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Effect of final-state interactions in allowedb decays.
II. Reliability of the b-decay spectrum for T2
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The final-state distribution of HeT1 resulting from theb decay of molecular tritium has been investigated
with particular emphasis on its reliability in connection with the interpretation of the tritium neutrino-mass
experiments. This investigation concentrates on two aspects. First, the reliability within the sudden approxi-
mation is examined. This includes the extension of previously calculated final-state distributions to a larger
range of energy transfer, i.e., to an excitation energy of 800 eV, the investigation of the effect of nuclear
motion on the continuous electronic spectrum, and the use of improved basis sets. Second, themolecular
transition-probability spectrum~including electronic bound and continuous states! has been calculated for the
first time in a beyond sudden-impulse approximation. It is concluded that the concomitant corrections are too
small to explain the problems of recent experiments difficulties to extract the neutrino mass out of theb
spectrum of T2. @S0556-2813~97!06908-2#

PACS number~s!: 23.40.Bw, 14.60.Pq, 31.15.2p
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I. INTRODUCTION

Although the experimental detection of neutrinos was
ported four decades ago on the basis of neutrino-indu
b-decay reactions@1,2#, it is still not known whether neutri-
nos possess a nonzero rest mass or not. The question
possible rest mass of neutrinos is, however, of great inte
in many areas of physics, like nuclear and particle phys
astrophysics, and cosmology. It is also of paramount imp
tance for the further development of unification theories.

Because of the extreme penetrability of the neutrinos,
direct experimental detection of their rest mass is known
far. The simplest approach of an indirect measurement wo
be an accurate mass determination of all other particles
volved in ab-decay process. However, such a measurem
turned out to be not sufficiently accurate, and a better
proach is provided by the measurement of theb spectrum of
tritium close to its end point. As pointed out by Fermi@3#,
the shapeof the b spectrum is a function of the neutrin
mass~more accurately of its value squared!, and a possible
nonzero rest mass will show up most evidently close to
end point of the spectrum where nearly all of the energy t
is released in the decay is carried away by theb electron.
Actually, if the exact value of the energy release was kno
already the position of the end point itself would revea
possible rest mass of the neutrino.

If the decaying nucleus is part of an atomic or molecu
system, the situation becomes more complicated, since~due
to the decay process and the concomitant change of
nuclear charge of the decaying nucleus! the remaining mo-
lecular system can generally be left in any of its eigensta
with all possible excitation energies. This possibility of d
ferent energy sharings between theb electron and the re
maining ion causes a distortion of theb spectrum~compared
to the decay of an isolated, bare nucleus!. Since it has been
up to now experimentally impossible to perform a coin
560556-2813/97/56~4!/2162~23!/$10.00
-
ed

f a
st

s,
r-

o
o
ld
n-
nt
p-

e
t

,

r

he

s

dence measurement of theb electron and the molecular frag
ment~s!, the molecular final-state spectrum has to be o
tained from theory. Therefore, the precise evaluation of
probability distribution for the excitation of HeT1 is of ma-
jor importance for the interpretation of the experimental da
and hence for establishing reliable bounds for the neutr
mass@4,5#. In fact, the choice of T2 as radioactive source in
the more recent experiments~instead of the more compli
cated molecular systems used in the older experiments! is
very much guided by the idea that extremely accur
quantum-chemical calculations can be performed for
two-electron systems T2 and HeT1. Throughout the years
the experimental studies ofb decay from tritium sources
especially molecular tritium, have consecutively narrow
the upper boundfor the mass of the electronic antineutrin
which has been recently reported to be 7 eV@6# or even 4.5
eV @7#.

However, a shadow of doubt has been cast on the in
pretation of the tritium-decay experiments, since they se
to reveal an unphysical trend towards negative values of
square of the neutrino mass:mn

2,0. This surprising result is
possible since in these experiments the neutrino mass is
tracted from the comparison of the experimental spectr
with the theoretical one on the basis of a least-squares
wherein the value ofmn

2 is used as one of the free param
eters. The possibility of a~of course unphysical! negative
value ofmn

2 has been included in the fit procedure in order
obtain a well-defined definition ofx2 which specifies the
goodness of the fit. Ifmn

2 is restricted tomn
2>0, a satisfac-

tory fit cannot be obtained. Analyzing the residual spectr
of such a fit, the deficiency seems to indicate that the th
retically predicted molecular final-state distribution carri
too small probability~in certain energy ranges! compared to
the experimental findings@7,8#. It should be noted, however
that the shape, intensity, and position of the experime
2162 © 1997 The American Physical Society



v

le
al
e.
e

tri
n
-
ra
rn
ly
o
x
p
th
m

fa
t a
-
nt
th
o

om
h
ur
ib
c

l-
in

f
to
en
in

on
oo

b
b

m
r
he

of
ct

f
V
ta
e
te
s

d

ap-
s-

s to

mate
les
ex
oxi-
oxi-

ed
the
the

ose
o
cor-
, it
rable
s in

case
ems
-

the
en

lity
il.

the
of
n
eat-
with

nd
n-
ri-
ic

r-
d in

the
fly

d

56 2163EFFECT OF FINAL-STATE . . . . II. . . .
excess rate seem to vary for different experiments, and e
for different runs of the same experiment@8#. Nevertheless, it
has been argued that the reason for the encountered prob
might be due to a failure of the theoretically obtained fin
state spectrum of the HeT1 system entering the fit procedur
Therefore the reliability of this final-state spectrum will b
investigated in the present work.

An extremely accurate calculation of the final-state dis
bution of HeT1 within the sudden-impulse approximatio
has been reported in@9#. In that work the transition probabili
ties of the electronic bound states including their rovib
tional structure have been calculated within the Bo
Oppenheimer approximation with the aid of high
sophisticated quantum-chemical tools. The electronic c
tinuum, however, was at that time treated only in an appro
mate way by a ‘‘simple’’ discretization ansatz. Using an a
proach that is related to the complex-coordinate method,
transition-probability spectrum for the electronic continuu
of HeT1 was later improved@10#, but the fits of the neutrino
mass remained nearly unchanged@11#.

Since the extraction of the neutrino mass appears to
even though the theoretical spectra that are used in the fi
supposed to be highly accurate~i.e., its inaccuracy is sup
posed to be much smaller than imputed by the experime
excess rate!, one has to search for possible reasons. From
experimental point of view there is of course a number
potential sources for problems. The experiments are c
paratively complicated and a number of parameters suc
the exact content of the source, the energy loss in the so
and in the spectrometer, the resolution function, poss
sources for background, etc., have to be known very ac
rately.

From the theoretical point of view the molecular fina
state spectrum has been pointed out as the most prom
candidate for errors. Of course, another possible source
problems would be a failure of the Fermi theory, but up
now there seems to be no indication from any experim
that this might be the case. However, one may keep in m
that the validity of the Fermi theory of the weak interacti
has been mainly concluded on the basis of the overall g
agreement of theb spectra with the theoretical prediction.

Finally, the problem of determining the neutrino mass
the tritium experiments might be caused at the interface
tween the experimental and theoretical groups: i.e., one
ask whether the theoretical spectrum is appropriate fo
given experimental situation and whether it is utilized in t
appropriate way.

In this work we will concentrate only on the question
the reliability of the final-state distribution. Several aspe
have been raised in recent discussions~at a topical workshop
at Harvard University, 1996!.

~1! The possibility of excitations of states of HeT1 with
mÞ0 ~especially ofP states! has so far been neglected.

~2! The final-state spectra that have been reported so
for molecular tritium did not extend beyond about 165 e
Since the experimental groups suggest a ‘‘missing final-s
contribution’’ at energies above 100 eV and since in a rec
theoretical work@12# it has been suggested that a neglec
or wrong high-energy tail may influence the neutrino ma
extracted by fit, this tail has attracted some interest.

~3! The influence of nuclear motion has been neglecte
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the treatment of the electronic continuum of final states.
~4! All final-state distributions formoleculartritium have

been calculated so far only within the sudden-impulse
proximation. The validity of this approximation has been a
sessed mainly on the basis of calculations of correction
the sudden approximation foratomic tritium @13–18#. ~It
may be noted that there have been also attempts to esti
the corrections to the sudden approximation for molecu
@19,20#, but since in these works comparatively compl
molecules were considered, a number of additional appr
mations had to be made already within the sudden appr
mation.!

~5! Even though all of the atomic calculations report
here that have investigated higher-order corrections to
sudden approximation are in agreement with respect to
conclusion that these corrections are in fact very small cl
to the end point of theb spectrum, the obtained results d
not always agree and some confusion arose about the
rectness of including or omitting certain terms. In addition
may be erroneous to assume these results to be transfe
to the molecular case, since there are obvious difference
between the atomic and molecular cases: In the atomic
one encounters spherically symmetric one-electron syst
(T, He1), while T2 and HeT1 are two-electron systems pos
sessingD`h andC`v symmetry, respectively.

~6! Finally, the question of possible exchange between
b electron and one of the initially bound electrons has be
raised.

In this work we will mainly address questions~2!–~5!.
The energy range of the HeT1 final-state spectrum will be

extended to an excitation energy of 800 eV and its reliabi
will be investigated by a comparison to an atomic-type ta
In contrast to the previous work that was based on
clamped-nuclei approximation now also the influence
nuclear motion will be investigated. In order to improve o
the sudden approximation, we have used a perturbative tr
ment where the sudden approximation can be associated
the zeroth-order treatment in perturbation theory~see @21#
which we will in the following refer to as I!.

Based on a general relativistic expression~arising from a
perturbative treatment of the Coulombic interaction of theb
electron with the remaining particles for arbitrary atomic a
molecular systems! we present the first beyond sudde
approximation calculation of the excitation-probability dist
bution for HeT1. The treatment includes both the electron
bound and continuous states of HeT1. In order to obtain the
continuous distribution on the level of the first-order pertu
bation theory, we have extended the method presente
@10# along the lines outlined in@22# as to extract for the first
time interference terms occurring in a series expansion of
transition probability. Some of the results have been brie
summarized in@23#.

II. OUTLINE OF THE THEORY

A. b spectrum

A detailed derivation of theb-decay spectrum in a beyon
sudden-approximation treatment of theb decay of a nucleus
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2164 56ALEJANDRO SAENZ AND PIOTR FROELICH
embedded in an atomic or molecular system has been g
in I. We will report here mainly the final expressions a
concentrate on the application to the tritium neutrino-m
experiments. In addition, the involved approximations w
be discussed.

First of all, it is important to note that the ‘‘usual’’ con
ditions of tritium neutrino-mass experiments will be a
sumed, i.e., no detection of the neutrino and the final stat
the molecular system, no discrimination of the direction
the b electrons, and a random orientation of the decay
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nuclei. The decaying nucleus is assumed to be one of the
nuclei in a freely moving and isolated T2 molecule that is in
its rovibronic ground state. All possible deviations fro
these assumptions that may be encountered in an experi
thus have to be taken into account very carefully.

According to Fermi@3# the probability of detecting ab
electron within the kinetic energy intervalEb

kin1dEb
kin is

given by a product of kinematic factors and a sum over
probabilitiesPf (Eb) associated with different molecular ex
citations~see also I!,
dw~Eb
kin!

dEb
kin 5(

f

32p3

c5 pb Eb @~e2Ef 0
HeT1

!22mn
2c4#1/2~e2Ef 0

HeT1

!Q~e2Ef 0
HeT1

!Q~@e2Ef 0
HeT1

#22mn
2c4!Pf ~Eb! ~1!

5
32p3

c5 pb EbE
0

`

@~e2E!22mn
2c4#1/2~e2E!Q~e2E2mnc2!(

f
Pf ~Eb!d~E2Ef 0

HeT1

! dE. ~2!
ro-

n-
in-

ion
cts
n,
ve
e-

g
ost

ve
In
ar-

f-
In these equations Eb5Eb
kin1mec

2 and pb5

AEb
2/c212meEb are the total energy and the momentum

the b electron at the detector.e5Emax2Eb5Emax
kin 2Eb

kin is
defined as that amount of the total energy released in thb
decay that is not carried away by theb electron if the neu-
trino has no rest mass.Emax5mT2

c22m3HeT1c22Erec

2(E0
HeT1

2E0
T2) is the maximum total energy of theb elec-

tron in the case thatmn50 (Erec being the recoil energy

transferred to the molecular system andE0
HeT1

andE0
T2 being

the rovibronic ground-state energies of T2 and HeT1, respec-
tively!. It may be noted that in the case of a nonzero r
mass of the neutrinoEmax is not the experimental end poin
of the b spectrum, since the latter is given b
Emax

expt5Emax2mnc
2 ~where the same relation holds for the k

netic energies!.
The Heaviside step functionsQ(x) arise from constrain-

ing the energy and the momentum of the neutrino to phys
values in the integration over all possible momenta of

undetected neutrino, as it is discussed in I. SinceEf
HeT1

is the
energy of the final rovibronic state of the HeT1 molecular

ion, Ef 0
HeT1

5Ef
HeT1

2E0
HeT1

is the excitation energy of HeT1.
The ( f has to be understood as an infinite summation~inte-
gration! over all possible final states f of thecompositesys-
tem consisting out of theb electron and HeT1, where, how-
ever, the energy of theb electron is restricted toEb .

Equation~2! emphasizes the fact that theb spectrum does
not depend on the specific final state of HeT1, but only on
the total probability that a certain amount of energy is left
the internal~rovibronic! degrees of freedom of HeT1. Thus,
it is needed to evaluate the total probability connected t
certain energy value, but it is not needed to resolve energ
cally degenerate molecular final states which is especi
suitable in the case of multiply degenerate continua.

