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Approximate Coulomb distortion effects in (e,e’p) reactions
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In this paper we apply a well-tested approximation of electron Coulomb distortion effects to the exclusive
reaction €,e’'p) in the quasielastic region. We compare the approximate treatment of Coulomb distortion
effects to the exact distorted wave Born approximation evaluated by means of partial wave analysis to gauge
the quality of our approximate treatment. We show that the approximatempotential has a plane-wave-like
structure and hence permits the separation of the cross section into five terms which depend on bilinear
products of transforms of the transition four current elements. These transforms reduce to Fourier transforms
when Coulomb distortion is not present, but become modified with the inclusion of Coulomb distortion. We
investigate the application of the approximate formalism to a model®#b(e,e’p) using Dirac-Hartree
single particle wave functions for the ground state and relativistic optical model wave functions for the
continuum proton. We show that it is still possible to extract, albeit with some approximation, the various
structure functions from the experimentally measured data even for heavy n8€8566-28187)03707-2

PACS numbsgps): 25.30.Fj, 25.70.Bc

I. INTRODUCTION q4
RL="7Wqo, Rr=Wy;+Wp,,

Medium- and high-energy electron scattering has long 9w
been acknowledged as a useful tool in the investigation of 2

nuclear structure and nuclear properties, especially in thecos2pp,Ryr=W;;—W,,, CO&ﬁPRLT:—ﬂf(WoﬁWm),
guasielastic region. In the plane wave Born approximation .

(PWBA), where electrons are described by Dirac plane 5

waves, the cross section for the exclusive reactier’(p) . _ 9
on nuclei can be written simply as SingpR 1/ = —i qi(W02+W2°)’ 3
d3c PE, where the nuclear tensow,, are given in terms of a sum
dEdQdQ,  (27)°3 oulv R +vtRr+cos2ppvriRry overs, and u, the final and initial spin projections of the
rermee nucleon
+cosppv TR r+hsingpy R ] (D)
W= 2 NiN, )
whereq?, = w?— g? is the four-momentum transfew,, is the s

Mott cross section given byoy=(a/2E)?cos(6/2)/ _ _

sin(6/2), andR, , Ry, Ryr, R 1, andR, 1 are the longitu- and we have suppressed the spin labels for clarity. The quan-
dinal, transverse, transverse-transverse, Iongitudinaﬂties N# are the Fourier transform of the nucleon current
transverse, and polarized longitudinal-transverse structur@ensityJ“(r) given by

functions which depend only on the momentum transfer

and the energy t'ransfeas. The function&) only depend on NM:J JHela Tl (5)
electron kinematics and are given by

q* 6. % Cl_Jrr_ent conservation and gauge invariance can be used to
v =, vr=tart o — o5, vr= — oty eliminate thez components so that onlj,, N,, and N,
q 2 29 2q need to be calculated.
By keeping the momentum and energy transfer fixed
qi . qi 172 qi 0o while varying the ele_ctron energ and scatterir)g angle
VLT=~ 2 tanz?— 2| o ULTm=7 —2tan§- 2 6., or varying the azimuthal angle of the outgoing proton
q q q and the helicity of the incident electron, it is possible to
- extract from experiment the five structure functions as a
Choosing the momentum transfgrto define thez axis  function of momentum and energy transfer. However, when
and using the azimuthal symmetry of the spatial part of thehe electron wave functions are not Dirac plane waves, but
Médller potential permits the extraction of the explicit depen-rather are distorted by the static Coulomb field of the target
dence on the azimuthal angig> of the outgoing proton as nycleus, such a simple formulation as given in Eq.is no
measured with respect to the electron scattering plane. Mofignger possible. In the full distorted wave Born approxima-
specifically, we defing/=p; X p;. These structure functions tion (DWBA) calculation, it is not possible to express the
are defined as cross section as a sum of bilinear products of transforms of
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transition current matrix elements which only depend on theion [8,9] which contains the effects of the static Coulomb

electron kinematics and the outgoing proton’s azimuthalistortion of the target nucleus in an approximate way:

angle. The key point is that the momentum transfer does not

enter the analysis in a natural way. Of course, one could (+) p’(r) i S(2) iAaip! (1)1

pretend that the plane-wave result is still valid and extract W)= 3 & e e up. ®)

the various ‘“structure functions.” However, there is no way

in the DWBA approach to investigate these terms separatelys,q (=
Using partial wave analysis, the Ohio University group

