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Fock-space diagonalization of the state-dependent pairing Hamiltonian
with the Woods-Saxon mean field

H. Molique and J. Dudek
Institut de Recherches Subatomiques, IN2P3–CNRS/Universite´ Louis Pasteur, F-67037 Strasbourg Cedex 2, France

~Received 6 May 1997!

A particle-number conserving approach is presented to solve the nuclear mean-field plus pairing Hamil-
tonian problem with a realistic deformed Woods-Saxon single-particle potential. The method is designed for

the state-dependent monopole pairing HamiltonianĤpair5(abGabca
†cā

†
cb̄cb with an arbitrary set of matrix

elementsGab . Symmetries of the Hamiltonians on the many-body level are discussed using the language ofP
symmetry introduced earlier in the literature and are employed to diagonalize the problem; the only essential
approximation used is a many-body~Fock-space! basis cutoff. An optimal basis construction is discussed and
the stability of the final result with respect to the basis cutoff is illustrated in details. Extensions of the concept
of P symmetry are introduced and their consequences for an optimal many-body basis cutoff construction are
exploited. An algorithm is constructed allowing to solve the pairing problems in the many-body spaces
corresponding top;40 particles onn;80 levels and for several dozens of lowest lying states with precision
;~1–2! % within seconds of the CPU time on a CRAY computer. Among applications, the presence of the
low-lying senioritys50 solutions, that are usually poorly described in terms of the standard approximations
~BCS, HFB!, is discussed and demonstrated to play a role in the interpretation of the spectra of rotating nuclei.
@S0556-2813~97!02210-3#

PACS number~s!: 21.60.Ev, 21.10.Re, 21.30.Fe, 27.70.1q
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I. INTRODUCTION

In the nuclear structure calculations based on the mic
scopic treatment of the multifermionic systems, the avera
field plus pairing Hamiltonian played a central role in t
past. Despite visible progress in the nuclear shell-mo
techniques, the approximations employing either the
formed potentials of the Nilsson or Woods-Saxon type,
those using the Hartree-Fock techniques, turned out to
extremely powerful tools helping us to understand the qu
tum mechanisms observed, among others, in the high-
physics or the physics of exotic nuclei.

In order to be realistic, these average-field approximati
must be supplemented with residual interactions, the sh
range interactions of the pairing type being so far the m
commonly used. However, the calculations could only
performed by resorting to approximate methods such as
Bardeen-Cooper-Schrieffer ~BCS! or Hartree-Fock-
Bogolyubov ~HFB! approaches, sometimes in conjuncti
with the correction terms evaluated within the random-ph
approximation~RPA!. These approximations have becom
standard in the nuclear physics literature.

Both BCS and HFB approximations suffer from serio
defects, the nonconservation of the number of particles be
one of them. Moreover, the precision of these approxim
tions, acceptable for the class of the two quasiparticle e
tations, becomes questionable when it comes to four
higher order excitations. In addition, as mentioned, e.g.,
Richardson@1# on the basis of an exactly soluble algorith
for the monopole pairing problem, the two quasiparticle e
citations that are interpreted in terms of a standard p
breaking mechanism are not necessarily thelowest excita-
tions of the paired system~see also examples below!.
Defining the senioritys as the number of unpaired nucleon
560556-2813/97/56~4!/1795~19!/$10.00
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thes50 ands52 excitations are found to compete energe
cally in the exact solutions, while thes50 exact states cor
respond within the BCS/HFB type algorithms to four qua
particles and are predicted to lie far too high in the ene
scale. The latter observation implies that an important cl
of the low-lying excitations in nuclei cannot be described
terms of the standard BCS- or HFB-like theories and t
may have further important consequences for our und
standing of the nature of excitations, e.g., in exotic nuclei,
some low-spin excitations in rotating nuclei.

Another group of problems with the approximate stand
treatment of the pairing Hamiltonian is related to the fact t
both the BCS and the HFB approximations break down
an important class of physical situations. The remedy
terms of, e.g., particle number projection techniques com
cates the algorithms considerably, yet without helping to
proach better the description of the higher-excited part of
spectrum of the pairing Hamiltonian.

Over recent years, some effort has been observed
elaborate algorithms that bypass the Bogolyubov transfor
tion ansatz, and thus are free from problems related to
nonconservation of the particle number. These methods
based on the direct diagonalization of the pairing Ham
tonian in the many-body Fock space.

For instance, in Ref.@2# the pairing Hamiltonian has bee
diagonalized exactly in the senioritys50 space for an ex-
ample of 10 fermions distributed over 20 equispaced, dou
degenerate orbitals. It has been found that the numbe
configurations with the important weights in the lowes
energy solutions is very restricted, only a few lowest-ene
configurations contributing significantly. The principle of
truncation of the many-body basis by retaining a cert
number of the lowest energy states became an evident w
ing scheme to follow. Furthermore, the superiority of such
1795 © 1997 The American Physical Society
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1796 56H. MOLIQUE AND J. DUDEK
many-body truncation as compared to a single-particle
bital truncation has been demonstrated.

In this context several possibilities have been studi
One of those has been developed in a series of articles@3–6#,
in which the authors have suggested a method based
diagonalization of the pairing Hamiltonian in spaces span
by some energy-truncated ensembles of the many-body w
functions. A discussion of approximate solutions in terms
the truncated many-body~Fock! spaces based on cranke
single-particle orbitals can be found in Refs.@7–9#. Exten-
sions to include effective truncations in terms ofK ~projec-
tion of the angular momentum on the elongation axis! are
described in Ref.@10#. Another extension using a truncatio
scheme based on the angular momentum alignment sele
is described in Refs.@11,12#. Extensive studies and man
applications of the energy truncated many-body basis c
struction were performed in Refs.@2,13–16#. These applica-
tions concern, for example, studies of theK structures of the
many-body wave functions, of the yrast-yrare interact
strengths, as well as of the band crossing frequencies.

In the majority of the above mentioned articles, a cons
erable effort has been attached to a characteristic proper
the monopole pairing Hamiltonian: by a certain scaling
the strength constant, the particle number conserving s
tions could be brought closer to the BCS solutions and v
versa. Such comparisons are to some extent useful, yet
ing several issues not answered, such as, for example
quality of the underlying algorithms and their comparis
with the exact results, and perhaps most importantly,
stability of the solutions with respect to the basis cutoff.

In the present article, we would like to focus on a study
the particle number conserving algorithms that could be
plied for realistic nuclear Hamiltonians of essentially tw
forms. The one related to the nuclear structure proble
without collective rotation is

Ĥ5(
a

«a~ca
†ca1cā

†
cā !2(

ab
Gabca

†cā
†
cb̄cb , ~1.1!

where the creation and annihilation operators for fermio
satisfy the usual anti-commutation rules ($ca ,cb

†%5dab and

$ca ,cb%50); we have also (ca
†)†5ca and cā

† u0& corre-
sponding to states conjugated with respect toca

† u0&, e.g., in
terms of time-reversal@17# or signature~see below! opera-
tions. We will not assume that the pairing matrix elemen
Gab must be degenerate to a constant (Gab;G). In other
words, most of the conclusions of the present study will
main valid for state-dependent pairing. The second family
Hamiltonians that are of interest here are the so-called cra
ing Hamiltonians that take the form

Ĥ→Ĥv[Ĥ2v(
ab

^au ̂xub&ca
†cb . ~1.2!

In the latter relation the external rotation term~cranking
term! describes a rotation of the system about an axis~in this
case theOx axis!.

In the construction of this article we let ourselves be
spired by a previous work@18# where the concept ofP sym-
metry has been introduced, based on studying relativ
small-size systems within an exact diagonalization. Ob
r-
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ously the question of exploring all possible symmetries
the problem with Hamiltonian matrices of large dimensio
plays an important role. Here we would like to discuss bo
the aspect of the very existence of the many-body sym
tries in the Hamiltonians of interest as well as a possibility
the application of these symmetries in realistic calculatio
by reducing the sizes of the corresponding Hamilton
blocks to the minimum.

In the following we present the most general class
P1-symmetric Hamiltonians first. This symmetry is of inte
est in particular for classifying the rotational states in nuc
as well as in diminishing the sizes of the many-body Ham
tonian blocks, as it will be described in Sec. II. High sym
metries of the state-dependent monopole pairing Hami
nians will be explored, in particular in terms of the senior
~and/orP2 symmetry! and P1-quantum number in the de
formed nuclear Hamiltonians~1.1! and ~1.2!. Here also the
fact that Hamiltonian~1.1! conserves both the number o
particlesand the number of pairs of particles will explicitly
be employed, leading to a tremendous lowering of the si
of the Hamiltonian blocks. We will introduce a concept of
local weight associated with the many-body~Fock! states
and demonstrate how to use this concept to further blo
diagonalize analytically the state-dependent monopo
pairing Hamiltonians.

A possibility of practical applications of the above me
tioned symmetry considerations requires the tests of stab
of the basis cutoff. The illustration of the test of stabili
allowing to obtain well approximated solutions in the man
body spaces of the Hamiltonian matrices ‘‘billion3 billion’’
or larger by effectively applying only about 10003 1000
matrix diagonalizations, will be presented in Sec. III. W
will illustrate the behavior of the obtained solutions usi
very few configurations, approximating well the results th
would require in principle formidably large matrices. As
typical example, the seniority zero eigenvalue problem o
system composed of 32 particles on 64 orbitals would n
in principle the use of 601 080 390 configurations, where
one can obtain stable eigenvalues within a few % accur
with approximately ‘‘a couple of thousand3 a couple of
thousand’’ matrices out of well preselected states. We w
also compare in some detail the solutions based on the B
quasiparticle picture with the model calculations. Section
will be devoted to applications of the method discussed
this article, in the realistic cases of selected nuclei in
rare-earth mass region. Conclusions and consequences o
results obtained will be discussed in Sec. V.

