLT852 i
q2

qm
2 ~W021W20!, ~3!

where the nuclear tensorsWmn are given in terms of a sum
over sp andmp the final and initial spin projections of th
nucleon

Wmn5 (
spmb

Nm*Nn ~4!

and we have suppressed the spin labels for clarity. The qu
tities Nm are the Fourier transform of the nucleon curre
densityJm(r ) given by

Nm5E Jmeiq•rd3r . ~5!

Current conservation and gauge invariance can be use
eliminate thez components so that onlyN0, Nx , andNy
need to be calculated.

By keeping the momentum and energy transfer fix
while varying the electron energyE and scattering angle
ue , or varying the azimuthal angle of the outgoing prot
and the helicity of the incident electron, it is possible
extract from experiment the five structure functions as
function of momentum and energy transfer. However, wh
the electron wave functions are not Dirac plane waves,
rather are distorted by the static Coulomb field of the tar
nucleus, such a simple formulation as given in Eq.~1! is no
longer possible. In the full distorted wave Born approxim
tion ~DWBA! calculation, it is not possible to express th
cross section as a sum of bilinear products of transform
302 © 1997 The American Physical Society
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56 303APPROXIMATE COULOMB DISTORTION EFFECTS IN . . .
transition current matrix elements which only depend on
electron kinematics and the outgoing proton’s azimut
angle. The key point is that the momentum transfer does
enter the analysis in a natural way. Of course, one co
pretend that the plane-wave result is still valid and extr
the various ‘‘structure functions.’’ However, there is no w
in the DWBA approach to investigate these terms separa

Using partial wave analysis, the Ohio University gro
@1–4# has treated the Coulomb distortion arising from t
static Coulomb field of the nucleus exactly. Coupling t
distorted waves with the one hard photon exchange appr
mation @distorted wave Born approximation~DWBA!# has
allowed this analysis to be compared to data from a rang
nuclei. The nuclear model used includes the following ing
dients:~1! Relativistic Hartree single particle wave function
for the bound orbitals@5,6#, ~2! relativistic optical model for
the continuum proton@7#, and~3! the free relativistic curren
operator for the proton with the standard form factors. T
simple relativistic ‘‘one-body’’ model along with the exac
treatment of Coulomb distortion is in excellent agreem
with all the data involving knock-out from surface orbitals
nuclei that have been analyzed. This includes nuclei as l
as 16O and as heavy as208Pb. However, for cases where th
outgoing particle is in the continuum where all multipol
can contribute, the DWBA analysis requires extensive co
puter codes which require more and more time and preci
as the energy increases. Furthermore, as noted above i
exact DWBA analysis, the cross section cannot be written
the sum of five terms which are bilinear products of tra
forms of the transition current matrix elements. These t
reasons have led researchers to seek an approximate
ment of Coulomb distortion that would permit the extracti
of ‘‘structure’’ functions from experiment under condition
where the effects of Coulomb distortion in the differe
terms can be investigated, and could be easily extende
higher energies such as will be available at the Thomas
ferson National Accelerator Facility.

In a previous paper@8# we investigated a rather extrem
approximation of Coulomb distortion effects for the incl
sive reaction (e,e8) in the quasielastic region and usin
some ad hoc assumptions obtained excellent agreem
with the exact DWBA calculations. In this paper, we apply
more exact approximation to the exclusive reaction (e,e8p)
and investigate its validity. One of our advantages as co
pared to previous investigators is that we have the
DWBA calculation to use as a standard in assessing the
curacy of our approximation. In Sec. II we will give th
approximate electron wave functions for the incoming a
outgoing electron waves and derive the approxim
Mo” ller potential from these wave functions. In Sec. III w
use the approximate Mo” ller potential to calculate the differ
ential cross section for (e,e8p) and define the approximat
Coulomb deformed structure functions. In Sec. IV we co
pare approximate and DWBA (e,e8p) cross sections for so
called parallel and perpendicular kinematics and investig
the extraction from the cross sections of the so-called fou
(RLT) and fifth (RLT8) structure functions. In Sec. V we giv
our conclusions and discuss prospects for the future.

II. APPROXIMATE WAVE FUNCTIONS
AND THE MO” LLER POTENTIALS

Following the work of Lenz and Rosenfelder@10#, we
propose the following plane-wave-like electron wave fun
e
l
ot
ld
t

ly.
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tion @8,9# which contains the effects of the static Coulom
distortion of the target nucleus in an approximate way:

C~6 !~r !5
p8~r !

p
e6 id~J2!eiDeip8~r !•rup . ~6!