[1_.4] has treateq the Coulomb distortion arising frpm the5(\]2) is a function of the square of the angular momentum

static Coulomb field of the nucleus exactly. Coupling the tor]. and the local effecti i S

distorted waves with the one hard photon exchange approx operatord, and the local efiective momen upi(r) is given

mation [distorted wave Born approximatiofPWBA)] has in terms of the Coulomb potential of the target nucleus by

allowed this analysis to be compared to data from a range of 1¢r

nuclei. The nuclear model used includes the following ingre- p'(r)= ( p— _f V(r)dr) p. 7

dients:(1) Relativistic Hartree single particle wave functions rto

for the bound orbital$5,6], (2) relativistic optical model for

the continuum protofi7], and(3) the free relativistic current We refer to thisr-dependent momentum as the local effec-

operator for the proton with the standard form factors. Thistive momentum approximatioEMA). Some small higher

simple relativistic “one-body” model along with the exact order corrections have been incorporated into #uehoc
treatment of Coulomb distortion is in excellent agreement A=a[p'(r)-F](3%+1) which involves the factora

with all the data involving knock-out from surface orbitals of hich is parametrized bp— — aZ(16/p)2, whereZ is the

nuclei that have been analyzed. This includes nuclei as Iigh\‘e’h fth | d th ber 16 is ai .
as %0 and as heavy a®¥b. However, for cases where the Charge of the target nucleus and the number 16 is given in

outgoing particle is in the continuum where all multipoles MeV/c and was determined by comparison with the exact
can contribute, the DWBA analysis requires extensive comlesult. Inclusion of this term with LEMA is referred to as
puter codes which require more and more time and precisiohREMA + A. The electron mass has been neglected in com-
as the energy increases. Furthermore, as noted above in tAarison to the electron momentum, so this approximation if
exact DWBA analysis, the cross section cannot be written agot valid at extreme forward and backward electron scatter-
the sum of five terms which are bilinear products of trans-ng angles.

forms of the transition current matrix elements. These two Previous worker§12,13 replaced ther-dependent mo-
reasons have led researchers to seek an approximate treatentump’(r) in Eq. (7) by the valuepgya=p—V(0). This
ment of Coulomb distortion that would permit the extraction approximation is known as the effective momentum approxi-
of “structure” functions from experiment under conditions mation (EMA). Unfortunately, as we have shown, the EMA
where the effects of Coulomb distortion in the different gescribes the Coulomb effects on the wave function rather
terms can be mvestlgated3 and cou_Id be easily extended E)o”y [8,9]. Previous worker§12,13 also approximated the
higher energies such as will be available at the Thomas Jet g 10mb phases by a constant plus a linear term in the op-

ferlson Nanqnal Accek;;ator Eacmt%{. ted th t eratorJ?. While this approximation works well for low par-
appr:o?(ir%rgt\i/cl)%usofpg%i[lo]m\,\tl)e dlir;,\t/grstilogna :ﬁeitgafo?rtheex irr?c?l]ue tial waves, it does not describe partial waves with angular
! . g ; . ” - momenta equal to or greater thaR, whereR is the nuclear

sive reaction ) in the quasielastic region and using {adius. HOV\c/]ever, it isgthese pa?tial waves that dominate in-

some ad hoc assumptions obtained excellent agreemenelastic electron scattering from the nucleus. We refer to the
with the exact DWBA calculations. In this paper, we apply a . ) . s
pap PRl EMA plus linear fit to the phases as EM&- We avoid this

more exact approximation to the exclusive reactiere(p) e ; .
and investigate its validity. One of our advantages as comProblem by fitting the exact partial wave phase shidfs

pared to previous investigators is that we have the fulVherex is the Dirac quantum number, to an expansion in
DWBA calculation to use as a standard in assessing the agowers of <*. Retaining terms of second order it for
curacy of our approximation. In Sec. Il we will give the kappa values up to approximately (8), we fit the exact
approximate electron wave functions for the incoming andphases with the equation

outgoing electron waves and derive the approximate

Mdller potential from these wave functions. In Sec. Il we 8,.=bo+byr?+byrt, 8

use the approximate Mer potential to calculate the differ-

ential cross section fore{e’p) and define the approximate Note that the eigenvalues &f are j(j+1) which equals
Coulomb deformed structure functions. In Sec. IV we com-x?— 1.

pare approximate and DWB/Ae(e'p) cross sections for so-  We also investigated the expansion of the phase exponen-
called parallel and perpendicular kinematics and investigatéal in Eq. (6) into a power series carried out by previous
the extraction from the cross sections of the so-called fourtlvorkers[12,13 and concluded that an accurate description
(R_7) and fifth (R_ /) structure functions. In Sec. V we give requires many terms. We chose instead to neglect the elec-

our conclusions and discuss prospects for the future. tron spin dependence of the phases and replaee; by the

angular momentum squaréd in the exponential phase term
for both incoming and outgoing waves. Further, we replace
L2 by its classical valuer(xp’)2. With these two approxi-

Following the work of Lenz and Rosenfeld€t0], we  mations, the approximate Coulomb wave function is given
propose the following plane-wave-like electron wave func-by

) sign denotes incoming and outgoing boundary con-
ditions for electrons of momentunp, the phase factor

II. APPROXIMATE WAVE FUNCTIONS
AND THE MQ LLER POTENTIALS
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The merit of this approach is that our approximate distorted
Coulomb wave functions have an analytic plane-wave-like

real (r’¢u(r))
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form and the Coulomb distortion modifications do not de- __
pend on the electron spin, but the wave functions do have =
[_r><p’(r)]2 terms in the exponential which carry informa- & o5
tion about the phase shifts. We will refer to this wave func- <,

tion as the approximate analytic Coulomb distorted wave
function. Based on our investigations, it is a good represen-
tation of the exact partial wave solutions for radial coordi-

nates out to about three or four nuclear radii.