Finally, Pf (Eb) is the squared transition amplitude d
scribing theb decay, i.e.,

Pf ~Eb!5u^C f
~2 !uWiuF i&u2, ~3!
f

t

al
e

a
ti-
ly

whereWi is the weak-interaction operator for the decay p
cess,F i is the complete wave function of the T2 molecule in
its rovibronic ground state, andC f

(2) is a scattering wave
function of the complete system in the final channel co
strained to certain boundary conditions. These conditions
clude that theb particle has at the detector the energyEb ,

while HeT1 is left in the statef with the energyEf
HeT1

and
the energy of the neutrino fulfills the energy conservat
laws under these constraints. While the neutrino intera
with the remaining particles only via the weak interactio
the main problem in constructing a correct final-state wa
function arises from the long-range Coulombic forces in b
tween theb electron and the remaining ion. In the followin
section we will address the problem of obtaining the m
difficult part in Pf (Eb), i.e., C f

(2) .

B. Final-state interactions

1. Complete final-state wave function

One way to construct the many-body scattering wa
function is provided by the Lippmann-Schwinger ansatz.
this approach the final-state interaction is defined by the p
titioning of the total Hamiltonian, which can be done in di
ferent ways. If the complete HamiltonianH in the final chan-
nel is split into a sum of two operators,H5H01U f , the
scattering wave function can be written as

^C f
~2 !u5^F fu1^F fuU f ~E2H0!21u1••• , ~4!

where the wave functionsF f are now solutions toH0 , again
fulfilling the constraints that theb electron has in the
asymptotic limit the energyEb , etc.

In the case of theb decay the ‘‘unperturbed’’ Hamil-
tonianH0 may be written as

H05Hmol1Tb2
e2~ZA2ZA

eff!

r bA
, ~5!

while the operatorU f is given by
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U f 5H2H052
ZA

effe2

r bA
2

ZBe2

r bB
1

e2

r b1
1

e2

r b2
, ~6!

where A and B denote the decaying and spectator nuc
respectively. The two molecular electrons are labeled by
indices 1 and 2, whiler i j 5ur i2r j u. Hmol is the Hamiltonian
describing a freely moving HeT1 molecule andTb is the
Hamiltonian describing a freeb electron. The charge of th
spectator nucleus isZB51, but different values forZA

eff de-
fine the different partitionings of the total Hamiltonian.

The choiceZA
eff5ZA leads to a complete factorization o

F f into the productc f
HeT1

•fb describing a noninteracting
system consisting out of a HeT1 molecule in the statef and
a b electron. However, even in the case of a different cho
for ZA

eff the wave functionF f can be factorized to a ver
good approximation, although the coupling between theb
electron and all particles except the decaying nucleus
remains due to theshared interaction with the decaying
nucleus. Within the Born-Oppenheimer approximation
factorization is complete, and taking into account the c
plings between electronic and nuclear motion can be
pected to retain the factorized form to a very good appro
mation.

2. Final-state wave function for theb electron

Arafune and Watanabe@16# have adoptedZA
eff50 as is

usually ~but not at all necessarily! done also in treatment
within the sudden approximation. In this case the wave fu
tion of the b electron resembles~in the Born-Oppenheime
approximation! the scattering solution of a He1 ion ~even in
the molecular case!. The wave functionfb is in this case
identical to a Coulomb wave corresponding to the cha
ZA2ZA

eff52. Williams and Koonin@13# used, on the othe
hand,ZA

eff51, which yields the scattering function of atom
hydrogen as wave function for theb electron; i.e.,fb is in
this case identical to a Coulomb wave corresponding to
chargeZA2ZA

eff51. In I we have worked out explicitly the
caseZA

eff52 where the wave function of theb electron is the
one describing a free particle: i.e.,fb is given by a plane
wave.

The advantage ofZA
eff50 is that in this way the zeroth

order term obtained within a perturbational treatment is id
tical to the ~usual! sudden approximation, and most of th
final-state interaction is then already contained in the zer
order treatment. The advantage of the choiceZA

eff51 is, how-
ever, that no divergences occur in the calculation of the fi
order correction term~see@13# and I!. Finally, ZA

eff52 has the
advantage that the evaluation of the first-order correction
be done without additional approximations~or in a much
simpler way!, since only plane waves are involved in th
evaluation of the required matrix elements, while the ot
choices ofZA

eff require the use of Coulomb waves. Howev
if all terms in Eq.~4! are considered, the results obtained
different splittings should be identical. In a truncated serie
is, on the other hand, important to investigate the con
quences of different splittings, and this will be done in S
IV B 1.
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3. Molecular final-state wave function and the problem
of relaxation

After the discussion of the wave function of theb particle
we will now concentrate on the molecular final-state wa
functionc f

mol . In contrast tofb the molecular wave function
c f

mol is not affected by the different partitionings of th
Hamiltonian described in Eq.~5! if the coupling between
electronic and nuclear motion is neglected, i.e., if the Bo
Oppenheimer approximation is used.

c f
mol can be factorized ascpC

•c f
nuc

•c f
HeT1

, wherecpC
is a

plane wave describing the center-of-mass motion of He1

~in terms of its momentumpC!, c f
nuc is the nucleonicwave

function describing the final state of the nucleons of the3He

nucleus, andc f
HeT1

is the rovibronic wave function of HeT1

in terms of the internal coordinates. In the following we w

concentrate on the rovibronic wave functionsc f
HeT1

.

Besides the practical problem of evaluatingc f
HeT1

for all
possible final states including the ones lying in the contin
there is also the question of what is really meant by a m
lecular ‘‘final’’ state. As will be discussed in the following
the definition of the molecular final state adopted in th
work is different from the one that would be experimenta
detectable if one would measure the molecular final sta
and not only the energy of theb electron.

If the experiment would discriminate different molecul
final states, e.g., by a coincidence measurement, possibl
ternal relaxation channels of the HeT1 molecule like disso-
ciation, radiative deexcitation, etc., would have to be cons
ered in order to obtain the true, experimentally detecta
final-state distribution. A similar situation is encountered
experiments that measure the sum of theb energyand the
energy released in the relaxation process as is the cas
experiments where the tritium source is contained in the
tector ~see, e.g.,@24,25#!.

In the usual case of tritium neutrino-mass experime
that do not resolve the molecular final states~and where the
relaxation energy is not transferred to the detector as in@24#!
the problem of relaxation is more subtle, since one is o
interested in the effects that will influence the single quan
that is measured, i.e., the energy of theb electron. However,
as long as theb electron interacts with the remaining ion
there is a possible energy exchange. Thus the internal re
ation of HeT1 during its interaction time with theb electron
has to be taken into account. If the complete wave funct
C f

(2) is constructed, the complete interaction of theb elec-
tron with the remaining system would be included. In a tim
dependent picture, that would include the whole time inter
from the decay up to infinity~which corresponds approxi
mately to the time of detection!. In a time-independent pic
ture this involves the whole position space. However, t
truly completeC f

(2) would have to be a solution of a Hami
tonian that contains also the part that allows for radiat
transitions. If this part is omitted, already all possible rad
tive relaxation channels of the excited states of HeT1 are
ignored. If the molecular part of the Hamiltonian is approx
mated additionally by the use of a clamped-nuclei desc
tion ~setting all nuclear masses equal to infinity!, also
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2166 56ALEJANDRO SAENZ AND PIOTR FROELICH
dissociative relaxation channels, etc., are completely
glected.

On the other hand, it will be a good approximation
ignore the influence of internal relaxation processes on thb
spectrum if the interaction time~or volume! of theb particle
with the remaining system is small compared to the rel
ation time. Since theb electron departs with a kinetic energ
of 18.6 keV close to the end point of theb spectrum, it is
normally assumed that theb electron really leaves theeffec-
tive interaction range sufficiently long before the internal
laxation channels~e.g., the deexcitation of an electronical
excited state of HeT1 via fluorescence! come into action.
However, if this relaxation~e.g., the fluorescence proces!
takes place after the interaction of HeT1 with theb electron
is terminated, theb electron will not be affected and thus i
energy will remain unchanged. Therefore, such an inte
molecular relaxation after the interaction time will not infl
ence theb spectrum.

The usual measure for the time scales~defining, on the
one hand, the internal relaxation processes and, on the o
hand, the leaving of the interaction range by theb electron!
is the ratio of the velocity of theb particle to the one of the
‘‘molecular’’ electrons. Thus, the ‘‘final’’ states considere
here are in fact the states in which the HeT1 system is left at
the time when the interaction with theb electron is assumed
to be terminated~at least to a sufficiently good approxima
tion, since this interaction does not really vanish fast enou
due to the peculiarities of the Coulomb interaction and
zero rest mass of the photon!.

However, this will usually not be the state of HeT1 that
would be measured in an experiment resolving the ‘‘tru
molecular final-state distribution, and that would be obtain
after ~some! relaxation has occurred.~The only exception is
the case where the HeT1 ion is left in its rovibronic ground
state when theb electron leaves the interaction range.! The
degree of relaxation that has to be taken into account in o
to predict the experimental molecular final-state distribut
depends of course on the time between the decay and
measuring process of the molecular fragments.

It is important to note that the type of relaxation chann
included in the treatment will be defined by the level
approximation used for the molecular HamiltonianHmol . Of
course, only those channels~radiative, dissociative, etc.! that
are included inHmol can have an influence on the calculat
b spectrum, and this influence is conveyed to theb electron
via its ~Coulombic! interaction with the remaining molecula
ion. Since the Lippmann-Schwinger approach in Eq.~4! is a
series expansion in this interaction, the effect of the rel
ation channels on theb spectrum will depend on the numbe
of expansion terms that are included in the calculation.
example, on the level of the sudden approximation where
interaction between theb electron and the molecular ion i
completely neglected~i.e., if ZA

eff52 is used!, there is no
influence of the relaxation processes on theb spectrum pos-
sible.

An important consequence of this discussion is that if
effects of the interaction of theb electron with the remaining
system are found to be small, then the influence of inter
molecular relaxation processes on theb spectrum can be
expected to be even smaller.
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After having discussedC f
(2) , we will now return to the

evaluation of the decay rate given in Eq.~2!.

C. Born series for the transition probability

Applying now the factorization into molecular and lep
tonic wave functions and separating out also the center
mass motion of the molecule as well as the nucleonic w
function describing the motion of the nucleons within t
nuclei, Eq.~2! can be written as~cf. I!

dw~Eb
kin!

dEb
kin 5A f~pb!E

0

`

@~e2E!22mn
2c4#1/2 ~e2E!

3Q~e2E2mnc2! Ĩ ~E,Eb!dE, ~7!

where

A5
1

2p3c5 uTweaku2 ~8!

and

f ~pb!5pb Eb F~ZA52, pb!5pb Eb

2pZAh

e2pZAh21
, ~9!

with the ~nonrelativistic! Fermi functionF(ZA52, pb) and
the Sommerfeld parameterh52e2me /pb . The matrix ele-
ment uTweaku2 is the squared weak transition-matrix eleme
for theb decay, averaged over final nucleonic states and
directions of theb electron. It is important to note that fo
tritium decay the nucleonic matrix element~and thusA! is
assumed to be constant.

Finally,

Ĩ ~E,Eb!5
I ~E,Eb!

F~ZA52, pb!

5
1

F~ZA52, pb! (
f

uTf i~Eb!u2 d~E2Ef 0
HeT1

!,

~10!

is the~squared! molecular transition amplitudeTf i contribut-
ing to a given energyE divided by the Fermi function. The
inclusion of the Fermi function facilitates the discussion
the results of a beyond sudden-approximation treatmen
terms of the more familiar sudden approximation, since
the latter case the prefactorA f(pb) for Z52 is usually
adopted@cf. Eq. ~7! with, e.g., Eq.~5! in @6#!.

Inserting the Lippmann-Schwinger ansatz@Eq. ~4!# into
I (E,Eb) @defined in Eq.~10!# gives

I ~E,Eb!5(
f

~ uTf i
~0!u212 Re$Tf i

~0!* Tf i
~1!%1uTf i

~1!u2

12 Re$Tf i
~0!* Tf i

~2!%••• ! d~E2Ef 0
HeT1

! ~11!

[I ~0,0!~E,Eb!1I ~0,1!~E,Eb!1I ~1,1!~E,Eb!

1I ~0,2!~E,Eb!••• , ~12!
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where the superscriptsj characterize the order of th
transition-matrix elementTf i

( j ) . Since the expansion is pe
formed with respect to the Coulomb interaction between
b particle and the remaining ion, the amplitudesTf i

( j ) are
expected to be of orderh j whereh is the Sommerfeld pa
rameter that is a measure of the Coulombic interaction
has been defined before. Thus the termsI ( j ,k)(E,Eb) are ex-
pected to be of orderh ( j 1k). The termI (0,0)(E,Eb) corre-
sponds due to the pointlike nature of the weak interaction
the sudden approximation.

D. Sudden approximation

1. Influence of the recoil

The explicit form of the first term in Eq.~12! is given by
~see, e.g., I!

I ~0,0!~E,Eb!5F~ZA2ZA
eff , pb! (

f
d~E2Ef 0

HeT1

!

3u^c f
HeT1

ueiKr CAuc0
T2&u2 ~13!

5F~ZA2ZA
eff , pb! (

f
d~E2Ef 0

HeT1

! Pf
~0,0!~K !

~14!

