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The final-state distribution of HeTresulting from the8 decay of molecular tritium has been investigated
with particular emphasis on its reliability in connection with the interpretation of the tritium neutrino-mass
experiments. This investigation concentrates on two aspects. First, the reliability within the sudden approxi-
mation is examined. This includes the extension of previously calculated final-state distributions to a larger
range of energy transfer, i.e., to an excitation energy of 800 eV, the investigation of the effect of nuclear
motion on the continuous electronic spectrum, and the use of improved basis sets. Secondlethgar
transition-probability spectrurtincluding electronic bound and continuous statess been calculated for the
first time in a beyond sudden-impulse approximation. It is concluded that the concomitant corrections are too
small to explain the problems of recent experiments difficulties to extract the neutrino mass out®f the
spectrum of . [S0556-28137)06908-2

PACS numbds): 23.40.Bw, 14.60.Pq, 31.15p

[. INTRODUCTION dence measurement of tjgeelectron and the molecular frag-
ments), the molecular final-state spectrum has to be ob-
Although the experimental detection of neutrinos was retained from theory. Therefore, the precise evaluation of the
ported four decades ago on the basis of neutrino-inducegrobability distribution for the excitation of HeTis of ma-
B-decay reactiongl,2], it is still not known whether neutri- jor importance for the interpretation of the experimental data,
nos possess a nonzero rest mass or not. The question ofaad hence for establishing reliable bounds for the neutrino
possible rest mass of neutrinos is, however, of great intereghass[4 5]. In fact, the choice of Tas radioactive source in
in many areas of physics, like nuclear and particle physicsihne more recent experimentmstead of the more compli-
astrophysics, and cosmology. Itis also of paramount imporzateq molecular systems used in the older experimésts
tance for the further development of unification theories. very much guided by the idea that extremely accurate

. : ; ; . uantum-chemical calculations can be performed for the
direct experimental detection of their rest mass is known s% b

. oo o-electron systems ,Tand HeT . Throughout the years,
far. The simplest approach of an indirect measurement woul e experimental studies g8 decay from tritium sources
be an accurate mass determination of all other particles in- P Y '

volved in aB-decay process. However, such a measuremerﬁfpeda”y molecular tritium, have consecu.tively.narrqwed
turned out to be not sufficiently accurate, and a better apt '€ UPPer boundor the mass of the electronic antineutrino,
proach is provided by the measurement of ghepectrum of which has been recently reported to be 7[&Yor even 4.5
tritium close to its end point. As pointed out by Fer[8i, ev [7]. i
the shapeof the B spectrum is a function of the neutrino Hoyvever, a shaqlow of doubt ha§ been cast on the inter-
mass(more accurately of its value squajednd a possible pretation of the trmgm-decay experiments, since they seem
nonzero rest mass will show up most evidently close to thd® r€veal an unphysical tre”‘g towards negative values of the
end point of the spectrum where nearly all of the energy thafduare of the neutrino mass;,<0. This surprising result is
is released in the decay is carried away by fhelectron. possible since in these experiments the neutrino mass is ex-
Actually, if the exact value of the energy release was knowntracted from the comparison of the experimental spectrum
already the position of the end point itself would reveal aWwith the theoretical one on the basis of a least-squares fit,
possible rest mass of the neutrino. wherein the value ofnf is used as one of the free param-
If the decaying nucleus is part of an atomic or molecular€ters. The possibility of dof course unphysicalnegative
system, the situation becomes more complicated, didge  Vvalue ofm,z, has been included in the fit procedure in order to
to the decay process and the concomitant change of thebtain a well-defined definition of? which specifies the
nuclear charge of the decaying nucletise remaining mo- goodness of the fit. Iin is restricted tom>=0, a satisfac-
lecular system can generally be left in any of its eigenstatetory fit cannot be obtained. Analyzing the residual spectrum
with all possible excitation energies. This possibility of dif- of such a fit, the deficiency seems to indicate that the theo-
ferent energy sharings between tBeelectron and the re- retically predicted molecular final-state distribution carries
maining ion causes a distortion of tjlespectrum(compared too small probability(in certain energy rangesompared to
to the decay of an isolated, bare nuclewBince it has been the experimental finding,8]. It should be noted, however,
up to now experimentally impossible to perform a coinci-that the shape, intensity, and position of the experimental
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excess rate seem to vary for different experiments, and evedhe treatment of the electronic continuum of final states.
for different runs of the same experimégBi. Nevertheless, it (4) All final-state distributions fomoleculartritium have
has been argued that the reason for the encountered problefmsen calculated so far only within the sudden-impulse ap-
might be due to a failure of the theoretically obtained final-proximation. The validity of this approximation has been as-
state spectrum of the H&Tsystem entering the fit procedure. sessed mainly on the basis of calculations of corrections to
Therefore the reliability of this final-state spectrum will be the sudden approximation faatomic tritium [13-18. (It
investigated in the present work. may be noted that there have been also attempts to estimate
An extremely accurate calculation of the final-state distri-the corrections to the sudden approximation for molecules
bution of HeT" within the sudden-impulse approximation [19,20, but since in these works comparatively complex
has been reported [9]. In that work the transition probabili- molecules were considered, a number of additional approxi-
ties of the electronic bound states including their rovibra-mations had to be made already within the sudden approxi-
tional structure have been calculated within the Born-mation)
Oppenheimer approximation with the aid of highly (5) Even though all of the atomic calculations reported
sophisticated quantum-chemical tools. The electronic conhere that have investigated higher-order corrections to the
tinuum, however, was at that time treated only in an approxisydden approximation are in agreement with respect to the
mate way by a "simple” discretization ansatz. Using an ap-conclusion that these corrections are in fact very small close
proach that is related to the complex-coordinate method, thg, ihe end point of the3 spectrum, the obtained results do
transition—probabili_ty spectrum for the el_ectronic contir_1uumn0t always agree and some confusion arose about the cor-
of HeT" was later improved10], but the fits of the neutrino  ocness of including or omitting certain terms. In addition, it

mass remained nearly unchangéd]. Cway be erroneous to assume these results to be transferable
(0

Since the extraction 9f the neutrino mass appears to_fa| the molecular case, since there are obvious differences in
even though the theoretical spectra that are used in the fit a € tween the atomic and molecular cases:  In the atomic case
supposed to be highly accurafiee., its inaccuracy is sup- '

posed to be much smaller than imputed by the experiment ne encounters spherically symmetric one-electron systems

excess rate one has to search for possible reasons. From the' He"), while T, and HeT" are two-electron systems pos-
experimental point of view there is of course a number of€SSiNdDn andC.., symmetry, respectively.
potential sources for problems. The experiments are com- (6) Finally, the question of possible exchange between the
paratively complicated and a number of parameters such &3 electron and one of the initially bound electrons has been
the exact content of the source, the energy loss in the sourdaised.
and in the spectrometer, the resolution function, possible In this work we will mainly address questioKi)—(5).
sources for background, etc., have to be known very accu- The energy range of the HeéTinal-state spectrum will be
rately. extended to an excitation energy of 800 eV and its reliability
From the theoretical point of view the molecular final- will be investigated by a comparison to an atomic-type tail.
state spectrum has been pointed out as the most promineimt contrast to the previous work that was based on the
candidate for errors. Of course, another possible source faflamped-nuclei approximation now also the influence of
problems would be a failure of the Fermi theory, but up tonuclear motion will be investigated. In order to improve on
now there seems to be no indication from any experimenthe sudden approximation, we have used a perturbative treat-
that this might be the case. However, one may keep in Minghent where the sudden approximation can be associated with
that the valldl_ty of the Fermi theory of t_he weak interaction the zeroth-order treatment in perturbation the@sge[21]
has been mainly concluded on the basis of the overall goognich we will in the following refer to as)l

agre_ement of th@@ spectra with th.e.theoretical p_rediction. Based on a general relativistic expressiarising from a
Finally, the problem of determining the neutrino mass by,

the triti . ts miaht b d at the interf beperturbative treatment of the Coulombic interaction of ghe
€ tntium expenments might be caused at tn€ INtertace beg o .yon with the remaining particles for arbitrary atomic and
tween the experimental and theoretical groups: i.e., one m

ask whether the theoretical spectrum is appropriate for ?olecular systemswe present the first beyond sudden-

given experimental situation and whether it is utilized in theapproximation calculation of the excitation-probability distri-
appropriate way bution for HeT". The treatment includes both the electronic

In this work we will concentrate only on the question of bound and continuous states of HeTn order to obtain the

the reliability of the final-state distribution. Several aspectscontinuous distribution on the level of the first-order pertur-
have been raised in recent discussitatsa topical workshop ~bation theory, we have extended the method presented in
at Harvard University, 1996 [10] along the lines outlined if22] as to extract for the first
(1) The possibility of excitations of states of H&Wwith time interference terms occurring in a series expansion of the
m#0 (especially oflI state$ has so far been neglected. transition probability. Some of the results have been briefly
(2) The final-state spectra that have been reported so fgummarized irf23].
for molecular tritium did not extend beyond about 165 eV.
Since the experimental groups suggest a “missing final-state
contribution” at energies above 100 eV and since in a recent Il. OUTLINE OF THE THEORY
theoretical worl{12] it has been suggested that a neglected
or wrong high-energy tail may influence the neutrino mass
extracted by fit, this tail has attracted some interest. A detailed derivation of th@-decay spectrum in a beyond
(3) The influence of nuclear motion has been neglected isudden-approximation treatment of tBedecay of a nucleus

A. B spectrum
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embedded in an atomic or molecular system has been givemuclei. The decaying nucleus is assumed to be one of the two
in I. We will report here mainly the final expressions andnuclei in a freely moving and isolated, olecule that is in
concentrate on the application to the tritium neutrino-massdts rovibronic ground state. All possible deviations from
experiments. In addition, the involved approximations will these assumptions that may be encountered in an experiment
be discussed. thus have to be taken into account very carefully.

First of all, it is important to note that the “usual” con- According to Fermi[3] the probability of detecting #
ditions of tritium neutrino-mass experiments will be as-electron within the kinetic energy interv&[‘;;“+dE‘;;” is
sumed, i.e., no detection of the neutrino and the final state afiven by a product of kinematic factors and a sum over the
the molecular system, no discrimination of the direction ofprobabilities?; (Ez) associated with different molecular ex-
the B electrons, and a random orientation of the decayingitations(see also),

dW(EIl(iin) 32m° HeT™\2_ 247102 HeT* HeT* HeT 12 2.4
32m° - 2_ 2041102 2 HeT"
=5 Pp B [(e-BE)?-mic)e~E)O(e~E-m,c’) > Py (Ep)S(E-Eg ) dE. ¢
|
In these equations Eg= E‘g“+ mec®  and Pg= whereW, is the weak-interaction operator for the decay pro-

\/%Wmegﬁ are the total energy and the momentum ofcess®; is the complete wave function of the, molecule in
the B electron at the detectoe= Emax_Eﬂ:Elr(rllgx_ E';'n is its rovibronic ground state, an#{~) is a scattering wave
defined as that amount of the total energy released irgthe function of the complete system in the final channel con-
decay that is not carried away by tlfeelectron if the neu- Strained to certain boundary conditions. These conditions in-
trino has no rest mass_EmaXZerCZ_msHeTQZ_ E.. Cclude that theg particle has at the detector the enefgy,
_(Egeﬁ_ E'|0'2) is the maximum total energy of the elec- while HeT" is left in the .statef vyith the energyE'f4e1+ and '
tron in the case tham,=0 (E,. being the recoil energy the energy of the neutrino fulfills t_he energy conservation
T+ Ty laws under these constraints. While the neutrino interacts
transferred to the molecular system &§f" andE,2being  with the remaining particles only via the weak interaction,
the rovibronic ground-state energies ofahd HeT', respec-  the main problem in constructing a correct final-state wave
tively). It may be noted that in the case of a nonzero restunction arises from the long-range Coulombic forces in be-
mass of the neutrin& . is not the experimental end point tween thes electron and the remaining ion. In the following
of the B spectrum, since the latter is given by section we will address the problem of obtaining the most
E®=Epmax—m,c* (Where the same relation holds for the ki- difficult part in P, (Ep), i.e., W),

max™ ]
netic energies

~ The Heaviside step functior@(x) arise from constrain- B. Final-state interactions
ing the energy and the momentum of the neutrino to physical _ _
values in the integration over all possible momenta of the 1. Complete final-state wave function
. . . . - + . .
undetected neutrino, as it is discussed in I. SEE‘éT is the One way to construct the many-body scattering wave

energy of the final rovibronic state of the HeTnolecular fu_nction is provide_d by the I__ippmar1_n-$chwir_19er ansatz. In
ion, EfHaeﬁ: Elf-ieT+_ EgeT+ is the excitation energy of HET this approach the final-state interaction is defined by the par-
titioning of the total Hamiltonian, which can be done in dif-