Using a technique introduced by Kndll1l] which ap-
proximates the potential in terms of the source current we -
obtain the following approximate Meer-type potential cor-
responding to our approximate analytic Coulomb distorted
wave function:

0.0F

imaginary
|
=)
o
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FIG. 1. Comparison of the exact scalar potential with approxi-
4 mate scalar potentials for the multipole componkrt5, M=0.

AX(r) :me'(b°i+b°f) The initial energyE; =400 MeV and the energy loss=100 MeV.
e The solid line is calculated with DWBA, the dotted line with EMA-
X ei{bZi[rXp{(r>12+ bailrxp{ (N]%) «? and the dashed line is our approximate potential.
x @HbarlrXpi(n1%+baglrxpg ()% ent multipoleL values. The initial spin and the final spin of
. . the electron arg; = s;=1/2. The calculations have been done
¢ @failr PN xp! (N12=aglr - py(Nrxpg(n]%} using a Fermi charge distribution of radis=6.65 fm, with
T total chargeZ=82 and the angular momentubn=5 and
X9 Ty pyku; . (100 15. The initial electron energy i&;=400 MeV, the final

The Knoll approach is discussed in detail in previous work€/€ctron energy i&¢=300 MeV, and the momentum trans-
[8,9] and is a good approximation for momentum transfers€r is 4=350.5 MeVEt. The solid line is the result for the
greater than about 350 Med/In arriving at Eq.(10), we ~ DWBA scalar potential, the dotted line is for the EM&-
neglected spatial derivatives of the phase factors in the waveotential, and the dashed line is for our approximate poten-

function and the radial derivative of the local effective mo-tial of Eq. (10). The approximation for EMA«* has a dif-
mentap’(r). ferent magnitude and is also out of phase, but that for our

The comparison of the approximate four potentials with@PProximate potential almost has the same magnitude and is
the DWBA four potential requires a partial wave expansionin phase. The discrepancy at large radii is due to lack of
since that is the only way the DWBA results can be obtained.
However, the partial wave expansion for these potentials is 1.0f
hardly possible because of thexp’)? terms in the expo-
nential. Traini et al. [13] expanded the exponential in a
power series up to the second order so as to use partia g
waves, but this series converges very slowly because the,
value of the phasb(r X p)? is greater than one for regions of =
space near the nuclear surface. Of course, the origin of our ¢
approximations was in a partial wave formalism, so we can
go back to that formalism and replace the exact phases anc—
radial wave functions by the approximate phases and wave -
functions to obtain a measure of the quality of our approxi- ¢
mations. Note, however, that obtaining the plane-wave-like &
form required some additional approximations including as-
suming that the asymptotic momentum transfeand the
phase factors in the approximate four potential do not explic-
itly depend on the incoming and outgoing electron spins.

With this caveat, we can compare various approximate . . , , ]
potentials that have been widely usgi®,13 and our ap- 0 5 10 15 20
proximate potential for selected multipoles. Figures 1 and 2 r (fm)
show the comparison of two scalar potentials with the
DWBA scalar potential by using the partial waves for differ- FIG. 2. The same as Fig. 1 with multipale= 15 andM =0.

05F 3

w(T))

imaginary
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complete convergence of theseries in the DWBA calcula- transforms are not azimuthally symmetric about the momen-
tion and does not play an important role in calculating thetum transfer directiom, and therefore contain dependencies
cross section since the bound nucleon wave function dropsn the outgoing nucleon azimuthal angle over and be-
very rapidly with radial distance. We conclude that our ap-yond the explicit dependencies shown in Ebl). However,
proximate potential is in quite good agreement with the exackome symmetry remains since bothxp;,’(r)]? and [r
potential calculated with partial wavé®WBA) for radial X p;/(r)]? are invariant under the transformatigh— — ¢
coordinates less than three to four nuclear radii, and hence ighich results in the nuclear structure being invariant under
good enough to replace the full DWBA calculation. We have¢,— — ¢ . The consequences of this additional dependence
confirmed with the aid of a simple modgd] that our ap- on ¢p will be discussed further in the next section.
proximate potential reproduces the cross section calculated
with the full partial wave result from DWBA quite well. We
will show more realistic comparisons in the following sec-
tions that do not utilize a multipole decomposition and there- A. Cross section in parallel and perpendicular kinematics
fore is a more direct test of the approximate Coulomb dis-
torted potential given in Eq10).