II. A HIERARCHY OF P-SYMMETRIC HAMILTONIANS
OF DEFORMED NUCLEI

The construction of this chapter follows a hierarchy
symmetries that standard Hamiltonians of a deform
nucleus may obey. Hamiltonian~1.1! is a particular form of
a more general structure and we recall briefly a typical ch
of Hamiltonian structures that have been widely used in
literature, together with the implied symmetries in the Fo
space.

A. Introduction: Nuclear Hamiltonians
and dichotomic symmetries

Let us begin with two most commonly exploited dichot
mic symmetries of the Hamiltonians of deformed nuclei, t
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56 1797FOCK-SPACE DIAGONALIZATION OF THE STATE- . . .
parity p̂ and the signature, say,R̂x(p) @a rotation through an
anglep about theOx axis, R̂x(p)5exp(2ip̂x)#. The signa-
ture symmetry has further going consequences for the m
body structure of the realistic effective Hamiltonians, main
because pairing Hamiltonians distinguish the interact
scheme that couples the states of opposite signatures~maxi-
mum overlap!.

Let us introduce a single-particle basis spanned by
eigenstates of a one-body Hamiltonian commuting with
dichotomic symmetry operator, e.g.,Ŝ(1)[R̂x(p) where the
argument 1 refers to the one-body representation of the
responding operators. We then have

Ĥ~1!5(
ab

^auĥ~1!ub&ca
†cb ; @Ŝ~1!,ĥ~1!#50,

~2.1!

and thus we may introduce the states labeled by the ei
values of Ŝ(1). Since the operator in question satisfi
Ŝ(1)2521 in a fermion space, we have a possibility to s
lect a representation in such a way that

ĥ~1!uasa&5easa
uasa&;

Ŝ~1!uasa&5sauasa&; sa56 i . ~2.2!

The corresponding symmetry operatorŜ(2) acting in the
space of the two particle wave functions can be viewed a
direct product,Ŝ(2)5Ŝ(1)^ Ŝ(1).

Within the basis of eigensolutionsuasa&[ua6 i &[ua6&
of Hamiltonianĥ(1), onerepresents any one-body plus tw
body Hamiltonian operator in a standard way by

Ĥ5(
a

«a~ca1
† ca11ca2

† ca2!

1
1

2(ab
gd

^a6,b6uĥ~2!ug6,d6&ca6
† cb6

† cd6cg6 .

~2.3!

In the above relation there are in fact 16 types of two-bo
matrix elements, distinguished by the signs (6) combined in
any possible way. Assuming, as it is often possible, that
two-body operator ĥ(2) commutes with Ŝ(2),

@ ĥ(2),Ŝ(2)#50, implies that half of the matrix elements i
Eq. ~2.3! must vanish. The nonvanishing ones give

Ĥ~2!5
1

2 (
a1b1
g1d1

^a1,b1uĥ~2!ug1,d1&ca1
† cb1

† cd1cg1

~2.4a!

1
1

2 (
a1b1
g2d2

^a1,b1uĥ~2!ug2,d2&ca1
† cb1

† cd2cg2

~2.4b!
y-

n

e
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1
1

2 (
a1b2
g2d1

^a1,b2uĥ~2!ug2,d1&ca1
† cb2

† cd1cg2

~2.4c!

1
1

2 (
a1b2
g1d2

^a1,b2uĥ~2!ug1,d2&ca1
† cb2

† cd2cg1

~2.4d!

1
1

2 (
a2b2
g1d1

^a2,b2uĥ~2!ug1,d1&ca2
† cb2

† cd1cg1

~2.4e!

1
1

2 (
a2b2
g2d2

^a2,b2uĥ~2!ug2,d2&ca2
† cb2

† cd2cg2

~2.4f!

1
1

2 (
a2b1
g2d1

^a2,b1uĥ~2!ug2,d1&ca2
† cb1

† cd1cg2

~2.4g!

1
1

2 (
a2b1
g1d2

^a2,b1uĥ~2!ug1,d2&ca2
† cb1

† cd2cg1 .

~2.4h!

The many-body image of the above Hamiltonian has
two sub-block structure, the two sub-blocks corresponding
the opposite signatures of the total many-body wave fu
tions: 61 or 6 i . Without further limiting assumptions re
lated to the structure of the nuclear Hamiltonian of a d
formed nucleus, no additional simplification is evident.~A
standard one due to the Hermitean form of the opera
and/or time reversal properties are considered obvious
are employed below in diagonalizations of the Hamiltonia
studied here.!

B. P1 symmetry and unitary groups

We proceed now to narrow the generality of the form
Ĥ(2) and to explore the implied symmetries. An importa
next class of slightly less general Hamiltonians is obtaine
in Eq. ~2.4!, the terms~2.4b! and ~2.4e! are assumed to be
zero. Thus by setting

^a1,b1uĥ~2!ug2,d2&50 ~2.5a!

and

^a2,b2uĥ~2!ug1,d1&50, ~2.5b!

we obtain an interesting family of Hamiltonians that aft
Ref. @18# will be further on referred to asP symmetric. There
are a few good reasons to be interested inP-symmetric
Hamiltonians in the nuclear physics context. First, the st
dard nuclear pairing Hamiltonians belong to such a family
a subclass, and thus by studyingP symmetry one obtains
some rather unexplored properties of pairing in the ma
body spaces~see below!. Secondly,P1 symmetry, which will
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1798 56H. MOLIQUE AND J. DUDEK
be introduced later in this section, remains a valid symme
of the one-dimensional cranking Hamiltonians studied v
often in the literature.

Below we will give only a short account of the origina
formulation of theP symmetry that uses the concept of un
tary groups@18#. Next, however, we will extend this concep
introducing a hierarchy ofP-type symmetries without mak
ing an explicit use of the group theory formalism.

To prepare the discussion of the following section, let
divide the full ensemble of the single-particle states into t
subsets denoted as above by$ua1&; a51,2, . . . ,N1% and
$ua2&; a51,2, . . . ,N2% such that the following direct-
sum relation is satisfied:

$ua&%5$ua1&% % $ua2&%; N11N25n, ~2.6!

n denoting the total number of the single-particle levels. T
numbersN1 andN2 may, but do not need to be equal. F
simplicity we will assume that the numbern is even, and that
N15N25N. The physical criteria for introducing the abov
subdivision into two ensembles may vary, but there are
least three following cases which are encountered most o
in nuclear structure applications:~a! The two ensembles cor
respond to the opposite time reversal properties, e
ua1&5T̂ua2&; ~b! the two ensembles differ in terms of th
signaturesymmetry so thatR̂x(1)ua6&5r 6ua6&, where the
signature quantum numberr 656 i ; ~c! the two ensembles
differ in terms of the simplex quantum number@simplex op-
erator, say,Ŝx(1)[p̂exp(2ip̂x), p̂ being the parity opera
tor#, so thatŜxua6&5s6ua6& where the simplex quantum
numbers656 i .

In the Hamiltonians of the form

Ĥ5(
ab

n

^auĥ~1!ub&ca
†cb1

1

2 (
abgd

n

^abuĥ~2!ugd&ca
†cb

†cdcg

~2.7!

@whereĥ(1) may contain a one-dimensional cranking ter#
we may trivially anticommute the operatorscb

†cd , leading to
a modified expression that can be cast into the form

Ĥ5(
ab

n

^auĥ8~1!ub&n̂ab2
1

2 (
abgd

n

^abuĥ~2!ugd&n̂adn̂bg ,

~2.8!

where

^auĥ8~1!ub&5^auĥ~1!ub&1
1

2(g

n

^aguĥ~2!ubg&,

~2.9!

and where

n̂ab[ca
†cb . ~2.10!

As is well known

@ n̂ab ,n̂gd#5dbgn̂ad2dadn̂gb , a,b,g,d51,2, . . . ,n,
~2.11!
y
y

s
o

e

at
en

.,

a relation coinciding with that of the unitary-group gener
tors.

Similar to Ref.@18#, we may identifyn̂ab with the gen-
eratorsĜab of the unitary group inn dimensions and write
down the corresponding Hamiltonian in the many-bo
space

Ĥ5(
ab

n

^auĥ8~1!ub&Ĝab2
1

2 (
abgd

n

^abuĥ~2!ugd&ĜadĜbg ,

~2.12!

where then2 operatorsĜab represent matrices of dimensio
dim(n,p)[(n

p) each.
We can also introduce the Casimir operator

Ĉ5(
a

n

n̂aa5(
a

n

Ĝaa . ~2.13!

So far all the expressions~2.7!–~2.13! are general and stan
dard. Assuming that Hamiltonian~2.12! commutes withŜ
and recalling that we are particularly interested in the cas
vanishing of the matrix elements in Eqs.~2.5a!–~2.5b! we
proceed by rewriting first the form of the Casimir operato

~2.14!

It is straightforward to show that Hamiltonian~2.12! after
limiting its generality as just specified does not only co
mute with Ĉ but also withN̂1

1 andN̂1
2 separately, and tha

N̂1
1 and N̂1

2 commute withĈ and among themselves. Con

sequently, both the particle-number operatorN̂1
11N̂1

2 and

the new operator of thedifferenceN̂1
12N̂1

2 , arbitrarily de-

notedP̂1 in Ref. @18# ~where the term ‘‘P symmetry’’ comes
from!

N̂1[N̂1
11N̂1

2

and

P̂1[N̂1
12N̂1

2 ~2.15!

commute with the Hamiltonian, and we arrive at a possibil
of bringing the Hamiltonian in question into a block
diagonal form, each block labeled by theP1-quantum num-
ber.

Observe that all the above operators have been writte
the many-body~Fock! space. Independently of a possib
formal derivation of the spectrum of theP̂1 operator, one can
easily deduce such a spectrum. Recalling that@cf. Eqs.~2.14!
and ~2.15!# P̂1 is a difference between the operators rep
senting the number of particles occupying single-parti
states of symmetry1 and the number of particles occupyin
the states of symmetry2, we see immediately that the pos
sible eigenvalues ofP1 are
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P15p,p22,p24, . . . ,2p ~2.16!

for a system ofp particles onn levels withp<n/2, and

P15~n2p!,~n2p22!,~n2p24!, . . . ,2~n2p!
~2.17!

for a system for whichn/2<p<n. ~From now on,p andn
will be assumed to be even, for simplicity.!