The 3¢ has to be understood as an infinite summatiate- AT .
gration over all possible final states f of th@mpositesys- fere_nt ways. If the complete Hamiltonidh in the final chan-
nel is split into a sum of two operatorsl=Hy+ U;, the

tem consisting out of th@ electron and HeT, where, how- > A )
ever, the energy of thg electron is restricted t&. scattering wave function can be written as
Equation(2) emphasizes the fact that tifesspectrum does () _ _ 1.
not depend on the specific final state of Hebut only on (Wi = (@il +( D Up (B=Ho) ™+, @
the total probability that a certain amount of energy is left inyhere the wave function®; are now solutions téi,, again
the internal(rovibronic) degrees of freedom of HET Thus,  fyffilling the constraints that thes electron has in the
it is needed to evaluate the total probability connected to &symptotic limit the energg;, etc.
certain energy value, but it is not needed to resolve energeti- | the case of theg decay the “unperturbed” Hamil-
cally degenerate molecular final states which is especiallyonjanH, may be written as
suitable in the case of multiply degenerate continua.
Finally, P (Ep) is the squared transition amplitude de- eZ(ZA—Ziﬁ)
scribing thep decay, i.e., Ho=Hmot+Tg— T' 6)

Pt (Ep)=(¥{ ™ |Wi|d))?, (3 while the operatotJ; is given by
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Z,‘iﬁez ZBe2 e2 g2 3. Molecular final-state wave function and the problem

+—4 —, (6) of relaxation
I'ga fgg Tpr Tp2

Uf =H—Hq=—

After the discussion of the wave function of tiBearticle

we will now concentrate on the molecular final-state wave
where A and B denote the decaying and spectator nucleifunctiony{". In contrast top 4 the molecular wave function
respectively. The two molecular electrons are labeled by the/"™ is not affected by the different partitionings of the
indices 1 and 2, whilej;=|r;—r;|. Hp, is the Hamiltonian  Hamiltonian described in Eq5) if the coupling between
describing a freely moving HeT molecule andT, is the  electronic and nuclear motion is neglected, i.e., if the Born-
Hamiltonian describing a freg electron. The charge of the Oppenheimer approximation is used.
spectator nucleus i&g=1, but different values foZ$" de- ™ can be factorized ag, - /' (/,fHeTJ', wherey, isa
fine the different partitionings of the total Hamiltonian. Pe be

e L plane wave describing the center-of-mass motion of HeT
The choicez,'=Z, leads to a complete factorization of

(in terms of its momentunpe), #{°is the nucleonicwave

. + . - . .
@ into the producty®" - ¢, describing a noninteracting function describing the final state of the nucleons of thie

system consisting out of a H&Tmolecule in the staté and nucleus, and//fHeT+ is the rovibronic wave function of HeT

a 3 electron. However, gven in the case of "_’1 different chmcqn terms of the internal coordinates. In the following we will
for 8" the wave functiond®; can be factorized to a very : . o HeTt
good approximation, although the coupling between ghe concentrate on the rovibronic wave functlayzg N
electron and all particles except the decaying nucleus still Besides the practical problem of evaluatipf®™ for all
remains due to theshared interaction with the decaying possible final states including the ones lying in the continua,
nucleus. Within the Born-Oppenheimer approximation thethere is also the question of what is really meant by a mo-
factorization is complete, and taking into account the coudecular “final” state. As will be discussed in the following,
plings between electronic and nuclear motion can be exthe definition of the molecular final state adopted in this
pected to retain the factorized form to a very good approxiwork is different from the one that would be experimentally
mation. detectable if one would measure the molecular final states,
and not only the energy of the electron.
2. Final-state wave function for thq} electron If the eXperiment would discriminate different molecular

. final states, e.g., by a coincidence measurement, possible in-
eff _ ’ ’ ’
Arafune and Watanabgl6] have adopted’,'=0 as is ternal relaxation channels of the HeTnolecule like disso-

us_uz_;\IIy (but not at all nepess_arﬂydone_ also in treatments ciation, radiative deexcitation, etc., would have to be consid-
within the sudden approximation. In this case the wave func-

o of e lcon rsembedn th BorOppenniner ¢1°1 %1 1 S5, e e, ioermenialy seeciane
approximation the scattering solution of a Heion (even in :

the molecular cage The wave functiong is in this case experiments that measure the sum of menergyandthe

identical to a Coulomb wave corresponding to the charg@nergy released in the relaxation process as is the case in
ZA—Z,‘iﬁ=2 Williams and Koonin[13] used, on the other experiments where the tritium source is contained in the de-

tector (see, e.g9.[24,25).

In the usual case of tritium neutrino-mass experiments
éhat do not resolve the molecular final statead where the
relaxation energy is not transferred to the detector 424h
the problem of relaxation is more subtle, since one is only
interested in the effects that will influence the single quantity
that is measured, i.e., the energy of fhelectron. However,

The advantage oziﬁzo is that in this way the zeroth- as Iong as thq(:;’ electron interacts with the remaining ion,
order term obtained within a perturbational treatment is iden{N€'® IS @ possible energy exchange. Thus the internal relax-
tical to the (usua) sudden approximation, and most of the ation of HeT" durlmg its interaction time with th@ electron .
final-state interaction is then already contained in the zeroth?@s to be taken into account. If the complete wave function
order treatment. The advantage of the chai§é=1 is, how- Wi ’ is constructed, the complete interaction of fhelec-
ever, that no divergences occur in the calculation of the firsttron with the remaining system would be included. In a time-
order correction terntssee[13] and ). Finally, Ziffzz hasthe dependent picture, that would include the whole time interval
advantage that the evaluation of the first-order correction caffom the decay up to infinitfwhich corresponds approxi-
be done without additional approximatioier in a much ~ mately to the time of detectignin a time-independent pic-
simpler way, since only plane waves are involved in the ture this involves the whole position space. However, this
evaluation of the required matrix elements, while the othetruly complete\lfg_) would have to be a solution of a Hamil-
choices on,iﬁ require the use of Coulomb waves. However,tonian that contains also the part that allows for radiative
if all terms in Eq.(4) are considered, the results obtained fortransitions. If this part is omitted, already all possible radia-
different splittings should be identical. In a truncated series itive relaxation channels of the excited states of Heife
is, on the other hand, important to investigate the conseignored. If the molecular part of the Hamiltonian is approxi-
guences of different splittings, and this will be done in Sec.mated additionally by the use of a clamped-nuclei descrip-
IVB 1. tion (setting all nuclear masses equal to infifityalso

hand,ZZﬁ=1, which yields the scattering function of atomic
hydrogen as wave function for the electron; i.e.,¢ is in
this case identical to a Coulomb wave corresponding to th
chargeZ,—Z&"=1. In | we have worked out explicitly the
caseZ5"=2 where the wave function of the electron is the
one describing a free particle: i.apg is given by a plane
wave.
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dissociative relaxation channels, etc., are completely ne- After having discussedfﬁ, we will now return to the

glected. evaluation of the decay rate given in HQ).
On the other hand, it will be a good approximation to
ignore the influence of internal relaxation processes orBthe C. Born series for the transition probability

spectrum if the interaction tim@r volume of the B particle ADDIVi he f N lecul d1

with the remaining system is small compared to the relax-t ~PplyIng fnovvt_t € acéonzatlm}mto TO ?cut:;l]r an tep-f

ation time. Since th@ electron departs with a kinetic energy onic wave functions and separating out aiso the center-ot-
. o mass motion of the molecule as well as the nucleonic wave

of 18.6 keV close to the end point of th®spectrum, it is . I, ) L

normally assumed that the electron reallv leaves theffec- function describing the motion of the nucleons within the

ormally as h@ y . nuclei, Eq.(2) can be written ascf. I)

tive interaction range sufficiently long before the internal re-

laxation channelge.g., the deexcitation of an electronically dw(E;i”) o )

excited state of HeT via fluorescencecome into action. W:A f(pﬁ)f [(e—E)*—mZc*]*? (e—E)
However, if this relaxatione.g., the fluorescence procgss A 0

takes place after the interaction of HeWith the 8 electron X @(e—E—m,c?) T(E,EB)dE, (7)

is terminated, the8 electron will not be affected and thus its
energy will remain unchanged. Therefore, such an internahere
molecular relaxation after the interaction time will not influ-
ence theg spectrum. B weak 2
The usual measure for the time scaldefining, on the A= 2m3c° [T ®
one hand, the internal relaxation processes and, on the other
hand, the leaving of the interaction range by fhelectrorn and
is the ratio of the velocity of thgs particle to the one of the

“molecular” electrons. Thus, the “final” states considered 2wZp7m
here are in fact the states in which the Hedystem is left at f(Ps)=pPp Ep F(Za=2,Pp)=Pp Ep Zzzn—7+ 9

the time when the interaction with th@electron is assumed

to be terminatedat least to a sufficiently good approxima- with the (nonrelativistia Fermi functionF(Z,=2, p) and

tion, since this interaction does not really vanish fast enough:he Sommerfeld parameter= — ezme/p‘B . The matrix ele-

due to the peculiarities of the Coulomb interaction and thement|-|-wea‘12 is the squared weak transition-matrix element

zero rest mass of the photon for the 8 decay, averaged over final nucleonic states and the
However, this will usually not be the state of HeThat  directions of theg electron. It is important to note that for

would be measured in an experiment resolving the “true” tritium decay the nucleonic matrix elemeg@nd thusA) is

molecular final-state distribution, and that would be obtainedhssumed to be constant.

after (some relaxation has occurredThe only exception is Finally,

the case where the HéTion is left in its rovibronic ground

state when th¢8 electron leaves the interaction rangeThe - I(E,Ep)

degree of relaxation that has to be taken into account in order (E.Eg)= F(Zai=2.p,)

to predict the experimental molecular final-state distribution A= Pp

depends of course on the time between the decay and the

.
measuring process of the molecular fragments. “FZ=2.p,) Ef I TH(Ep)|? S(E-EfG" ),

It is important to note that the type of relaxation channels 'TE
included in the treatment will be defined by the level of (10

approximation used for the molecular Hamiltonidg,,. Of
course, only those channdkmdiative, dissociative, efcthat  is the(squared molecular transition amplitud&;; contribut-

are included irH,,, can have an influence on the calculateding to a given energ¥ divided by the Fermi function. The

B spectrum, and this influence is conveyed to fhelectron inclusion of the Fermi function facilitates the discussion of
via its (Coulombid interaction with the remaining molecular the results of a beyond sudden-approximation treatment in
ion. Since the Lippmann-Schwinger approach in &y.is a  terms of the more familiar sudden approximation, since in
series expansion in this interaction, the effect of the relaxthe latter case the prefactakf(pg) for Z=2 is usually
ation channels on thg spectrum will depend on the number adoptedcf. Eq. (7) with, e.g., Eq.(5) in [6]).

of expansion terms that are included in the calculation. For Inserting the Lippmann-Schwinger ansaiq. (4)] into
example, on the level of the sudden approximation where th&(E,Ez) [defined in Eq(10)] gives

interaction between thg electron and the molecular ion is
completely neglectedi.e., if zf{f:z is used, there is no

- (0)2 (0)* (1) (1))2
influence of the relaxation processes on ghgpectrum pos- I(E.Ep) Ef (ITH[°+2 RETy T} + (T4

sible.

An important consequence of this discussion is that if the +2 R{T TP} ) S(E-ENET) (1D
effects of the interaction of thg electron with the remaining
system are found to be small, then the influence of internal EI(O'O)(E,E,;HI(O'l)(E,Eﬁ)wLI(“)(E,Eﬁ)

molecular relaxation processes on tBespectrum can be
expected to be even smaller. +1O2(EEp)---, (12
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where the superscripty characterize the order of the within the Born-Oppenheimer approximation as has been
transition-matrix elemenT{)). Since the expansion is per- done for the five electronic bound states[#6] would be,
formed with respect to the Coulomb interaction between théwowever, extremely complicated. Additionally, it is a non-
B particle and the remaining ion, the amplitud&§’ are trivial question as to how such a calculation for the com-
expected to be of orden! where 7 is the Sommerfeld pa- bined electronic and nuclear continuum should be per-
rameter that is a measure of the Coulombic interaction antbrmed. Therefore, one may simplify E¢L3) even further
has been defined before. Thus the tetth¥(E,E) are ex- by approximating the effects of nuclear motion on the tran-
pected to be of order ™. The terml®9(E,Ep) corre-  sition probability. In the following, two alternative ap-
sponds due to the pointlike nature of the weak interaction tgroaches will be discussed. The main difference between

the sudden approximation. them is that the first one includes the effect of nuclear motion
without broadening of the spectrum with respect to the en-
D. Sudden approximation ergy, while the second approximation will yield an energeti-

1. Influence of the recoil cally broadened spectrum.

(Se'l(;hi egxglllcn form of the first term in Eq12) is given by 2. Closure approximation
The first approach is based on the fact that the transition
probability to a certairelectronic staten can be correctly

(0,0 _ _ —eff _ pHeT"
IT(E,Bp)=F(Za= 24", Pp) Z o(E-Er ) given (using closurgas (see[27] or )