IV. RESULTS

In our analysis we are looking at one particular shell, and
trying to find the reduced cross sectipp, which for plane
waves in the final state is related to the probability that a
bound proton from a given shell with the missing momentum
pm can be knocked out of the nucleus with asymptotic mo-
Using the approximate Kier potential given in Eq(10) mentumP. The reduced cross section as a functiopgfis
it is straightforward to derive the cross sections fere(p) ~ commonly defined by
reactions from nuclei since apart from the modified spatial

Ill. APPROXIMATE COULOMB DISTORTED
CROSS SECTION

3
dependence the approximate potential has the same Dirac Pn(Pim) = il , (14)
structure as the plane wave/M& potential. The result is PEpoep dE;dQdQp
3
d°a PEp where the missing momentum can be determined by the ki-

somlv Rl +vrRr+c0s2ppvrrRTT

dEfdede: (2) nematicsp,,= P—q. The off-shell electron-proton cross sec-

tion o.p is not uniquely defined, but in all cases we use the
form oS given by DeForesf14].
There are two kinematical situations commonly used in

The electron structure functions are unchanged from(Byg. ) : . .
; . . . (e,e'p) experiments. They are parallel kinematics where the
but the nuclear structure functions, designated with a prim ; )
outgoing proton momenturA is along the momentum trans-

superscript, contain Coulomb distortion effects. They are defer q and perpendicular kinematics where the magnitude of
fined as in Eqs(3) and(4), except that the “Fourier” trans-

forms given in Eq.(5) become P is fixed, but the detec_ted pro_ton ma_kes an ar@@yvith
respect tog. In perpendicular kinematics, the magnitude of
' 2 2 P is usually equal to the magnitude @f All calculations will
’ ql’«(r) a [(8i+ 8t +Ai—Ap) 1 aid (1) 143 i i i
No:f ———| e GitotAimAn g ela’(n) g3 be carried out in the laboratory franfarget fixed framg In
A a’'(r) the parallel case, the three interference terms in @4)
disappear, while in the perpendicular case, all terms remain
:j el (GitortAi-Ang yeiq’(r>-rd3r, (120  except the fifth structure function which sums to zero for
’ unpolarized incoming electrons. Our approximate calcula-
tions for the €,e’p) reaction include the approximate phase
factors and the correction tertn by keeping the exponential
form and the transition matrix element is evaluated by three-
8=bg+b,[rXxp’(r)]2+bs[rxp’ (] dimensional integration since a multipole expansion is no
longer practical. We compare our results to the full DWBA
—arr A / 2 results [1,2] and the experimental data from NIKHEF
A=alr-p(r)][rxp’(r)]*. (13 [15,16 in Amsterdam. The electron incoming energy is
The result in Eq(11) is our primary finding. Our approxi- given byE;=412 MeV and_ the (_ejected proton kinet_ic energy
mate treatment of Coulomb distortion leads to a “plane-Tp=100 MeV. All calculations include the proton final state
wave-like” form for the cross section and thereby opens urmteragu_on by using a relativistic opncal potential obtained
the possibility of investigating the various “structure func- from fitting to elastic proton scattering déta]. _
tions” independently. Of course, these more generalized [N Figs. 3 and 4, we show two results corresponding to
“structure functions” do contain some dependence on thég)‘OCk'”g out a proton from asj;, shell and a &, shell in
electron kinematics, but with the use of theoretical nuclear PP for the case of parallel kinematics. For this kinematics,
models, this modification of the structure functions can behe proton momentun® is parallel to the asymptotic mo-
investigated. mentum transfeq which defines the axis and the missing
The charge transform in E¢l1) differs from the trans- momentump,, is also along they direction. The dotted line
verse current transforms since the continuity equation wags the PWBA result obtained by using a multipole expansion
used to eliminate the component of the current. Note that and doing the one-dimensional integration ovén the nor-
unlike the case for electron plane waves, the various curremhal way, while the dash-dotted line uses the approximate

+COS¢pULTR|,_T+ hSin¢pU LT’ RI,_T’]' (11)

N!

X,y

where the phase shiff and thead hocadditional phase\
are functions of given by
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FIG. 3. Reduced cross sections féPPb(e,e’p) from the
3sy, shell with parallel kinematics. The kinematics afe=412 FIG. 5. Reduced cross sections féf®Pb(e,e’p) from the
MeV, and proton kinetic energ¥,=100 MeV. The dotted line is 3Sy, shell with perpendicular kinematics. The kinematics are
the PWBA result and the dash-dotted lifvehich falls on top of if ~ Ei=412 MeV and proton kinetic energyp=100 MeV. The dotted
is the approximate DWBA result witd= 1. The dash-three-dotted line is the PWBA result, the dash-three-dotted line is the EMA-
line is the EMA«? result, the solid line is the approximate DWBA result, the solid line is our approximate result, and the dashed line is
result, the dashed line is the full DWBA result, and the diamondsthe full DWBA result.