Hamiltonian ~2.12! splits therefore into (p11) sub-
blocks in the case of Eq.~2.16! and in (n2p)11 sub-blocks
in the case of Eq.~2.17!. Table I illustrates the correspondin
dimensionalities for an ‘‘academic test’’ system ofp516
particles onn532 levels. It is easily seen that the dimensi
of a given block characterized by the quantum numberP1 is
given by

dim~P1!5C~p1P1!/2
N C~p2P1!/2

N . ~2.18!

Recall that the condition for the validity of the abov
results is that the Casimir operator can be split into two te
as in Eq. ~2.14!, i.e., that @ ĥ(1),Ŝ(1)#50 and

@ ĥ(2),Ŝ(2)#50, and excluding the matrix elements~2.5a!
and~2.5b! as announced earlier. Consequently, the most g
eral form of aP̂1-symmetry-conserving Hamiltonian is th
one composed of only six terms in Eq.~2.4!; those in Eqs.
~2.4b!–~2.4e! are excluded.

C. P1 symmetry as a concept independent
of the unitary group considerations

Although the first mention ofP symmetry and possible
profits for the Hamiltonians of the deformed nuclei, R
@18#, involved the unitary group language together with t
use of the Casimir operators, etc., an important aspect o
block-diagonalization of the many-body Hamiltonians can
obtained rather easily using directly the properties of
Fock-space vectors.

The mechanism calledP symmetry@18# can be summa-
rized as follows. Suppose that a HamiltonianĤ commutes
with two operators, sayN̂1 andN̂2 that characterize a cer
tain set of configurations in the Fock space a

TABLE I. Table illustrating the block structure of a

P̂1-symmetric Hamiltonian for an example ofp516 particles on
n532 single-particle levels. The table indicates the possible va
of the P1-quantum number, and the corresponding dimensions
the Hamiltonian sub-blocks. The total number of many-body c
figurations spanning the complete space isC16

325601 080 390.

P1 value Dimension

0 165 636 900
6 2 130 873 600
6 4 64 128 064
6 6 19 079 424
6 8 3 312 400
6 10 313 600
6 12 14 400
6 14 256
6 16 1
s

n-

.

he
e
e

@N̂1,N̂2#50. The corresponding many-body states can
labeled with (N1,N2). That form, however, may not be th
most general neither the most convenient to express the
responding block-diagonalization procedure of the Ham
tonian. There exists Hamiltonians of interest in nuclear a
solid state physics whose form allows us to find the relat

@Ĥ,P̂15N̂12N̂2#50 while @Ĥ,N̂11N̂2#Þ0. To stress
this point that illustrates certain advantages of the formu
tion in terms of ‘‘P̂5N̂12N̂2’’ language let us refer to an
important class of the Hamiltonians discussed in Appen
A.

D. Generalized pairing Hamiltonians as a particular case
of aP1-symmetric operator

If in Eq. ~2.4! only the four terms~2.4c!, ~2.4d!, ~2.4g!,
and ~2.4h! are retained, the two-body Hamiltonian may b
written in the form

Ĥgp~2!5
1

2 (
a1b2
g2d1

^a1b2uĥ~2!̃ug2d1&ca1
† cb2

† cd1cg2

1
1

2 (
a2b1
g2d1

^a2b1uĥ~2!̃ug2d1&

3ca2
† cb1

† cd1cg2 ~2.19!

@where we have introduced the antisymmetrized matrix e

ments ^abuĥ(2)̃ugd&[^abuĥ(2)ugd&2^abuĥ(2)udg&#. In
this case the corresponding operator obviously still obeys
Ŝ symmetry and theP̂1 symmetry. Operators of that gener
form are referred to as generalized pairing Hamiltonia
since the only interaction allowed here is the scattering
pairs of nucleons of the oppositeŜ symmetry (sa56 i ,
sb57 i ).

Those Hamiltonians preserve theirP̂1 symmetry also in
the case of the cranking version with theŜ symmetry pre-
serving one-body term of Eq.~1.2!

Ĥ→Ĥv5Ĥ~1!1Ĥgp~2!2vx̂x ~2.20!

since the operator

Ĵx5(
a1

(
b1

^a1u ̂xub1&ca1
† cb1

1(
a2

(
b2

^a2u ̂xub2&ca2
† cb2 ~2.21!

also commutes with bothN̂1
1 andN̂1

2 .

E. State-dependent monopole-pairing Hamiltonian
as a particular case of aP1-symmetric operator

By narrowing the allowed choice of the coupling schem
in Eq. ~2.4! to only those nucleonic pairs that occupy th
mutually time-reversed~or mutually signature inversed! or-
bitals, we obtain a general form of what is called
monopole-pairing Hamiltonian:

s
f
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Ĥmp~2!5
1

2(ab
^a6,a7uĥ~2!ub6,b7&ca6

† ca7
† cb7cb6 ,

~2.22!

the summation in Eq.~2.22! containing formally four groups
of terms with thes symmetries

~12,12 !, ~12,21 !, ~21,12 !,

and ~21,21 !. ~2.23!

The state-dependent monopole-pairing Hamiltonian ob
the P1 symmetry as a particular case of more gene
P1-symmetric structures discussed above, and consequ
its matrix structure in the many-body space takes a blo
diagonal form labeled with theP1 quantum numbers. TheP1
quantum numbers may then take the values listed in E
~2.16! and ~2.17!.

F. P1 symmetry and the seniority scheme;P2 symmetry

In this section we are going to combine theP1-symmetry
scheme of nuclear Hamiltonians composed of the aver
field and state-dependent monopole-pairing terms and the
niority structure.

Let us focus first on the static~i.e., no rotation! case. We
assume that the average field term has already been d
nalized so that the Hamiltonian takes the form~1.1!

Ĥ5(
a

«a~ca
†ca1cā

†
cā !2(

ab
Gabca

†cā
†
cb̄cb .

~2.24!

Let us introduce many-body states expressed through
occupation labels

@~pa1
,pā1

!,~pa2
,pā2

!•••~paN
,pāN

!#. ~2.25!

Those states are defined in the following way:

u~pa1
,pā1

!•••~paN
,pāN

!&[~ca1

† !pa1~cā1

†
!pā1~ca2

† !pa2

~cā2

†
!pā2•••~caN

† !paN~cāN

†
!pāNu0&. ~2.26!

Symbol~2.26! represents a totally antisymmetric state in t
Fock space if

p~a i or ā i !
5H 1 for the statea i~ ā i ! occupied

0 otherwise;
~2.27a!

and

(
i 51

N

~pa i
1pā i

!5p, ~2.27b!

wherep denotes the number of particles andN the number
of available pairwise-conjugate single-particle orbitals.

Within the above notation, the seniority equal to tw
states are characterized by occupation vectors in wh
strictly two pairs of indices (pa i

,pā i
) satisfy one of the fol-

lowing equalities:
s
l
tly
-

s.

ge
e-

go-

he

h

s52: ~pa i
,pā i

!5~0,1! or ~pa i
,pā i

!5~1,0!.
~2.28!

Senioritys54 states are characterized by occupation vec
in which strictly four pairs of indices are correlated throu

@~pa i
,pā i

!;~pa j
,pā j

!;~pak
,pāk

!;~pa l
,pā l

!#

⇒@~1,0! or ~0,1!;~1,0! or ~0,1!;

~1,0! or ~0,1!;~1,0! or ~0,1!], ~2.29!

etc. Let us now introduce, in analogy to the operatorsN̂1
1

andN̂1
2 ~cf. Sec. II B!, the following two operators:

N̂2
1[(

i 51

N

ca i

† cā i

†
cā i

ca i
~2.30!

and

N̂2
2[(

i 51

N

~12ca i

† cā i

†
cā i

ca i
!. ~2.31!

They both commute, and in addition they also commute w
Hamiltonian ~2.24!. It is easy to show that the action o
operator~2.30! on states~2.26! gives the number ofpaired
couples, while the action of the operator~2.31! gives the
number of conjugate orbitals not occupied by a pair of p
ticles.

Continuing in analogy to the discussion of theP1 symme-
try, where the symmetry of single-particle states toget
with the properties of the one-body Hamiltonian-related o
eratorsN̂1

1 andN̂1
2 has been exploited, we may now defin

two auxiliary many-body operators related to two-bo
terms in the Hamiltonian

N̂2[N̂2
11N̂2

2 ~2.32!

and

P̂2[N̂2
12N̂2

2 . ~2.33!

Since all of the above operators commute among themse
as well as with the Hamiltonian@Eq. ~2.24!#, we have

@N̂2 ,Ĥ#50

and

@P̂2 ,Ĥ#50. ~2.34!

The action of the operatorP̂2 on states~2.26! gives

P̂2u~pa1
,pā1

!•••~paN
,pāN

!&5P2u~pa1
,pā1

!•••~paN
,pāN

!&,
~2.35!

whereP2 may take any of the following values:

P25p2N,p222N, . . . ,2N, ~2.36a!

for p<n/2, and
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P25p2N,p222N, . . . ,2~p2N!2N ~2.36b!

if n/2<p<n. The states withP2 andP82ÞP2 do not couple
through the Hamiltonian~2.24! and consequently the corre
sponding Hamiltonian-matrix structure becomes block di
onal in terms of theP2 quantum number as well.

Let us observe that the operators~2.32!, ~2.33! @or ~2.30!,
~2.31!# commute with theP̂1 operator introduced in Sec
II B, and consequently we may write, in addition to E
~2.35!,

P̂1u~pa1
,pā1

!•••~paN
,pāN

!&5P1u~pa1
,pā1

!•••~paN
,pāN

!&,
~2.37!

where in the present contextP1 can take the following val-
ues:

P152s,2s12,2s14, . . . ,1s. ~2.38!