The (6) sign denotes incoming and outgoing boundary co
ditions for electrons of momentump, the phase factor
d(J2) is a function of the square of the angular momentu
operatorJ, and the local effective momentump8(r ) is given
in terms of the Coulomb potential of the target nucleus b

p8~r !5S p2
1

r E0
r

V~r !dr D p̂. ~7!

We refer to thisr -dependent momentum as the local effe
tive momentum approximation~LEMA !. Some small higher
order corrections have been incorporated into thead hoc

term D5a@ p̂8(r )• r̂ #(J21 1
4) which involves the factora

which is parametrized bya52aZ(16/p)2, whereZ is the
charge of the target nucleus and the number 16 is give
MeV/c and was determined by comparison with the ex
result. Inclusion of this term with LEMA is referred to a
LEMA 1 D. The electron mass has been neglected in co
parison to the electron momentum, so this approximatio
not valid at extreme forward and backward electron scat
ing angles.

Previous workers@12,13# replaced ther -dependent mo-
mentump8(r ) in Eq. ~7! by the valuepEMA8 5p2V(0). This
approximation is known as the effective momentum appro
mation ~EMA!. Unfortunately, as we have shown, the EM
describes the Coulomb effects on the wave function rat
poorly @8,9#. Previous workers@12,13# also approximated the
Coulomb phases by a constant plus a linear term in the
eratorJ2. While this approximation works well for low par
tial waves, it does not describe partial waves with angu
momenta equal to or greater thanpR, whereR is the nuclear
radius. However, it is these partial waves that dominate
elastic electron scattering from the nucleus. We refer to
EMA plus linear fit to the phases as EMA-k2. We avoid this
problem by fitting the exact partial wave phase shiftsdk ,
wherek is the Dirac quantum number, to an expansion
powers ofk2. Retaining terms of second order ink2 for
kappa values up to approximately 3(pR), we fit the exact
phases with the equation

dk5b01b2k
21b4k

4. ~8!

Note that the eigenvalues ofJ2 are j ( j11) which equals

k22 1
4.

We also investigated the expansion of the phase expo
tial in Eq. ~6! into a power series carried out by previou
workers @12,13# and concluded that an accurate descript
requires many terms. We chose instead to neglect the e

tron spin dependence of the phases and replaceJ21 1
4 by the

angular momentum squaredL2 in the exponential phase term
for both incoming and outgoing waves. Further, we repla
L2 by its classical value (r3p8)2. With these two approxi-
mations, the approximate Coulomb wave function is giv
by
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304 56K. S. KIM AND L. E. WRIGHT
C~6 !~r !5
p8~r !

p
e6 ib0e6 ib2[ r3p~r !] 2

3e6 ib4[ r3p~r !] 4eia[ p̂8~r !• r̂ ][ r3p~r !] 2eip8~r !•rup .

~9!

The merit of this approach is that our approximate distor
Coulomb wave functions have an analytic plane-wave-l
form and the Coulomb distortion modifications do not d
pend on the electron spin, but the wave functions do h
@r3p8(r )#2 terms in the exponential which carry informa
tion about the phase shifts. We will refer to this wave fun
tion as the approximate analytic Coulomb distorted wa
function. Based on our investigations, it is a good repres
tation of the exact partial wave solutions for radial coor
nates out to about three or four nuclear radii.

Using a technique introduced by Knoll@11# which ap-
proximates the potential in terms of the source current
obtain the following approximate Mo” ller-type potential cor-
responding to our approximate analytic Coulomb distor
wave function:

Am~r !5
4p

4pipfsin
2~ue/2!

ei ~b0i1b0 f !

3ei $b2i [ r3pi8~r !] 21b4i [ r3pi8~r !] 4%

3ei $b2 f [ r3pf8~r !] 21b4 f [ r3pf8~r !] 4%

3ei $ai [ r̂ • p̂i ~r !][ r3pi8~r !] 22af [ r̂ • p̂f ~r !][ r3pf8~r !] 2%

3eiq8~r !•r ū fg
mui . ~10!

The Knoll approach is discussed in detail in previous wo
@8,9# and is a good approximation for momentum transf
greater than about 350 MeV/c. In arriving at Eq.~10!, we
neglected spatial derivatives of the phase factors in the w
function and the radial derivative of the local effective m
mentap8(r ).