X |(eT [l cal g2y 2 (13)
) PO piOd(K)— f “S(RIE(RIZR. (18
=F(Za=Z, pp) 2 A(E-Efg" ) PIPO(K) o °
(14)

off 00 In this equationz; , stands for the summation over all dis-
=F(Zpo=ZK", pp) Ima (E,K), (15  crete and continuous rovibrational states belongdimighin
. T the Born-Oppenheimer pictureo the electronic staten.
hereyt®™ and .2 are the completérovibronic) molecu- - i i ' i
Wi f Ay, p R=|rgal is the internuclear distance&y(R)/R the radial
lar wave functions of #bound or continuousfinal statef of ~ nuclear wave function of a ;Tmolecule in its rovibronic
HeT" and the initial (ground state of T, respectively. ground state, an®(R) is the electronic overlap matrix
K=—(pgtp,) is the recoil momentum an@ denotes the glement between the electronic wave functighsof HeT*

center of mass of the molecule. To evaluate EkB) the  4nq 4, of T, depending parametrically oR,
approximation

Kr ea=K rw% [Fia+Ton] | ~KFan,  (16) Sho(R)=(bn(R)| ¢o(R)). (19
B

where . . . .
The disadvantage of calculatiff®® instead ofP{*? is that

Mg it is an integrated transition probability and thus the energy
(17)  information [needed for the analysis of the neutrino-mass
experiment: cf. Eq(13)] is lost, since the probabilityp(*?)
is usually adopted. It can be shoysee, e.g.,)lthat the main  can be distributed arbitrarily over all possible rovibrational
effect of this approximation is a neglect of excitations of states{J,v}. Even the evaluation of the correct average ex-
states of symmetry different frod symmetry in the case of citation energy would require exactly the knowledge of this
molecular tritium(S symmetry in the case of atomic tritiym  distribution and requires thus a full calculation of all prob-
within the sudden approximation. In addition, it has beenapilities P{>?. The most natural choice for associating an

shown that this is an effect of the ordengK/mg)? which is approximate mean excitation enerﬁ_yo to P§1°'°) is probably
in the case of tritium approximately equal to 450 °. In

view of the present experimental accuracy effects of these
size should be negligible. o "

The probabilitiesP{*?(K) in Eq. (14) [within the ap- Eno= f Eno(R)|&(R)|?dR. (20)
proximation given in Eq.16)] have been calculated very 0
accurately within the Born-Oppenheimer approximation in
[26] for the five most important electronic bound states of _
HeT*. In this work we will not improve on the bound-state  The evaluation oP{®? (andE,,) may be further simpli-
results within the sudden approximation; instead, we will befied by the following consideration. It is always possible to
concerned with the transitions into the electronic continuumexpressS,o(R)|? in terms of an(infinite) polynomial inR,
of states. Here, a full treatment of the rovibrational motionand therefore

Tea=——————=— I'ga,
BA mp+mg+2m, BA
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transitions into the electronic continuum. Additionally, such
|€0(R)|2dR (21)  atreatment only makes sensdf jf(Rq) is found to be sat-
isfactorily small.
There is no reason to expect that the internuclear distance
® 5 Ref (found for the transition probabilitiess also optimal for
C fo R [£&(R)|“ dR (22 optaining approximate excitation energigs,. Thus one
may search for a valuBy, that minimizes

PE°’°)=L (lZ cR

=0

M s

=0

M s

c.ﬁ+ Co (23 ) 12
1 1:reI(R): - 2
5j=1

Ejo_Eo(R)|2
EjO

! ; (26)

is obtained. In Eq(23), R' denotes the expectation value of L

R' for the rovibrational ground state of,TIf the matrix  where the mean excitation energeg can be obtained from
elementdSyo(R)|* depend orR (at least to a good approxi- the energy-resolved spectr@f the five most-important
mation linearly, one finds combining Eq§l8) and(21) the  bound statesgiven in[26]. The final spectrum could then be

special relation constructed fromS,o(Rer)|? and Eno(Rip).
_ _ In order to evaluate the molecular transition-probability
PO~ c R+co=|Sn(R)|?, (24)  density in the electronic continuum of states we have, how-

ever, adopted a method where the total transition-probability
i.e., it is sufficient to evaluate the electronic matrix elementglensity at a given energy is obtained without explicitly cal-
at the equilibrium distanc® of the T, molecule. The value culating the transition probability to a specific final steee
R=1.4283, (Wherea,= 4mesh2/m.e? is the Bohr radiys ~ [10)- Briefly, we evaluate
has been reported i28].

Because of the compactness&({R), it is actually suffi- —5

cient to include in thepintegratigt?rg 3veR only they range Ig?é?)(E’R):En: S(E—Eno(R)) [Sno(R)|2. (27)
0.6ap<R=<2.4a,. It may be noted that the linear approxima-
tion has already been used|i#7] for the transitions to two
electronic bound states of HEH In that work the linear
behavior of| S,o(R)|? for these states has also been demon
strated within a small range &t close toR.

Thus, within the electronic continuum of stat@ghere final
states from different branches can contribute to the probabil-
ity at a given excitation energl) it is not possible with our
Finally, if the potential curve for the electronic ground methqc_i to resolv_e these final states. Singe_for the analysis of
" ; ) = the tritium neutrino-mass experiments it is not needed to
_state o_f Tis approm_mated b_y_a harmonic potent_lal,: Ro resolve molecular final states that are energetically degener-
is optamgd whenRQ is the minimum of the potential curve. “ated[cf. Eq. (2)], this is no problem. However, it is then
An identical result is evidently obtained if a clamped-nuclei sy, iously not possible to evaluate the transition probabilities

approximation is used from the beginning. The only differ- 5y excitation energies at two different valuesRofi.e., at
ence is that in the harmonic approximation the zero-poini, « andR!
€

Lo . , respectively.
vibrational energy should be considered. However, as eff P y

. s o In conclusion, within the closure approximation the tran-
pointed out before, the definition of the excitation energy (0,0)

corresponding to an electronic state becomes dubious withiﬁg'on probabilityl o’(E,K) [see Eq(15)] is approximated
all calculations based on the closure approximation. This du-

biosity is not contained in the clamped-nuclei approximation;

however, the energies might be incorrect. 109(E K)~[1C9(E,K)]go=! C(E,R)

Since the transition probabilitieB{>? connected to five
electronic bound states have been calculated very accurately = |S0(R)|2 5(E—Eﬁ§T+(R)), (28)
in [26] (including the complete treatment of the rovibrational n

final statey one may use these results in order to improve on
the approximation given in Eg24). An effective value oR,

: . R whereR might beR,, R, or Rei -
i.e., Res, can be obtained by minimizing

It is important to note that the name “closure approxima-
tion” for the approximation described by ER8) might be

1 i P}o’o)— 1Sjo(R)|? misleading. There is no approximation involved in perform-
fre(R)= 5 = p(0.0 (29 ing the closure leading to E@18), but there is a loss of the
) information about the energy distribution of the probabilities.
with respect toR. The improvement of using. instead of ~ Thus, the approximation lies in the use &E—E;G' ) in-

R should be that it partly compensates the deviation of thetead of 5(E—E?09T+) for the analysis of the tritium

electronic matrix elements from linear behavioRrand the  neutrino-mass experimeptf. Eq.(14)]. In addition, we have
otherwise omitted influence of the final rovibrational statesextended this approximation by the assumption that the prob-
on the transition probabilities. When applyiRg;; one has of  abilities (and excitation energigdehave linearly irR which
course to rely on the assumption that the electronic boundallows us to evaluate them ane single value ofR, as is
state transition probabilities are representative also for thexpressed by Eq24).
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3. Reflection approximation 00
mol

[l (E,K)]reﬂ:fﬂ > S(E+E' —E*T (R))

Another approach to include the effects of nuclear motion
is known as the reflection approximation and is derived in
[29]. This approach is only valid for a bound initial state and
dissociative final states and is based on the analysis of the
nuclear wave functions of such a dissociative state.

Since the electronic motion is much faster than theyhere E’:EQEﬁ—Eshm. The value Egeﬁ:—80.897 24
nuclear one, it may be assumed that the transition from they/ [26 9] has been used, arfit,,y, is obtained with respect to
initial T, state to the final HeT state occurs to a good ap- this value.
proximation without a change of the internuclear distance. If Tnere are two main advantages of the reflection approxi-
now the final state has purely dissociative character, the ranation compared to the result obtained by the closure ap-
dial part of its nuclear wave function will have its largest proximation given in Eq(28). First, the excitation energies
amplitude close to the classical turning poiie., at the are well defined and the energy broadening due to the
Born-Oppenheimer potential cufvand then an oscillatory  pyclear motion is—at least approximately—taken into ac-

behavior up to infinity. The overlap of such a dissociativecount, while in the closure approximation the whole prob-
nuclear wave function with the bound wave function descrlb-ab“ity connected to one electronic transition is put at one

><|Sqo(R)|2|§o(R)|2}dR, (31)

ing the rovibrational ground state of, Will thus be nonzero
only for values of the internuclear distan&eclose to the

energy valueE,, or E(R). Second, if the spectrum is inte-
grated overE, one findgcf. Egs.(29) and(18)]

classical turning point of that specific nuclear final-state

wave function. Thus it may be assumed that for a given
internuclear distance only one of the rovibrational states be-

longing to a certain Born-Oppenheimer curve will contribute
to the transition probability. If the recoil operator is ne-
glected, the rotational state will not change in the transition

(0,0
mol

f[l <E,K)]reﬂdE=§ f:|sno<R)|2lfo<R)|2dR

(32

-3 P,
n

Therefore, the energy of the excited rovibrational state is

approximately identical to the energy of the potential CurveEvidentIy

at the considered value ¢.

On the other hand, the main effect of the recoil is an

excitation of higher-lying rotational states, as can be see
from the results of the explicit calculations for the dissocia-
tive, but electronically bound states of H&TIn our approxi-

mation this may be considered by assuming that the finay

rovibrational state is not the rotational ground state, (out
the case of HeT) the rotational state corresponding to
J=~23. This may be taken into account by simply shifting the
final-state energy byEgr=E;-,3—Ej—g~1.3 eV [12].
Within this approximation one obtains

(10D (E,K) = u > S(E—(EXT (R)+Eqnp))
X|Sno(R)|2|§o(R)|2}dR (29)
:J:I—moI(E_EshifrvR) |€0(R)|? dR.
(30)

One may try to improve on this approximation by obtaining
Eqnire from the probability distribution that has been calcu-
lated in[26] for the most important electronically bound, but

within the reflection approach no approximation
is made in respect t@ff"o) only its energy distribution is
r:%pproximated.

The reflection approximation will, however, only work if
the electronic final states of H&Thave purely dissociative
haracter within that range of internuclear distanBefor
Which |£,(R)|? is significantly larger than zero. Fortunately,
this is the case for all but the electronic ground state of
HeT", and for the latter state a complete treatment exists
already. Another disadvantage of the reflection approxima-
tion is that the calculation is much more laborious than the
corresponding calculation within the closure approximation.

E. Beyond the sudden approximation
1. Previous results for atomic tritium

Even if the transition probability within the sudden ap-
proximation can be calculated to a sufficient accuracy, one
may wonder about the validity of this approximation. From
the viewpoint of perturbation theory the largest correction to
1OO(E,Ep), i.e., of order, should be expected from the
second term in Eq12), 1(®Y)(E,Ep). Williams and Koonin
[13] were the first who attempted to evaluate this t¢to
gether withl @1(E,E 5)] for atomictritium as a function of
the atomic excitation enerdy. However, the approximation
to perform closure over the(virtual) intermediate
states of Hé yielded an overestimation of
1 OD(E,E ) +11(E,Ep) by about a factor of 10, as pointed

dissociativestates using a fit procedure. It may be noted thaput by Arafune and Watanalé6]. On the basis of certain
by obtaining an overall energy shift based on the calculatio@ssumptions it was demonstrated analytically in that work
in [26] has another important advantage. In this way thethat in the case of aone-electron atomthe term

zero-point energy of both calculations will automatically be

IOD(E,E,) is only of order »* and proportional to

adapted, and thus it will be possible to consistently combiné®(E,E). However, this proportionality is only yielded

the bound-state calculation ] with our calculation of the
electronic continuum. Equatiof29) is thus changed into

by adding two different terms that, considered separately, are
not proportional tol (“%(E,E). Since the closure approxi-
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mation used iM13] yielded a cancellation of one of these . N N " N

two terms, the proportionality t§%%(E, E ;) was not found. T Tho=(¥n° |¢g>*2 (yn° |D|¢;4re ><¢;_|,e | 0)
On the other hand, since the experiments(sio far} not ! (33)
detect absolute intensities, only overall corrections to the

sudden approximation that effectivelgdistributethe final-

+ + He™
state probabilities of HeT (compared to the sudden approxi- =(¢n° |o)* Z (7%(¢n° | DRl Ui )
mation are of interest for this type of experimentShis is !
of course different, if one is, e.g., interestedfinvalues) +i ¢E9+|D||¢HE+>) ('P-H9+|¢g> (34)
]! JI ]