Each block of a givenP2 quantum number can be divide
into (s11) sub-blocks of the differentP1 quantum numbers
given in Eq. ~2.38!. Of course, the conservation of pari
would allow for further splitting of the above structure.

In the static case~no rotation!, both theP1 and theP2
symmetries can be applied simultaneously; in such
case the many-body solutions can be labeled
u(pa1

,pā1
)•••(paN

,pāN
)&P1 ,P2 ,n , wheren denotes all pos-

sible quantum numbers other thanP1 andP2. In the case of
a one-dimensional rotation, the seniority scheme~or P2
scheme! does not, in general, offer any simplification
terms of block-diagonal structures whereas theP1 symmetry
does remain an exact symmetry of the corresponding Ha
tonian.

An example of the block structure of the discussed Ham
tonian for the system ofp516 particles onn532 levels is
given in Table II. At this stage it will be instructive to con
sider the dimensions of the sub-blocks of givenP2 ~or se-
niority s) andP1 quantum numbers. It is straightforward
show that these dimensions are given by

dim~P2 ,P1!

5C~p2N2P21P1!/2
N C

~p2N2P22P1!/2
N2~p2N2P21P1!/2

C
~N1P2!/2
2N2p1P2 .

~2.39!

From formula ~2.39!, the full dimensions of the blocks o
givenP2 ~or senioritys) quantum numbers are therefore

dim~P2!5 (
P152s

P151s

dim~P2 ,P1!, ~2.40!

the summation being such thatP1 take the values~2.38!.

G. Further block diagonalization of Hamiltonians
with state-dependent pairing;P12 symmetry

Here we would like to discuss yet another importa
block-diagonalization of the Hamiltonians in question. P
suing the scheme ofP1 andP2 symmetries, let us conside
the following construction. First we will identify a given
many-body state~2.26! with its occupation representatio
-

a
y

il-

l-

t
-

TABLE II. Table illustrating the reduction of theP2/seniority
blocks into sub-blocks of differentP1-quantum number. The system
considered is the same as the one illustrated in Table I. The t
and the last columns indicate the dimensions of theP2/seniority
blocks and those of theP1 sub-blocks, respectively. Recall that th
P2 and seniority quantum numbers are related throu
P252N2

12N, N2
1 denoting the number of single-particle stat

occupied pairwise andN the number of available pairwise
conjugate states. Note that for the particular example chosen
one has simplyP252s.

Seniority P2 Dimension P1 values Dimension

0 0 12 870 0 12 870
2 22 1 647 360 0 823 680

6 2 411 840
4 24 26 906 880 0 10 090 080

6 2 6 726 720
6 4 1 681 680

6 26 129 153 024 0 40 360 320
6 2 30 270 240
6 4 12 108 096
6 6 2 018 016

8 28 230 630 400 0 63 063 000
6 2 50 450 400
6 4 25 225 200
6 6 7 207 200
6 8 900 900

10 210 164 003 840 0 40 360 320
6 2 33 633 600
6 4 19 219 200
6 6 7 207 200
6 8 1 601 600
6 10 160 160

12 212 44 728 320 0 10 090 080
6 2 8 648 640
6 4 5 405 400
6 6 2 402 400
6 8 720 720
6 10 131 040
6 12 10 920

14 214 3 932 160 0 823 680
6 2 720 720
6 4 480 480
6 6 240 240
6 8 87 360
6 10 21 840
6 12 3360
6 14 240

16 216 65 536 0 12 870
6 2 11 440
6 4 8008
6 6 4368
6 8 1820
6 10 560
6 12 120
6 14 16
6 16 1



ta
io

n

o
-
,
he

ew

d
i-

at

c
T

or
o

ly
ll b
d

o
a
ce
a
te
r
t i

he
to

a

it
ates
-
s
e
ef.
en-

We
r

lize
aller

ns
as
the

gy

ing
re

I:

tant
t in
ne

l en-

t
For

roach
op-
e
lus

is-

-
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~2.25! or, equivalently, with its binary-number represen
tion. This is always possible because of the condit
~2.27a!. We associate with each position of a labela i or ā i
in a symbol~2.25! a weight factor defined with the help of a
index m i[2i 22 as follows:

a i→2m i; ā i→2m i11. ~2.41!

According to this construction, each position in the symb
~2.25! carries the weight~2.41! if the corresponding single
particle state is occupied, or zero otherwise. We introduce
an analogy to the construction in Secs. II B and II F, t
operators

N̂12
1 [(

i 51

N

~2m ica i

† ca i
12m i11cā i

†
cā i

! ~2.42!

and

N̂12
2 [(

i 51

N

~2m i12m i11!ca i

† cā i

†
cā i

ca i
. ~2.43!

With the help of these two operators we introduce a n
P-type operator

P̂12[N̂12
1 2N̂12

2 . ~2.44!

The indices 12 refer to the fact thatP̂12 operator is expresse
in terms of ‘‘one-body’’ and ‘‘two-body’’ representations s
multaneously. It is now straightforward to show thatP̂12
commutes with the Hamiltonian~2.24! as well as with the
operatorsP̂1 and P̂2 introduced earlier. Observe also th
N̂12

1 and N̂12
2 are linearly independent of theN̂1- and

N̂2-type operators introduced above, and therefore they
be used to generate an independent symmetry as well.
meaning of the operators~2.42!–~2.43! is as follows. The
many-body states~2.25! are eigenvectors of the operat
N̂12

1 , the eigenvalues being simply the sum of the weights
the occupied single-nucleon states corresponding unique
the binary representation of these states. This number wi
called thetotal weightof the many-body configuration, an
the numbers 2m i ~and 2m i11) are thepartial weightsof the
single-particle statesa i ~and ā i). ~The weight concept intro-
duced here differs from the one used, e.g., in Ref.@19#.! The
action ofN̂12

2 on these states gives the sum of the powers
2 for the corresponding doubly degenerate orbitals if they
occupied, and zero otherwise. Let us also introduce a con
of a class of many-body states; all states that have the s
particle-hole structure i.e., strictly the same particle sta
occupied and strictly the same hole states empty but diffe
terms of the excitations in pairs form a common class. I
easily seen that, by acting withP̂12 on a state~2.25!, one
obtains an eigenvalue that characterizes uniquely~i.e.
through a one-to-one correspondence! a class of states. With
this construction, the states first classified according to t
P1 and P2 quantum numbers can be grouped further in
subclasses labeled with the help ofP12.

A similar subdivision into blocks obtained formally in
slightly different manner is exploited in Ref.@20#. An ex-
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ample of the corresponding (P2, P12) structure is given in
Table III for the case of 16 particles on 32 levels. As
becomes clear from the table, the increasing-seniority st
~decreasingP2 states! form the Hamiltonian blocks of de
creasing size. However thenumberof such blocks increase
rapidly for the lowest values of seniority. A formula for th
dimensions of the different sub-blocks can be found in R
@20#. Of course, it can be checked that the sum of the dim
sions of theseP12 sub-blocks with the sameP2 values must
lead to the dimensions obtained previously in Eq.~2.40! with
the use of theP1 substructure.

The above scheme is obviously very advantageous.
may decidea priori which class of states are of particula
interest for an application. For a givenP2 ~or seniority!
quantum number the corresponding matrices to diagona
have the same dimension, often orders of magnitude sm
than that related to the traditional seniority scheme.

In the present paper we aim at the effective calculatio
for the heaviest nuclei as well as for lighter ones. As it h
been demonstrated by numerous calculations employing
pairing interactions, the spaces ofsingle-particle statescor-
respond roughly to an energy window (lF25 MeV, lF15
MeV! where lF denotes the Fermi level. Such an ener
window contains usuallyp; ~30 to 40! particles onn; ~60
to 80! levels. Spaces of this size produce, even after apply
the (P1, P2, P12) reduction, the many-body matrices that a
still relatively large. Forp532 particles onn564 levels we
obtain in analogy to the first few entries in Table II
P250→dimblock5601 080 390, P2522→dimsubblocks
5155 117 520, etc. These blocks are the most impor
since the corresponding solutions are among the lowes
energy. Since our goal is to construct a rapid algorithm, o
that can be used to generate, e.g., the nuclear potentia
ergy surfaces with pairing~similar to those of, e.g., Ref.@21#,
the latter obtained without taking the pairing into accoun!,
we see that a direct diagonalization is not advantageous.
that reason we replace such a scheme by a Lanczos app
and proceed to develop a many-body basis construction
timized in such a way that an efficient cutoff will becom
possible. To convince ourselves that the average field p
pairing Hamiltonians allow for such solutions~and anticipat-
ing a detailed discussion of the next section!, we present in
Table IV a stability test obtained for thes5P250 solutions
with the Lanczos method and our basis optimization d

TABLE III. Illustration of a reduction of theP2 Hamiltonian
blocks into sub-blocks of differentP12-quantum number. The sys
tem considered is the same as the system relative to Table I.

Seniority P2 Full dimension
Number

of sub-blocks
Dim.

of sub-block

0 0 12 870 1 12 870
2 22 1 647 360 480 3432
4 24 26 906 880 29 120 924
6 26 129 153 024 512 512 252
8 28 230 630 400 3 294 720 70
10 210 164 003 840 8 200 192 20
12 212 44 728 320 7 454 720 6
14 214 3 932 160 1 966 080 2
16 216 65 536 65 536 1
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TABLE IV. Evolution of the first fours5P250 excitation energies~in MeV! in function of the many-body basis configurations for
system ofp532 particles onn564 equispaced~1 MeV! doubly degenerate levels. The pairing constant isG50.345 MeV. The many-body
basis contains the ground state, all the 163165256 ~one-pair states!, and the number of two-pair states is increased in the consecu
diagonalizations. The total number of many-body basis states NT is indicated in each column. The last column indicates the first two e
excitations obtained with the Richardson method@1#.