The comparison of the approximate four potentials w
the DWBA four potential requires a partial wave expans
since that is the only way the DWBA results can be obtain
However, the partial wave expansion for these potential
hardly possible because of the (r3p8)2 terms in the expo-
nential. Traini et al. @13# expanded the exponential in
power series up to the second order so as to use pa
waves, but this series converges very slowly because
value of the phaseb(r3p)2 is greater than one for regions o
space near the nuclear surface. Of course, the origin of
approximations was in a partial wave formalism, so we c
go back to that formalism and replace the exact phases
radial wave functions by the approximate phases and w
functions to obtain a measure of the quality of our appro
mations. Note, however, that obtaining the plane-wave-
form required some additional approximations including
suming that the asymptotic momentum transferq and the
phase factors in the approximate four potential do not exp
itly depend on the incoming and outgoing electron spins

With this caveat, we can compare various approxim
potentials that have been widely used@12,13# and our ap-
proximate potential for selected multipoles. Figures 1 an
show the comparison of two scalar potentials with t
DWBA scalar potential by using the partial waves for diffe
d
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ent multipoleL values. The initial spin and the final spin o
the electron aresi5sf51/2. The calculations have been don
using a Fermi charge distribution of radiusR56.65 fm, with
total chargeZ582 and the angular momentumL55 and
15. The initial electron energy isEi5400 MeV, the final
electron energy isEf5300 MeV, and the momentum trans
fer is q5350.5 MeV/c. The solid line is the result for the
DWBA scalar potential, the dotted line is for the EMA-k2

potential, and the dashed line is for our approximate pot
tial of Eq. ~10!. The approximation for EMA-k2 has a dif-
ferent magnitude and is also out of phase, but that for
approximate potential almost has the same magnitude an
in phase. The discrepancy at large radii is due to lack

FIG. 1. Comparison of the exact scalar potential with appro
mate scalar potentials for the multipole componentL55, M50.
The initial energyEi5400 MeV and the energy lossv5100 MeV.
The solid line is calculated with DWBA, the dotted line with EMA
k2 and the dashed line is our approximate potential.

FIG. 2. The same as Fig. 1 with multipoleL515 andM50.
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56 305APPROXIMATE COULOMB DISTORTION EFFECTS IN . . .
complete convergence of thek series in the DWBA calcula-
tion and does not play an important role in calculating
cross section since the bound nucleon wave function dr
very rapidly with radial distance. We conclude that our a
proximate potential is in quite good agreement with the ex
potential calculated with partial waves~DWBA! for radial
coordinates less than three to four nuclear radii, and henc
good enough to replace the full DWBA calculation. We ha
confirmed with the aid of a simple model@9# that our ap-
proximate potential reproduces the cross section calcul
with the full partial wave result from DWBA quite well. We
will show more realistic comparisons in the following se
tions that do not utilize a multipole decomposition and the
fore is a more direct test of the approximate Coulomb d
torted potential given in Eq.~10!.

III. APPROXIMATE COULOMB DISTORTED
CROSS SECTION

Using the approximate Mo” ller potential given in Eq.~10!
it is straightforward to derive the cross sections for (e,e8p)
reactions from nuclei since apart from the modified spa
dependence the approximate potential has the same D
structure as the plane wave Mo” ller potential. The result is

d3s

dEfdV fdVP
5

PEP
~2p!3

sM@vLRL81vTRT81cos2fPvTTRTT8

1cosfPvLTRLT8 1hsinfPvLT8RLT8
8 #. ~11!

The electron structure functions are unchanged from Eq.~2!,
but the nuclear structure functions, designated with a pr
superscript, contain Coulomb distortion effects. They are
fined as in Eqs.~3! and~4!, except that the ‘‘Fourier’’ trans-
forms given in Eq.~5! become

N085E S qm8 ~r !

qm
D 2S q

q8~r ! D
2

ei ~d i1d f1D i2D f !J0e
iq8~r !•rd3r ,

Nx,y8 5E ei ~d i1d f1D i2D f !Jx,ye
iq8~r !•rd3r , ~12!

where the phase shiftd and thead hocadditional phaseD
are functions ofr given by

d5b01b2@r3p8~r !#21b4@r3p8~r !#4,

D5a@ r̂ • p̂~r !#@r3p8~r !#2. ~13!

The result in Eq.~11! is our primary finding. Our approxi-
mate treatment of Coulomb distortion leads to a ‘‘plan
wave-like’’ form for the cross section and thereby opens
the possibility of investigating the various ‘‘structure fun
tions’’ independently. Of course, these more generali
‘‘structure functions’’ do contain some dependence on
electron kinematics, but with the use of theoretical nucl
models, this modification of the structure functions can
investigated.