5F~ZA2ZA
eff , pb! I mol

~0,0!~E,K !, ~15!

wherec f
HeT1

andc0
T2 are the complete~rovibronic! molecu-

lar wave functions of a~bound or continuous! final statef of
HeT1 and the initial ~ground! state of T2, respectively.
K52(pb1pn) is the recoil momentum andC denotes the
center of mass of the molecule. To evaluate Eq.~13! the
approximation

Kr CA5K S rBA1
me

mB
@r1A1r2A# D'Kr̃ BA , ~16!

where

r̃BA5
mB

mA1mB12me
rBA , ~17!

is usually adopted. It can be shown~see, e.g., I! that the main
effect of this approximation is a neglect of excitations
states of symmetry different fromS symmetry in the case o
molecular tritium~S symmetry in the case of atomic tritium!
within the sudden approximation. In addition, it has be
shown that this is an effect of the order (meK/mB)2 which is
in the case of tritium approximately equal to 4.531025. In
view of the present experimental accuracy effects of th
size should be negligible.

The probabilitiesPf
(0,0)(K ) in Eq. ~14! @within the ap-

proximation given in Eq.~16!# have been calculated ver
accurately within the Born-Oppenheimer approximation
@26# for the five most important electronic bound states
HeT1. In this work we will not improve on the bound-sta
results within the sudden approximation; instead, we will
concerned with the transitions into the electronic continu
of states. Here, a full treatment of the rovibrational moti
e

d

to

f

n

e

f

e

within the Born-Oppenheimer approximation as has be
done for the five electronic bound states in@26# would be,
however, extremely complicated. Additionally, it is a no
trivial question as to how such a calculation for the co
bined electronic and nuclear continuum should be p
formed. Therefore, one may simplify Eq.~13! even further
by approximating the effects of nuclear motion on the tra
sition probability. In the following, two alternative ap
proaches will be discussed. The main difference betw
them is that the first one includes the effect of nuclear mot
without broadening of the spectrum with respect to the
ergy, while the second approximation will yield an energe
cally broadened spectrum.

2. Closure approximation

The first approach is based on the fact that the transi
probability to a certainelectronic staten can be correctly
given ~using closure! as ~see@27# or I!

Pn
~0,0!5(

J,v
Pf

~0,0!~K !5E
0

`

Sn0~R!uj0~R!u2dR. ~18!

In this equation(J,v stands for the summation over all dis
crete and continuous rovibrational states belonging~within
the Born-Oppenheimer picture! to the electronic staten.
R5urBAu is the internuclear distance,j0(R)/R the radial
nuclear wave function of a T2 molecule in its rovibronic
ground state, andSn0(R) is the electronic overlap matrix
element between the electronic wave functionsfn of HeT1

andw0 of T2 depending parametrically onR,

Sn0~R!5^fn~R!uw0~R!&. ~19!

The disadvantage of calculatingPn
(0,0) instead ofPf

(0,0) is that
it is an integrated transition probability and thus the ene
information @needed for the analysis of the neutrino-ma
experiment: cf. Eq.~13!# is lost, since the probabilityPn

(0,0)

can be distributed arbitrarily over all possible rovibration
states$J,v%. Even the evaluation of the correct average e
citation energy would require exactly the knowledge of th
distribution and requires thus a full calculation of all pro
abilities Pf

(0,0) . The most natural choice for associating
approximate mean excitation energyĒn0 to Pn

(0,0) is probably

Ēn05E
0

`

En0~R!uj0~R!u2dR. ~20!

The evaluation ofPn
(0,0) ~andĒn0! may be further simpli-

fied by the following consideration. It is always possible
expressuSn0(R)u2 in terms of an~infinite! polynomial inR,
and therefore
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Pn
~0,0!5E

0

`S (
l 50

`

clR
l D uj0~R!u2dR ~21!

5(
l 50

`

clE
0

`

Rl uj0~R!u2 dR ~22!

5(
l 51

`

clR
l1c0 ~23!

is obtained. In Eq.~23!, Rl denotes the expectation value
Rl for the rovibrational ground state of T2. If the matrix
elementsuSn0(R)u2 depend onR ~at least to a good approxi
mation! linearly, one finds combining Eqs.~18! and~21! the
special relation

Pn
~0,0!'c1R̄1c05uSn0~R̄!u2, ~24!

i.e., it is sufficient to evaluate the electronic matrix eleme
at the equilibrium distanceR̄ of the T2 molecule. The value
R̄51.4283a0 ~wherea05 4pe0\2/mee

2 is the Bohr radius!
has been reported in@28#.

Because of the compactness ofj0(R), it is actually suffi-
cient to include in the integration overR only the range
0.6a0<R<2.4a0 . It may be noted that the linear approxim
tion has already been used in@27# for the transitions to two
electronic bound states of HeH1. In that work the linear
behavior ofuSn0(R)u2 for these states has also been dem
strated within a small range ofR close toR̄.

Finally, if the potential curve for the electronic groun
state of T2 is approximated by a harmonic potential,R̄5R0
is obtained whereR0 is the minimum of the potential curve
An identical result is evidently obtained if a clamped-nuc
approximation is used from the beginning. The only diffe
ence is that in the harmonic approximation the zero-po
vibrational energy should be considered. However,
pointed out before, the definition of the excitation ener
corresponding to an electronic state becomes dubious w
all calculations based on the closure approximation. This
biosity is not contained in the clamped-nuclei approximati
however, the energies might be incorrect.

Since the transition probabilitiesPn
(0,0) connected to five

electronic bound states have been calculated very accur
in @26# ~including the complete treatment of the rovibration
final states!, one may use these results in order to improve
the approximation given in Eq.~24!. An effective value ofR,
i.e., Reff , can be obtained by minimizing

f rel~R!5
1

5 (
j 51

5 UPj
~0,0!2uSj 0~R!u2

Pj
~0,0! U ~25!

with respect toR. The improvement of usingReff instead of
R̄ should be that it partly compensates the deviation of
electronic matrix elements from linear behavior inR and the
otherwise omitted influence of the final rovibrational sta
on the transition probabilities. When applyingReff one has of
course to rely on the assumption that the electronic bou
state transition probabilities are representative also for
s

-

i
-
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s

y
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u-
;
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l
n

e

s

d-
e

transitions into the electronic continuum. Additionally, su
a treatment only makes sense iff rel(Reff) is found to be sat-
isfactorily small.

There is no reason to expect that the internuclear dista
Reff ~found for the transition probabilities! is also optimal for
obtaining approximate excitation energiesEn0 . Thus one
may search for a valueReff8 that minimizes

f rel8 ~R!5
1

5
(
j 51

5 UĒj 02uEj 0~R!u2

Ēj 0
U , ~26!

where the mean excitation energiesĒj 0 can be obtained from
the energy-resolved spectra~of the five most-important
bound states! given in @26#. The final spectrum could then b
constructed fromuSn0(Reff)u2 andEn0(Reff8 ).

In order to evaluate the molecular transition-probabil
density in the electronic continuum of states we have, ho
ever, adopted a method where the total transition-probab
density at a given energy is obtained without explicitly c
culating the transition probability to a specific final state~see
@10#!. Briefly, we evaluate

Ī mol
~0,0!~E,R!5(

n
d„E2En0~R!… uSn0~R!u2. ~27!

Thus, within the electronic continuum of states~where final
states from different branches can contribute to the proba
ity at a given excitation energyE! it is not possible with our
method to resolve these final states. Since for the analys
the tritium neutrino-mass experiments it is not needed
resolve molecular final states that are energetically dege
ated @cf. Eq. ~2!#, this is no problem. However, it is the
obviously not possible to evaluate the transition probabilit
and excitation energies at two different values ofR, i.e., at
Reff andReff8 , respectively.

In conclusion, within the closure approximation the tra
sition probabilityI mol

(0,0)(E,K ) @see Eq.~15!# is approximated
as

I mol
~0,0!~E,K !'@ I mol

~0,0!~E,K !#clos[ Ī mol
~0,0!~E,R!

5(
n

uSn0~R!u2 d„E2En0
HeT1

~R!…, ~28!

whereR might beR0 , R̄, or Reff .
It is important to note that the name ‘‘closure approxim

tion’’ for the approximation described by Eq.~28! might be
misleading. There is no approximation involved in perform
ing the closure leading to Eq.~18!, but there is a loss of the
information about the energy distribution of the probabilitie

Thus, the approximation lies in the use ofd(E2En0
HeT1

) in-

stead of d(E2Ef 0
HeT1

) for the analysis of the tritium
neutrino-mass experiment@cf. Eq.~14!#. In addition, we have
extended this approximation by the assumption that the p
abilities ~and excitation energies! behave linearly inR which
allows us to evaluate them atone single value ofR, as is
expressed by Eq.~24!.
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3. Reflection approximation

Another approach to include the effects of nuclear mot
is known as the reflection approximation and is derived
@29#. This approach is only valid for a bound initial state a
dissociative final states and is based on the analysis of
nuclear wave functions of such a dissociative state.

Since the electronic motion is much faster than
nuclear one, it may be assumed that the transition from
initial T2 state to the final HeT1 state occurs to a good ap
proximation without a change of the internuclear distance
now the final state has purely dissociative character, the
dial part of its nuclear wave function will have its large
amplitude close to the classical turning point~i.e., at the
Born-Oppenheimer potential curve! and then an oscillatory
behavior up to infinity. The overlap of such a dissociati
nuclear wave function with the bound wave function descr
ing the rovibrational ground state of T2 will thus be nonzero
only for values of the internuclear distanceR close to the
classical turning point of that specific nuclear final-sta
wave function. Thus it may be assumed that for a giv
internuclear distance only one of the rovibrational states
longing to a certain Born-Oppenheimer curve will contribu
to the transition probability. If the recoil operator is n
glected, the rotational state will not change in the transiti
Therefore, the energy of the excited rovibrational state
approximately identical to the energy of the potential cu
at the considered value ofR.

On the other hand, the main effect of the recoil is
excitation of higher-lying rotational states, as can be s
from the results of the explicit calculations for the dissoc
tive, but electronically bound states of HeT1. In our approxi-
mation this may be considered by assuming that the fi
rovibrational state is not the rotational ground state, but~in
the case of HeT1! the rotational state corresponding
J'23. This may be taken into account by simply shifting t
final-state energy byEshift5EJ5232EJ50'1.3 eV @12#.
Within this approximation one obtains

@ I mol
~0,0!~E,K !# refl5E

0

`F(
n

d„E2~En0
HeT1

~R!1Eshift!…

3uSn0~R!u2uj0~R!u2GdR ~29!

5E
0

`

Ī mol~E2Eshift ,R! uj0~R!u2 dR.

~30!

One may try to improve on this approximation by obtaini
Eshift from the probability distribution that has been calc
lated in@26# for the most important electronically bound, b
dissociativestates using a fit procedure. It may be noted t
by obtaining an overall energy shift based on the calcula
in @26# has another important advantage. In this way
zero-point energy of both calculations will automatically
adapted, and thus it will be possible to consistently comb
the bound-state calculation of@9# with our calculation of the
electronic continuum. Equation~29! is thus changed into
n
n

he

e
e

If
a-

-

n
e-

.
is
e

n
-

al

t
n
e

e

@ I mol
~0,0!~E,K !# refl5E

0

`F(
n

d„E1E82En
HeT1

~R!…

3uSn0~R!u2uj0~R!u2GdR, ~31!

where E85E0
HeT1

2Eshift . The value E0
HeT1

5280.897 24
eV @26,9# has been used, andEshift is obtained with respect to
this value.

There are two main advantages of the reflection appro
mation compared to the result obtained by the closure
proximation given in Eq.~28!. First, the excitation energie
are well defined and the energy broadening due to
nuclear motion is—at least approximately—taken into a
count, while in the closure approximation the whole pro
ability connected to one electronic transition is put at o
energy valueĒn or En(R). Second, if the spectrum is inte
grated overE, one finds@cf. Eqs.~29! and ~18!#

E @ I mol
~0,0!~E,K !# refldE5(

n
E

0

`

uSn0~R!u2uj0~R!u2dR

5(
n

Pn
~0,0! . ~32!

Evidently, within the reflection approach no approximati
is made in respect toPn

(0,0) ; only its energy distribution is
approximated.

The reflection approximation will, however, only work
the electronic final states of HeT1 have purely dissociative
character within that range of internuclear distancesR for
which uj0(R)u2 is significantly larger than zero. Fortunatel
this is the case for all but the electronic ground state
HeT1, and for the latter state a complete treatment ex
already. Another disadvantage of the reflection approxim
tion is that the calculation is much more laborious than
corresponding calculation within the closure approximatio

E. Beyond the sudden approximation

1. Previous results for atomic tritium

Even if the transition probability within the sudden a
proximation can be calculated to a sufficient accuracy, o
may wonder about the validity of this approximation. Fro
the viewpoint of perturbation theory the largest correction
I (0,0)(E,Eb), i.e., of orderh, should be expected from th
second term in Eq.~12!, I (0,1)(E,Eb). Williams and Koonin
@13# were the first who attempted to evaluate this term@to-
gether withI (1,1)(E,Eb)] for atomic tritium as a function of
the atomic excitation energyE. However, the approximation
to perform closure over the ~virtual! intermediate
states of He1 yielded an overestimation o
I (0,1)(E,Eb)1I (1,1)(E,Eb) by about a factor of 10, as pointe
out by Arafune and Watanabe@16#. On the basis of certain
assumptions it was demonstrated analytically in that w
that in the case of aone-electron atom the term
I (0,1)(E,Eb) is only of order h2 and proportional to
I (0,0)(E,Eb). However, this proportionality is only yielded
by adding two different terms that, considered separately,
not proportional toI (0,0)(E,Eb). Since the closure approxi
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2170 56ALEJANDRO SAENZ AND PIOTR FROELICH
mation used in@13# yielded a cancellation of one of thes
two terms, the proportionality toI (0,0)(E,Eb) was not found.
On the other hand, since the experiments do~so far?! not
detect absolute intensities, only overall corrections to
sudden approximation that effectivelyredistributethe final-
state probabilities of HeT1 ~compared to the sudden approx
mation! are of interest for this type of experiments.~This is
of course different, if one is, e.g., interested inf t values.!