State No. NT52 050 NT53 243 NT54 225 NT54 763 NT55 920 NT56 529 NT57 145 NT57 769 Exact

1 2.961 2.973 2.992 3.003 3.027 3.039 3.051 3.063 3.1
2 4.871 4.814 4.799 4.796 4.797 4.800 4.805 4.810 4.9
3 5.008 4.970 4.966 4.968 4.977 4.983 4.990 4.998
4 6.919 6.840 6.813 6.805 6.815 6.801 6.900 6.903
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cussed in detail later compared to the exact results of R
ardson forp532 particles onn564 levels ~for the exact
results, only the first two eigenvalues are indicated!. These
examples demonstrate that already at the dimensions o
order of a couple of thousand very precise results are
tained. Storing only the nonzero matrix elements and us
the Lanczos technique one can perform this kind of calcu
tion on a personal computer; more efficient machines tak
minute to some seconds of CPU time.

A great advantage in this context is that the transit
energies~the differences among the calculated levels! stabi-
lize much faster with respect to the basis cutoff as compa
to the absolute values of eigenenergies. This allows u
accelerate the algorithms even further.

The above mentioned block-diagonalization scheme
mains valid also in the case of an interesting~but so far not
well explored in the literature! class of Hamiltonians for ro-
tating nuclei

Ĥv5(
a

«a
vca

†~v!ca~v!1(
ā

«ā
v
cā

†
~v!cā~v!

2(
ab

Gab; ā b̄~v!ca
†~v!cā

†
~v!cb̄~v!cb~v!,

~2.45!

where ua,v&[ca
†(v)u0& denotes a single-particle Routhia

of a given signature symmetry andu ā ,v& its signature part-
ner, whileGab; ā b̄(v) represents the rotation-dependent m
trix elements, e.g., in the form of an overlap between
corresponding signature partners. A study of the Hami
nians of this form is in progress and will be reported el
where.

Except for the Hamiltonians of the type~2.45!, the above
scheme does not hold if a rotation term is included in
Hamiltonian, because the cranking term in the case of
lective rotation couples different sub-blocks ofP2 andP12
symmetries.

III. MANY-BODY BASIS CONSTRUCTION
FOR REALISTIC HAMILTONIANS

We begin by discussing a technique of handling
many-body basis; we then proceed to illustrate the app
constructions in the tests of stability with respect to t
many-body cutoff.
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A. Principles of the basis construction and of the cutoff

The many-body basis to be used consists of a finite
semble of fully antisymmetric many-particle configuratio
constructed out ofn single-nucleon states occupied byp<n
particles, Eq.~2.26!.

In the first step the ground state configuration is co
structed. This state corresponds by definition to the confi
ration in which all the lowest-lying single-particle orbita
are occupied pairwise. In the static case these are usually
Kramers-degenerate states@17#. In the second step we con
structs50 excited configurations by promotingpairs of par-
ticles to originally inoccupied levels. Next we constructs52
excited configurations by creating one-particle–one-h
(1p-1h) many-body basis states. Each new particle-h
state is supplemented with its pair excitation ensemble~ob-
tained as in the second step above! leading to a class of its
own that does not couple through Hamiltonian~2.24! with
another class of states built on a different 1p-1h state. Our
interest is to apply that scheme for as large spaces as
sible: we feel thatn;80, p;40 offers sufficiently rich space
for realistic calculations in heavy nuclei. The configuratio
corresponding to particle-hole excitations lower than a giv
energy cutoff are retained and the stability of the final resu
with respect to the basis cutoff is tested with the exact o
obtained through the Richardson method. Then the same
lection is performed for ‘‘two-particle–two-hole’’ (2p-2h),
‘‘three-particle–three-hole’’ (3p-3h) states, etc. One-pai
states turn out to be the most important since they dire
couple to the ground state via the two-body interaction; t
is illustrated below.

B. An example of a full diagonalization

Let us consider an ‘‘academic’’ case ofp510 particles on
n520 levels for which the diagonalization is done eas
without any basis cutoff. The model used here has been s
ied often in the literature, see, e.g., Ref.@2#.

In order to illustrate the role of the ‘‘one-pair,’’ ‘‘two-
pair,’’ ‘‘three-pair’’ •••s50 states, we give in Table V the
structure of the first 20 (s50) eigenstates for this system
The single-particle levels are composed of equispa
~1 MeV! doubly degenerate orbitals, the first orbital chos
arbitrarily at the energy of 1 MeV. The pairing strength p
rameter is taken to beG50.5 MeV.

The dimension of the fulls50 space is 252. It is clearly
seen from the table that the most important contributio
come from the ground state and the ‘‘one-pair’’ and ‘‘tw
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TABLE V. Structure of the exact first twenty (s50) solutions of a system composed of 10 particles
20 equispaced~1 MeV! doubly degenerate levels. The pairing strength isG50.5 MeV. The percentage
indicate the sum of the amplitude squares of the different basis states in the eigensolutions.

No. Energy~MeV! % GS % one pair % two pair % three pair % four, five pai

1 0.000 60.14 35.49 4.22 0.15 0.00
2 2.806 27.81 63.80 8.09 0.30 0.00
3 4.716 6.39 82.12 10.98 0.51 0.00
4 4.716 0.00 94.45 5.46 0.09 0.00
5 6.662 1.99 85.66 11.83 0.52 0.00
6 6.662 0.07 89.18 10.52 0.23 0.00
7 7.149 0.19 93.94 5.66 0.21 0.00
8 8.635 0.88 85.30 13.24 0.57 0.01
9 8.635 0.02 86.83 12.76 0.39 0.00
10 8.888 0.85 14.65 80.71 3.78 0.01
11 9.178 0.15 91.35 8.15 0.35 0.00
12 9.178 0.00 91.48 8.33 0.20 0.00
13 10.637 0.42 84.66 14.29 0.63 0.00
14 10.637 0.00 85.38 14.09 0.53 0.00
15 11.128 0.38 13.05 83.09 3.49 0.00
16 11.128 0.01 11.90 86.32 1.77 0.00
17 11.170 0.04 86.00 13.59 0.37 0.00
18 11.199 0.08 90.22 9.30 0.40 0.00
19 11.199 0.00 90.28 9.39 0.32 0.01
20 12.958 0.18 5.86 89.49 4.47 0.00
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pair’’ states. The states of more complicated structure~four
and five pairs excited! have almost no contribution in as hig
as; 10 MeV above the ground state. Let us remark that
number of ‘‘five-pair’’ states is only one in this particula
example and that the number of ‘‘four-pair’’ configuration
is not very large; there are as many ‘‘four-pair’’ as ‘‘on
pair’’ configurations. However, we will see that also f
much richer spaces (n.20,p.10) the role of the high-orde
pair-excitation configurations is very limited, resembling
this academic case~cf. the following section!.

C. Basis cutoff and convergence study on larger model space
for s50 solutions

The stability of the final results with respect to the ba
cutoff is a primordial aspect. As the next case let us cons
once again the example of a model space composed ofp516
particles distributed overn532 levels representing a single
particle spectrum of the same type as in the previous sec
We have again setG50.5 MeV, so that this example corre
sponds to a realistic situation in light nuclei leading to a g
between the lowest eigensolution and the first excited s
tion of 3.715 MeV.

The dimension of the fulls50 many-body space is in thi
caseNmb512 870. The largest seniority zero basis we ha
considered with our cutoff procedure was composed of
ground state~always taken into account!, the 64~5838! all
existing ‘‘one-pair,’’ 428 ‘‘two-pair’’ ~out of 784 possibili-
ties!, and 400 ‘‘three-pair’’~out of 3136! states~reference
cutoff!. We have varied the number of the ‘‘one-pair
‘‘two-pair’’ and ‘‘three-pair’’ s50 basis states separately
order to study the convergence properties. The results
given in Fig. 1, where the absolute energies are plotted. F
these results we can see that the eigenvalues are most s
e

s
er

n.

p
u-

e
e

re
m
nsi-

tive to the selection of the ‘‘one-pair’’ states, especially f
the low-lying solutions. The coupling between the ‘‘on
pair’’ and the ‘‘two-pair’’ states on the one hand and b
tween the ‘‘two-pair’’ and the ‘‘three-pair’’ states on th
other hand influences more the higher-excited solutions
the spectrum.

This result is intuitively understandable if we recall tha
e.g., the ‘‘three-pair’’ states are of high excitation energ
~the lowest excitation being equal to 18 MeV in this cas!
and thus they mix much less with the low-energy solutio
This mechanism should of course be even more pronoun
if we consider for instance ‘‘four-pair’’ states, and calcul
tions ~not displayed! show that this is indeed the case.

An important indication here is that applying the on
energetic cutoff criteria as studied in Ref.@3#, is not suffi-
cient to ensure a high quality of the many-body basis.
similar point has also been remarked by other authors@22#.
More precisely, in the discussed example, one has to
into account at leastall the ‘‘one-pair’’ states and some
‘‘two-pair’’ states to obtain a good-precision description
the lowests50 solutions. The influence of the ‘‘one-pair’
states on the final result stability shows a characteristic
ture ~see Fig. 1!: the energies of excited states converge v
regularly when the number of these basis states increa
Since the curves in question are nearly parallel, the stab
of the diagonalization results for thetransition energiesis
better than that of the absolute eigenvalues.

This typical behavior does not depend very much on
dimensions of thesingle-particlespace used, as illustrated i
Fig. 2 for the spectrum obtained by diagonalizing the sa
Hamiltonian but forp540 particles distributed overn580
equispaced doublets separated by 0.3 MeV; the pai
strength here isG50.114 MeV. We see from this
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FIG. 1. Stability of the seniority zero eigenvalues in function
the number of ‘‘one-pair,’’ ‘‘two-pair,’’ and ‘‘three-pair’’ states
The calculations correspond to a model system containing 16
ticles distributed over 32 equispaced doubly degenerate orbitals~the
first double orbital lies arbitrarily at 1 MeV, and the level spacing
1 MeV!. The pairing strength isG50.5 MeV. The largest many
body space considered here~also called ‘‘reference cutoff’’! is
composed of the ground state, 64 ‘‘one-pair,’’ 428 ‘‘two-pair,’’ an
400 ‘‘three-pair’’ states. The right-hand side spectrum in the fi
plot corresponds to the exact solutions; for each eigenvalue,
relative difference~absolute values! between the calculated excita
tions ~normalized to the ground state! and the exact ones are ind
cated in this case.
figure that the lowest lying eigenvalue is the most sensit
with respect to an increase in number of ‘‘one-pair’’ state
whereas the excited states stabilize again in fact very rapi
similarly to the previously discussed case of much sma
dimensionalities.