In order to emphasize the redistribution compared to

changes that are proportional to the sudden approximatioRyhere D = 5?Dg+i 7D, is some complex operator ardk
the results of beyond sudden-approximation calculations foandD, are purely real ones. The statgsoccurring in these
tritium were usually presented after renormalizing the totalequations ardvirtual) intermediate states arising from the
distribution to the one obtained within the sudden approxi-Born-type expansion of the final-state wave function. How-
mation. However, this point has not always been appreciate@ver, the wave functions of a one-electron syst#mat can
and thus some additional confusion arose by comparingpe given analyticallyare either purely regbound statésor
renormalized with nonrenormalized results. The obvious reacontain only anr-independent overall complex phaéée
son for this misunderstanding is that in the case of experiCoulombic phase shifthat can be taken out of the integra-
ments that analyze the tot@htegrated transition probability  tion overr and cancels out, since boﬁﬂ‘f and ,/,J_H,e+ occur
(aiming for example foft values, also proportional changes ajways pairwise in the fornp timesy* . Therefore, one finds
induced by higher-order corrections have to be included 'rhe{TEfg,)*'l'ﬁ]%)}ocnzand In{'l'ﬁ%)*T%) 2. Since only the real part

the analysis. f T T contributes tol *(E,E Eq.(11
It is important to note that, if the correction to the sudden®f Tno Tno contributes tol **(E,Ep) [see Eq.(11)], one

approximation is found to contain a proportional and a nonfinds in the atomic casE*(E,Eg) 7%,
proportional contribution, both terms have to be included _ )
before the renormalization is performed. However, the pro- 2- Comparison of the atomic and the molecular problem
portional term will contribute to a possible redistribution  Since changes in the final-state distribution that are only
only via the nonproportional part and thus its effect will be of order 7? are expected to be too small to be of importance
determined by the magnitude of this nonproportional term¥or the analysis of the present experimental data and espe-
(see the Appendix cially too small for explaining the excess rates that are found
Considering the problem of calculating the corrections toin the experimental studies, the most interesting question to
the sudden approximation for arbitrary atoms, Durand anénswer seems to be whether also for the case of molecular
Lopez [30,31 have derived explicit expressions for thesetritum only corrections of order > occur. Since
corrections within a relativistic treatment of thg particle l(o’l)(EvEB) is the only term that can be of order the main

and the neutrino, and some approximations that are mainlyhotivation for this work has been to investigate if the same
based on the consideration of the size of different terms. Thgrgperties, i.e., magnitude of orde? and proportionality to

result obtained in that work allows us to treat the atomic, (0)(E,E4), which are found for the one-electron T atom,

electrons on any level of approximation. However, their deri-gre 3150 valid for the two-electron moleculg. Df course, it
vation is formulated for atoms, not for molecules. In addi-js worth noticing that either large terms or a large number of
tion, explicit expressions are derived only for the:0 com-  terms of order;? could also yield a substantial redistribution
ponent of the partial-wave expansion of fiparticle’s wave  of the final-state distribution, and therefore one may investi-
function, and this wave function is assumed to be a planggate also this possibility, requiring a consideration of all
wave. While taking the nonrelativistic limit of their expres- tarms of orders?.

sion, the authors were able to confirm the result given by \yhat are the main reasons to believe th@tl)(E’EB)

Arafune and Watanabe for the specific case of the tritiumpight pe substantially different in the molecular case com-
atom. However, it may be noted that the reported numencggared to the atomic case?

value is much larger than the one given by Arafune and pjrgt already for many-electron atoms electroti-
Watanabe. It seems very probable that the value given igsionizing resonances exist in the electronic continuum of
[31] has to be understood as being the magnitude of thgiates. These wave functions cannot just be described with
overall change without renormalization to the sudden apine ajd of a real one-electron wave function times an overall
proximation. _ _ _ complex phase describing the Coulombic phase shift, but
_The main outcome of all atomic workslespite obvious  hey are intrinsically complex. If these phases ardepen-
d|§&:repenC|e_s in the quantitative rgs)JIts_ that the term  gant they cannot be taken out of the integral. Thus, the re-
I©*1(E,Ep) is found to be of order?”, while it would be  gyjting complex matrix elements, i.e., the overlap matrix el-
e(éegacted that it should be of ordern. In addition,  ements and the ones of tily operator, cannot be expected
|(0 O)(E’EB) tumed out to be purely proportional to tg possess the same phase factor. Thus botiDthend the
I7(E,Ep). _ . D, terms in Eq.(34) could be complex and their real parts
The mathematical reason for the surprising result that,ouid contribute td (0’1)(E’EB)- In this case a contribution
1(E,Ep) is of order»” and notx is given by the fact that  of order  could occur. The intrinsic complexity of the wave
according to, e.g.[31], the productT@* T reveals the function might be even enhanced if the case of the autoion-
structure izing state of a molecular system is considered. In addition, it



56 EFFECT OF FINAL-STAE ... . Il. ... 2171

has been reported {ri0] that within the sudden approxima- clamped-nuclei calculatiof26]) and since there seems to be
tion more than 8% of the total transition probability is con- no reason to believe that this will be drastically different in
tained in such autoionizing states in the case of Ha/hich  the case of higher-order corrections, we will simplify the
is more than half of the overall probability in the continuum. calculation by using the closure approximation for interme-
(It may be also noted that in the case of the decay of atomidiate and final rovibrational states. As outlined in I, it is
T, where of course no such resonances occur, the overghossible to improve on this by taking the nuclear motjan
continuous contribution is less than 3%. least approximate)yinto account, but this seems to be ap-
Second, HeT belongs to the symmetry groud,,, while  propriate only if the corrections within the closure approxi-
the He" ion belongs to the spherical symmetry group. Con-mation turn out to be significant.
sider now Eq.(33) under the assumption thBX=D(r) is a If only the terms up to the second order with respect to the
one-electron operatofor a sum of one-electron operatprs Sommerfeld parametey are taken into account, if only the
that has no spherical symmetry and can be expressed adfiest term of a Taylor expansion of the occurring logarithmic
linear combination of all possible partial wavis,M}, asis term is considered, and if again it is assumed that ghe
the case for the'*" operator. For any atomic decay the prod- electrons emitted in all directions or from a source contain-
uct T%%)*T%) in Eq. (33) is nonzero only if all three states O, ing randomly oriented molecules are detected, the interefer-

i’, n that are involved have the same symmetry, since othence termP{>%(p ) =2 ReT T is given by(see )
erwise one or both of the overlap matrix elemegfgor S;/

would be zero. However, if the statg'sandn have the same PO (pg)~F(Za—Z".pg) {[PY(Pp) e
symmetry{l,m}, only the totally symmetric compone(gar- +POY(p,)] 3 (35
tial wave withL=M=0) of the operatoD(r) can give a n " (Pg)lnug

nonzero matrix elementn|D|j’). Thus it is sufficient for where

atoms to consider only the totally symmetric part of the op-

eratorD. Ne
However, in the molecular case the situation is different. (0,9 a2 . B Ak
! " . ) P =e‘ R i In —
For molecular tritum—even though it possesses still com—[ n(Po)le e{? <‘PO|¢”><¢”||<§=:1 PsC®  ag

paratively high symmetry—théEg ground state of Ilim- o
its the stateg’ andn of HeT" to 13, for nonzero overlap E?‘fEE, Eg 1
matrix elementsS,, andS;,,. However, in the partial-wave - W Fak— (W + E_>
decomposition oD all terms withM =0, but arbitrary value B B A
of L, can give nonzero matrix elements|D|j’). The con- 1
sideration of only the partial wave with=M=0 in the X — | W bnr| @0) (36)
evaluation ofl ®(Ep) is thus not automatically justified in Fak
the molecular casdln the case of more complex molecules
than T, even the limitation tdM =0 will break down) and
Third, as was already noted [itt6], the comutator relation
that was derived in that work and showed convincingly the
proportionality of I ®(E,Ep) to I(°9(E,E,) is only valid
for the very specific case of a one-electron atom.
In the derivation ofl ®(E,E ) and I *Y)(E,Ep) that is
described in detail in | we have chosen to follow the princi-
pal conceptivalid only for atom$ behind[31], since it has
the advantage of transparancy and generality. We have eXmay be noted that Eq35) differs from the corresponding
tended that concept in order to obtain explicit expressions foequation in | by the appearence of the Fermi function, but for
all partial waves (and not only the special one with Z,‘iﬁ=2 (as adopted in)lone hasF(ZA—Zf\ﬁ, pg)=1. In the
L=M=0) and to become applicable to any molecular syscases whereZeA“;&Z there are, however, three more approxi-
tem (and not only to atoms In addition, we felt it is impor-  mations included in the derivation of E(B5). First, the in-
tant to discuss carefully every approximation that is inc|uded;egration overr g, the position-space coordinate of tif
and even to suggest possible tests of the validity of theselectron, has been performed by approximating the Coulom-
approximations. Even though the main intention was a caresic waves by plane waves. Second, in the integration over all
ful investigation of the tritiumga decay, the generality of the possible virtual momenta of thg electron it has been as-
approach should allow its application to a number of relatedsymed thaF(ZA—Zf\ﬁ, pb)mp(zA_ f\ff' ) Wherep;g is the
problems(like the question oft values or neutrino-induced momentum of thes electron created in &irtual) interme-

2 8Eg N 8pg
A WpBCZ 37TEB

[ Pﬁo’l)( pﬂ)]nuc: e2|<§00| ¢n>|2

+Zg . (37

Eg 1) 4.1, .,
F"’E_ﬁ)(gﬂ 7 €00

B decays. diate state. Third, in this case the relatis§# p5c?+mac*
is only approximatively valid, since thg electron has now
3. Corrections to the sudden approximation for,T also a nonzero potential energy. On the other hand, none of

A full derivation of the higher-order corrections to the these three approximations have to be mad&§fe2, since

sudden amplitude, i.e., df®Y(E,E,) and I*Y(E,Ep), is then theg electron is correctly descibed by a plane wave.
given in I. Since the effect of nuclear motion and the recoilBecause of the structure &>)(p,) in Eq. (35), one finds

on the sudden amplitude is comparatively snia#2 % rela- 01 0. ©1
tive changes for the electronic bound states compared to a I52(E,Ep) =l nye (E,Ep) + 17 (E,Ep). (38
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In the case of tritium it is sufficient to consider the non- possible reasons for obtaining a different result for
relativistic limit of Eq. (38), since the kinetic end-point en- I(Ovl)(E,Eﬁ) in the molecular compared to the atomic
ergy is about 18.6 keV and thus one kEa&mecz. Conse- case: There will be no effect of ordercaused by the non-
quently, one hagusing atomic units where=m,=1 and  spherical symmetry of the molecule. Thus it remains to in-
c~137.036 vestigate the possible effect of the resonant continuum as

well as the question of strict proportionality to

Eg 1 Eg ., 1©O)(E, E ). This investigation will be done by calculating

psc? pp 7 and WJF E,~ 7. (39 1OD(E,Ep) explicitly. Before displaying and discussing the
k results, a brief overview of the computational details will be
Thus, one obtains given in the next section. As will be seen, the calculation of

Ig?'l)(E,EB) for final states lying in the electronic continuum

8 8 1 will require an extension of the complex-scaling method to
©.1 (00 o_ze & S q -omple: Y
Inue (E,Eg)=~1P(E,Ep) (é0d —Za pl /Ry e become applicable to the extraction of interference terms.
2 1 0 1. COMPUTATIONAL DETAILS
+Zgn R |€00) (40) .
A. Calculations within the sudden approximation
and In order to evaluate the molecular final-state distribution
o) o within the sudden approximation, we have used mainly the
ISV (E,Ep)~F(Za—Z5".pp) apparatus presented fi0]. Thus, for a given internuclear

distance a configuration-interactiofCl) calculation in
X D Re{ > S*(R) Dpn(R) Sn'O(R)] prolate-spheroidal coordinates with explicitly correlated ba-
n n’ sis functions is performed. For electronic bound states the
probabilities were calculated with the aid of the program that