In order to emphasize the redistribution compared
changes that are proportional to the sudden approxima
the results of beyond sudden-approximation calculations
tritium were usually presented after renormalizing the to
distribution to the one obtained within the sudden appro
mation. However, this point has not always been apprecia
and thus some additional confusion arose by compa
renormalized with nonrenormalized results. The obvious r
son for this misunderstanding is that in the case of exp
ments that analyze the total~integrated! transition probability
~aiming for example forf t values!, also proportional change
induced by higher-order corrections have to be included
the analysis.

It is important to note that, if the correction to the sudd
approximation is found to contain a proportional and a n
proportional contribution, both terms have to be includ
before the renormalization is performed. However, the p
portional term will contribute to a possible redistributio
only via the nonproportional part and thus its effect will
determined by the magnitude of this nonproportional te
~see the Appendix!.

Considering the problem of calculating the corrections
the sudden approximation for arbitrary atoms, Durand a
Lopez @30,31# have derived explicit expressions for the
corrections within a relativistic treatment of theb particle
and the neutrino, and some approximations that are ma
based on the consideration of the size of different terms.
result obtained in that work allows us to treat the atom
electrons on any level of approximation. However, their de
vation is formulated for atoms, not for molecules. In ad
tion, explicit expressions are derived only for theL50 com-
ponent of the partial-wave expansion of theb particle’s wave
function, and this wave function is assumed to be a pl
wave. While taking the nonrelativistic limit of their expre
sion, the authors were able to confirm the result given
Arafune and Watanabe for the specific case of the triti
atom. However, it may be noted that the reported numer
value is much larger than the one given by Arafune a
Watanabe. It seems very probable that the value given
@31# has to be understood as being the magnitude of
overall change without renormalization to the sudden
proximation.

The main outcome of all atomic works~despite obvious
discrepencies in the quantitative results! is that the term
I (0,1)(E,Eb) is found to be of orderh2, while it would be
expected that it should be of orderh. In addition,
I (0,1)(E,Eb) turned out to be purely proportional t
I (0,0)(E,Eb).

The mathematical reason for the surprising result t
I (0,1)(E,Eb) is of orderh2 and noth is given by the fact that

according to, e.g.,@31#, the productTn0
(0)* Tn0

(1) reveals the
structure
e
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Tn0
~0!* Tn0

~1!5^cn
He1

uc0
T&* (

j 8
^cn

He1
uDuc j 8

He1

&^c j 8
He1

uc0
T&

~33!

5^cn
He1

uc0
T&* (

j 8
~h2^cn

He1
uDRuc j 8

He1

&

1 ih^cn
He1

uDI uc j 8
He1

&! ^c j 8
He1

uc0
T&, ~34!

whereD5h2DR1 ihDI is some complex operator andDR
andDI are purely real ones. The statesj 8 occurring in these
equations are~virtual! intermediate states arising from th
Born-type expansion of the final-state wave function. Ho
ever, the wave functions of a one-electron system~that can
be given analytically! are either purely real~bound states! or
contain only anr -independent overall complex phase~the
Coulombic phase shift! that can be taken out of the integra

tion overr and cancels out, since bothcn
He1

andc j 8
He1

occur
always pairwise in the formc timesc* . Therefore, one finds

Re$Tn0
(0)*Tn0

(1)%}h2 and Im$Tn0
(0)*Tn0

(1)%}h. Since only the real par

of Tn0
(0)* Tn0

(1) contributes toI (0,1)(E,Eb) @see Eq.~11!#, one
finds in the atomic caseI (0,1)(E,Eb)}h2.

2. Comparison of the atomic and the molecular problem

Since changes in the final-state distribution that are o
of orderh2 are expected to be too small to be of importan
for the analysis of the present experimental data and e
cially too small for explaining the excess rates that are fou
in the experimental studies, the most interesting questio
answer seems to be whether also for the case of molec
tritium only corrections of order h2 occur. Since
I (0,1)(E,Eb) is the only term that can be of orderh, the main
motivation for this work has been to investigate if the sa
properties, i.e., magnitude of orderh2 and proportionality to
I (0,0)(E,Eb), which are found for the one-electron T atom
are also valid for the two-electron molecule T2. Of course, it
is worth noticing that either large terms or a large number
terms of orderh2 could also yield a substantial redistributio
of the final-state distribution, and therefore one may inve
gate also this possibility, requiring a consideration of
terms of orderh2.

What are the main reasons to believe thatI (0,1)(E,Eb)
might be substantially different in the molecular case co
pared to the atomic case?

First, already for many-electron atoms electronic~au-
toionizing! resonances exist in the electronic continuum
states. These wave functions cannot just be described
the aid of a real one-electron wave function times an ove
complex phase describing the Coulombic phase shift,
they are intrinsically complex. If these phases arer depen-
dent, they cannot be taken out of the integral. Thus, the
sulting complex matrix elements, i.e., the overlap matrix
ements and the ones of theDI operator, cannot be expecte
to possess the same phase factor. Thus both theDR and the
DI terms in Eq.~34! could be complex and their real par
would contribute toI (0,1)(E,Eb). In this case a contribution
of orderh could occur. The intrinsic complexity of the wav
function might be even enhanced if the case of the auto
izing state of a molecular system is considered. In addition
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has been reported in@10# that within the sudden approxima
tion more than 8% of the total transition probability is co
tained in such autoionizing states in the case of HeT1 which
is more than half of the overall probability in the continuum
~It may be also noted that in the case of the decay of ato
T, where of course no such resonances occur, the ov
continuous contribution is less than 3%.!

Second, HeT1 belongs to the symmetry groupC`v while
the He1 ion belongs to the spherical symmetry group. Co
sider now Eq.~33! under the assumption thatD5D(r ) is a
one-electron operator~or a sum of one-electron operator!
that has no spherical symmetry and can be expressed
linear combination of all possible partial waves$L,M %, as is
the case for theeikr operator. For any atomic decay the pro

uct Tn0
(0)* Tn0

(1) in Eq. ~33! is nonzero only if all three states 0
j 8, n that are involved have the same symmetry, since o
erwise one or both of the overlap matrix elementsSn0 or Sj 80
would be zero. However, if the statesj 8 andn have the same
symmetry$ l ,m%, only the totally symmetric component~par-
tial wave with L5M50! of the operatorD(r ) can give a
nonzero matrix element̂nuDu j 8&. Thus it is sufficient for
atoms to consider only the totally symmetric part of the o
eratorD.

However, in the molecular case the situation is differe
For molecular tritium—even though it possesses still co
paratively high symmetry—the1Sg

1 ground state of T2 lim-
its the statesj 8 and n of HeT1 to 1S for nonzero overlap
matrix elementsSn0 andSj 80 . However, in the partial-wave
decomposition ofD all terms withM50, but arbitrary value
of L, can give nonzero matrix elements^nuDu j 8&. The con-
sideration of only the partial wave withL5M50 in the
evaluation ofI (0,1)(Eb) is thus not automatically justified in
the molecular case.~In the case of more complex molecule
than T2 even the limitation toM50 will break down.!

Third, as was already noted in@16#, the comutator relation
that was derived in that work and showed convincingly
proportionality of I (0,1)(E,Eb) to I (0,0)(E,Eb) is only valid
for the very specific case of a one-electron atom.

In the derivation ofI (0,1)(E,Eb) and I (1,1)(E,Eb) that is
described in detail in I we have chosen to follow the prin
pal concept~valid only for atoms! behind@31#, since it has
the advantage of transparancy and generality. We have
tended that concept in order to obtain explicit expressions
all partial waves ~and not only the special one wit
L5M50! and to become applicable to any molecular s
tem ~and not only to atoms!. In addition, we felt it is impor-
tant to discuss carefully every approximation that is includ
and even to suggest possible tests of the validity of th
approximations. Even though the main intention was a ca
ful investigation of the tritiumb decay, the generality of the
approach should allow its application to a number of rela
problems~like the question off t values or neutrino-induced
b decays!.

3. Corrections to the sudden approximation for T2

A full derivation of the higher-order corrections to th
sudden amplitude, i.e., ofI (0,1)(E,Eb) and I (1,1)(E,Eb), is
given in I. Since the effect of nuclear motion and the rec
on the sudden amplitude is comparatively small~1–2 % rela-
tive changes for the electronic bound states compared
.
ic
all

-

s a

-

-

t.
-

e

-

x-
or

-

d
e

e-

d

il

a

clamped-nuclei calculation@26#! and since there seems to b
no reason to believe that this will be drastically different
the case of higher-order corrections, we will simplify th
calculation by using the closure approximation for interm
diate and final rovibrational states. As outlined in I, it
possible to improve on this by taking the nuclear motion~at
least approximately! into account, but this seems to be a
propriate only if the corrections within the closure appro
mation turn out to be significant.

If only the terms up to the second order with respect to
Sommerfeld parameterh are taken into account, if only the
first term of a Taylor expansion of the occurring logarithm
term is considered, and if again it is assumed that theb
electrons emitted in all directions or from a source conta
ing randomly oriented molecules are detected, the intere

ence termPf i
(0,1)(pb)52 Re$Tfi

(0)*Tfi
(1)% is given by~see I!

Pf i
~0,1!~pb!'F~ZA2ZA

eff ,pb! $@Pn
~0,1!~pb!#el

1@Pn
~0,1!~pb!#nuc%, ~35!

where

@Pn
~0,1!~pb!#el5e2 ReH (

n8
^w0ufn&^fnu(

k51

Ne

i
2Eb

pbc2 ln
r Ak

a0

2
Ēn,n8

HeT1

Eb
2

pb
2c4 r Ak2S Eb

pb
2c2 1

1

Eb
D

3
1

r Ak
ufn8&^fn8uw0&J ~36!

and

@Pn
~0,1!~pb!#nuc5e2u^w0ufn&u2FZAS 8Eb

ppbc2 1
8pb

3pEb
D

1ZBS Eb

pb
2c2 1

1

Eb
D ^j00

0 u
1

R
uj00

0 &G . ~37!

It may be noted that Eq.~35! differs from the corresponding
equation in I by the appearence of the Fermi function, but
ZA

eff52 ~as adopted in I! one hasF(ZA2ZA
eff , pb)51. In the

cases whereZA
effÞ2 there are, however, three more appro

mations included in the derivation of Eq.~35!. First, the in-
tegration overrb , the position-space coordinate of theb
electron, has been performed by approximating the Coulo
bic waves by plane waves. Second, in the integration ove
possible virtual momenta of theb electron it has been as
sumed thatF(ZA2ZA

eff , pb8)'F(ZA2ZA
eff , pb) wherepb8 is the

momentum of theb electron created in a~virtual! interme-
diate state. Third, in this case the relationEb

2Þpb
2c21me

2c4

is only approximatively valid, since theb electron has now
also a nonzero potential energy. On the other hand, non
these three approximations have to be made forZA

eff52, since
then theb electron is correctly descibed by a plane wav
Because of the structure ofPf i

(0,1)(pb) in Eq. ~35!, one finds

I ~0,1!~E,Eb!5I nuc
~0,1!~E,Eb!1I el

~0,1!~E,Eb!. ~38!
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2172 56ALEJANDRO SAENZ AND PIOTR FROELICH
In the case of tritium it is sufficient to consider the no
relativistic limit of Eq. ~38!, since the kinetic end-point en
ergy is about 18.6 keV and thus one hasEb'mec

2. Conse-
quently, one has~using atomic units wheree5me51 and
c'137.036!

Eb

pbc2 '
1

pb
52h and S Eb

pb
2c2 1

1

Eb
D'h2. ~39!

Thus, one obtains

I nuc
~0,1!~E,Eb!'I ~0,0!~E,Eb! ^j00

0 u2ZA
effF 8

p
h1

8

3p

1

hc2G
1ZBh2

1

R
uj00

0 & ~40!

and

I el
~0,1!~E,Eb!'F~ZA2ZA

eff ,pb!

3(
n

ReH(
n8

Sn0* ~R! Dnn8~R! Sn80~R!J
3d„E2En0

HeT1

~R!…, ~41!

with

Dnn8~R!5^fn~R!u(
k51

2 F2h2S 1

r Ak
2r Ak Enn8

HeT1

~R! D
22h i ln

r Ak

a0
G ufn8~R!&. ~42!

Again, R is either R̄, R0 , or Reff of T2. For consistency
reasons,I (0,0)(E,Eb) in Eq. ~40! should be evaluated within
the approximation given in Eq.~28!.

When Eq.~38! is compared with the corresponding equ
tion for a one-electron atom, one notices two differenc
First, in the electronic part@Eq. ~42!# a sum has to be per
formed over the electrons that were initially bound in T2.
However, the type of the matrix elements is otherwise co
pletely identical. Second, in the nuclear part@Eq. ~40!# there
is now a contribution arising from the ‘‘spectator’’ nucleusB
that is of course absent in an atom. Compared to the res
given by Arafaune and Watanabe~or Durand and Lopez! one
notices in addition the occurrence of a term that is prop
tional to ZA

eff . Since this term depends on the decayi
nucleus, it is also present in the atomic case. However, s
Arafaune and Watanabe choseZA

eff50, it is ~correctly! miss-
ing in their treatment. However, as will be explained lat
the occurrence of this term may give some insight regard
the magnitude of the corrections to the sudden approxi
tion.