The charge transform in Eq.~11! differs from the trans-
verse current transforms since the continuity equation
used to eliminate thez component of the current. Note tha
unlike the case for electron plane waves, the various cur
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transforms are not azimuthally symmetric about the mom
tum transfer directionq, and therefore contain dependenci
on the outgoing nucleon azimuthal anglefP over and be-
yond the explicit dependencies shown in Eq.~11!. However,
some symmetry remains since both@r3pi8(r )#

2 and @r
3pf8(r )#

2 are invariant under the transformationf→2f
which results in the nuclear structure being invariant un
fP→2fP . The consequences of this additional depende
on fP will be discussed further in the next section.

IV. RESULTS

A. Cross section in parallel and perpendicular kinematics

In our analysis we are looking at one particular shell, a
trying to find the reduced cross sectionrm , which for plane
waves in the final state is related to the probability tha
bound proton from a given shell with the missing momentu
pm can be knocked out of the nucleus with asymptotic m
mentumP. The reduced cross section as a function ofpm is
commonly defined by

rm~pm!5
1

PEPseP

d3s

dEfdV fdVP
, ~14!

where the missing momentum can be determined by the
nematicspm5P2q. The off-shell electron-proton cross se
tion seP is not uniquely defined, but in all cases we use t
form seP

cc1 given by DeForest@14#.
There are two kinematical situations commonly used

(e,e8p) experiments. They are parallel kinematics where
outgoing proton momentumP is along the momentum trans
fer q and perpendicular kinematics where the magnitude
P is fixed, but the detected proton makes an angleuPq with
respect toq. In perpendicular kinematics, the magnitude
P is usually equal to the magnitude ofq. All calculations will
be carried out in the laboratory frame~target fixed frame!. In
the parallel case, the three interference terms in Eq.~14!
disappear, while in the perpendicular case, all terms rem
except the fifth structure function which sums to zero
unpolarized incoming electrons. Our approximate calcu
tions for the (e,e8p) reaction include the approximate pha
factors and the correction termD by keeping the exponentia
form and the transition matrix element is evaluated by thr
dimensional integration since a multipole expansion is
longer practical. We compare our results to the full DWB
results @1,2# and the experimental data from NIKHE
@15,16# in Amsterdam. The electron incoming energy
given byEi5412 MeV and the ejected proton kinetic ener
TP5100 MeV. All calculations include the proton final sta
interaction by using a relativistic optical potential obtain
from fitting to elastic proton scattering data@7#.

In Figs. 3 and 4, we show two results corresponding
knocking out a proton from a 3s1/2 shell and a 2d3/2 shell in
208Pb for the case of parallel kinematics. For this kinemati
the proton momentumP is parallel to the asymptotic mo
mentum transferq which defines theẑ axis and the missing
momentumpm is also along theq direction. The dotted line
is the PWBA result obtained by using a multipole expans
and doing the one-dimensional integration overr in the nor-
mal way, while the dash-dotted line uses the approxim
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306 56K. S. KIM AND L. E. WRIGHT
potential withZ51 evaluated by three-dimensional nume
cal integration. They are in excellent agreement~to better
than 1%) as they should be since the approximate calc
tions approaches the plane wave result asZ→0. The solid
line is our approximate Coulomb distorted result obtained
numerical integration while the dashed line is the f
DWBA results obtained by using partial waves and mu
pole analysis. The dash-three-dotted line is the EMA-k2 re-
sult also obtained by using three-dimensional integrati
The diamonds are data from NIKHEF. Note that the prima
effect of Coulomb distortion is to shift the reduced cro
section by about 20 MeV/c in missing momentum to the
right as compared to the plane wave results. The appr
mate DWBA results reproduce the full DWBA results we
around the first peak where the difference is less than 2
but deviate somewhat for large missing momentum wh

FIG. 3. Reduced cross sections for208Pb(e,e8p) from the
3s1/2 shell with parallel kinematics. The kinematics areEi5412
MeV, and proton kinetic energyTP5100 MeV. The dotted line is
the PWBA result and the dash-dotted line~which falls on top of it!
is the approximate DWBA result withZ51. The dash-three-dotte
line is the EMA-k2 result, the solid line is the approximate DWB
result, the dashed line is the full DWBA result, and the diamon
are data from NIKHEF. The same spectroscopic factor of 71%
used in all curves.