X S(E—EHET(R)), (41)  has been written and used by Kotesal. in their calcula-
_ tions reported if32,9,26,33. For the electronic continuum
with the method reported if10] was used and its detailed de-
2 1 scription will be presented elsewhere. In order to check the
) _ R ] EHe,T+ R ) reliability of the results_ of the previous work and to extend
Do (R)=({¢n( )|k21 g (rAk Ak B (R) the range of the considered excitation energy, the program

has further been modified to allow now for 400 basis func-

tions.
|n(R)- 42 For the T, ground state we have used 104 basis functions

o Tak
27i In 2
_ and the(R-dependentnonlinear parameters given [i34].
Again, R is eitherR, Ry, or Reg of T, For consistency The largest integer exponents of the electronic coordirtes
reasons| ®%(E,E) in Eq. (40) should be evaluated within and, (i = 1,2) were 6, and the powers of, were limited to
the approximation given in Ed28). 0, 1, and 2. In the considered range of internuclear distances
When Eq.(38) is compared with the corresponding equa-the ground-state energies obtair{@dthe clamped-nuclei ap-
tion for a one-electron atom, one notices two differencesproximation with this basis set are-1.174 471 7E,, (at
First, in the electronic pafteq. (42)] a sum has to be per- R=1.40a,), —0.769625%, (at R=0.60a,), and
formed over the electrons that were initially bound i T —1.102 415 3€,, (at R=2.40a,). These values may be
However, the type of the matrix elements is otherwise comcompared to the corresponding best available theoretical
pletely identical. Second, in the nuclear pdtt. (40)] there  (ata, e, —1.1744757E, (at R=1.40a,),
is now a contribution arising from the “spectator” nucleBs —(.769 635 3, (atR=0.604a,), and—1.102 422 6E,, (at
that is of course absent in an atom. Compared to the resulis=2 40 ao) [33].
given by Arafaune and Watanaber Durand and Lopgzne In the case of HeT the situation is more complicated,
notices in addition the occurrence of a term that is proporsjnce one has to aim for one basis set that is capable of
tional to Z5". Since this term depends on the decayingdescribing the whole continuum as accurate as possible,
nucleus, it is also present in the atomic case. However, sincsince it would be difficult to optimize the basis set for every
Arafaune and Watanabe cha&f'=0, it is (correctly miss-  state separately. In addition, in order to describe the continu-
ing in their treatment. However, as will be explained later,ous spectrum up to 800 eV, a reasonable number of states
the occurrence of this term may give some insight regardingvithin this energy range is needed. Thus, there have been
the magnitude of the corrections to the sudden approximawo reasons for extending the basis set from 200 to 400 basis
tion. functions. First, we wanted to investigate the convergence of
Since the only structural difference of the matrix elementsthe previous results. Second, the extension to higher excita-
in the molecular case compared to the atomic one is théon energies requires more states within that energy range.
occurrence of the contribution of the term arising from the We have chosen the same nonlinear parameters[d€jn
spectator nucleus, and since this contribution is obviously ofgiven in Table | of that work Again we have used two sets
order 5%, one can already now exclude one of the threeof nonlinear parameters and thus two basis sets. However,
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since the parameters of basis set 21il] turned out to give one term that arises from the Coulombic interaction of ghe

in general better results, we will refer in this work to the electron with the nuclei and one term that arises from the
basis set with that nonlinear parameters as basis set 1, whiieteraction with the two(initially) bound electrons. The
the nonlinear parameters corresponding to basis 1@}  evaluation of these two terms will be discussed separately in
will now define basis 2. Different from the basis set far T the next two subsections.

the nonlinear parameters of both basis sets for He/Ere

kept unchanged for different valuesRf The main difficulty 1. Nuclear term [32(E,Ep)

was to include 200 more combinations of integer exponents As can be seen from E@40), the electronic matrix ele-

without running into numerical problems due to linear de-ments contained in the nuclear term are identical to the ones
pendences. While enlarging the basis set, it was experiencgtcyrring for the sudden amplitude. Their evaluation has

that the polynomial fit that is used in order to extrapolate theyeen already described in the last section. The remaining
Hamiltonian matrix elements into the complex plaf®®e 55k is thus the evaluation of

[10]) is a good indication whether the basis set is close to
linear dependencies or not. If this was the case, the least-
squares fit immediately reported a large number of matrix
elements that could not be fitted satisfactorily according to
the NAG library routineeo4HrFthat has been used.

In order to evaluatgl >.2(E,K)],eq given in Eq.(29), the 210

) o . . +Zgm |€o00) (43
radial Schrdinger equation for the nuclear motion of fas R
been solved numerically with the aid of programveLe.0
[35] using the Born-Oppenheimer potential curve given in
[36]. With the aid ofl O E,R;) calculated at either 45 or 55 A
discrete valueR;, [I(%)(E,K)]en has been calculated by
approximating the integral in Eq30) by a sum using the 1
weights w; =N|&(R;)|?AR; where N has been chosen in +Zgn® (£ R |60 (44)
such a way thaEw;=1 is fulfilled. The distribution of the
R; values ranged frorR=0.6 a, to 2.4 a, with varying dis-

[ee]

8 1

— n+ —
77_77

Drud ZR"Zs ., 1) =(£0d — Z8" 37 5c?

8 8 1
7 7 37 pd?

tances so that the range with the largest valuegR)|? «| 8 8 1

was covered most densely. The weight factorsRgy, and =-Z, p n+ 37 7c?

RmaxWere less than 1:010 1, so that the contribution from L

R values outside the considered range can be seen to be +Zgn? R7L. (45)

negligibly small.

It turned out that due to the sharp structure of the reso- . )
nances and due to their strong dependenceRoran ex- For the rowbraﬂcirial ground state of ,Tthe value
tremely fine mesh would be needed in order to get rid ofR '=0.7056713a," has been reported if28]. In later
spurious spikes that are caused by the use of a sum instead\@rks the potential curve for;Thas been slightly improved
an integral. This problem was overcome by either binningdy the same authors, but it can be expected that the value
the Spectrum or Smoothing it out by first binning and thengiven in the earlier work should still be more than accurate
performing a spline. Of course, in both cases the resolution i§nhough for our purposes.
limited by the size of the bins, and no structure with a
smaller width can be visible from such a spectrum. 2. Electronic term [{(E,Ep)

Two problems have to be solved to obtd{ff/(E,Ep).
First, in contrast to the sudden amplitude where only overlap

As is transparent from Eq(38), the interference term integrals were involved, one has now to calculate three types
I(O'l)(E,EB) is a sum of a nuclear and an electronic term, i.e.,of matrix elements that occur in E¢2):

B. Calculation beyond the sudden approximation

2 1 N 2
Z Dnn'Spro=— 772( Z <¢n|k21 m( |¢n’><¢n’|€00>+2 E?s:l’ <¢n|k21 rAk|¢n’><¢n’|‘PO>)

2
r
22 (4l 3 02| du) (Gl o) (49

21 + 2 2 r
=—n2(<¢n|2 = o)+ ERT (60l 3, rAk|¢n/><¢n,|<oo>)—2in<¢n|2 in 2% |go). @7
k=1 lak Y k=1 k=1 0
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The 1f 5, matrix elements are of course proportional to calculation of the transition probability within the sudden
the nuclear-attraction integrals with respect to nucleusapproximation in[10]. We may recall the following three
A=23He. They are therefore already contained in the combasic ideas of that approach.
puter code for evaluating the Cl matrix. However, only the ~ First, in the case of aeal function F(E) one has the
complete matrix of the potential ener@yuclear attraction in ~ relation
respect to both nuclei and electron-electron repujsioeas- ,

- - e 1 [ (v F(E)

ily accessible. Thus a similar procedure ag3i| has been F(E)=—1Im ||mf ——dE'!. (48)
adopted. In particular, it is possible to extract the,i/ma- a E-E'tie

trix elements out of the potential-energy matrices for two i i . .

different chargeg . Of course, such procedure can only be Segond, in order to obtain the transition probability, one may
applied if matrix elements between HeWave functions are defineF(E) as

considered. Thus, E¢46) instea_d of Eq(47) has to be used. F(E)=|{ el 0o)|?= (0ol pe){ de| €0), (49)

The correctness of the extraction procedure has been tested ) i .

by evaluating these matrix elements also directly by a sepa¥hich automatically fuffills the requirement th&(E) be
rate program where, however, the simplification was intro-"eal-

duced that only basis sets with even powersr of were Third, introducing a discrete representation of the con-
allowed. tinuous states by using a finite basis set requires the applica-

Since in the prolate-spheroidal coordinate system ifion of the complex-coordinate method in order to obtain a
which the wave functions are expressed one haQiOnzero transition probability

e—0

rax=0.5R(&c+ 7)), it is possible to reduce these matrix el- - 1 <(P0*|¢a><¢a*|¢a>
ements to a linear combination of overlap integrals where the 109 E R)==1Im > 0 1%n i 0 . (50)
integer exponents of, or », are changed. This is also true ™ n E-E,

for the case when antisymmetrized basis functions are con-

Where¢g and Eg are thecomplexwave functions and energy
eigenvalues obtained from the dilated matrix eigenvalue
ip‘roblem

sidered.

Finally, one is left with the integrals of the In(/a;) op-
erator. In this case two approaches have been tried, but
both cases the basis sets were of the simplified type; i.e., H(O) c!=E’Sd, ¢’=hc’, (51)
only even powers of 1, were allowed. In the first approach
the two-dimensional integration ovéy and 7, (k=1 or 2  Wwithin the (rea) basish. In Eg. (50) we have used the nota-
has been performed numerically. Alternatively, the ipfa;)  tion
has been expanded in a Taylor series which results in an o+ T T
(infinite) number of products of simple one-dimensional in- (én |=[cal" h". (52)
tegrals. The latter app_roach revealed, however, Very slow ., o qer to evaluate the interference term we may now
convergence, so that it was only used for the purpose OélefineF(E) as
checking.

While the problem of evaluating the integrals between the
basis functions is of numerical nature, a more fundamental F(E):Re{ E (@o| ) DelD|bn ) dnrl@o) | (53
aspect had also to be considered: How can the matrix ele- "
ments be evaluated in the case when the intermediate or final

states are lying in the electronic continuum? In contrast to = Re{(@ol de){ be|Dleo)} (54)
the sudden approximation where the absolute square of a 1 -
matrix element was required, one has now to evaluate an =3 ({@o| pe){ De|D|@o)
interference term between two amplitudes. Even though the
problem of obtaining interference terms within the complex- + D* 5
coordinate method has been considered2g], no imple- (@olD*| Pe) bl eo)) 59
mentational details were given and so far it has not beewith
applied.

D=2 D)l (56)

C. Calculation of interference terms n’

between scattering amplitudes [It may be noted that closure cannot be automatically per-

In order to evaluate the interference term between thdéormed in Eq.(56), sinceD contains one term that depends
zeroth-order and first-order amplitudes in the electronic conen E,,.] Introducing a finite basis set and applying the
tinuum we will build on the same idea that was used for thecomplex-scaling method gives

6% 10 9*D0 0’ 0’,* N4 (o 0’ Ht‘D* o* g g* 0
Ig,)‘l)(E,Eﬁ)=%lm ; D (90 |on){dn [D(O)| b )by l0o)+{@g |4 )b ID* (%) dr) (b |@0)

. (57)
- E-E}
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TABLE I. Total transition probabilitiegin %) connected to five electronic bound states of Helith 13,
symmetry. First column: probabilities calculated Rg=1.40a,. Second and third columns: probabilities
calculated at the effective internuclear distafig=1.431a, for basis sets 1 and 2, respectively. Fourth
column: results within the reflection approximation. Last column: transition probabilities obtained in a com-
plete treatment of the rovibrational initial and final statesken from[26]).

PP(Ro) PP (Ren) PP(Rer) [P Tren

n (Basis 1 (Basis 1 (Basis 2 (Basis 2 P9 [26]

1 58.238 57.430 57.423 — 57.412
2 16.808 17.418 17.422 17.346 17.357
3 7.878 7.752 7.754 7.758 7.762
4 0.805 0.790 0.790 0.782 0.777
6 0.930 0.914 0.923 0.916 0.901

with The value that has been found fRg is very close to the

mean internuclear distance of thg Molecule in its rovibra-
D(0)=Dr(6)+iD,(6) and D*(6*)=Dg(6)—iD,(6). tional ground state, i.e., t®=1.428a, (reported in[28]).
(59) Since the } ground state has its minimum at a smaller value
of R than the bound states of HéT a shift to a(slightly)
larger value than 1.428, can be expected—and it has been
IV. RESULTS found. The sensitivity of the results with respect to the
choice of R can be estimated from the values
) ) o Fre(Ro=1.4)X100%=2.55% and f(R=1.428)<100%
The discussion of the results within the sudden approxi-_ 0.69% (both values obtained for basis set Evidently,

mation will split in three parts: the electronic bound states . _ . -
the energy range close to the ionisation threshold that ighe_ difference between the use Rfs andR is negllg|blg,
while the use ofR, is not a very accurate approximation,

dominated by the electroni@utoionizing resonances, and " _ o
the high-energy rang@bove 100 e, since the overlap matnx elements are sen_3|t|ve to chapges of
the internuclear distance that are of the size 8;01This is
1. Electronic bound states evident from Table | wher®{"9(R,) is also given. Finally,
the basis-set convergence can be estimated from a compari-
P OO(Ryy) for the two basis sets

A. Sudden amplitude

Since the transition probabilities to the five most impor-
tant electronic bound states of Hehave been calculated SON of the values found f
very accurately within the sudden approximatigmcluding ~ (see Table)l
a full treatment of the rovibrational structure of the initial ~ In order to evaluate the transition probability according to
state and the final statef26], those results will be used in the reflection approximatiofEq. (30)], the transition prob-
this work to obtainRg and E4,iz which are needed for the abilities Iﬁ?g,?)(En ,R) have been evaluated for the second,
approximate treatment of the nuclear motion in the electronighird, fourth, and sixth lowest-lying electroni states as a
continuum. In addition, the transition probabilities to the function of the internuclear distance (Ga§<R=<2.4a,).
electronic bound states will serve as an indication for theyith  these values the approximate spectrum
accuracy of_ the adopted approximations for treating theflﬁ?a?)(En,K)]reﬂ has been obtained using E89). The elec-
nucle.ar. motion. L . . tronic ground state has not been included in this procedure,