Since the only structural difference of the matrix eleme
in the molecular case compared to the atomic one is
occurrence of the contribution of the term arising from t
spectator nucleus, and since this contribution is obviously
order h2, one can already now exclude one of the thr
-
.

-

lts

r-

ce

,
g
a-

s
e

f
e

possible reasons for obtaining a different result
I (0,1)(E,Eb) in the molecular compared to the atom
case: There will be no effect of orderh caused by the non
spherical symmetry of the molecule. Thus it remains to
vestigate the possible effect of the resonant continuum
well as the question of strict proportionality t
I (0,0)(E,Eb). This investigation will be done by calculatin
I (0,1)(E,Eb) explicitly. Before displaying and discussing th
results, a brief overview of the computational details will
given in the next section. As will be seen, the calculation
I el

(0,1)(E,Eb) for final states lying in the electronic continuum
will require an extension of the complex-scaling method
become applicable to the extraction of interference terms

III. COMPUTATIONAL DETAILS

A. Calculations within the sudden approximation

In order to evaluate the molecular final-state distributi
within the sudden approximation, we have used mainly
apparatus presented in@10#. Thus, for a given internuclea
distance a configuration-interaction~CI! calculation in
prolate-spheroidal coordinates with explicitly correlated b
sis functions is performed. For electronic bound states
probabilities were calculated with the aid of the program t
has been written and used by Kołoset al. in their calcula-
tions reported in@32,9,26,33#. For the electronic continuum
the method reported in@10# was used and its detailed de
scription will be presented elsewhere. In order to check
reliability of the results of the previous work and to exte
the range of the considered excitation energy, the prog
has further been modified to allow now for 400 basis fun
tions.

For the T2 ground state we have used 104 basis functio
and the~R-dependent! nonlinear parameters given in@34#.
The largest integer exponents of the electronic coordinatej i
andh i ( i 51,2) were 6, and the powers ofr 12 were limited to
0, 1, and 2. In the considered range of internuclear distan
the ground-state energies obtained~in the clamped-nuclei ap
proximation! with this basis set are21.174 471 7Eh ~at
R51.40a0!, 20.769 625 9Eh ~at R50.60a0!, and
21.102 415 3Eh ~at R52.40a0!. These values may be
compared to the corresponding best available theore
data, i.e., 21.174 475 7Eh ~at R51.40a0!,
20.769 635 3Eh ~at R50.60a0!, and21.102 422 6Eh ~at
R52.40a0! @33#.

In the case of HeT1 the situation is more complicated
since one has to aim for one basis set that is capable
describing the whole continuum as accurate as poss
since it would be difficult to optimize the basis set for eve
state separately. In addition, in order to describe the cont
ous spectrum up to 800 eV, a reasonable number of st
within this energy range is needed. Thus, there have b
two reasons for extending the basis set from 200 to 400 b
functions. First, we wanted to investigate the convergenc
the previous results. Second, the extension to higher ex
tion energies requires more states within that energy ran

We have chosen the same nonlinear parameters as in@10#
~given in Table I of that work!. Again we have used two set
of nonlinear parameters and thus two basis sets. Howe
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56 2173EFFECT OF FINAL-STATE . . . . II. . . .
since the parameters of basis set 2 in@10# turned out to give
in general better results, we will refer in this work to th
basis set with that nonlinear parameters as basis set 1, w
the nonlinear parameters corresponding to basis 1 in@10#
will now define basis 2. Different from the basis set for T2,
the nonlinear parameters of both basis sets for HeT1 were
kept unchanged for different values ofR. The main difficulty
was to include 200 more combinations of integer expone
without running into numerical problems due to linear d
pendences. While enlarging the basis set, it was experie
that the polynomial fit that is used in order to extrapolate
Hamiltonian matrix elements into the complex plane~see
@10#! is a good indication whether the basis set is close
linear dependencies or not. If this was the case, the le
squares fit immediately reported a large number of ma
elements that could not be fitted satisfactorily according
the NAG library routineE04HFFthat has been used.

In order to evaluate@ I mol
(0,0)(E,K )# refl given in Eq.~29!, the

radial Schro¨dinger equation for the nuclear motion of T2 has
been solved numerically with the aid of programLEVEL6.0

@35# using the Born-Oppenheimer potential curve given
@36#. With the aid ofĪ mol

(0,0)(E,Rj ) calculated at either 45 or 5
discrete valuesRj , @ I mol

(0,0)(E,K )# refl has been calculated b
approximating the integral in Eq.~30! by a sum using the
weights wj5Nuj0(Rj )u2DRj where N has been chosen i
such a way that(wj51 is fulfilled. The distribution of the
Rj values ranged fromR50.6 a0 to 2.4a0 with varying dis-
tances so that the range with the largest values ofuj0(R)u2

was covered most densely. The weight factors forRmin and
Rmax were less than 1.0310210, so that the contribution from
R values outside the considered range can be seen t
negligibly small.

It turned out that due to the sharp structure of the re
nances and due to their strong dependence onR, an ex-
tremely fine mesh would be needed in order to get rid
spurious spikes that are caused by the use of a sum inste
an integral. This problem was overcome by either binn
the spectrum or smoothing it out by first binning and th
performing a spline. Of course, in both cases the resolutio
limited by the size of the bins, and no structure with
smaller width can be visible from such a spectrum.

B. Calculation beyond the sudden approximation

As is transparent from Eq.~38!, the interference term
I (0,1)(E,Eb) is a sum of a nuclear and an electronic term, i
ile
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one term that arises from the Coulombic interaction of theb
electron with the nuclei and one term that arises from
interaction with the two~initially ! bound electrons. The
evaluation of these two terms will be discussed separatel
the next two subsections.

1. Nuclear term Inuc
(0,1)(E,Eb)

As can be seen from Eq.~40!, the electronic matrix ele-
ments contained in the nuclear term are identical to the o
occurring for the sudden amplitude. Their evaluation h
been already described in the last section. The remain
task is thus the evaluation of

Dnuc~ZA
eff ,ZB ,h!5^j00

0 u2ZA
effF 8

p
h1

8

3p

1

hc2G
1ZBh2

1

R
uj00

0 & ~43!

52ZA
eff F 8

p
h1

8

3p

1

hc2G
1ZBh2 ^j00

0 u
1

R
uj00

0 & ~44!

52ZA
eff F 8

p
h1

8

3p

1

hc2G
1ZBh2 R21. ~45!

For the rovibrational ground state of T2 the value
R2150.705 671 3a0

21 has been reported in@28#. In later
works the potential curve for T2 has been slightly improved
by the same authors, but it can be expected that the v
given in the earlier work should still be more than accur
enough for our purposes.

2. Electronic term Iel
(0,1)(E,Eb)

Two problems have to be solved to obtainI el
(0,1)(E,Eb).

First, in contrast to the sudden amplitude where only over
integrals were involved, one has now to calculate three ty
of matrix elements that occur in Eq.~42!:
(
n8

Dnn8Sn8052h2S (
n8

^fnu(
k51

2
1

r Ak
ufn8&^fn8uw0&1(

n8
Enn8

HeT1

^fnu(
k51

2

r Akufn8&^fn8uw0& D
22ih(

n8
^fnu(

k51

2

ln
r Ak

a0
ufn8&^fn8uw0& ~46!

52h2S ^fnu(
k51

2
1

r Ak
uw0&1(

n8
Enn8

HeT1

^fnu(
k51

2

r Akufn8&^fn8uw0& D 22ih^fnu(
k51

2

ln
r Ak

a0
uw0&. ~47!
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2174 56ALEJANDRO SAENZ AND PIOTR FROELICH
The 1/r Ak matrix elements are of course proportional
the nuclear-attraction integrals with respect to nucle
A53He. They are therefore already contained in the co
puter code for evaluating the CI matrix. However, only t
complete matrix of the potential energy~nuclear attraction in
respect to both nuclei and electron-electron repulsion! is eas-
ily accessible. Thus a similar procedure as in@37# has been
adopted. In particular, it is possible to extract the 1/r Ak ma-
trix elements out of the potential-energy matrices for t
different chargesZA . Of course, such procedure can only
applied if matrix elements between HeT1 wave functions are
considered. Thus, Eq.~46! instead of Eq.~47! has to be used
The correctness of the extraction procedure has been te
by evaluating these matrix elements also directly by a se
rate program where, however, the simplification was int
duced that only basis sets with even powers ofr 12 were
allowed.

Since in the prolate-spheroidal coordinate system
which the wave functions are expressed one
r Ak50.5R(jk1hk), it is possible to reduce these matrix e
ements to a linear combination of overlap integrals where
integer exponents ofjk or hk are changed. This is also tru
for the case when antisymmetrized basis functions are c
sidered.

Finally, one is left with the integrals of the ln(rAk/a0) op-
erator. In this case two approaches have been tried, bu
both cases the basis sets were of the simplified type;
only even powers ofr 12 were allowed. In the first approac
the two-dimensional integration overjk andhk ~k51 or 2!
has been performed numerically. Alternatively, the ln(rAk/a0)
has been expanded in a Taylor series which results in
~infinite! number of products of simple one-dimensional
tegrals. The latter approach revealed, however, very s
convergence, so that it was only used for the purpose
checking.

While the problem of evaluating the integrals between
basis functions is of numerical nature, a more fundame
aspect had also to be considered: How can the matrix
ments be evaluated in the case when the intermediate or
states are lying in the electronic continuum? In contras
the sudden approximation where the absolute square
matrix element was required, one has now to evaluate
interference term between two amplitudes. Even though
problem of obtaining interference terms within the comple
coordinate method has been considered in@22#, no imple-
mentational details were given and so far it has not b
applied.

C. Calculation of interference terms
between scattering amplitudes

In order to evaluate the interference term between
zeroth-order and first-order amplitudes in the electronic c
tinuum we will build on the same idea that was used for
s
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calculation of the transition probability within the sudde
approximation in@10#. We may recall the following three
basic ideas of that approach.

First, in the case of areal function F(E) one has the
relation

F~E!5
1

p
ImH lim

e→0
E

a

b F~E8!

E2E81 i e
dE8J . ~48!

Second, in order to obtain the transition probability, one m
defineF(E) as

F~E!5u^fEuw0&u25^w0ufE&^fEuw0&, ~49!

which automatically fulfills the requirement thatF(E) be
real.

Third, introducing a discrete representation of the co
tinuous states by using a finite basis set requires the app
tion of the complex-coordinate method in order to obtain
nonzero transition probability

Ī mol
~0,0!~E,R!5

1

p
ImH (

n

^w0
u* ufn

u&^fn
u* uw0

u&

E2En
u J , ~50!

wherefn
u andEn

u are thecomplexwave functions and energ
eigenvalues obtained from the dilated matrix eigenva
problem

H~u! cn
u5En

u S cn
u , fn

u5hcn
u , ~51!

within the ~real! basish. In Eq. ~50! we have used the nota
tion

^fn
u* u5@cn

u#T hT. ~52!

In order to evaluate the interference term we may n
defineF(E) as

F~E!5ReH(
n8

^w0ufE&^fEuDufn8&^fn8uw0&J ~53!

5Re$^w0ufE&^fEuD̃uw0&% ~54!

5
1

2
~^w0ufE&^fEuD̃uw0&

1^w0uD̃* ufE&^fEuw0&!, ~55!

with

D̃5(
n8

Dufn8&^fn8u. ~56!

@It may be noted that closure cannot be automatically p
formed in Eq.~56!, sinceD contains one term that depend
on En8 .# Introducing a finite basis set and applying th
complex-scaling method gives
I el
~0,1!~E,Eb!5

1

2p
ImH (

n
(
n8

^w0
u* ufn

u&^fn
u* uD~u!ufn8

u &^fn8
u* uw0

u&1^w0
u* ufn8

u &^fn8
u* uD* ~u* !ufn

u&^fn
u* uw0

u&

E2En
u J , ~57!
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TABLE I. Total transition probabilities~in %! connected to five electronic bound states of HeT1 with 1S
symmetry. First column: probabilities calculated atR051.40a0. Second and third columns: probabilitie
calculated at the effective internuclear distanceReff51.431a0 for basis sets 1 and 2, respectively. Four
column: results within the reflection approximation. Last column: transition probabilities obtained in a
plete treatment of the rovibrational initial and final states~taken from@26#!.

n
Pn

(0,0)(R0)
~Basis 1!

Pn
(0,0)(Reff)

~Basis 1!
Pn

(0,0)(Reff)
~Basis 2!

@Pn
(0,0)# refl

~Basis 1! Pn
(0,0) @26#

1 58.238 57.430 57.423 — 57.412
2 16.808 17.418 17.422 17.346 17.357
3 7.878 7.752 7.754 7.758 7.762
4 0.805 0.790 0.790 0.782 0.777
6 0.930 0.914 0.923 0.916 0.901
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D~u!5DR~u!1 iD I~u! and D* ~u* !5DR~u!2 iD I~u!.

~58!

IV. RESULTS

A. Sudden amplitude

The discussion of the results within the sudden appro
mation will split in three parts: the electronic bound stat
the energy range close to the ionisation threshold tha
dominated by the electronic~autoionizing! resonances, and
the high-energy range~above 100 eV!.