FIG. 4. The same as Fig. 3 except for the 2d3/2 shell and the
EMA-k2 result is not shown.
a-

y
l
-

.
y

i-

,
e

the reduced cross section is smaller. The approxim
DWBA result breaks down rapidly beyond missing mome
tum pm5100 MeV/c on the right side, but since
q5P2pm , positivepm corresponds to smallq and we ex-
pect our approximation to become worse forq less than
about 350 MeV/c as discussed in Sec. II.

The EMA-k2 result is lower by about 30% around th
first peak than the full DWBA result. Note further that th
electron distortion affects the positive missing moment
pm and the negativepm differently. The negativepm region
shows a large Coulomb distortion effect. Figures 5 and
show the reduced cross sections from 3s1/2 and 2d3/2 for
208Pb for perpendicular kinematics. We chooseP5q which
marks the top of the quasielastic peak fors states. The elec-
tron angle corresponding to this momentum transfer
ue574° for Ei5412 MeV and the ejected proton energ
TP5100 MeV. The dotted line is the PWBA result, the sol
line is our approximate result, the dash-three-dotted line
the EMA-k2 result, and the dashed line is the full DWB
result. Since the momentum transfer is large,q5444 MeV/

s
is

FIG. 5. Reduced cross sections for208Pb(e,e8p) from the
3s1/2 shell with perpendicular kinematics. The kinematics a
Ei5412 MeV and proton kinetic energyTP5100 MeV. The dotted
line is the PWBA result, the dash-three-dotted line is the EMA-k2

result, the solid line is our approximate result, and the dashed lin
the full DWBA result.

FIG. 6. The same as Fig. 5 except the 2d3/2 shell.
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56 307APPROXIMATE COULOMB DISTORTION EFFECTS IN . . .
c, the approximate results are in much better agreement
the full DWBA results than those of the parallel kinemati
case discussed above. The difference is less than 2% ar
the first peak as in the parallel case, and for both side reg
the deviation is around 5%. The positions of the maxima a
minima are in the right places. The discrepancy between
DWBA result and the EMA-k2 result is greater than 30%
around the first peak. These results confirm previous ob
vations that Coulomb distortion has smaller effects in p
pendicular kinematics than in parallel kinematics.

From these calculations of two different kinematic cas
for the (e,e8p) reaction, the approximate DWBA results r
produce the full DWBA and the experimental results qu
well, especially around the first peak. The effect of the C
lomb distortion on the cross section for a knocked-out pro
from the 3s1/2 shell for

208Pb is almost 30% but that fo
knocked-out from the 2d3/2 shell is only 10% as compared t
the PWBA calculation.

In the past, (e,e8p) experiments in parallel kinematic
have been measured for the reduced cross section in
missing momentum range250<pm<300 MeV/c at
NIKHEF. Recently, the range of the missing momentum h
been extended to 300<pm<500 MeV/c by (e,e8p) mea-
surements for perpendicular kinematics@17#. The new re-
duced cross section was measured at momentum tra
q5221 MeV/c, energy transferv5110 MeV, the kinetic
energy of the detected protonTp5100 MeV, and incident
electron energyEi5487 MeV as shown in Fig. 7. The dotte
line is the PWBA result, the solid line is our approxima
DWBA result, and the diamonds are the experimental d
from NIKHEF @17#. Our result reproduces the measured
duced cross section very well although the momentum tra
fer q is small. A similar conclusion has beed drawn@19# by
the Madrid group using their DWBA calculation to analy
this same data. The interesting physics point is that
‘‘single-particle’’ relativistic model reproduces the expe

FIG. 7. Reduced cross sections for208Pb(e,e8p) from the
3s1/2 shell for high missing momentum. The kinematics a
Ei5487 MeV, momentum transferq5221 MeV/c, energy transfer
v5110 MeV, and proton kinetic energyTP5100 MeV. The solid
line is the approximate DWBA result, the dotted line is the PWB
result, and the diamonds are data from NIKHEF. A previously
termined spectroscopic factor of 71% was used for both curves
ith
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mental data at large missing momentum quite well a
should be compared to an analysis of this same reaction
a nonrelativistic approach which uses a nonrelavistic curr
operator and finds it necessary to introduce many differ
two-body currents to even come close to the data@18#. It
should be noted that our calculation only contains one f
parameter, the spectroscopic factor which is an overall s
factor of 0.71 which had already been determined@1–4# by
the low missing momentum data.