Within the closure gpproxmayo_n _d_escrlbed in Sec. Il D 2since it does not show a dissociative behavior atRlrange
one ha; to evaluate firfe by minimizing frel(R) [$ee Eq. of interest. Thus, the reflection approximation cannot be ap-
.(25)] with respect .tOR' In this fit procedure the five most plied. The fifth electronic state is excluded, since it has not
Important e',e_c,"on'g Obound states of HeTiave been used. been rovibrationally resolved {i26] due to the smallness of
The probabilitiesP{** were taken fron{26], whereas the o transition probability connected to this state.
q.uantitiessno(R). have been calllculat.ed in this work with the [l ff])c’,?)(E,K)]reﬂ has been smoothed out by applying first a
aid of the b"’?S'S sets des_cnbed in Sec. Il A, The Valueoinning and then a spline-interpolation procedure, as has
Relffjl“l?’lao 1S ?bta'?ﬁd V\?.th bo:h ba_?s se[tg. fT_hedaverageDeen described in Sec. Il D 3. The convergence of the spec-
relative error for the five transitions [defined as : : : : :
frel(Refr) X100 %] is 0.67% for basis set 1 and 0.89% for ]EgurmRh:sdbgsnugxgsgﬁ?ggmb )E)iip;lggjsg ts\/\i/r?cglfﬂfgaar}[thg fids
bas@s set 2. The smallness of thes_e errors indicates that ﬂb‘?obability density is numerically given only for a small
pho]c_;e Of.Reff IS (at Ieast_ for the five bound Sta?e?’e". number of energies, also that spectrum has been spline inter-
Juosglfled; |.eLO|(§ is pos&blg .to adopt the apprqmmatlon polated. The energy shiffy = 1.75 eV[see Eq.31)] has
6P (E,K) ~1 S (E,Rer) [anticipated in Eq(28)]. This can  pheen obtained by a fit procedure using the spectrum calcu-
also be seen from Table | whe(>® (from [26]) and |ated within the reflection approximation and the one ob-
Pﬁo*o)(Reﬁ) (calculated in this workare compared for five of tained by a full treatment of the rovibrational degrees of
the six lowest-lying!S statesn of HeT". freedom[26].
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FIG. 1. Probability densities for the transitions to the second,
third, fourth, and sixth'S, electronic states of HeT Solid curves:
rovibrationally resolved spectra as reported[#6]. Dash-dotted
curves: transition probabilities within the reflection approximation
(using an energy shift of 1.75 @V(All curves are spline interpo-
lated)

0.5

In Fig. 1 the probability densityl CI(E,K)].eq (per eV
obtained by the reflection approximatiis work) is com-
pared to the one that has been obtained in a full treatment of
the rovibrational motior{26]. The very good agreement is
obvious. Evidently, the applied energy shit, is able to [
compensate most of the error that is introduced by the ne- 7 =—————————— o ~—————
glect of the recoil momentum in the zeroth-order transition
amplitudes. The value that has been found Eqfy, i.e.,
{nat this energy aift contains also & contibution that com-FIS 2 Molecuar iral-tat probabitee? inthe cectonic

. . continuum of HeT calculated by a “simple” discretization ap-
pensates the zero-point energy of the electronic ground sta

L ) . . B?oach with two basis seffor R=1.404a,). In order to distinguish
of HeT" missing in our calculation and automatically com- the results for the two basis sets,PgO'o) is plotted in the case of
pensated for byE it -

> C o ) basis 2. The upper and lower plots differ only by the displayed
Since the probabilities calculated within the reflection ap-range of probabilities.

proximation are obtained from calculations performed at a
number of different internuclear distances, the accuracy obeen sufficiently described before. We will now improve on
our calculation with respect to the quality of the basis sethose previously reported results by investigating the effect
may be estimated from the integrated probabilifé&® ob-  of nuclear motion.
tained within the reflection approximatigeee Eq.32)]. In The transition probability to the electronic continuum of
Table | these valuetbtained for basis set) Bire compared HeT*' up to about 50 eV above the ionization threshold ex-
with the corresponding ones given[ig6]. Note that accord- hibits very large contributions from autoionizing states. In
ing to Eq. (32) the deviations are only due to the use of fact, two-thirds of the probability within this range are con-
different basis sets. In this work only one set of nonlineartained in such resonancgs0]. Since the resonant contribu-
parameters for all states and valuefdias been used, while tions are so large in the molecular final-state spectrum of the
in [26] the nonlinear parameters had been optimized for evg8 decay of T, it is important to apply a method that is
ery state and every value & separately. The good agree- capable of describing the situation of a strong coupling be-
ment that is nevertheless found demonstrates the flexibilityween continuous and resonant parts. The complex-
of the basis set. coordinate methofi38—-4(Q (see alsd41-43 and references
therein has proved to be successful in handling such situa-
2. Low-energy range of the continuous excitation spectrum tions in the case of two-electron atorf#4,45. In [10] this

_ . method had been successfully extended to diatomic mol-
In a previous wor10] we have reported a calculation of gcyles.

the transition probability in the energy range from the ioni-  |n Figs. 2 and 3 we compare the results obtained with the
sation threshold up to an excitation energy of Hedf about  complex-coordinate methodor the two basis sets 1 and 2
90 eV. In[10] the clamped-nuclei approximation has beentg the ones that are obtainédith the same basis s¢twith
used. ThuslfT‘])c’,?)(E,Ro) had been calculated f&ty=1.4 a,. a “simple” discretization of the continuum as it has been
The energy range was chosen to display mainly the resonaperformed in[9]. In the discretized spectra the probability
part of the spectrum, since it was felt that this part had notonnected to the continuum is distributed in a number of

Probability [ % ]

-0.5

Energy [eVv]



56 EFFECT OF FINAL-STAE ... . Il. ... 2177

T T T T
— 8 r 1
- o —.
1 -
: %
23| - N
g e g
3 8
£ 2
BN =
$3 | - 8
a & a
° .
70 80 . . : . . . .
40 60 80 100
Energy [eV] Energy [V ]
—————y — — ———— __FIG. 4. Dependence of the molecular final-state distribution
g = IET?(',?)(E,R) on the internuclear distand® Displayed are the spec-
- tra obtained for 25 values @& that are equidistantly distributed in
S the range 0.8 y<R<2.0a,. Every spectrum is plotted as
2 1OI(E,R))+(j— 1)l Where |4=0.005eV* (R;=0.8a, and
:;s R25=2.0 ao)
n M r
el 1
2 evident from comparing the spectra obtained for the two ba-
fg ] sis sets employed in this woilsee Fig. 3. Only minor de-
£ | viations are found, which should be confronted with the dif-
ferences in the discretized spectfig. 2).
. . \ ’ L)u\-_ ] The enlargement of the basis set compared to the one
© 50 60 70 80 adopted in a previous woilKL0O] yielded an improvement in
Energy [ev] two respects. First, both sets of nonlinear parametersis 1

and 2 yield now very similar and stable results, while the
FIG. 3. Molecular probability density{%:?(E,R=1.40a,) cal- ~ agreement obtained for the smaller basis setsen com-
culated in this work with basis (solid curve and basis Zdashed ~ pared with each othgmas not that good. This was the rea-
curve. The upper and lower plots differ only by the displayed rangeson why in the older work different basis sets were used for
of probabilities. different ranges of energycf. [10]). Second, the stability
_ _ with respect to the complex-scaling angle is improved by the
discrete lines. The total number of lines is identical with theyse of the larger basis sets. Nevertheless, it is still more
total number of eigenvalue§n this case identical to the accurate to obtain the final spectrum by stabilizing it in dif-

number of basis functions that are included in the calculaterent energy ranges with respect to this scaling parameter,
tion). The position and intensity of the lines are evidently 544 this has also been done in this work.

basis-set dependent. Although the two lowest-lying reso- . £(0,0) o
nances show up as dominant contributions even in the dis]-_hIn Fig. 4, theR dependence of, (E,R) is displayed.

cretized spectrum, neither their position nor their intensity is € dgmmant effect of the varlatlpn of the |nternu.c_lear_d|s.—
ance is seen to be an overall shift of the probability distri-

in good agreement when calculated with two different basislb ) , e
sets. AtR=1.40a, the intensities are, e.g., 2.63%asis 1 ution with respect to the energy. This illustrates the fact that

compared to 2.21%basis 2 for the first resonance and (_nearl)) all elect_ronic states_ of HeThave a pL!rer dissocia—_
4.98% (basis ) compared to 3.88%basis 2 for the second {ivé character in the considered range of internuclear dis-
resonance. The broadening of the resonances due to thé@nces. The steepness of the corresponding potential curves
finite lifetime as well as their interference with the nonreso-causes the energy shift relative to the ground state energy of
nant continuum is of course also absent in such a discretizedeT". It is also apparent from Fig. 4 that not all potential
spectrum. curves corresponding to resonant states have the same slope,
The spectrum calculated within the complex-scalingsince some resonances merge together for small valugs of
method exhibits, on the other hand, a smooth background A second effect of the variation of the internuclear dis-
and (half-life) broadened resonances that show the interfertance is a change in the probabilities that are attributed to the
ence effect with the backgroundrano shape. It may be electronic resonances. At large valuesRothe lowest-lying
noted that this interference effect leads to a nearly vanishingesonance is the most intense one, but its intensity decreases
intensity in the energy range just above the second resonanee quickly with decreasing value & that at most values of
(see especially the lower plot in Fig).3'he main advantage the internuclear distance the second lowest-lying resonance
of the complex-coordinate method is, however, that the obacquires the largest intensity. Even though also this second
tained spectrum is to a good approximation basis-set inderesonance loses intensity with decreasing valu®oft re-
pendent, provided the basis set is of sufficient quality. This ignains the most intense one, before it fades also out.



2178 ALEJANDRO SAENZ AND PIOTR FROELICH 56

T T T T
ol 4 = — .
[S) x [ — .
Lo | N B T -
- I o
: -t r TSE- 1
> I S F gV
o - OFf I -]
1 — (=2} ~] 1
— ~ > X 2 H 3 7]
o 0l 2y H >
2 )N — e sk AN 1
2n > |
S © 2 Zof E
32t - AN B¢
=4 -
20 & o 25} ]
2 > -
o 2
£ ‘ 57
= [
o q 8 o
2
[
- 1 a o
o R — e T
40 100
o " " 1 2 L " " 1 " 2 L L
Energy [ eV ] 150 200 250

. . L Energy [eV]
FIG. 5. Final result for the molecular probability density in the

electronic continuum within the zeroth-order approximation, once F|G. 6. High-energy part of the molecular probability density
calculated using the closure approximatiorRg=1.431a, (solid  within the zeroth-order approximation. Solid curve: result of the
curve), once calculated using the reflection approximatidashed  josure approximation{(%9(E,K)],,9 calculated aRy;. Dashed

. . mol
curve). Both spectra have been shifted By,s=1.75 eV inorderto ¢ rve: result of the reflection approximatigi ©9(E,K)],e). The

consider the effect of the recdisee text remaining two curves are the atomic spectrnl]JOrln adapted to the mo-
lecular case, using the prefactor 3.73 as suggesté¢ti2h(dotted
curve and using the prefactor 2.0 as suggested in this Waash-

The Spectrum[IfT?c*)(,))(E,K)]refl is obtained from the dotted curvaz_ In _the inset the_same spectra are displayed on a
R-dependent spectra, weighted with the vibrational Wavéjou‘ble-logarlthmlc scale covering the energy range from the ion-
function describing the rovibronic ground state of T Fig. ization threshold to a molecular excitation energy of about 900 eV.
5[ Er?é(l))(EaK)]reﬂ is compared td! ﬁ?,s?)(E,K)]cms (calculated (All four spectra are shifted b= 1.75 eV)
at R.y). Both spectra have been calculated uskg;; in
order to account for the recoil and the zero-point energy. Th 1OO(E K) ], and[199(E,K)].0e can be attributed to nu-
main effect of the nuclear motion is seen to be a considerable % " 7 © - M fofrf?@(’)(E K)le. ONE spec-
broadening of the resonant contributions due to the stron . C mol A= »/ Iclos pec-
dependence of the resonant positions on the internuclear di um was stab!l!zed_ with respect to the complex-scaling
tance. A similar effect is the broadening of the spectrum ai ngle, this stabilization procedure hqs been pgrformed Sepa-
the ionization threshold which is due to the dissociative po_rately for 55 _spect(rd(igach corresponding to agiven value of
tential curve of the electronic ground state of H&TIn this R) for obtaining [l ;o "(E,K)]req. Therefore, it is to be ex-
context it may be reminded that Fig. 5 contains solely the?eCtefj, Fhat W|th|n_§he .reflectlon apprommaﬂqn an possible
contribution from the electronic continuum, and its threshold €0 in the stabilization of one spectrum will be largely
is defined by thdR-dependent potential curve of HET The compensated by the other specira. s
contributions of the bound states, i.e., of the Rydberg states In [12] |t.has been suggested _to add an atomic tail to the
adjacent(from below) to the continuum, are omitted in Fig. molecular final-state spectrum given Dg], since that spec-

5. This is the reason for the occurrence of a sharp thresholfj™M €nds at about 165 eV. The atomic tail giveri4i] was

of the electronic continuum if the calculations are pen‘ormeofmd_'f'ed In two respects for the use in Fhe molecular case.
for a specific value oR. First, the ionization energy occurring in the expression for

the atomic tail has been changed to 45 eV. It may be noted
that this value is not the real ionization energy of Hebut
the value obtained for a vertical transition Bt=1.4 a,.