are data from NIKHEF. The same spectroscopic factor of 71% is

used in all curves. the reduced cross section is smaller. The approximate

DWBA result breaks down rapidly beyond missing momen-
potential withZ=1 evaluated by three-dimensional numeri-tum p,=100 MeVk on the right side, but since
cal integration. They are in excellent agreemént better ~ 9=P—py,, positive p,, corresponds to small and we ex-
than 1%) as they should be since the approximate calculd€ct our approximation to become worse @rless than
tions approaches the plane wave resulZas0. The solid about 350 MeW as discussed in Sec. II.
line is our approximate Coulomb distorted result obtained by The EMA-«? result is lower by about 30% around the
numerical integration while the dashed line is the fullfirst peak than the full DWBA result. Note further that the
DWBA results obtained by using partial waves and multi-€lectron distortion affects the positive missing momentum
pole analysis. The dash-three-dotted line is the EMAe-  Pm and the negative,, differently. The negative,, region
sult also obtained by using three-dimensional integrationshows a large Coulomb distortion effect. Figures 5 and 6
The diamonds are data from NIKHEF. Note that the primaryshow the reduced cross sections fromy3 and 23, for
effect of Coulomb distortion is to shift the reduced cross?*®Pb for perpendicular kinematics. We chod®e g which
section by about 20 Me¥/in missing momentum to the marks the top of the quasielastic peak $ostates. The elec-
right as compared to the plane wave results. The approxiron angle corresponding to this momentum transfer is
mate DWBA results reproduce the full DWBA results well .=74° for E;=412 MeV and the ejected proton energy
around the first peak where the difference is less than 2%[ =100 MeV. The dotted line is the PWBA result, the solid
but deviate somewhat for large missing momentum wherdine is our approximate result, the dash-three-dotted line is

the EMA-«? result, and the dashed line is the full DWBA

100.0F . . . . . result. Since the momentum transfer is large;444 MeV/
100 E T T T T T
—~ 10.0F
. F
9 o
g >
3 o
& 2 10f :
soLop £
: “Pb(e,e'p) ] I
2da ] 208
Pb(e,e’
o 2dm( p)
01 --------- | IV | AN A Lo o0 a1 Loy non
—-200  —-100 0 100 20 300 1 ! | L . .
Pa(MeV/c) —-300 -200 -100 0 100 200 500

pa(MeV/c)

FIG. 6. The same as Fig. 5 except the;2 shell.

FIG. 4. The same as Fig. 3 except for thé;2 shell and the
EMA-«? result is not shown.
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1072 F mental data at large missing momentum quite well and
; should be compared to an analysis of this same reaction with
5l a nonrelativistic approach which uses a nonrelavistic current
10 "¢ E operator and finds it necessary to introduce many different
i ] two-body currents to even come close to the ddi@]. It
4] should be noted that our calculation only contains one free
g 10 3 3 parameter, the spectroscopic factor which is an overall scale
% - factor of 0.71 which had already been determingd4] by
% 10-oL | the low missing momentum data.
6 i B. Interference structure functions
10k E In previous worki4], the effect of Coulomb distortion on
; ] the magnitude of the fourth structure function was more than
107 T T TAT T DT 15% in %0, and more than a factor of 2 iR°%Pb. The
200 250 300 350 400 450 500 550 600 magnitude effect on the fifth structure function depends on

pn(MeV/c) the out-of-plane angle of the knocked out proton used in the
extraction and was more than 15% for a small arglg.,
° i 16 ; ; ;
3s,, shell for high missing momentum. The kinematics are 10°) data in O..que the structure funcuons_ appear in the
E,=487 MeV, momentum transfey=221 MeVk, energy transfer ~Cf0SS section with different electron kinematic factors, one
i ) ) . .

=110 MeV, and proton kinetic energj=100 MeV. The solid ~ ¢@n study them independently, but we will show below that
line is the approximate DWBA result, the dotted line is the PwBA the PWBA formalism is no longer valid in the presence of
result, and the diamonds are data from NIKHEF. A previously de-the static Coulomb field of the nucleus. Even though the
termined spectroscopic factor of 71% was used for both curves. Separation for the full DWBA calculation with a partial wave

expansion is not valid in the presence of the Coulomb dis-

th imat It ; h bett t -tH)rtion, it is pqssible tp calculate the fqurth and the fifth
¢, the approximate results are in much better agreement wi structure functions which embody left-right and up-down

the full DWBA results than those of the parallel kinematics . . :

case discussed above. The difference is less than 2% arou@‘aymmetnes of the cross section measured with respect to
the first peak as in the parallel case, and for both side regio e?m?:]%rget?\tg? t;atgiftesrtrilgtalfrtclao?ﬁrYgt(iaoﬁa"a:; dq%&cl)rtlgt)t/hz(i ge—
the deviation is around 5%. The positions of the maxima an PP '

minima are in the right places. The discrepancy between th}g‘yould correspond to a structure function extracted from ex-