B. Interference structure functions

In previous work@4#, the effect of Coulomb distortion on
the magnitude of the fourth structure function was more th
15% in 16O, and more than a factor of 2 in208Pb. The
magnitude effect on the fifth structure function depends
the out-of-plane angle of the knocked out proton used in
extraction and was more than 15% for a small angle~e.g.,
10°) data in16O. Since the structure functions appear in t
cross section with different electron kinematic factors, o
can study them independently, but we will show below th
the PWBA formalism is no longer valid in the presence
the static Coulomb field of the nucleus. Even though
separation for the full DWBA calculation with a partial wav
expansion is not valid in the presence of the Coulomb d
tortion, it is possible to calculate the fourth and the fif
structure functions which embody left-right and up-dow
asymmetries of the cross section measured with respec
the momentum transfer direction. We call a quantity so
termined theapparent structure function, and note that
would correspond to a structure function extracted from
periment. In our model, we can also directly calculate
‘‘structure functions’’ as given by Eq.~3! when the distorted
‘‘Fourier’’ transforms of Eq.~12! are used. One question i
to what extent these two results agree with each other.

From Eq.~1! one can see that the fourth structure functi
RLT could be obtained experimentally by subtracting t
cross sections withfP50 andfP5p while keeping other
electron and proton kinematic variables fixed. The fourth
parent structure function determined by the left-right asy
metry with respect to the momentum transfer direction
given by

RLT
a 5

sL2sR

2KvLT
, ~15!

where L ~left! indicates fP50 and R ~right! indicates
fP5p. The constantK5(PEP/2p3)sM and the electron
structure functionsv are defined in Eq.~2!. The superscript
a means the apparent structure function includes the elec
Coulomb distortion, and corresponds to what one would
tract from experiment. If the incoming electron beam is p
larized (h51), one can extract the apparent fifth structu
function by the up-down asymmetry of the cross sect
given by

RLT8
a

5
sU2sD

2KvLT8sinfP
, ~16!

whereU ~up! means 0,fP,p ~above the plane! and D
~down! means2fP ~below the plane!.
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308 56K. S. KIM AND L. E. WRIGHT
We extract the fourth structure functions for the 3s1/2 or-
bit of 208Pb with incident electron energyEi5500 MeV as
shown Fig. 8. The dotted line and the dashed line are
fourth structure functions calculated directly using Eq.~12!
for the PWBA and the approximate DWBA result, while th
dash-dotted line, the solid line, and the dash-three-dotted
are the apparent fourth structure functions from Eq.~15! for
the PWBA, the approximate DWBA, and the full DWBA
calculation, respectively. We compared our approxim
DWBA calculation of the cross section to the full DWB
and found the difference to be less than 2% around the
peak, and around 5% at the second peak. When Coul
distortion is included the directly calculated fourth structu
function differs from the apparent fourth structure functi
by a factor of 3 at the peaks. Of course for the PWBA c
culation the apparent fourth structure function agrees exa
with the directly calculated fourth structure function. Clear
the standard separation formalism is no longer valid in
presence of the electron Coulomb distortion for the fou
structure functionRLT . Furthermore, while the effect of th
electron Coulomb distortion is on the order of 30% for t
cross section, it changes the apparent fourth structure f
tion by more than a factor of 2.

In Fig. 8 the discrepancy between the directly calcula
fourth structure functionRLT8 and the apparent fourth struc
ture function for the approximate DWBA suggests that
structure functions depend on the azimuthal angle of
ejected proton as expected. In order to reduce this de
dence, we investigated changing the definition of theẑ axis,
normally defined by asymptotic momentum transferq, in
order to bring the apparent and direct structure functions
closer agreement. We considered two choices, one whereẑ is

FIG. 8. The fourth structure function for208Pb(e,e8p) from the
3s1/2 shell as a function of missing momentum. The kinematics
Ei5500 MeV and proton kinetic energyTP5100 MeV. The dash-
dotted line is the apparent structure function and the dotted lin
the directly calculated structure function for the PWBA~which fall
on top of each other!. The solid line is the apparent and the dash
line is the directly calculated structure function for the approxim
DWBA result, while the dash-three-dotted line is the apparent st
ture function for the full DWBA result.
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taken to lie alongq8(R)5pi8(R)2pf8(R), where p8(R)
5p2V(R) andV(R) is the value of the Coulomb potentia
at the nuclear surface, and the second alo
q8(0)5pi8(0)2pf8(0), wherep8(0)5p2V(0) andV(0) is
the Coulomb potential at the origin. The second case co
sponds to the EMA approximation. We carried out our a
proximate DWBA calculations for both choices and sho
the results for the 3s1/2 orbit of

208Pb in Fig. 9. The incident
electron energyEi5500 MeV, the proton kinetic energy
Tp5100 MeV, and the outgoing proton momentum is equ
to the momentum transferq. The solid line is the directly
calculatedRLT8 and the dotted line is the apparent four

structure function obtained whenẑ is along q8(R). The
dashed line is the directly calculatedRLT8 and the dash-dotted
line is the apparent fourth structure function obtained by
ing q8(0) to define theẑ axis.