The calculations of the transition probability for the elec- Since the approximation by a vertical transition seems to be
tronic continuum have so far only concentrated on the resowell satisfied for the process under consideratioh the
nant part of the spectrum. Therefore, the maximum excitagood agreement found for the bound-state transition prob-
tion energies have been 165 eV[#] and approximately 90 abilities calculated folRy compared to the ones that were
eV in[46,10. However, there are now two reasons to extendcalculated in a full treatment of the rovibrational motion
this energy range. First, the analysis of recent experimentdhis value for the ionization energy seems to be a reasonable
data seems to suggest a “missing” component in the theoehoice. Additionally, it may be noted that the ionization en-
retical spectrum at excitation energies above 100[&\3]. ergy E;,, enters the atomic probability only in form of the
Second, it has been suggested that the fit procedure used femergy differenceE—E,,,. Therefore, the probability de-
the extraction of the neutrino mass might be significantlypends only weakly orft;,,, if E>E;,,. Since we are inter-
affected by a wrong or omitted high-energy spectiurg]. ested in the high-energy range of the spectrum, this condition

As is visible from Fig. 5, and even more transparent fromshould be well satisfied.

Fig. 6, the effect of the nuclear motion on the transition Second, an overall prefactor 3.73 has been introduced in
probability fades out at molecular excitation energies ofthe atomic tail. The choice of this prefactor was based on the
about 100 eV. Beyond that energy the differences betweeargument that in this way the total probability will add up to

3. High-energy range of the excitation spectrum
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unity (within the sudden approximatipnas it should do. can be very accurately approximated by the atomic tail with
However, such a choice assumes the probability distributiom prefactor of 2.qas suggested in this work
given in[9] to be exact. As has been discussed earlier, the
discretization of the continuum as has been dor@]reads B. First-order correction
to a quite arbitrary distribution of the probabilities in the
electronic continuungsee Fig. 2. Assuming nevertheless the
distribution to be correct to such an high accuracy, one hasto Analyzing the structure of the interference term
note that the summed contributid®.00138 reported in[9] I(O*l)(E,Eﬁ) it can be expected that its largest contribution
for the energy range 165—200 eV would suggest a prefactarises from the decaying nucleus, since it is the only purely
of about 3.2. Evidently, this is not consistent with the pref-real term of ordery [see Eqs(40) and(41)]. However, this
actor 3.73 suggested [A2]. term is only present i£5"+0. This is understandable when it

It may be noted that the introduction of a comparativelyis remembered that the value Z§" depends on the partition-
arbitrary prefactor spoils the physical idea behind using afng of the Hamiltonian{Eq. (5)]. The choicezt=0 means
atomic tail, i.e., the idea that at very large excitation energieghat the complete Coulombic interaction between the decay-
the most probable situation is the one where one of thgng nucleus and thes particle is already contained in the
atomic electrons is ejected with most of the energy that iS,q;oth-order treatment, while the choizéﬁzz means that
released to the complete molecular system (ﬁeLTe )- no Coulombic interaction between these two particles is in-
This _fgst escaping elgctron will effe_ctlve|y experience thecjuded in the zeroth-order treatment. The inclusion of this
remaining molecular ion (HET) as it would be a point jnteraction in the zeroth-order treatment leads, however, to
charge(with charge+2). Therefore, the situation is compa- the gppearence of the Fermi function in the zeroth-order tran-

rable to the one where one electron escapes from Qa’t_He sition probability which is not present otherwise. Briefly, one
system, as occurs in the case of fBalecay of atomic tri-  pag

tium. However, instead of one atomic electron that can be
ejected in the case of a tritium atom, there are now two
electrons in the case of,T Thus, one should expect that the Z(Z%Q)
prefactor 2.0 should be used for the atomic tail, when applied A
to T,. In Fig. 6 we have plotted together with the explicitely where 7992
calculated molecular continuous spectra also the ones pre- Zn o o ]
dicted by an atomic tail. Excellent agreement is found befor a specific partitioning of the Hamiltonian, while
tween our calculation and the atomic tail with prefactor 2.0l “%(E,Ej) is the zeroth-order transition probability that has
for excitation energies above 200 eV, while the tail obtaineddeen derived in this work, i.e., the one B§'=2.
with the prefactor suggested 2] does not match the mo- ~ We will now investigate the effect of the differe(artifi-
lecular continuum at any energy. cial) partitionings on the physical quantityE,E;) that en-
From the very good agreement of the molecular con+ters theB spectrum[see Eq.(7)], and was defined in Eq.
tinuum and the appropriate atomic tail we may conclude tha10). Truncating the Born series after the interference term
our method seems to be well capable of treating the continuand including only the largesteal) contribution with respect
ous spectrum up to excitation energies of about 900 eV. Ino the Sommerfeld parameterone finds[see Eqs(40) and
addition, beyond 200 eV the molecular final-state spectruni45)]

1. Contribution of the decaying nucleus

(E,Ep)=F(Zp—Z3,pp) 1°O(E,Ep), (59

)(E,EB) is the zeroth-order probability obtained

0,0 0,1
I(ZeAﬁ)(E,Eﬁ)u‘Zzﬁ)(E,EB)

I(E,Ep)~ FZr by (60)

2ot (E.Eg)— (825 m)[ n+ 1U37¢*)] T (E.Ep)
) F(Za.pp) (61

1— (82 m)[ 5+ 1/35c?)]
0,0 A

=Ty (E,Ep) F(Za,Pp) (62)

gze 1 F(Za—2Z5" pp)
~|<°v0>(E,EB)(1— A e F‘(\ZA";B)B . (63)
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TABLE II. Interference-term correction(*?) to the zeroth-order transition probabilitieB{f'?) of the
six electronic lowest-lying bound states of HeWith 'S symmetry. All probabilities are calculated with
basis 1 aR.¢=1.431a,. In addition, »=const=—0.027 068 and5'=2 have been used.

n P [P, (PR lur PRO+PPY  [PRI+PP oo
1 0.57430 3.5%10 4 —7.56x10°* 0.57390 0.57437
2 0.17418 —4.38<10°° —1.04x10°4 0.17403 0.17417
3 0.07752 —6.05x10°° —3.18x10°° 0.07743 0.07749
4 0.00790 —2.33x10°8 —2.40x10°8 0.00789 0.00790
5 0.00012 1.3810 7 —3.34x1078 0.00012 0.00012
6 0.00914 —9.66x10°8 —2.33x10°6 0.00913 0.00914

Using = —0.027(as it is found close to the end point of the trum, including the electronic continuum. Therefore, the
B spectrum, sums of the probabilities of the first and last columns of
Table Il may differ)

Inspection of the data shows that in tielecularcase the
difference which remain&ven after the normalizatigis of
the order 0.5, while in the atomic case the normalized
quantity[ PO+ pOD] " is identical to P{®?. The latter

relation has been shown analytically ih6], but was not

is obtained. Apparently, already the interference term is Cag, ,nq in [13], since in the latter work the contribution of
pable of recovering most of the effect of the interaction Of[PE]O,l)]r had been neglected.

the B electron with the decaying nucleus, i.e., 98.7% for It should be emphasized that the normalization of
78%=1 and 96.7% foz&"=2. This result justifies the appli- OO E E )+ OVE E |00 E E | K

. f turbation th 0 thi bl . it dem- (E, .B)+ (E,Ep) to (E,Ep) only makes sense
cation of perturbation theory to this problem, since it dem-i ; |51ive measurement of th@spectrum is performed, as
onstrates that thélarge effect of the interaction with the is (at least up to nowthe case in tritium neutrino-mass ex-

dfefca%/m?trr]]ucletué/v_hmr; |sthere trez;t(:ﬁl equwa:letntly ngh the periments. However, an absolute measurement would have
efiect of the atomic €lectrons and the spectator NUCIEUS ., ¢ compared to the un-normalized spectrum.

well taken into account in such a treatment. Additionally, it In Fig. 7 the corrections for the electronic continuum are

tmhgye?/zlzg:i%i tg%t ;Zi:;?gtégr v?g;r}gggéonr;zzgtr\v:rsf;e;rtl;nshown in the form of a ratio relative to the zeroth-order prob-
- ' ability | (0:9) i i-
and it is confirmed experimentally. On the other hand, if theabIIIty I (E,Ep). We have only given the separate contri

oo . butions arising form the and the 17 terms, since the In
contribution of the atomic electrongand the spectator I -
o . contribution turned out to be negligibly smatir even zerp
nucleus were of a comparable siz@.e., of order ), this

X . .~ . As in the case of the bound states the contributions of the
should be recognizable from experimental data. This is a . : .
t,and 1f matrix elements are quite different, but added to-

strong indication that the theoretical prediction stating tha ether thev are nearlv proportional to the zeroth-order prob-
the effects of the atomic electrons on the decay rate are n&b y Y Prop P

of the order of, but of the ordem?, is very reasonable, and ability. This is especially apparent from Fig. 8 whemn a
it reflects the well-known fact that the interaction with the
decaying nucleus has a much larger influence on the decay
rate than any other Coulombic interaction of {Belectron.

1.000 for Z&"=0,
T(E,Ep)~1C9(E,Ez) x4 0.987 for Z5'=1, (64
0.967 for z8"=2,

5x1073

2. Contribution of the atomic electrons and the spectator
nucleus

In Table Il the correction®* to the zeroth-order tran-
sition probabilitiesP(>? are given for the six lowest-lying
13 states of HeT. The calculation has been performed at
Reit and with »=—0.027 068. The contribution has been
split into a part arising from the matrix elementgsee Eq.
(42)] and the I/ matrix element§see Eqs(40) and (42)].
Obviously, both contributions are nonproportional to the
zeroth-order probability when discussed separately. How-
ever, if they are added to each other, it surprisingly turns out
that they are nearly proportional ®{"?. This can be seen
f.rom the I(aosot) two(ocglumns of Table Il, since after.rllorl(”gg)llza- FIG. 7. Ratio of the first-order correction to the zeroth-order
tion of Pp+ Py to((’)[q)e zeroth-order probabilit$y ™™, ohaniity. In particular,| 0V (E,E5)/1®9(E,Ep) (solid curve,
most of the effect ofP,"~ disappears and the normalized 1OY(E,Eg/ICI(E,Ep) (dashed curve and IQ9(E,Ep)/
probabilities are nearly identical t8{>?. (Note that this 1©0(E,Ep) (dash-dotted curye (All spectra are shifted by
normalization has been performed using the complete spe&,,;=1.75eV)

0

Relative Probability Density

—5x10™3
—

100 150 200
Energy [ev]
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dent. The accuracy of the calculation may be estimated from
the differences obtained for the two basis sets.

0.1

V. DISCUSSION

In this work the reliability of the molecular final-state
distribution following theB decay of molecular tritium has
been investigated in the context of its application in tritium
neutrino-mass experiments.

The transition probability into the electronic continuum of
HeT" has been reinvestigated within the zeroth order of per-
turbation theory. The reliability of a previous calculation
TN . . N [10] within the clamped-nuclei framework has been con-
50 100 Energy [eV] 500 firmed by the use of larger basis sets. The effect of the
nuclear motion on the transition probability has been in-
cluded for the first time for the electronic continuum. Two
Ié?’l)(E,Eﬁ) (lower curve with the zeroth-order probability different approximations have_ been app_lied _which were
I9(E,E,) (upper cunvg (Both spectra are shifted by called the closure and reflection approximations, respec-
Eqnin=1.75 V) tively. Most of the effect of the nuclear recoil which is not
explicitly contained in our calculation was recovered by an
effective energy shiftEg,x=1.75 eV which was obtained
with the aid of a previous calculatidi26] for the electronic
Bound states of HeTthat included a complete treatment of
. ) . . the rovibrational structure of the initial state and the final

In order to investigate the degree of proportionality Ofstates In addition, the introduction &, leads to a com-
POD with respect to the zeroth-order probability, Table IlI ' ’ hift | -

no i . _ ; mon energy scale for the present calculation of the electronic
contains the rati®®{**/P{*? (in %). In theatomiccase this  continuum and the previous bound-state calculatiof9in
ratio is identical for all electronic bound or continuous states |, g similar way it was possible to use the fully rovibra-
and it is equal to 100%f 7?)~—0.073 27%. The differ- tionally resolved spectrum for five electronic bound states
ence between the atomic and molecular cases is therefobqs\,en in[26] in order to obtain an effective internuclear dis-
evident by comparing the entries in orwv (i.e., the one for  tanceR, i.e.,Ryg=1.431a,. This Ry allows us to calculate
R=R¢s=1.431a) with that value. The ratios found in the the individual electronic transition probabilities to a very
molecular case for thg different bqund.stgtes are all of ”_“P\igh accuracy by performing the calculation only at one
same order of magnitude and quite similar to the atomicingle value ofR. Since the transition-probability spectrum
value, but not identical. The similaritsame order of mag- o the electronic continuum turned out to be very sensitive to
nitude and same sigrfound for the different bound states the choice of the internuclear distanegas had been found
indicates that the main effect of the interference term is & gyjier also for the bound stalethe change of the internu-
change of the magnitude of the transition probability, but not;|ear distance fronR,=1.40a, (clamped-nuclei calculation
of its shape, as was already found by the renormalization ) 1o R =1.431a, results in an obvious improvement of
The only state for which a correction with an opposite sign isthe calculation.
found is the fifth state. However, since the transition prob- However, the application of the closure approximation
abil_ity connected to this state is very small, this has almosjga4s to a loss of the energy distribution of the transition
no influence on the overall result. robabilities connected to a given electronic statizhin the