In order to demonstrate the degree of precision one
obtain with the above described basis construction, let
present an example forp532 particles onn564 levels taken
from Table IV. The dimension of the fulls50 space is in
this caseNmb5601 080 390. A diagonalization~using the
Lanczos technique! in a space composed of the ground sta
the total number of ‘‘one-pair’’ states~256 configurations!
and 6272 ‘‘two-pair’’ states gives for the first and seco
excitation energies the values 3.039 and 4.800 MeV; the
act results are 3.107 and 4.900 MeV. Therefore the first
excitation energies are calculated with a precision of 2
and 2.04 %, respectively, whereas the number of basis s
represent approximately 0.001% of the full space.

The way of constructing an ensemble of many-body ba
configurations that are adapted to the specificities of the p
ing interaction studied, together with the explicit use of t
concept ofP symmetry is referred to, in the following, a
PSY-MB (P symmetry and many-body! method.

D. PSY-MB method vs BCS approximation

1. The s50 solutions

In this section we shall analyze the main differenc
among the solutions obtained by using the PSY-MB and
BCS methods, as compared to the exact solutions. In
example we use once more the model space composed
fermions distributed over 32 equispaced~1 MeV! double or-
bitals; the constant pairing interaction is again used w
G50.5 MeV. We will consider here only the solutions co
responding to seniority zero states as demanding the m
important numerical effort.

The PSY-MB basis used is composed of the refere
cutoff introduced in Sec. III C. The exact solution is obtain
with the Richardson method~see Refs.@1,23,24#!: the corre-
sponding eigenenergies are those relative to the right-h
side part of the first spectrum calculated in Fig. 1, top.

r-

t
he

FIG. 2. Similar to the first spectrum in Fig. 1, but forp540
particles distributed overn580 doubly degenerate orbitals sep
rated by 0.3 MeV. Here the pairing strength isG50.114 MeV. The
largest many-body space~reference cut-off! is composed now of the
ground state, 400 ‘‘one-pair,’’ 300 ‘‘two-pair,’’ 150 ‘‘three-pair’’
states, and 50 ‘‘four-pair’’ states.
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1806 56H. MOLIQUE AND J. DUDEK
We can see clearly from Fig. 1 that the Fock-space dia
nalization offers excellent results although only a minute p
of the full basis is retained. In fact, we have used in o
calculation only 893 states, whereas the full spectrum c
tainsC8

16516!/8!8!512 870 configurations.
In Table VI we indicate the absolute value of the ener

of the lowest eigenstate obtained within several methods
this Table, PNC~particle number conserving method! de-
notes a simplified approach to the problem, described in R
@3#, where the configurations are selected according to o
simple energy cutoff criteria. One can check easily that in
PNC calculations whose results are taken from Ref.@3#, the
many-body basis is composed of the ground state, 36 ‘‘o
pair’’ and 30 ‘‘two-pair’’ states, i.e., all the configuration
with the excitation energies lower than 16 MeV. We inclu
the results obtained with this smaller basis to point out
discrepancies that may appear if this basis is too restric
Although the absolute value of the lowest eigensolution
no physical interest, it should be used as a measure of
accuracy of the method itself. The results point out that
ground state solution given by the BCS approximation
rather inaccurate. In order to confirm this point we have p
ted in Fig. 3 the occupation probabilities of the sing
particle orbitals in the ground solution, and it is seen that

TABLE VI. Absolute value of the lowest lying eigensolutio
obtained with different methods. The PNC solution is described
Ref. @3#. The system studied is the same as described by the sp
in Fig. 1.

EGS ~MeV! uEGS2EGS; exactu ~MeV!

Exact 64.492 0
BCS 66.411 1.919
PNC 66.130 1.638
PSY-MB 64.799 0.307

FIG. 3. Occupation probabilities, relative to the exact soluti
of the single-particle orbitals in the lowest lying eigensolution
the physical system illustrated in Fig. 1. The plot shows the diff
ences between the results obtained with various approaches an
exact results. In this figure, PNC denotes the results obtained
using the same basis as in Ref.@3#. Note that the figure illustrates
only the occupation probabilities of the ‘‘hole’’ states~i.e., the
states below the Fermi surface!; the occupation probabilities of th
particle states can be deduced immediately by symmetry cons
ations, and are therefore not indicated.
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PSY-MB method gives significantly better agreement w
the exact solution.

The authors of Ref.@3# argue that the PNC approximatio
leads to too strong pairing effects. We believe that the so
tions obtained with the PNC approach offer a quality co
parable to that of the BCS results, because the used P
basis is too small~similar point was raised in Ref.@22#!. In
addition it should be mentioned that in Ref.@3# the compari-
sons with the quasiparticle excitations were made by usin
readjusted value of the BCS pairing strength so that the
rect comparison with the exact treatment seems to be a
tionally biased.

2. The sÞ0 solutions

We would like to focus on the states with senioritysÞ0.
We consider here the same system as in the previous sec
but with the pairing strength somewhat modified (G50.42
MeV!. This value corresponds exactly to one of the valu
used by Richardson@1# who has compared the BCS solution
to the exact ones in several model spaces. In Fig. 4 we h
plotted the excitation spectrum obtained by diagonalizing
Hamiltonian with the PSY-MB method, in comparison wi
the exact spectrum. For completeness, we have illustrated
seniority zero states~solid lines! as well as the states with
senioritys52 ~dashed lines! on the same plot. As we can se
from the figure, the basis selection proposed here works v

n
tra

,
f
-
the

by

er-

FIG. 4. Excitation spectra obtained for the same system as
relative to Fig. 1. For the three first spectra the pairing constan
G50.42 MeV. The excited states with seniority zero are plotted
full lines, the solutions with senioritys52 corresponding to the
dashed lines in the plot. For the PSY-MB method, the latter sta
are obtained by diagonalizing the many-body Hamiltonian invo
ing 3p-3h configurations generated in classes~see text! built on a
different 1p-1h ‘‘parent’’ state. One can note that the obtaine
eigenvalues are highly degenerate.~As an example: one can con
struct four 1p-1h configurations with the same lowest energies.
the corresponding doublets of orbitals are blocked in the same w
this leads to a fourfold degenerate many-body solution!. The basis
used for the senioritys50 states corresponds to the reference cut
in Fig. 1. We have plotted the spectrum obtained by two and f
quasiparticle excitations in the BCS formalism. The spectrum
the right-hand side of the figure corresponds to a BCS calcula
with the pairing interaction strength adjusted to the va
G50.3888 MeV. See text for more details.
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56 1807FOCK-SPACE DIAGONALIZATION OF THE STATE- . . .
well, whereas we have only used 1p-1h states and 3p-3h
states. The latter are grouped in different ‘‘families
~classes!, each family being generated out of a given 1p-1h
state and corresponding to the Hamiltonian block dimens
Nd549. The reduction of the dimensions can be easily s
as follows. For each member of the same ‘‘family,’’ the fo
single-particle levels participating in the 1p-1h excitation
will be blocked. Therefore, there are 737549 possibilities
to create 3p-3h states by exciting one pair of particles in th
remaining space. One obtains very accurate solutions wi
such a strongly limited space, because blocking of some
els leads to gaps in the single-particle spectrum thus we
ening the pairing. For comparison, Table III shows that
not using the discussed scheme one would need to per
the diagonalization of matrices 3 4323 3 432~seeP2522
sub-blocks!.

3. Quasiparticle excitations and s50 and s52 solutions

To complete our very limited comparison of the PSY-M
and BCS method results with the exact solutions, let
present the description of the excited states in terms of
BCS quasiparticles~QP’s!.

We consider here the same physical system as the on
the previous section; the results of the calculations are
illustrated in Fig. 4.

We will follow here the usual interpretation, see, e.g.,@1#,
according to which the states corresponding to two QP e
tations are related, at the vanishing pairing limit, to the o
particle one hole excitations; these states correspond to
dashed lines in Fig. 4 and should be compared to the s
tions of senioritys52. The four QP states are represented
solid lines and should be compared to thes50 excitations.

We can read from Fig. 4 that the BCS description
excited states in terms of quasiparticles differs considera
from the exact solutions.

It has been argued by several authors that one could
sibly improve the description in the BCS approach by re
justing the pairing constant. Following this kind of an a
proach, we adjusted the BCS pairing strength to locate
first 2 QP state at the value obtained by the PSY-MB re
~viz. 2.655 MeV!. The adjusted value isG50.3888 MeV.
The corresponding new spectrum is plotted on the right-h
side of Fig. 4. Although this spectrum is more ‘‘com
pressed,’’ the results remain unsatisfactory.

One of the most important drawbacks of the solutio
constructed on the basis of quasiparticle excitations is
the excited states corresponding to four QP lie systematic
higher in energy as compared to those constructed with
quasiparticles. This point seems to be essential in a cor
interpretation of the experimental spectra in terms of pairi
As can be seen on the basis of the exact calculations with
Richardson method, or with the use of the PSY-MB meth
it is possible that thes50 solutions~corresponding structur
ally to four QP excitations in the BCS formalism! may be-
come lower in energy than the two QP-type solutions wh
is an evident conflict since the four QP BCS excitations
markedly higher than the two QP excitations.