2 ; o, Periment. In our model, we can also directly calculate the
DWBA result and the EMA«” result is greater than 30% “structure functions” as given by Eq3) when the distorted

around the first peak. These results confirm previous Obser‘_Fourier” transforms of Eq.(12) are used. One question is
vations that Coulomb distortion has smaller effects in PEr% what extent these two résults aqree w.ith each other
pendicular kinematics than in parallel kinematics. From Eqg.(1) one can see that thg fourth structure funétion
From these calculations of two different kinematic cases, qub btained . wallv b btracting th
for the (e,e’p) reaction, the approximate DWBA results re- -7 could be ob ame_ experlm_en ally by subtracting the
produce the full DWBA and the experimental results quiteCrOSS sections withpp=0 and ¢p= while keeping other

well, especially around the first peak. The effect of the Coy £lectron and proton kinematic variables fixed. The fourth ap-

lomb distortion on the cross section for a knocked-out protorfn zzrteintv\slittrrl:c:g;e ggﬁgot%ger;eorm:ennigrr?ytrtgr?slfgrt-gﬁgzzt?oszr?s-
from the 35,,, shell for 2°%Pb is almost 30% but that for y P

knocked-out from the @5, shell is only 10% as compared to given by
the PWBA calculation. ot — oR

In the past, é,e’'p) experiments in parallel kinematics ET:T’ (15
have been measured for the reduced cross section in the vLT
missing momentum range—50<p,<300 MeVLt at - . . -
NIKHEF. Recently, the range of the missing momentum haé/vhere L_(eft) indicates $p=0 and R (right) indicates

< / _ ¢p=m. The constanK = (PEp/27%) oy, and the electron
gSfenmee):]iesn?oidpfrpiﬁguIjroginhg;\;gﬁfg].(?r? e pr)1 evmvefé- structure function® are defined in Eq.(2)..The superscript
duced cross section was measured at momentum transfglmeans the apparent structure function includes the electron
q=221 MeVk, energy transfeiw=110 MeV, the kinetic oulomb distortion, and corresponds to what one would ex-
energy of the detected protof,=100 MeV, and incident tra_ct from experiment. If the incoming electron_beam is po-
electron energ¥; =487 MeV as shown in Fig. 7. The dotted Ianze_d h=1), one can extract the apparent fifth structgre
line is the PWBA result, the solid line is our approximate function by the up-down asymmetry of the cross section

FIG. 7. Reduced cross sections féPPb(e,e’p) from the

DWBA result, and the diamonds are the experimental datd"e" by

from NIKHEF [17]. Our result reproduces the measured re- U b

duced cross section very well although the momentum trans- R3. — g o (16)
fer q is small. A similar conclusion has beed drajir®] by LT" 2Kv | 1Singp’

the Madrid group using their DWBA calculation to analyze
this same data. The interesting physics point is that ouwhereU (up) means G ¢p<7 (above the planeand D
“single-particle” relativistic model reproduces the experi- (down means— ¢p (below the plang
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FIG. 8. The fourth structure function faP*®b(e,e’p) from the FIG. 9. The fourth structure function fd?*%b(e,e’p) for the

3syy, shell as a function of missing momentum. The kinematics aress, , orbit as a function of the polar angle of the ejected proton. The
Ei=500 MeV and proton kinetic energhp=100 MeV. The dash-  solid line and the dotted line are the direct and the apparent struc-
dotted line is the apparent structure function and the dotted line i§,o tunction with thez axis along the momentum transfgt(R)

the directly calculated structure function for the PWBAhich fall 54 the dashed line and the dash-dotted line are the direct and the

on t(_)p of ee_lch othgr The solid line is the ap_parent and the da.ShEdapparent structure function for the case of ztexis along the EMA
line is the directly calculated structure function for the approxmatemomemum,(o)

DWBA result, while the dash-three-dotted line is the apparent struc-

ture function for the full DWBA It. .
ure fnction for fhe T rest taken to lie alongq’'(R)=p;(R)—p;(R), where p’(R)

=p—V(R) andV(R) is the value of the Coulomb potential

bit of 2°%Pb with incident electron enerdy; =500 MeV as aE the , nucle?r surface,, and the second along
shown Fig. 8. The dotted line and the dashed line are thd (0)=pi (O)—pf(O)_, wherep (Q)_zp—V(O) andv(0) is
fourth structure functions calculated directly using Etg) the Coulomb potential at th_e origin. The secpnd case corre-
for the PWBA and the approximate DWBA result, while the spon_ds to the EMA approximation. We carr!ed out our ap-
dash-dotted line, the solid line, and the dash-three-dotted "n%roxmate DWBA Calcula}tlongofor both choices and show
are the apparent fourth structure functions from @) for (e results for the 8, orbit of *Pb in Fig. 9. The incident
the PWBA, the approximate DWBA, and the full DWBA €l€ctron energyE;=500 MeV, the proton kinetic energy
calculation, respectively. We compared our approximate p— 100 MeV, and the outgoing proton momentum is equal
DWBA calculation of the cross section to the full DWBA 0 the momentum transfey. The solid line is the directly
and found the difference to be less than 2% around the firggalculatedR{; and the dotted line is the apparent fourth
peak, and around 5% at the second peak. When Coulomdtructure function obtained when is along q'(R). The
distortion is included the directly calculated fourth structuredashed line is the directly calculat®&]; and the dash-dotted
function differs from the apparent fourth structure functionline is the apparent fourth structure function obtained by us-
by a factor of 3 at the peaks. Of course for the PWBA cal-ing q(0) to define thez axis.