In Table 1l we have also investigated the dependence o orn-Oppenheimer approximatigrsince in the closure ap-
the interference-term correction on the internuclear diStanCBroximation the whole probability of a specific electronic
in order to assure that the results found Ry can be ex-  giate is put at one certain energy value. Since the energy
pected to be generally valid. We report the results of calcugistribution is needed for the analysis of the tritium neutrino-
lations performed for a number of different values Rf 555 experiments, it was felt important to improve on this
within the clamped-nuclei approximation. It may be notedgpnroximation, and this has been done by the reflection ap-
that in this case the R/matrix elemen{£,|1/R|&o) reduces  proyimation. This approximation has been chosen since the
to 1R, while it has beefR™* before[see Eq(45)]. For most  states in the electronic continuutespecially the resonant
of the bound states the rat®}’*/P{*? turns out to be com-  states whose probabilities exhibit the most evident depen-
paratively constant. However, the corrections for states 4 andence on the internuclear distapeee all purely dissociative
5 depend quite evidently on the internuclear distance. Stillwithin that range ofR where the rovibrational ground-state
these corrections are small, especially since the zeroth-orderave function of T is different from zero. As expected, the
probabilities connected to these states are small. reflection approximation introduces a considerable broaden-

For some values dR the ratiosP{*"/P{®? obtained with  ing of the resonances. In addition, also the ionization thresh-
basis set 2 are also reported in Table Ill. A comparison to theld is broadened.
corresponding results obtained with basis set 1 reveals good Beyond a molecular excitation energy of about 100 eV
agreement. Therefore, it can be concluded that the resulthe differences between the closure and reflection approxi-
given in Tables Il and lll are almost basis-set indepen-smations become negligible. This indicates that at large mo-

| Probability Density | [ev ~']
1078 1077 107% 107 107* 1073 0.01

FIG. 8. Comparison of thdelectronig first-order correction

double-logarithmic sca)ethe complete interference term is
compared to the zeroth-order probability. Both spectra ar
seen to be nearly parallel to each other.
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TABLE IIl. Dependence of the ratio of the interference teP!™ to the zeroth-order probabilit(>?
on the internuclear distand®. Displayed are the corresponding valu@s %) for the the six electronic
lowest-lying 13 states of HeT. All probabilities are calculated within the clamped-nuclei approximation
(with »=const=—0.027 068 aniiﬁ:Z). Rows denoted by an asterisk contain the results obtained for basis
set 2, while all other values correspond to basis set 1.

100%x PLY(R)/PLI(R)

R/a, n=1 n=2 n=3 n=4 n=5 n==6

0.800 —0.06685 —0.09099 —0.10536 —0.08670 —0.00257 —0.11410
0.800 —0.06635 —0.09166 —0.10579 —0.09845 0.32251 —0.13664
0.900 —0.06919 —0.09200 —0.11029 —0.08562 0.02896  —0.11950
1.000 —0.07042 —0.09161 —0.11344 —0.08263 0.04246  —0.12373
1.000 —0.07050 —0.09164 —0.11406 —0.08695 0.04803  —0.12528
1.100 —0.07091 —0.09051 —0.11579 —0.07851 0.04983  —0.12685
1.200 —0.07093 —0.08906 —0.11752 —0.07359 0.05906  —0.12868
1.300 —0.07078 —0.08735 —0.11852 —0.06819 0.06945  —0.13037
1.400 —0.07045 —0.08572 —0.11936 —0.06243 0.08436  —0.13094
1.431 —0.07031 —0.08518 —0.11957 —0.06038 0.08723  —0.13169
1.43% —0.06992 —0.08553 —0.11984 —0.06042 0.09119  —0.13300
1.500 —0.07001 —0.08408 —0.12010 —0.05590 0.10103  —0.13194
1.600 —0.06958 —0.08247 —0.12052 —0.04865 0.12296  —0.13352
1.700 —0.06917 —0.08112 —0.12115 —0.04127 0.15737  —0.13381
1.800 —0.06880 —0.07990 —0.12164 —0.03314 0.20033  —0.13457
1.900 —0.06852 —0.07885 —0.12215 —0.02410 0.26540  —0.13572
2.000 —0.06836 —0.07803 —0.12262 —0.01434 0.36688  —0.13699
2.000 —0.06825 —0.07806 —0.12242 —0.01489 0.39144  —-0.13641

lecular excitation energies the effects of the nuclear motiorthis work provides a more natural explanation of the magni-
on the final-state distribution become less important. Basetlude of the interference term. In addition, it demonstrates the
on this idea an atomic tail was suggested that should be abkpplicability of a perturbation-theory approach to the process
to describe the high-energy range of the spectrum to a suffidinder consideration, since the effect of the interaction of the
ciently high accuracy. All parameters were fixed by physicalB electron with the decaying nucle@shich is known to be
considerations, while in a previously suggested [thf] an  a large effectis recovered to about 97% with the aid of the
overall prefactor was chosen by a normalization constrainlowest-order correction in perturbation thedihe interfer-
Whereas ousab initio molecular calculations reveal a very ence term between the zeroth-order and first-order ampli-
good agreement with the atomic tail suggested in this workudes. Therefore, it seems reasonable to assume that the
for excitation energies above 200 eV, this is not the case fosmalley effect of the Coulombic interaction between tBe
the previously suggested tail. electron and the remaining particlénolecular electrons and
Another aspect of the reliability of the molecular final- spectator nucleyss also sufficiently well described by per-
state spectrum considered in this work is the question ofurbation theory.
whether a zeroth-order treatment is sufficient for the analysis In contrast to the atomic case it turns out that fortfie
of the tritium neutrino-mass experiments. This problem hadnterference-term correction is not strictly proportional to the
so far never been investigated for molecular tritium, butzeroth-order probability, but it is almost proportional. There-
mainly for tritium atoms. In addition, it may be noted that the fore, the shape of thd spectrum is nearly unaffected by the
different works performed for the atomic case are not inaddition of the interference term to the zeroth-order probabil-
good agreement with each other. Therefore it was felt necity, as is obvious from the renormalized results. While the
essary to investigate this point by an explicit calculation. Thenagnitude of the electronic and spectator-nucleus contribu-
main focus of our investigation was on the question oftions to the interference term is found to be of ordgrfor
whether the interference term between the zeroth-order anthe absoluténonrenormalizedspectrum, it is only of order
first-order transition amplitudes is of orderor 7> (where  0.1%? for the relative(renormalizedispectrum. This has been
is the Sommerfeld paramejeand whether it is proportional demonstrated by an explicit calculation of the interference
to the zeroth-order probability, as found for the atomic casaerm for the whole molecular final-state spectrum including
[16]. Adopting a variable partitioning of the Hamiltonian, it the electronic continuum where the latter has been treated in
was possible to show that the interference term is in faca nondiscretized way. This calculation required an extension
(also for the atomic decayf order 5, as one would expect of the complex-coordinate method in order to evaluate inter-
from perturbation theory. However, this contribution arisesference terms between transition amplitudes, which has been
only from the decaying nucleus, recovering almost comimplemented for the first time in this work.
pletely the Fermi function that is often already introduced in The dependence of the calculated correction on the basis
the zeroth-order treatment. Thus the partitioning adopted iset and the internuclear distance has also been investigated. It
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was found that the result is almost independent of both patronic continuum has been improved compared to previous
rameters, even though, e.g., two of the six electronic boundalculations, e.g., compared to the one givef@ij this new
states are quite dependent on the internuclear distance, bspectrum should be used in the analysis of experimental data.
the probability connected to these states is very small. Since the extraction of th@quared neutrino mass out of the
Since the interference term between the zeroth-order anexperimental data is done by a fit procedure that depends
first-order amplitudes is found to be of ordef also for  necessarily on a number of experimental parametesolu-
molecular tritium(apart from the contribution of thelecay-  tion, scattering in the source, background, )eitis not pos-
ing nucleus, it would be incorrect to consider only this cor- sible to predict the change in the obtained neutrino mass that
rection, because also the pure first-order term as well as thaill arise from the use of the new continuous final-state spec-
interference term between the zeroth-order saconedorder  trum compared with the old one. Most probably, the result
amplitudes is of order? (see ). It has been argued that the will differ for different experiments. Nevertheless, the shift
contribution of the pure first-order probability will be of the continuous spectrum due to the recoil may have some
(partly) canceled by the interference term between thenfluence, since it corresponds to a shift of a probability of
zeroth-order and second-order amplitudes. An explicit calcu14% by more than 1 eV. However, it seems to be unlikely
lation [48] for the electronic bound states of HeTevealed, that this effect is large enough to solve the experimental
however, that this cancellation is not complete if transitionsproblems, where an additional component of few percent at
to specificfinal states are considered. More importantly, thean excitation energy of more than 100 eV has been sug-
remnant(after adding both contributionss still of order?  gested.
and is not purely proportional to the zeroth-order probability. Second, as in the case of the electronic bound states, also
Therefore this term has to be taken into account if correcthe transition probability into the continuum is found to be
tions of orders? are considered. strongly dependent on the internuclear distance. Therefore it
Additionally, it has to be noted that the partial cancella-may be useful to investigate more carefully if the assump-
tion mentioned above occurs only for the=0 contribution  tions employed in the theoretical investigations are really
to the pure first-order transition probability. According to the met by the experiments, since every deviation of the average
findings in | there are, however, also terms of org@éraris-  internuclear distanc@lue to different isotopes, the formation
ing from theL #0 contributions. In fact, these contributions of ions, solid-state effects, electric or magnetic fields,)etc.
will in the case of a tritium molecule add up My,7?=27? could significantly change the final-state distribution of
(see ). In the case of a I molecule decaying in its ground HeT".
state withS, symmetry all pure first-order terms correspond-  Third, the largest corrections to the zeroth-order approxi-
ing to M=0 will lead to a transition to a HeTstate withs ~ mation are of order;” if the interaction with the decaying
symmetry, whereabl # 0 will lead to a population of HeT ~ nucleus is already included in the zeroth-order treatment, as
states that have nB symmetry. Therefore two-thirds of the is usually done. The largest correctiof@sising as expected
total contribution ofL=1 will result in transitions to HeT ~ from the interference term between the zeroth-order and
states withll symmetry(i.e., the probability of1 state popu- first-order amplitudeshave been explicitly calculated in this
lation is equal to two-thirds of 0.752%% and thus equal to Work, and have been shown to be too small to explain the
7%. In the same way one finds that the probability of€xperimental difficulties to extract the neutrino mass from
exciting states of A symmetry is 0.2224° thep-decay spectrum of ;I
[ =(4/5)x0.139% 2%?], etc. Since within the zeroth-order
treatment to a very good approximation orlly states are ACKNOWLEDGMENTS
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Evidently, a consideration of corrections of ordgr has APPENDIX: IMPORTANCE OF HIGHER-ORDER

to take into account the interference terms between thggrms PROPORTIONAL TO THE SUDDEN AMPLITUDE
zeroth-order and first-order amplitudes, the pure first-order

term (including the contributions frork #0), and the inter- In this appendix the impact of higher-order terms that are
ference term between the zeroth-order and second-ord@Foportional to the sudden amplitudéke the nuclear con-

terms. An explicit calculation of these terms will be pre- tribution) on theshapeof the transition-probability spectrum
sented elsewherel8]. is discussed. For simplicity we assume a discrete spectrum;

the generalization to a discrete plus continuous spectrum is
straightforward. The spectrum in the sudden approximation
is given by the probabilitie??. The interference term be-
Summarizing the results the following main conclusionstween the zeroth-order and first-order transition probabilities
can be drawn from this work. First, since in the zeroth-ordefis given byP; = f;+cP) wheref; is the electronic contribu-
treatment the molecular final-state spectrum for the election anchJQ is the nuclear one. The absolute value of the

VI. CONCLUSION
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interference-term-corrected probability is therefore Where'fj:fj(1+c)—1_ Sincec<1 (which has to be valid if
the perturbational approach should work aj},athe expres-

_ p0 1_ 0
Pj=Pj+Pj=(1+c)Pj+fj. (A1) sjon (1+¢)~* can be expanded in a Taylor series. This gives

The renormalization of this term to the sudden probability

yields fi=f(1-c+c?—--)=f,—cfj+c?f;--- . (A3)
~ 3P} o
Pj= 0 [(1+c)Pj+1j] From this equation it is evident that the effect of the nuclear
(I+o)Pi+ 2T contribution on the sha ition- li -
pe of the transition-probability spec
po _ trum is by a factory? smaller than the electronic contribu-
= — L [PO+T), (A2) tion, independent of the size of the latter one, sinde of
2jPi+ 2 order 7.
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