In order to illustrate this specific point, we have report
in Fig. 5 the calculated many-body spectra for the neutr
in the nuclei 160Yb, 170Yb, and 174Yb. The figure illustrates
the spectra obtained for different pairing strengths~see next
n
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section!. To complete the comparison, we have plotted in
Fig. 6 the used single-particle Woods-Saxon spectra for eac
nucleus, indicating in each case the position of the Ferm
energyl. It appears clearly that the order of thes50 and
s52 lowest solutions depends on the level density and th

FIG. 5. Evolution of the calculated many-body spectra in func-
tion of the pairing strength parameter. The system studied is com
posed of p520 neutrons distributed overn540 single-particle
Woods-Saxon orbitals located around the Fermi level for the nucle
160Yb, 170Yb, and 174Yb. Deformation of the potential,a2050.294,
a40520.017.
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1808 56H. MOLIQUE AND J. DUDEK
pairing, which is intuitively clear; what is less evident is th
for the physically reasonable strength constants and rea
single-particle spectra the lowests50 solutions compete
with the lowests52 solutions: if the pairing strength be
comes larger, the seniority zero solutions may become lo
in energy than the seniority two states.

E. A state-dependent model interaction:
Gaussian dependence inGab

Constant pairing-strength interaction is not a very go
approximation to the physical situation in nuclei. In fa
within such an approach a transition amplitude~pairing ma-
trix element! for a pair of states say, 1 MeV distant and, sa
25 MeV distant, are the same and equal toG in contrast to
what one would expect for realistic many-body systems.
would like to illustrate a simple alternative, interesting fro
the PSY-MB point of view, by considering an interactio
where the pairing strength is given by a Gaussian-type fu
tion

Gab5Ae2B~ea2eb!2
, ~3.1!

where ea and eb represent single-particle~Woods-Saxon!
energies of the statesa andb. The parametersA andB are
adjusted in such a way that the location of the first exci
eigensolution lies approximately at the same energy as
the constant pairing case. Of course, there is some free
in adjusting those parameters, allowing to control in a p
nomenological manner the interaction among the states
differ more and more in energy. Expression~3.1! allows us
to model in a schematic way the interactions between
couples of single-particle states (a,b) that are closest in en
ergy. The scattering between particles occupying such st
will be favored, whereas scatterings between particles
states whose energies differ importantly will be reduced.

We have illustrated in Fig. 7 the convergence behavio
the calculated spectrum in the case of this model interact
The most interesting feature consists of the fact that the c
vergence is, as one might expect, more rapid than in the
of the constant pairing~see also next section!. It seems that
the lowest eigenvalue converges rapidly, even if only a f
one pair states are used in the calculations. For the F
space diagonalization approach such a model depend
seems extremely encouraging because of both, the phy
advantages mentioned above and the convergence prope

FIG. 6. Figure illustrating the neutron level density around
Fermi surface, in the Woods-Saxon single-particle spectrum, for
three nuclei studied in Fig. 5.
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However, an optimal parametrization of theGab matrix to
the Woods-Saxon spectra and systematic comparison
experiment need still to be studied.

F. The s50 and sÞ0 solutions for a realistic single-particle
Woods-Saxon spectrum

So far we have shown that the procedure used in
PSY-MB method for selecting the many-body basis config
rations is effective, offering a fast stabilization of the fin
result with respect to the many-body basis cutoff. We wo
like to extend the discussion further to realistic situatio
For this purpose we plot in Fig. 8 the calculated energies
the many-body problem obtained for an example of a sing
particle neutron Woods-Saxon spectrum, for the nucl
166Er. Again a constant pairing interaction has been u
here.

The figure shows that for a realistic case one obtains e
ily a stabilization of the finals50 result as well. In particu-
lar, it appears that the convergence of the solutions is
proved when the two-pair states are considered. One is
interested in the particle-hole configurations with senior
s52 or higher seniority values.

e

FIG. 7. The top Figure is similar to Fig. 2, but for a Gaussia
type pairing and the Woods-Saxon neutron spectrum of166Er. The
figure also illustrates the behavior of the solutions with respec
the number of ‘‘two-pair’’ states in the many-body basis, botto
The reference cutoff basis is composed here of the ground state
‘‘one-pair,’’ 300 ‘‘two-pair,’’ and 150 ‘‘three-pair’’ states.~For
plotting convenience, the spectra are shifted by an arbitrary c
stant.!
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FIG. 8. Similar to Fig. 7, but for the constant pairing interactio
The reference cutoff fors50 ~top and middle! is the same as in Fig
7. Here is also indicated the behavior of thes52 solutions with
respect to the number of 3p-3h states in the many-body basi
bottom. These 3p-3h correspond to the class~see text! constructed
on a common 1p-1h parent configuration.
Here again, we have let ourselves be guided by the
that the pairing Hamiltonian annihilates and createspairs of
particles. We have proven by a direct calculation that
PSY-MB way of proceeding is much more efficient than th
using a construction of any set of 3p-3h states and applying
an energetic cutoff criteria alone, for the studies of high
excited solutions.

We illustrate a characteristic behavior of the eigenvalu
in function of the number of (s52) 3p-3h configurations in
the basis for a realistic spectrum in Fig. 8, bottom, where
have plotted the corresponding PSY-MB spectrum for
case of the neutron single-particle Woods-Saxon levels
166Er. These calculations are performed using a family
3p-3h states built on a chosen common 1p-1h parent con-
figuration ~in this case a 1p-1h with lowest excitation en-
ergy!. The convergence properties in the (s52) case are
even better than in the (s50) case. This is because th
blocked levels are located near the Fermi level; as mentio
previously, their blocking creates effectively an increas
gap in the spectrum, leading to a reduced effect of the pai
Hamiltonian, and thus intuitively explaining an accelerat
convergence of the solutions. We can note in relation to
specific example that the number of levels below and ab
the Fermi level are in both cases equal to 40. It is theref
straightforward to realize that the total number of the (s52)
3p-3h states one can construct with the above schem
equal to 193195361, the value appearing on the right-ha
side in the corresponding spectrum of Fig. 8, bottom. Let
remark that formally these calculations resemble to ans50
calculation in an auxiliary configuration space spanned
(p22) particles on (n24) levels. The gap introduced is o
advantage, making the effects of possible higher-order
excitations significantly smaller.

IV. SOME REALISTIC CALCULATIONS;
P SYMMETRY AND ROTATION

We would like to illustrate the use of the optimized bas
selection method in realistic calculations for selected nu
in the rare-earth mass region. The results presented h
been obtained by chosing as the valence space the
spanned byp520 particles distributed overn540 single-
particle Woods-Saxon orbitals located around the Fe
level. After having performed the stability tests like tho
discussed in detail in the preceding section, we have reta
the many-body basis composed of the following 901 co
figurations:~a! The ground-state configuration,~b! 100 ~one
pair! states (510310, all possible states!, ~c! 100 ~two
pairs! states,~d! 400 (1p-1h) states (520320, all possible
states!, ~e! 150 (2p-2h) states and,~f! 150 (3p-3h) states.
For the one-body cranking term, the one pair and 1p-1h
states are of major importance. The quadrupole and hex
capole deformations have been taken from Ref.@25#. We
have also made use of the parity conservation to reduce
ther the sizes of the Hamiltonian blocks. This is importa
from a numerical point of view, because the dimensions
the matrices to be diagonalized diminish roughly by a fac
of 2.

To illustrate the reduction of the Hamiltonian-matrix siz
throughP1 symmetry, we indicate in Table VII the typica
dimensions of the positive and negative parity blocks cla

.
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1810 56H. MOLIQUE AND J. DUDEK
fied according to theirP1 quantum numbers. Even though w
could have easily diagonalized the matrices of the full cut
(9013901 in the example!, usingP1 symmetry brings sev-
eral smaller-size matrices and in addition offers the symm
try classification of the resulting solutions.

A. Empirical pairing strength determination

As it is well known from standard approaches such as
BCS approximation, the inclusion of a residual pairing int
action should be responsible for an important decrease o
nuclear moments of inertia.

In order to get an idea about the monopole-pair
strengths that one should consider optimal for our basis
lection, we first consider the monopole pairing constantsGn
andGp taken from Ref.@26#:

H Gn5@19.3020.084 ~N2Z!#/A if Z>88,

Gn5@18.9520.078 ~N2Z!#/A if Z,88
~4.1!

and

H Gp5@13.3010.217 ~N2Z!#/A if Z>88,

Gp5@17.9010.176 ~N2Z!#/A if Z,88.
~4.2!

Starting from the above expressions we have adjusted
multiplicative factorF necessary to bring the calculated va

TABLE VII. Example of a reduction of the dimensions of th
matrices to be diagonalized with the PSY-MB method, by mak
use ofP1 and parity quantum numbers in a realistic case. The t
number of basis configurations is 901 in this case.

P1 value Dim. parity1 Dim. parity 2

24 4 3 4 5 3 5
22 83 3 83 923 92
0 3593 359 1743 174
12 83 3 83 913 91
14 4 3 4 6 3 6
f

-

e
-
he

e-

he

ues of the moments of inertia close to the experiment. T
results are reported in Table VIII. From this table we c
conclude that for the valence space of 20 particles on
levels and the many-particle cutoff configurations cons
ered, the empirical multiplicative factor isF;1.30.

B. Reduction of the moments of inertia for Er, Yb, Gd,
and Dy isotopes

In order to illustrate the Fock space calculations, a
when systematically varyingZ andN numbers, we have per
formed calculations of the moments of inertia for the cha
of isotopes of Er, Yb, Gd, and Dy nuclei. For these calcu
tions, one central nucleus has been chosen in each chain
the value ofF has been adjusted for this nucleus. The o
tained value ofF has been kept constant for all the oth
isotopes of the same nuclide.