When choosing theẑ axis alongq8(0), theapparent struc-
ture function is out of phase with the direct structure functi
and the magnitude is suppressed at the first peak, bu
using theẑ axis alongq8(R) the structure functions are in
phase and the magnitudes are quite close. Thus, changin
ẑ axis to be along the direction ofq8(R) permits the extrac-
tion of a fourth structure functionRLT8 . Furthermore, choos

ing this differentẑ axis largely removes the Coulomb disto
tion effects on the fourth structure function, at least arou
the first peak. From these results, we recommend that
can experimentally extract the fourth structure function
choosing theẑ axis along the new modified momentu
transferq8(R). Note thatuP of the ejected proton in thes
plots is the polar angle measured from the differently cho
ẑ axes.

Using a polarized incident electron beam and detect

e

is

e
c-

FIG. 9. The fourth structure function for208Pb(e,e8p) for the
3s1/2 orbit as a function of the polar angle of the ejected proton. T
solid line and the dotted line are the direct and the apparent st

ture function with theẑ axis along the momentum transferq8(R),
and the dashed line and the dash-dotted line are the direct an

apparent structure function for the case of theẑ axis along the EMA
momentumq8(0).
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the knocked out proton out of the scattering plane, the fi
structure functionRLT8

8 can be extracted by measuring th
up-down asymmetry of the nuclear response. We also cho
the incident electron energyEi5500 MeV, the proton kinec-
tic energy TP5100 MeV, and the momentum transferq
equal to the proton momentump for this case.

We first look at the Coulomb distortion effect on the me
surement of the fifth structure function from the 3s1/2 orbit of
208Pb at fixed proton azimuthal anglefP540° as shown in
Fig. 10. The direct fifth structure function again agrees w
the apparent structure function in PWBA calculation as
pected. The dotted line is the fifth structure function for t
PWBA, and the solid line is the fifth structure function wi
the ẑ axis along the asymptotic momentumq and the dashed
line is for the case of theẑ axis along the modified momen
tum transferq8(R). We confirmed that the direct fifth struc
ture function agrees with the apparent structure function
the approximate DWBA calculation as expected from o
earlier observation that the approximate structure functi
are symmetric under the transformationfP→2fP . Thus
when one calculatessU2sD all other terms cancel leavin
only the RLT8

8 contribution. Note that unlike the case fo

RLT8 , changing theẑ axis does not affect the shape and ma
nitude and does not reduce the Coulomb distortion ef
significantly. Thus, one can experimentally extract a fi
structure function without redefining theẑ axis. Of course,
Coulomb distortion clearly affects the magnitude ofRLT8

8 as
compared to the plane wave result~by approximately 30%
for 208Pb!.

In Fig. 11, we show the fifth structure function as a fun
tion of fP at fixed polar proton angles,uP54°, for the
3s1/2 orbit of 208Pb and the 1s1/2 orbit of 16O, and
uP514° for the 1p1/2 orbit of

16O. These polar angles ar

FIG. 10. The fifth structure function for208Pb(e,e8p) from the
3s1/2 shell as a function of the polar angle of the ejected proton.
dotted line is the fifth structure function for the PWBA, while th
solid and the dashed lines are approximate DWBA results with

ẑ axis along the asymptotic momentumq and along the modified
momentum transferq8(R), respectively.
h
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the first peak position of the fifth structure function for th
s1/2 orbit of

208Pb and thep1/2 orbit of
16O, respectively, for

these kinematics. The dotted line is the PWBA result and
solid line and the dashed line are the approximate DW
results obtained by choosing theẑ axis along the asymptotic
momentum transferq and along the momentum transfe
q8(R). The approximate DWBA calculation for thep1/2 orbit
of 16O(e,e8p) in Fig. 11 reproduces the same shape as
full DWBA calculation @4# for the fifth structure function,
but both differ in magnitude from the plane wave result.
this previous paper@4#, where the full DWBA calculation
was applied to a particular case, it was concluded that
tracting the fifth structure functionRLT8 atfP590° or aver-
aging overfP largely removed the Coulomb distortion e
fects. Clearly that is not the case here. Therefore, it is
true in general that the Coulomb distortion effect can
removed atfP590°. Furthermore, we again note that choo
ing a differentẑ axis does not help in removing the Coulom
effect for the fifth structure function unlike the case of t
fourth structure function. We also confirmed that the fif
structure function extracted by using the incident elect
helicity dependence or the up-down asymmetry agree exa
as expected from thefp→2fP symmetry discussed earlie
in the approximate Coulomb distorted form factors.