1. Electronic bound states

Since the transition probabilities to the five most impo
tant electronic bound states of HeT1 have been calculate
very accurately within the sudden approximation~including
a full treatment of the rovibrational structure of the initi
state and the final states! @26#, those results will be used in
this work to obtainReff and Eshift which are needed for the
approximate treatment of the nuclear motion in the electro
continuum. In addition, the transition probabilities to t
electronic bound states will serve as an indication for
accuracy of the adopted approximations for treating
nuclear motion.

Within the closure approximation described in Sec. II D
one has to evaluate firstReff by minimizing f rel(R) @see Eq.
~25!# with respect toR. In this fit procedure the five mos
important electronic bound states of HeT1 have been used
The probabilitiesPn

(0,0) were taken from@26#, whereas the
quantitiesSn0(R) have been calculated in this work with th
aid of the basis sets described in Sec. III A. The va
Reff51.431a0 is obtained with both basis sets. The avera
relative error for the five transitions @defined as
f rel(Reff)3100 %# is 0.67% for basis set 1 and 0.89% f
basis set 2. The smallness of these errors indicates tha
choice of Reff is ~at least for the five bound states! well
justified; i.e., it is possible to adopt the approximati
I mol

(0,0)(E,K )' Ī mol
(0,0)(E,Reff) @anticipated in Eq.~28!#. This can

also be seen from Table I wherePn
(0,0) ~from @26#! and

Pn
(0,0)(Reff) ~calculated in this work! are compared for five o

the six lowest-lying1S statesn of HeT1.
i-
,
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The value that has been found forReff is very close to the
mean internuclear distance of the T2 molecule in its rovibra-
tional ground state, i.e., toR̄51.428a0 ~reported in@28#!.
Since the T2 ground state has its minimum at a smaller val
of R than the bound states of HeT1, a shift to a~slightly!
larger value than 1.428a0 can be expected—and it has be
found. The sensitivity of the results with respect to t
choice of R can be estimated from the value
f rel(R051.4)3100%52.55% and f rel(R̄51.428)3100%
50.69% ~both values obtained for basis set 1!. Evidently,
the difference between the use ofReff and R̄ is negligible,
while the use ofR0 is not a very accurate approximation
since the overlap matrix elements are sensitive to change
the internuclear distance that are of the size 0.01a0 . This is
evident from Table I wherePn

(0,0)(R0) is also given. Finally,
the basis-set convergence can be estimated from a com
son of the values found forPn

(0,0)(Reff) for the two basis sets
~see Table I!.

In order to evaluate the transition probability according
the reflection approximation@Eq. ~30!#, the transition prob-
abilities Ī mol

(0,0)(En ,R) have been evaluated for the secon
third, fourth, and sixth lowest-lying electronic1S states as a
function of the internuclear distance (0.6a0<R<2.4 a0).
With these values the approximate spectru
@ I mol

(0,0)(En ,K )# refl has been obtained using Eq.~29!. The elec-
tronic ground state has not been included in this proced
since it does not show a dissociative behavior at theR range
of interest. Thus, the reflection approximation cannot be
plied. The fifth electronic state is excluded, since it has
been rovibrationally resolved in@26# due to the smallness o
the transition probability connected to this state.

@ I mol
(0,0)(E,K )# refl has been smoothed out by applying firs

binning and then a spline-interpolation procedure, as
been described in Sec. II D 3. The convergence of the sp
trum has been investigated by applying two different gr
for R and by using different bin sizes. Since in@26# the
probability density is numerically given only for a sma
number of energies, also that spectrum has been spline i
polated. The energy shiftEshift51.75 eV @see Eq.~31!# has
been obtained by a fit procedure using the spectrum ca
lated within the reflection approximation and the one o
tained by a full treatment of the rovibrational degrees
freedom@26#.
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In Fig. 1 the probability density@ I mol
(0,0)(E,K )# refl ~per eV!

obtained by the reflection approximation~this work! is com-
pared to the one that has been obtained in a full treatmen
the rovibrational motion@26#. The very good agreement i
obvious. Evidently, the applied energy shiftEshift is able to
compensate most of the error that is introduced by the
glect of the recoil momentum in the zeroth-order transit
amplitudes. The value that has been found forEshift , i.e.,
1.75 eV, is comparable to the one estimated in@12#. Note
that this energy shift contains also a contribution that co
pensates the zero-point energy of the electronic ground s
of HeT1 missing in our calculation and automatically com
pensated for byEshift .

Since the probabilities calculated within the reflection a
proximation are obtained from calculations performed a
number of different internuclear distances, the accuracy
our calculation with respect to the quality of the basis
may be estimated from the integrated probabilitiesPn

(0,0) ob-
tained within the reflection approximation@see Eq.~32!#. In
Table I these values~obtained for basis set 1! are compared
with the corresponding ones given in@26#. Note that accord-
ing to Eq. ~32! the deviations are only due to the use
different basis sets. In this work only one set of nonline
parameters for all states and values ofR has been used, while
in @26# the nonlinear parameters had been optimized for
ery state and every value ofR separately. The good agree
ment that is nevertheless found demonstrates the flexib
of the basis set.

2. Low-energy range of the continuous excitation spectrum

In a previous work@10# we have reported a calculation o
the transition probability in the energy range from the io
sation threshold up to an excitation energy of HeT1 of about
90 eV. In @10# the clamped-nuclei approximation has be
used. Thus,Ī mol

(0,0)(E,R0) had been calculated forR051.4 a0 .
The energy range was chosen to display mainly the reso
part of the spectrum, since it was felt that this part had

FIG. 1. Probability densities for the transitions to the seco
third, fourth, and sixth1S electronic states of HeT1. Solid curves:
rovibrationally resolved spectra as reported in@26#. Dash-dotted
curves: transition probabilities within the reflection approximati
~using an energy shift of 1.75 eV!. ~All curves are spline interpo-
lated.!
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been sufficiently described before. We will now improve
those previously reported results by investigating the eff
of nuclear motion.

The transition probability to the electronic continuum
HeT1 up to about 50 eV above the ionization threshold e
hibits very large contributions from autoionizing states.
fact, two-thirds of the probability within this range are co
tained in such resonances@10#. Since the resonant contribu
tions are so large in the molecular final-state spectrum of
b decay of T2, it is important to apply a method that i
capable of describing the situation of a strong coupling
tween continuous and resonant parts. The comp
coordinate method@38–40# ~see also@41–43# and references
therein! has proved to be successful in handling such sit
tions in the case of two-electron atoms@44,45#. In @10# this
method had been successfully extended to diatomic m
ecules.

In Figs. 2 and 3 we compare the results obtained with
complex-coordinate method~for the two basis sets 1 and 2!
to the ones that are obtained~with the same basis sets! with
a ‘‘simple’’ discretization of the continuum as it has bee
performed in@9#. In the discretized spectra the probabili
connected to the continuum is distributed in a number

,

FIG. 2. Molecular final-state probabilitiesPn
(0,0) in the electronic

continuum of HeT1 calculated by a ‘‘simple’’ discretization ap
proach with two basis sets~for R51.40a0!. In order to distinguish
the results for the two basis sets,2Pn

(0,0) is plotted in the case of
basis 2. The upper and lower plots differ only by the display
range of probabilities.
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discrete lines. The total number of lines is identical with t
total number of eigenvalues~in this case identical to the
number of basis functions that are included in the calcu
tion!. The position and intensity of the lines are eviden
basis-set dependent. Although the two lowest-lying re
nances show up as dominant contributions even in the
cretized spectrum, neither their position nor their intensity
in good agreement when calculated with two different ba
sets. AtR51.40a0 the intensities are, e.g., 2.63%~basis 1!
compared to 2.21%~basis 2! for the first resonance an
4.98%~basis 1! compared to 3.88%~basis 2! for the second
resonance. The broadening of the resonances due to
finite lifetime as well as their interference with the nonres
nant continuum is of course also absent in such a discret
spectrum.

The spectrum calculated within the complex-scali
method exhibits, on the other hand, a smooth backgro
and ~half-life! broadened resonances that show the inter
ence effect with the background~Fano shape!. It may be
noted that this interference effect leads to a nearly vanish
intensity in the energy range just above the second reson
~see especially the lower plot in Fig. 3!. The main advantage
of the complex-coordinate method is, however, that the
tained spectrum is to a good approximation basis-set in
pendent, provided the basis set is of sufficient quality. Thi

FIG. 3. Molecular probability densityĪ mol
(0,0)(E,R51.40a0) cal-

culated in this work with basis 1~solid curve! and basis 2~dashed
curve!. The upper and lower plots differ only by the displayed ran
of probabilities.
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evident from comparing the spectra obtained for the two
sis sets employed in this work~see Fig. 3!. Only minor de-
viations are found, which should be confronted with the d
ferences in the discretized spectra~Fig. 2!.

The enlargement of the basis set compared to the
adopted in a previous work@10# yielded an improvement in
two respects. First, both sets of nonlinear parameters~basis 1
and 2! yield now very similar and stable results, while th
agreement obtained for the smaller basis sets~when com-
pared with each other! was not that good. This was the re
son why in the older work different basis sets were used
different ranges of energy~cf. @10#!. Second, the stability
with respect to the complex-scaling angle is improved by
use of the larger basis sets. Nevertheless, it is still m
accurate to obtain the final spectrum by stabilizing it in d
ferent energy ranges with respect to this scaling parame
and this has also been done in this work.

In Fig. 4, theR dependence ofĪ mol
(0,0)(E,R) is displayed.

The dominant effect of the variation of the internuclear d
tance is seen to be an overall shift of the probability dis
bution with respect to the energy. This illustrates the fact t
~nearly! all electronic states of HeT1 have a purely dissocia
tive character in the considered range of internuclear
tances. The steepness of the corresponding potential cu
causes the energy shift relative to the ground state energ
HeT1. It is also apparent from Fig. 4 that not all potenti
curves corresponding to resonant states have the same s
since some resonances merge together for small values oR.

A second effect of the variation of the internuclear d
tance is a change in the probabilities that are attributed to
electronic resonances. At large values ofR the lowest-lying
resonance is the most intense one, but its intensity decre
so quickly with decreasing value ofR that at most values o
the internuclear distance the second lowest-lying resona
acquires the largest intensity. Even though also this sec
resonance loses intensity with decreasing value ofR, it re-
mains the most intense one, before it fades also out.

FIG. 4. Dependence of the molecular final-state distribut
Ī mol

(0,0)(E,R) on the internuclear distanceR. Displayed are the spec
tra obtained for 25 values ofR that are equidistantly distributed in
the range 0.8a0<R<2.0 a0 . Every spectrum is plotted a
Ī mol

(0,0)(E,Rj )1( j 21)I off where I off50.005 eV21 ~R150.8a0 and
R2552.0 a0!.
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2178 56ALEJANDRO SAENZ AND PIOTR FROELICH
The spectrum @ I mol
(0,0)(E,K )# refl is obtained from the

R-dependent spectra, weighted with the vibrational wa
function describing the rovibronic ground state of T2. In Fig.
5 @ I mol

(0,0)(E,K )# refl is compared to@ I mol
(0,0)(E,K )#clos ~calculated

at Reff!. Both spectra have been calculated usingEshift in
order to account for the recoil and the zero-point energy. T
main effect of the nuclear motion is seen to be a consider
broadening of the resonant contributions due to the str
dependence of the resonant positions on the internuclear
tance. A similar effect is the broadening of the spectrum
the ionization threshold which is due to the dissociative
tential curve of the electronic ground state of HeT21. In this
context it may be reminded that Fig. 5 contains solely
contribution from the electronic continuum, and its thresh
is defined by theR-dependent potential curve of HeT21. The
contributions of the bound states, i.e., of the Rydberg st
adjacent~from below! to the continuum, are omitted in Fig
5. This is the reason for the occurrence of a sharp thres
of the electronic continuum if the calculations are perform
for a specific value ofR.

3. High-energy range of the excitation spectrum

The calculations of the transition probability for the ele
tronic continuum have so far only concentrated on the re
nant part of the spectrum. Therefore, the maximum exc
tion energies have been 165 eV in@9# and approximately 90
eV in @46,10#. However, there are now two reasons to exte
this energy range. First, the analysis of recent experime
data seems to suggest a ‘‘missing’’ component in the th
retical spectrum at excitation energies above 100 eV@7,8#.
Second, it has been suggested that the fit procedure use
the extraction of the neutrino mass might be significan
affected by a wrong or omitted high-energy spectrum@12#.

As is visible from Fig. 5, and even more transparent fro
Fig. 6, the effect of the nuclear motion on the transiti
probability fades out at molecular excitation energies
about 100 eV. Beyond that energy the differences betw

FIG. 5. Final result for the molecular probability density in th
electronic continuum within the zeroth-order approximation, on
calculated using the closure approximation atReff51.431a0 ~solid
curve!, once calculated using the reflection approximation~dashed
curve!. Both spectra have been shifted byEshift51.75 eV in order to
consider the effect of the recoil~see text!.
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@ I mol
(0,0)(E,K )# refl and@ I mol

(0,0)(E,K )#clos can be attributed to nu
merical inaccuracies. While for@ I mol

(0,0)(E,K )#clos one spec-
trum was stabilized with respect to the complex-scal
angle, this stabilization procedure has been performed s
rately for 55 spectra~each corresponding to a given value
R! for obtaining @ I mol

(0,0)(E,K )# refl . Therefore, it is to be ex-
pected that within the reflection approximation an possi
‘‘error’’ in the stabilization of one spectrum will be largel
compensated by the other spectra.