culation the apparent fourth structure function agrees exactly When choosing the axis alongg’ (0), theapparent struc-

mléhst:]aengg?dCtlsi;gl[%Liil(6)1:16?ofror:;tl?s?r:rliJsCtrl]J(';el(f)Lrl]r:;Cetlro\?éI%Iei?]lrlt)f/{ eture function is out of phase with the direct structure function
presence of the electron Coulomb distortion for the fourthan_d the rpagr.ntude 'S ’suppressed at the f'rSt, peak, bl,jt by
structure functiorR, 1. Furthermore, while the effect of the USINg thez axis alongq’(R) the structure functions are in
electron Coulomb distortion is on the order of 30% for thePNase and the magnitudes are quite close. Thus, changing the
cross section, it changes the apparent fourth structure funé&axis to be along the direction of (R) permits the extrac-
tion by more than a factor of 2. tion of a fourth structure functioR| ;. Furthermore, choos-

In Fig. 8 the discrepancy between the directly calculatedng this differentz axis largely removes the Coulomb distor-
fourth structure functiorR; ; and the apparent fourth struc- tion effects on the fourth structure function, at least around
ture function for the approximate DWBA suggests that thethe first peak. From these results, we recommend that one
structure functions depend on the azimuthal angle of thean experimentally extract the fourth structure function by
ejected proton as expected. In order to reduce Ehis depe'&hoosing thez axis along the new modified momentum
dence, we investigated changing the definition ofztexis,  transferq’(R). Note that#p of the ejected proton in these
normally defined by asymptotic momentum transégrin  plots is the polar angle measured from the differently chosen
order to bring the apparent and direct structure functions int¢ gyes.

closer agreement. We considered two choices, one whisre Using a polarized incident electron beam and detecting

We extract the fourth structure functions for the;3 or-
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FIG. 11. The fifth structure function as a function of the azi-
FIG. 10. The fifth structure function fof*®b(e,e’p) from the  muthal anglegp for 2°%Pb(e,e’p) from the 35, shell and for
3s,;, shell as a function of the polar angle of the ejected proton. The'®O(e,e’ p) from the 1s,;, shell and the p;, shell. The dotted line
dotted line is the fifth structure function for the PWBA, while the is the fifth structure function for PWBA, the solid line is the fifth
solid and the dashed lines are approximate DWBA results with thetructure function with the axis along the asymptotic momentum
z axis along the asymptotic momentumand along the modified q, and the dashed line is for the case of thaxis along the mo-
momentum transfeq’ (R), respectively. mentum transfeq’ (R).

the knocked out proton out of the scattering plane, the fifttthe first peak position of the fifth structure function for the
structure functionR|;, can be extracted by measuring the Sy Orbit of 208F’b and thep,, orbit of 1°0, respectively, for
up-down asymmetry of the nuclear response. We also choodBese kinematics. The dotted line is the PWBA result and the
the incident electron enerds; =500 MeV, the proton kinec- solid line and the dashed IlneAare the approximate DWBA
tic energy T,.=100 MeV, and the momentum transfgr  results obtained by choosing thexis along the asymptotic
equal to the proton momentumfor this case. momentum transfelq and along the momentum transfer
We first look at the Coulomb distortion effect on the mea-q’ (R). The approximate DWBA calculation for th®, orbit
surement of the fifth structure function from ths;3 orbit of ~ of 160(e,e’p) in Fig. 11 reproduces the same shape as the
208pp at fixed proton azimuthal angls-=40° as shown in  full DWBA calculation [4] for the fifth structure function,
Fig. 10. The direct fifth structure function again agrees withbut both differ in magnitude from the plane wave result. In
the apparent structure function in PWBA calculation as exthis previous papef4], where the full DWBA calculation
pected. The dotted line is the fifth structure function for thewas applied to a particular case, it was concluded that ex-
PWBA, and the solid line is the fifth structure function with tracting the fifth structure functioR, ;. at ¢p=90° or aver-

the z axis along the asymptotic momentugrand the dashed 2ding overgyp largely removed the Coulomb distortion ef-
line is for the case of the axis along the modified momen- fects. Clearly that is not the case here. Therefore, it is not

tum transferq’ (R). We confirmed that the direct fifth struc- t;unio'\;]egznerél gtgftFt:ghgr?#lO?ren?Ng';toa:itr']ogofeﬁﬁcét 22202(_9
ture function agrees with the apparent structure function fof bp= ' ' 9

the approximate DWBA calculation as expected from ourind @ differentz axis does not help in removing the Coulomb

earlier observation that the approximate structure functiongffect for the fifth structure function unlike the case of the

when one calculatesY— o all other terms cancel leaving StI’L.JC.tUI’e function extracted by using the incident electron
helicity dependence or the up-down asymmetry agree exactly