V. CONCLUSIONS

We have developed a plane-wave-like approximate so
tion to the Dirac equation in the presence of the static C
lomb field of a nucleus which agrees rather well with t
exact partial wave solutions inside a sphere of approxima
three times the nuclear radius. The limited spatial range
the approximation is not a serious restriction for electro
induced nuclear processes since the bound-state wave

e

e

FIG. 11. The fifth structure function as a function of the a
muthal anglefP for 208Pb(e,e8p) from the 3s1/2 shell and for
16O(e,e8p) from the 1s1/2 shell and the 1p1/2 shell. The dotted line
is the fifth structure function for PWBA, the solid line is the fift

structure function with theẑ axis along the asymptotic momentum

q, and the dashed line is for the case of theẑ axis along the mo-
mentum transferq8(R).
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310 56K. S. KIM AND L. E. WRIGHT
tions that enter any such process drop off exponentially o
side the nuclear radiusR. Using this approximate wave
function, along with a few additional approximations, w
also obtained an approximate DWBA potential valid for m
mentum transfers greater than about 350 MeV/c. This ap-
proximate potential has the same Dirac structure as the p
wave Mo” ller potential although it contains some spatia
dependent phase factors which destroy the azimuthal sp
symmetry about the momentum transfer directionq. The ba-
sic ingredients in our approximate potential are the st
Coulomb potential of the target nucleus and the elastic s
tering phase shifts for the incoming and outgoing elect
energies in this potential.

We have compared wave functions, potentials, and c
sections for the (e,e8p) reaction on nuclei in the quasielast
region calculated with our approximation and previous
proximations to the exact partial wave results. We find t
the previous approximate results are in serious disagreem
with the exact partial wave results. Our approximate res
are in good agreement with the full DWBA results, but ha
a number of advantages over the DWBA results. The bigg
advantage is that the plane-wave-like structure of the
proximate Coulomb distorted potential allows extraction
structure functions which are bilinear products of transfor
of the transition current components. However, unlike
PWBA analysis, these transforms are not just Fourier tra
forms, but contain additional spatial dependence on the
nematics resulting from the static Coulomb field of the tar
nucleus.

In this paper, we investigated in some detail the extract
of the so-called fourth structure functionRLT8 and fifth struc-
ture functionRLT8

8 from the full cross section. We showe
that this is possible, particularly for kinematics where t
structure functions are large. However, for the case of
fourth structure functionRLT8 the ẑ axis needs to be redefine
to lie along the momentum transfer defined at the nuc
surfaceq8(R)5pi8(R)2pf8(R) to obtain agreement betwee
the directly calculated structure function and the extrac
1.
L

.

t-

-

ne

tial

ic
t-
n

ss

-
t
nt
ts

st
p-
f
s
e
s-
i-
t

n

e

r

d

structure function. For the fifth structure functionRLT8
8 ,

there is no need to redefine theẑ axis.
The other major advantage of our approximate treatm

of Coulomb distortion over the full DWBA partial wave ca
culation is that it is straightforward to apply it to highe
energies. The full DWBA calculation at higher electron e
ergies requires more and more partial waves with incre
ingly forbidding amounts of computer time needed. Usi
our approximate treatment, we do find it necessary to p
form two additional numerical integrations over angular c
ordinatesu andf in the interaction matrix element as com
pared to a treatment that permits a multipole decomposit
However, these numerical integrations are not very time c
suming and in a sense are just a replacement for summ
over various intermediate angular momenta arising from
gular momentum recoupling of the various partial wave e
pansions of the wave function and transition matrix e
ments. In our particular case, we have an analytic result
the electromagnetic potential so that the three-dimensio
integration is very fast as compared to a full partial wa
analysis and the evaluation of thousands of radial ma
elements.

In conclusion, our approximate treatment of Coulomb d
tortion for electron-induced nuclear processes involving c
tinuum nucleons works quite well and is particularly go
for momentum transfers greater than 350 MeV/c. It permits
the extraction of ‘‘structure functions’’ which should prov
of great use in analyzing (e,e8p) experiments at the Thoma
Jefferson National Accelerator Facility and other labora
ries. Of course, it is an approximation and if one has v
high precision data it may be necessary to revert to the
DWBA calculation.
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