In @12# it has been suggested to add an atomic tail to
molecular final-state spectrum given in@9#, since that spec-
trum ends at about 165 eV. The atomic tail given in@47# was
modified in two respects for the use in the molecular cas

First, the ionization energy occurring in the expression
the atomic tail has been changed to 45 eV. It may be no
that this value is not the real ionization energy of HeT1, but
the value obtained for a vertical transition atR'1.4 a0 .
Since the approximation by a vertical transition seems to
well satisfied for the process under consideration~cf. the
good agreement found for the bound-state transition pr
abilities calculated forReff compared to the ones that we
calculated in a full treatment of the rovibrational motion!,
this value for the ionization energy seems to be a reason
choice. Additionally, it may be noted that the ionization e
ergy Eion enters the atomic probability only in form of th
energy differenceE2Eion . Therefore, the probability de
pends only weakly onEion , if E@Eion . Since we are inter-
ested in the high-energy range of the spectrum, this condi
should be well satisfied.

Second, an overall prefactor 3.73 has been introduce
the atomic tail. The choice of this prefactor was based on
argument that in this way the total probability will add up

e FIG. 6. High-energy part of the molecular probability dens
within the zeroth-order approximation. Solid curve: result of t
closure approximation (@ I mol

(0,0)(E,K )#clos) calculated atReff . Dashed
curve: result of the reflection approximation„@ I mol

(0,0)(E,K )# refl…. The
remaining two curves are the atomic spectrum adapted to the
lecular case, using the prefactor 3.73 as suggested in@12# ~dotted
curve! and using the prefactor 2.0 as suggested in this work~dash-
dotted curve!. In the inset the same spectra are displayed o
double-logarithmic scale covering the energy range from the i
ization threshold to a molecular excitation energy of about 900
~All four spectra are shifted byEshift51.75 eV.!
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56 2179EFFECT OF FINAL-STATE . . . . II. . . .
unity ~within the sudden approximation!, as it should do.
However, such a choice assumes the probability distribu
given in @9# to be exact. As has been discussed earlier,
discretization of the continuum as has been done in@9# leads
to a quite arbitrary distribution of the probabilities in th
electronic continuum~see Fig. 2!. Assuming nevertheless th
distribution to be correct to such an high accuracy, one ha
note that the summed contribution~0.00138! reported in@9#
for the energy range 165–200 eV would suggest a prefa
of about 3.2. Evidently, this is not consistent with the pr
actor 3.73 suggested in@12#.

It may be noted that the introduction of a comparative
arbitrary prefactor spoils the physical idea behind using
atomic tail, i.e., the idea that at very large excitation energ
the most probable situation is the one where one of
atomic electrons is ejected with most of the energy tha
released to the complete molecular system (HeT211e2).
This fast escaping electron will effectively experience t
remaining molecular ion (HeT21) as it would be a point
charge~with charge12!. Therefore, the situation is compa
rable to the one where one electron escapes from a H21

system, as occurs in the case of theb decay of atomic tri-
tium. However, instead of one atomic electron that can
ejected in the case of a tritium atom, there are now t
electrons in the case of T2 . Thus, one should expect that th
prefactor 2.0 should be used for the atomic tail, when app
to T2 . In Fig. 6 we have plotted together with the explicite
calculated molecular continuous spectra also the ones
dicted by an atomic tail. Excellent agreement is found
tween our calculation and the atomic tail with prefactor 2
for excitation energies above 200 eV, while the tail obtain
with the prefactor suggested in@12# does not match the mo
lecular continuum at any energy.

From the very good agreement of the molecular c
tinuum and the appropriate atomic tail we may conclude t
our method seems to be well capable of treating the cont
ous spectrum up to excitation energies of about 900 eV
addition, beyond 200 eV the molecular final-state spectr
n
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can be very accurately approximated by the atomic tail w
a prefactor of 2.0~as suggested in this work!.

B. First-order correction

1. Contribution of the decaying nucleus

Analyzing the structure of the interference ter
I (0,1)(E,Eb) it can be expected that its largest contributi
arises from the decaying nucleus, since it is the only pur
real term of orderh @see Eqs.~40! and ~41!#. However, this
term is only present ifZA

effÞ0. This is understandable when
is remembered that the value ofZA

eff depends on the partition
ing of the Hamiltonian@Eq. ~5!#. The choiceZA

eff50 means
that the complete Coulombic interaction between the dec
ing nucleus and theb particle is already contained in th
zeroth-order treatment, while the choiceZA

eff52 means that
no Coulombic interaction between these two particles is
cluded in the zeroth-order treatment. The inclusion of t
interaction in the zeroth-order treatment leads, however
the appearence of the Fermi function in the zeroth-order tr
sition probability which is not present otherwise. Briefly, o
has

IZ
A
eff

~0,0!
~E,Eb!5F~ZA2ZA

eff ,pb! I ~0,0!~E,Eb!, ~59!

whereIZ
A
eff

(0,0)
(E,Eb) is the zeroth-order probability obtaine

for a specific partitioning of the Hamiltonian, whil
I (0,0)(E,Eb) is the zeroth-order transition probability that h
been derived in this work, i.e., the one forZA

eff52.
We will now investigate the effect of the different~artifi-

cial! partitionings on the physical quantityĨ (E,Eb) that en-
ters theb spectrum@see Eq.~7!#, and was defined in Eq
~10!. Truncating the Born series after the interference te
and including only the largest~real! contribution with respect
to the Sommerfeld parameterh one finds@see Eqs.~40! and
~45!#
Ĩ ~E,Eb!'

IZ
A
eff

~0,0!
~E,Eb!1IZ

A
eff

~0,1!
~E,Eb!

F~ZA ,pb!
~60!

'

IZ
A
eff

~0,0!
~E,Eb!2~8ZA

eff/p!@h11/~3hc2!# IZ
A
eff

~0,0!
~E,Eb!

F~ZA ,pb!
~61!

'IZ
A
eff

~0,0!
~E,Eb!

12~8ZA
eff/p!@h11/~3hc2!#

F~ZA ,pb!
~62!

'I ~0,0!~E,Eb!S 12
8ZA

eff

p Fh1
1

3hc2G D F~ZA2ZA
eff ,pb!

F~ZA ,pb!
. ~63!
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TABLE II. Interference-term corrections (Pn
(0,1)) to the zeroth-order transition probabilities (Pn

(0,0)) of the
six electronic lowest-lying bound states of HeT1 with 1S symmetry. All probabilities are calculated wit
basis 1 atReff51.431a0 . In addition,h5const520.027 068 andZA

eff52 have been used.

n Pn
(0,0) @Pn

(0,1)# r @Pn
(0,1)#1/r Pn

(0,0)1Pn
(0,1) @Pn

(0,0)1Pn
(0,1)#norm

1 0.57430 3.5531024 27.5631024 0.57390 0.57437
2 0.17418 24.3831025 21.0431024 0.17403 0.17417
3 0.07752 26.0531025 23.1831025 0.07743 0.07749
4 0.00790 22.3331026 22.4031026 0.00789 0.00790
5 0.00012 1.3631027 23.3431028 0.00012 0.00012
6 0.00914 29.6631026 22.3331026 0.00913 0.00914
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Usingh520.027~as it is found close to the end point of th
b spectrum!,

Ĩ ~E,Eb!'I ~0,0!~E,Eb!3H 1.000 for ZA
eff50,

0.987 for ZA
eff51,

0.967 for ZA
eff52,

~64!

is obtained. Apparently, already the interference term is
pable of recovering most of the effect of the interaction
the b electron with the decaying nucleus, i.e., 98.7%
ZA

eff51 and 96.7% forZA
eff52. This result justifies the appli

cation of perturbation theory to this problem, since it de
onstrates that the~large! effect of the interaction with the
decaying nucleus~which is here treated equivalently with th
effect of the atomic electrons and the spectator nucleus! is
well taken into account in such a treatment. Additionally
may be noted that the need for an inclusion of this effec
the evaluation ofb-decay rates was recognized very ear
and it is confirmed experimentally. On the other hand, if
contribution of the atomic electrons~and the spectato
nucleus! were of a comparable size~i.e., of orderh!, this
should be recognizable from experimental data. This i
strong indication that the theoretical prediction stating t
the effects of the atomic electrons on the decay rate are
of the order ofh, but of the orderh2, is very reasonable, an
it reflects the well-known fact that the interaction with th
decaying nucleus has a much larger influence on the de
rate than any other Coulombic interaction of theb electron.

2. Contribution of the atomic electrons and the spectator
nucleus

In Table II the correctionsPn
(0,1) to the zeroth-order tran

sition probabilitiesPn
(0,0) are given for the six lowest-lying

1S states of HeT1. The calculation has been performed
Reff and with h520.027 068. The contribution has bee
split into a part arising from ther matrix elements@see Eq.
~42!# and the 1/r matrix elements@see Eqs.~40! and ~42!#.
Obviously, both contributions are nonproportional to t
zeroth-order probability when discussed separately. H
ever, if they are added to each other, it surprisingly turns
that they are nearly proportional toPn

(0,0) . This can be seen
from the last two columns of Table II, since after normaliz
tion of Pn

(0,0)1Pn
(0,1) to the zeroth-order probabilityPn

(0,0)

most of the effect ofPn
(0,1) disappears and the normalize

probabilities are nearly identical toPn
(0,0) . ~Note that this

normalization has been performed using the complete s
-
f
r

-

t
n
,
e

a
t
ot

ay

t

-
ut

-

c-

trum, including the electronic continuum. Therefore, t
sums of the probabilities of the first and last columns
Table II may differ.!

Inspection of the data shows that in themolecularcase the
difference which remains~even after the normalization! is of
the order 0.1h2, while in the atomic case the normalized
quantity @Pn

(0,0)1Pn
(0,1)#norm is identical to Pn

(0,0) . The latter
relation has been shown analytically in@16#, but was not
found in @13#, since in the latter work the contribution o
@Pn

(0,1)# r had been neglected.
It should be emphasized that the normalization

I (0,0)(E,Eb)1I (0,1)(E,Eb) to I (0,0)(E,Eb) only makes sense
if a relative measurement of theb spectrum is performed, a
is ~at least up to now! the case in tritium neutrino-mass ex
periments. However, an absolute measurement would h
to be compared to the un-normalized spectrum.

In Fig. 7 the corrections for the electronic continuum a
shown in the form of a ratio relative to the zeroth-order pro
ability I (0,0)(E,Eb). We have only given the separate cont
butions arising form ther and the 1/r terms, since the lnr
contribution turned out to be negligibly small~or even zero!.
As in the case of the bound states the contributions of thr
and 1/r matrix elements are quite different, but added
gether they are nearly proportional to the zeroth-order pr
ability. This is especially apparent from Fig. 8 where~on a

FIG. 7. Ratio of the first-order correction to the zeroth-ord
probability. In particular,I el

(0,1)(E,Eb)/I (0,0)(E,Eb) ~solid curve!,
I r

(0,1)(E,Eb)/I (0,0)(E,Eb) ~dashed curve!, and I 1/r
(0,1)(E,Eb)/

I (0,0)(E,Eb) ~dash-dotted curve!. ~All spectra are shifted by
Eshift51.75 eV.!
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double-logarithmic scale! the complete interference term
compared to the zeroth-order probability. Both spectra
seen to be nearly parallel to each other.

In order to investigate the degree of proportionality
Pn

(0,1) with respect to the zeroth-order probability, Table
contains the ratioPn

(0,1)/Pn
(0,0) ~in %!. In theatomiccase this

ratio is identical for all electronic bound or continuous sta
and it is equal to 100%(2h2)'20.073 27%. The differ-
ence between the atomic and molecular cases is there
evident by comparing the entries in onerow ~i.e., the one for
R5Reff51.431a0) with that value. The ratios found in th
molecular case for the different bound states are all of
same order of magnitude and quite similar to the atom
value, but not identical. The similarity~same order of mag
nitude and same sign! found for the different bound state
indicates that the main effect of the interference term i
change of the magnitude of the transition probability, but
of its shape, as was already found by the renormalizat
The only state for which a correction with an opposite sign
found is the fifth state. However, since the transition pro
ability connected to this state is very small, this has alm
no influence on the overall result.

In Table III we have also investigated the dependence
the interference-term correction on the internuclear dista
in order to assure that the results found forReff can be ex-
pected to be generally valid. We report the results of cal
lations performed for a number of different values ofR
within the clamped-nuclei approximation. It may be not
that in this case the 1/R matrix element̂ j0u1/Ruj0& reduces
to 1/R, while it has beenR21 before@see Eq.~45!#. For most
of the bound states the ratioPn

(0,1)/Pn
(0,0) turns out to be com-

paratively constant. However, the corrections for states 4
5 depend quite evidently on the internuclear distance. S
these corrections are small, especially since the zeroth-o
probabilities connected to these states are small.

For some values ofR the ratiosPn
(0,1)/Pn

(0,0) obtained with
basis set 2 are also reported in Table III. A comparison to
corresponding results obtained with basis set 1 reveals g
agreement. Therefore, it can be concluded that the res
given in Tables II and III are almost basis-set indepe

FIG. 8. Comparison of the~electronic! first-order correction
I el

(0,1)(E,Eb) ~lower curve! with the zeroth-order probability
I (0,0)(E,Eb) ~upper curve!. ~Both spectra are shifted b
Eshift51.75 eV.!
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dent. The accuracy of the calculation may be estimated fr
the differences obtained for the two basis sets.