, i ~ . as expected from thé,— — ¢p symmetry discussed earlier
R(r, changing the axis does not affect the shape and mag-j, the approximate Coulomb distorted form factors.
nitude and does not reduce the Coulomb distortion effect

significantly. Thus, one can experimentally extract a fifth
structure function without redefining theaxis. Of course,

only the RI'_T, contribution. Note that unlike the case for

V. CONCLUSIONS

Coulomb distortion clearly affects the magnitudeRjf;, as We have developed a plane-wave-like approximate solu-
compared to the plane wave res(iily approximately 30% tion to the Dirac equation in the presence of the static Cou-
for 20%pp). lomb field of a nucleus which agrees rather well with the

In Fig. 11, we show the fifth structure function as a func-exact partial wave solutions inside a sphere of approximately
tion of ¢p at fixed polar proton angleqyp=4°, for the three times the nuclear radius. The limited spatial range of
3sy, orbit of 2°%Pb and the &, orbit of 0, and the approximation is not a serious restriction for electron-
0p=14° for the Ip,,, orbit of %0. These polar angles are induced nuclear processes since the bound-state wave func-
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tions that enter any such process drop off exponentially outstructure function. For the fifth structure functid® ;,,

side the nuclear radiuR. Using this approximate wave ihare is no need to redefine thexis.

function, along with a few additional approximations, we e other major advantage of our approximate treatment
also obtained an approximate DWBA potential valid for mo-of coulomb distortion over the full DWBA partial wave cal-
mentum transfers greater than about 350 MeWhis ap-  cylation is that it is straightforward to apply it to higher
proximate potential has the same Dirac structure as the plangergies. The full DWBA calculation at higher electron en-
wave Mdler potential although it contains some spatially ergies requires more and more partial waves with increas-
dependent phase factors which destroy the azimuthal spatiaigly forbidding amounts of computer time needed. Using
symmetry about the momentum transfer directipiThe ba-  our approximate treatment, we do find it necessary to per-
sic ingredients in our approximate potential are the statidorm two additional numerical integrations over angular co-
Coulomb potential of the target nucleus and the elastic scaprdinatesd and ¢ in the interaction matrix element as com-
tering phase shifts for the incoming and outgoing electrorpared to a treatment that permits a multipole decomposition.
energies in this potential. However, these numerical integrations are not very time con-
We have compared wave functions, potentials, and crossuming and in a sense are just a replacement for summing
sections for thed,e’ p) reaction on nuclei in the quasielastic Over various intermediate angular momenta arising from an-
region calculated with our approximation and previous ap9ular momentum recoupling of the various partial wave ex-
proximations to the exact partial wave results. We find thaPansions of the wave function and transition matrix ele-
the previous approximate results are in serious disagreemefJiENts: In our particular case, we have an analytic result for
with the exact partial wave results. Our approximate resultd"® elegtrorjnagnetl(; potential so that the tfhrltlae-dlr’_n?nsmnal
are in good agreement with the full DWBA results, but havelntegra_tlon Is very fast as compared to a fu partial wave
. nalysis and the evaluation of thousands of radial matrix
a number of advantages over the DWBA results. The blggesiI ements
advantage is that the plane-wave-like structure of the ap- i

imate Coulomb distorted potential all tracti ¢ In conclusion, our approximate treatment of Coulomb dis-
proximate Loulomb distorted potential allows extraction Oly,jn for electron-induced nuclear processes involving con-

structure functions which are bilinear products of transforms;n,um nucleons works quite well and is particularly good

of the transition current components. However, unlike th&gs, momentum transfers greater than 350 Me\i permits

PWBA analysis, these transforms are not just Fourier transge extraction of “structure functions” which should prove

forms, but contain additional spatial dependence on the Kipf great use in analyzinge(e’ p) experiments at the Thomas

nematics resulting from the static Coulomb field of the targetjefferson National Accelerator Facility and other laborato-

nucleus_. _ _ ) _ ~ ries. Of course, it is an approximation and if one has very
In this paper, we investigated in some detail the extractiorhigh precision data it may be necessary to revert to the full

of the so-called fourth structure functid®] ; and fifth struc- DWBA calculation.

ture functionR/;, from the full cross section. We showed

that this is possible, particularly for kinematics where the ACKNOWLEDGMENTS
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