V. DISCUSSION

In this work the reliability of the molecular final-stat
distribution following theb decay of molecular tritium has
been investigated in the context of its application in tritiu
neutrino-mass experiments.

The transition probability into the electronic continuum
HeT1 has been reinvestigated within the zeroth order of p
turbation theory. The reliability of a previous calculatio
@10# within the clamped-nuclei framework has been co
firmed by the use of larger basis sets. The effect of
nuclear motion on the transition probability has been
cluded for the first time for the electronic continuum. Tw
different approximations have been applied which we
called the closure and reflection approximations, resp
tively. Most of the effect of the nuclear recoil which is no
explicitly contained in our calculation was recovered by
effective energy shiftEshift51.75 eV which was obtained
with the aid of a previous calculation@26# for the electronic
bound states of HeT1 that included a complete treatment
the rovibrational structure of the initial state and the fin
states. In addition, the introduction ofEshift leads to a com-
mon energy scale for the present calculation of the electro
continuum and the previous bound-state calculation in@9#.

In a similar way it was possible to use the fully rovibr
tionally resolved spectrum for five electronic bound sta
given in @26# in order to obtain an effective internuclear di
tanceR, i.e.,Reff51.431a0 . This Reff allows us to calculate
the individual electronic transition probabilities to a ve
high accuracy by performing the calculation only at o
single value ofR. Since the transition-probability spectrum
of the electronic continuum turned out to be very sensitive
the choice of the internuclear distanceR ~as had been found
earlier also for the bound states!, the change of the internu
clear distance fromR051.40a0 ~clamped-nuclei calculation
@10#! to Reff51.431a0 results in an obvious improvement o
the calculation.

However, the application of the closure approximati
leads to a loss of the energy distribution of the transit
probabilities connected to a given electronic state~within the
Born-Oppenheimer approximation!, since in the closure ap
proximation the whole probability of a specific electron
state is put at one certain energy value. Since the ene
distribution is needed for the analysis of the tritium neutrin
mass experiments, it was felt important to improve on t
approximation, and this has been done by the reflection
proximation. This approximation has been chosen since
states in the electronic continuum~especially the resonan
states whose probabilities exhibit the most evident dep
dence on the internuclear distance! are all purely dissociative
within that range ofR where the rovibrational ground-stat
wave function of T2 is different from zero. As expected, th
reflection approximation introduces a considerable broad
ing of the resonances. In addition, also the ionization thre
old is broadened.

Beyond a molecular excitation energy of about 100
the differences between the closure and reflection appr
mations become negligible. This indicates that at large m
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TABLE III. Dependence of the ratio of the interference termPn
(0,1) to the zeroth-order probabilityPn

(0,0)

on the internuclear distanceR. Displayed are the corresponding values~in %! for the the six electronic
lowest-lying 1S states of HeT1. All probabilities are calculated within the clamped-nuclei approximat
~with h5const520.027 068 andZA

eff52!. Rows denoted by an asterisk contain the results obtained for b
set 2, while all other values correspond to basis set 1.

R/a0

100%3Pn
(0,1)(R)/Pn

(0,0)(R)

n51 n52 n53 n54 n55 n56

0.800 20.06685 20.09099 20.10536 20.08670 20.00257 20.11410
0.800* 20.06635 20.09166 20.10579 20.09845 0.32251 20.13664
0.900 20.06919 20.09200 20.11029 20.08562 0.02896 20.11950
1.000 20.07042 20.09161 20.11344 20.08263 0.04246 20.12373
1.000* 20.07050 20.09164 20.11406 20.08695 0.04803 20.12528
1.100 20.07091 20.09051 20.11579 20.07851 0.04983 20.12685
1.200 20.07093 20.08906 20.11752 20.07359 0.05906 20.12868
1.300 20.07078 20.08735 20.11852 20.06819 0.06945 20.13037
1.400 20.07045 20.08572 20.11936 20.06243 0.08436 20.13094
1.431 20.07031 20.08518 20.11957 20.06038 0.08723 20.13169
1.431* 20.06992 20.08553 20.11984 20.06042 0.09119 20.13300
1.500 20.07001 20.08408 20.12010 20.05590 0.10103 20.13194
1.600 20.06958 20.08247 20.12052 20.04865 0.12296 20.13352
1.700 20.06917 20.08112 20.12115 20.04127 0.15737 20.13381
1.800 20.06880 20.07990 20.12164 20.03314 0.20033 20.13457
1.900 20.06852 20.07885 20.12215 20.02410 0.26540 20.13572
2.000 20.06836 20.07803 20.12262 20.01434 0.36688 20.13699
2.000* 20.06825 20.07806 20.12242 20.01489 0.39144 20.13641
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lecular excitation energies the effects of the nuclear mo
on the final-state distribution become less important. Ba
on this idea an atomic tail was suggested that should be
to describe the high-energy range of the spectrum to a s
ciently high accuracy. All parameters were fixed by physi
considerations, while in a previously suggested tail@12# an
overall prefactor was chosen by a normalization constra
Whereas ourab initio molecular calculations reveal a ver
good agreement with the atomic tail suggested in this w
for excitation energies above 200 eV, this is not the case
the previously suggested tail.

Another aspect of the reliability of the molecular fina
state spectrum considered in this work is the question
whether a zeroth-order treatment is sufficient for the anal
of the tritium neutrino-mass experiments. This problem h
so far never been investigated for molecular tritium, b
mainly for tritium atoms. In addition, it may be noted that t
different works performed for the atomic case are not
good agreement with each other. Therefore it was felt n
essary to investigate this point by an explicit calculation. T
main focus of our investigation was on the question
whether the interference term between the zeroth-order
first-order transition amplitudes is of orderh or h2 ~whereh
is the Sommerfeld parameter! and whether it is proportiona
to the zeroth-order probability, as found for the atomic ca
@16#. Adopting a variable partitioning of the Hamiltonian,
was possible to show that the interference term is in f
~also for the atomic decay! of orderh, as one would expec
from perturbation theory. However, this contribution aris
only from the decaying nucleus, recovering almost co
pletely the Fermi function that is often already introduced
the zeroth-order treatment. Thus the partitioning adopte
n
d
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this work provides a more natural explanation of the mag
tude of the interference term. In addition, it demonstrates
applicability of a perturbation-theory approach to the proc
under consideration, since the effect of the interaction of
b electron with the decaying nucleus~which is known to be
a large effect! is recovered to about 97% with the aid of th
lowest-order correction in perturbation theory~the interfer-
ence term between the zeroth-order and first-order am
tudes!. Therefore, it seems reasonable to assume that
~smaller! effect of the Coulombic interaction between theb
electron and the remaining particles~molecular electrons and
spectator nucleus! is also sufficiently well described by per
turbation theory.

In contrast to the atomic case it turns out that for T2 the
interference-term correction is not strictly proportional to t
zeroth-order probability, but it is almost proportional. Ther
fore, the shape of theb spectrum is nearly unaffected by th
addition of the interference term to the zeroth-order proba
ity, as is obvious from the renormalized results. While t
magnitude of the electronic and spectator-nucleus contr
tions to the interference term is found to be of orderh2 for
the absolute~nonrenormalized! spectrum, it is only of order
0.1h2 for the relative~renormalized! spectrum. This has bee
demonstrated by an explicit calculation of the interferen
term for the whole molecular final-state spectrum includi
the electronic continuum where the latter has been treate
a nondiscretized way. This calculation required an extens
of the complex-coordinate method in order to evaluate in
ference terms between transition amplitudes, which has b
implemented for the first time in this work.

The dependence of the calculated correction on the b
set and the internuclear distance has also been investigat
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was found that the result is almost independent of both
rameters, even though, e.g., two of the six electronic bo
states are quite dependent on the internuclear distance
the probability connected to these states is very small.

Since the interference term between the zeroth-order
first-order amplitudes is found to be of orderh2 also for
molecular tritium~apart from the contribution of thedecay-
ing nucleus!, it would be incorrect to consider only this co
rection, because also the pure first-order term as well as
interference term between the zeroth-order andsecond-order
amplitudes is of orderh2 ~see I!. It has been argued that th
contribution of the pure first-order probability will b
~partly! canceled by the interference term between
zeroth-order and second-order amplitudes. An explicit ca
lation @48# for the electronic bound states of HeT1 revealed,
however, that this cancellation is not complete if transitio
to specificfinal states are considered. More importantly, t
remnant~after adding both contributions! is still of orderh2

and is not purely proportional to the zeroth-order probabil
Therefore this term has to be taken into account if corr
tions of orderh2 are considered.

Additionally, it has to be noted that the partial cancel
tion mentioned above occurs only for theL50 contribution
to the pure first-order transition probability. According to t
findings in I there are, however, also terms of orderh2 aris-
ing from theLÞ0 contributions. In fact, these contribution
will in the case of a tritium molecule add up toNeh

252h2

~see I!. In the case of a T2 molecule decaying in its groun
state withS symmetry all pure first-order terms correspon
ing to M50 will lead to a transition to a HeT1 state withS
symmetry, whereasMÞ0 will lead to a population of HeT1

states that have noS symmetry. Therefore two-thirds of th
total contribution ofL51 will result in transitions to HeT1

states withP symmetry~i.e., the probability ofP state popu-
lation is equal to two-thirds of 0.7532h2 and thus equal to
h2!. In the same way one finds that the probability
exciting states of D symmetry is 0.2224h2

@5(4/5)30.13932h2#, etc. Since within the zeroth-orde
treatment to a very good approximation onlyS states are
populated, the correction due to theLÞ0 contributions to the
pure first-order term cannot be proportional to the zero
order probability.~As discussed in Sec. II D 1 the probabilit
of a direct excitation ofP states within the sudden approx
mation is, on the other hand, only of the order 4.531025 and
thus one order of magnitude smaller thanh2.! In conclu-
sion, also the contributions fromLÞ0 to the pure first-order
probability will necessarily change the shape of theb spec-
trum, and not only its absolute value.

Evidently, a consideration of corrections of orderh2 has
to take into account the interference terms between
zeroth-order and first-order amplitudes, the pure first-or
term ~including the contributions fromLÞ0!, and the inter-
ference term between the zeroth-order and second-o
terms. An explicit calculation of these terms will be pr
sented elsewhere@48#.

VI. CONCLUSION

Summarizing the results the following main conclusio
can be drawn from this work. First, since in the zeroth-or
treatment the molecular final-state spectrum for the e
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tronic continuum has been improved compared to previ
calculations, e.g., compared to the one given in@9#, this new
spectrum should be used in the analysis of experimental d
Since the extraction of the~squared! neutrino mass out of the
experimental data is done by a fit procedure that depe
necessarily on a number of experimental parameters~resolu-
tion, scattering in the source, background, etc.!, it is not pos-
sible to predict the change in the obtained neutrino mass
will arise from the use of the new continuous final-state sp
trum compared with the old one. Most probably, the res
will differ for different experiments. Nevertheless, the sh
of the continuous spectrum due to the recoil may have so
influence, since it corresponds to a shift of a probability
14% by more than 1 eV. However, it seems to be unlik
that this effect is large enough to solve the experimen
problems, where an additional component of few percen
an excitation energy of more than 100 eV has been s
gested.

Second, as in the case of the electronic bound states,
the transition probability into the continuum is found to b
strongly dependent on the internuclear distance. Therefo
may be useful to investigate more carefully if the assum
tions employed in the theoretical investigations are rea
met by the experiments, since every deviation of the aver
internuclear distance~due to different isotopes, the formatio
of ions, solid-state effects, electric or magnetic fields, e!
could significantly change the final-state distribution
HeT1.

Third, the largest corrections to the zeroth-order appro
mation are of orderh2 if the interaction with the decaying
nucleus is already included in the zeroth-order treatment
is usually done. The largest corrections~arising as expected
from the interference term between the zeroth-order
first-order amplitudes! have been explicitly calculated in thi
work, and have been shown to be too small to explain
experimental difficulties to extract the neutrino mass fro
the b-decay spectrum of T2 .
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APPENDIX: IMPORTANCE OF HIGHER-ORDER
TERMS PROPORTIONAL TO THE SUDDEN AMPLITUDE

In this appendix the impact of higher-order terms that
proportional to the sudden amplitude~like the nuclear con-
tribution! on theshapeof the transition-probability spectrum
is discussed. For simplicity we assume a discrete spectr
the generalization to a discrete plus continuous spectrum
straightforward. The spectrum in the sudden approximat
is given by the probabilitiesPj

0 . The interference term be
tween the zeroth-order and first-order transition probabilit
is given byPj

15 f j1cPj
0 wheref j is the electronic contribu-

tion andcPj
0 is the nuclear one. The absolute value of t
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interference-term-corrected probability is therefore

Pj5Pj
01Pj

15~11c!Pj
01 f j . ~A1!

The renormalization of this term to the sudden probabi
yields

P̃j5
( j Pj

0

~11c!( j Pj
01( j f j

@~11c!Pj
01 f j #

5
( j Pj

0

( j Pj
01( j f̃ j

@Pj
01 f̃ j #, ~A2!
ys
where f̃ j5 f j (11c)21. Sincec,1 ~which has to be valid if
the perturbational approach should work at all!, the expres-
sion (11c)21 can be expanded in a Taylor series. This giv

f̃ j5 f j~12c1c22••• !5 f j2c f j1c2f j ••• . ~A3!

From this equation it is evident that the effect of the nucle
contribution on the shape of the transition-probability sp
trum is by a factorh2 smaller than the electronic contribu
tion, independent of the size of the latter one, sincec is of
orderh2.
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