The results are plotted in Fig. 9 where we have indica
the experimental moments of inertia, and the calculated o
In the same plot are also reported the results of the calc
tions one obtains when the residual pairing interaction
switched off.

g
l

FIG. 9. Moments of inertia~standard units,\2/MeV) for the
chains of Er, Yb, Gd, and Dy isotopes, and comparison to the
perimental values. The plot also indicates the moments of ine
one would obtain in the case of zero pairing.
e rare-
ncy
TABLE VIII. Empirical determination of multiplicative factorF ~common for protons and neutrons!
adjusted to reproduce the experimentally observed moments of inertia of some selected nuclei in th
earth mass region. Columns~3! and ~4! give the cranking spin values obtained at rotational freque
\v50.05 MeV for protons and neutrons, respectively. These values have been used to calculateJ(1)[I /v.

Nucleus F ^Jx&p
PSY-MB(\) ^Jx&n

PSY-MB(\) 2Jtotal
(1)PSY-MB

(\2/MeV) 2Jexp
(1)(\2/MeV)

158Gd 0 1.214 2.660 154.96 75.5
158Gd 1.25 0.525 1.323 73.92 75.5

160Dy 0 1.173 2.811 159.36 69
160Dy 1.35 0.556 1.179 69.40 69

168Er 0 0.877 2.594 138.84 75
168Er 1.25 0.462 1.457 76.76 75

170Yb 0 0.810 2.701 140.44 71
170Yb 1.35 0.459 1.303 70.48 71

186W 0 0.466 1.555 80.84 48.5
186W 1.35 0.275 0.986 50.44 48.5
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We can see clearly from this figure that the calcula
moments of inertia are consistent with the observed on
giving therefore an indication that PSY-MB can be used
standard realistic situations. The characteristic small de
tions from experiment whenN varies have also been ob
tained in the standard BCS calculations, Ref.@26#, and
should not be attributed to the Fock space diagonalizat
method as its possible deficiency.

C. Illustration of the P splitting on a realistic example

One of the interesting possibilities in theP-symmetry
context is that of comparison with the measured spectra
fact, a possibility of finding an experimental evidence forP1
symmetry was already mentioned in Ref.@18#. The mecha-
nism ofP1 splitting consists in a splitting between the eige
values obtained for states with oppositeP1 quantum numbers
~that are degenerate atv50), as the rotational frequenc
increases. One should not confuse theP splitting with the
well-known signature splitting phenomenon. In fact, theP
splitting corresponds to levels with oppositeP1 but with the
same signature quantum number@18#.

In Fig. 10 we have reported the calculated many-bo
spectra obtained for the nucleus168Er for neutrons and pro
tons. This figure shows that one obtains nonzero and m
surableP1 splitting in the calculated many-body spectra.
difficulty is thatP1 splitting requires, by definition,P1Þ0,
P1562 being the first possibility. Corresponding states b

FIG. 10. Illustration of the phenomenon ofP1 splitting in the
calculated cranking spectra for neutrons~top! and protons~bottom!
in the nucleus168Er; for details see text and Ref.@18#. In both cases
the spectra are normalized to the lowest eigenvalue obtained at
rotational frequency.
d
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long, when using the quasiparticle language, to configu
tions differing in terms of four QP’s which corresponds
relatively high excitation energies—and thus a comparis
of an experimentalP1 splitting with theory requires a simul
taneous measurement of two specific highly excited ba
simultaneously—which seems to be not a totally trivial o
jective at present.

V. SUMMARY AND CONCLUSIONS

In this article we presented a many-body bas
optimization approach, called the PSY-MB (P symmetry
and many-body! method, adapted for treating the nucle
state-dependent pairing correlations in realistic calculatio

We have demonstrated that this method, based o
symmetry-oriented optimization of the many-body basis a
of the basis cutoff, leads to reliable results both in mo
spaces and in realistic spaces. Advantages of this metho
in the fact that it conserves the number of particles and th
fore does not show the known deficiencies, when the pair
interactions decrease, of particle nonconserving approa
such as the HFB formalism. On the contrary, the PSY-M
treatment becomes more reliable in the weak pairing lim

Another advantage of the method is that it leads to a
rect determination of many eigenvalues~within a given sym-
metry block! in a single diagonalization. Yet another adva
tage is the possibility of applying the same approach to
pairing Hamiltonians with nontrivially state dependent m
trix elements. We have presented a simple model pair
interaction of a Gaussian type and illustrated a rapid stab
zation of the obtained solutions with respect to a basis cut

Finally we have demonstrated on the explicit examp
with the realistic Woods-Saxon spectra that the senio
s50 states compete very often with the two quasiparti
states, only the latter ones being usually treated within
BCS/HFB approaches; the PSY-MB method offers natura
a good description of these states.
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APPENDIX A: GENERAL P1-SYMMETRIC
HAMILTONIANS—AN ALTERNATIVE

As already mentioned in Sec. II, the most gene
P1-symmetric Hamiltonian is represented by Eqs.~2.4!, if
the terms in Eqs.~2.4b! and ~2.4e! vanish. Within a single-
particle basis that obeys theŜ(1) symmetry we may write
the one-body part of the Hamiltonian in the form

(
ab

^auĥ~1!ub&ca
†cb→(

a1
(
b1

^a1uĥ~1!ub1&ca1
† cb1

1(
a2

(
b2

^a2uĥ~1!ub2&ca2
† cb2 .

~A1!

It is now straightforward to observe@18# that by setting

ero
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ĝa1b1[ca1
† cb1[N̂a1b1 , ~A2a!

ĝa2b2[ca2cb2
† [N̂a2b2 , ~A2b!

ĝa1b2[ca1
† cb2

† [B̂a1b2
1 , ~A2c!

ĝa2b1[ca2cb1[B̂a2b1 , ~A2d!

we obtain an ensemble of operators satisfying the comm
tion rules

@ ĝkl ,ĝpq#5d lpĝkq2dkqĝpl ; k,l ,p,q51,2, . . . ,n.
~A3!

~In the last relation we introduced for convenience the in
ces numbering at the same time both classes of states
‘‘ a1 ’’ and ‘‘ a2 ’’ within one uniform notation; the sym-
bols N̂, B̂, andB̂1 will be needed below.!

The importance of relation~A3! lies in its representing the
set of commutation relations that are characteristic for
generators of a unitary group inn dimensionsU(n). Denot-
ing the generators ofU(n) by Ĝkl , we can identify the two
ensembles:$ĝkl%↔$Ĝkl%. The Hamiltonian in question ca
be expressed in terms of the generators of the correspon
unitary group~see below! and the solutions of the eigenvalu
problem transform according to the totally antisymmetric
reducible representations ofU(n). This observation allows
us to apply any matrix representation ofĜkl known in the
literature, such as, for instance, that of Gelfand and Ze
@27#, to obtain directly a many-body matrix representation
the Hamiltonians in question. One can show that the rela
Hamiltonian, composed of the one-body~A1! and the two-
body term ~2.4! @where Eqs.~2.4b!–~2.4e! have been ex-
cluded#, written down in the many-body representation
@compare with Eq.~A2!#

Ĥ5A01 (
a1b1

A1
1N̂a1b11 (

a2b2
A1

2N̂a2b2

1 (
a1b1
g1d1

A2
1N̂a1b1N̂g1d11 (

a2b2
g2d2

A2
2N̂a2b2N̂g2d2

1 (
a1b2
g2d1

A3B̂a1b2
1 B̂g2d1 , ~A4!

where

A05(
a2

^a2uĥ~1!ua2&

1
1

2 (
a2b2

^a2b2uĥ~2!̃ua2b2&, ~A5a!

A1
15^a1uĥ~1!ub1&1

1

2(g1
^a1g1uĥ~2!ub1g1&,

~A5b!
a-

-
.e.,

e

ing

-

n
f
d

A1
252^b2uĥ~1!ua2&1(

g2
^b2g2uĥ~2!ug2a2&

2
1

2(g2
^b2g2uĥ~2!ua2g2&, ~A5c!

A2
152

1

2
^a1g1uĥ~2!ud1b1&, ~A5d!

A2
252

1

2
^b2d2uĥ~2!ug2a2&, ~A5e!

A35^a1b2uĥ~2!̃ud1g2&. ~A5f!

For p particles onn levels, the corresponding dimensio
of the Ĝkl matrices@Ĝkl# i j is given by the Newton symbo
dim(n,p)[(n

p); i , j 51,2, . . . ,dim(n,p) ~compare Sec. II B!.
The first order Casimir operator can be constructed:

Ĉ[(
k

n

ĝkk5(
a1

N1

ĝa1a11(
a2

N2

ĝa2a2

5(
a1

N1

ca1
† ca11(

a2

N2

ca2ca2
†

5N̂1
12N̂1

21N2 , ~A6!

where the auxiliary operators

N̂1
1[(

a1

N1

ca1
† ca1

and

N̂1
2[(

a2

N2

ca2
† ca2 , ~A7!

give the number of particles with symmetry1 and 2, re-
spectively. This Casimir operator is obviously a symme
operator for the Hamiltonian since@Ĉ,ĝik#50 ; i ,k, so that
we have

@Ĥ,Ĉ#50↔@Ĥ,~N̂1
12N̂1

2!#50. ~A8!

Defining

P̂1[~N̂1
12N̂1

21N2!2N25N̂1
12N̂1

2 , ~A9!

i.e., arbitrarily normalizing theP̂1 operator in order to get rid
of the additive constant in Eq.~A6!, we find that all the
solutions can be numbered with the quantum numberP1, an
eigenvalue of theP̂1 operator and that the correspondin
quantum numbers take the values~2.16! and~2.17! indicated
in Sec. II B. In this case the numberP1 represents again th
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difference between the number of particles occupying
states (sa51 i ) and the number of particles occupying th
states (sa52 i ).

The results of the above discussion can easily be exten
to the case of the Hamiltonians whose two-body terms
generalized to include, e.g., the quadratic forms in terms
all the generators~A2!. Such Hamiltonians may contai
terms of the following structure:

B̂a1b2
1 B̂g1d2

1 →~ two-pair creation, Dn54!,
~A10a!

B̂a2b1B̂g2d1→~ two-pair annihilation, Dn524!,
~A10b!

B̂a1b2
1 B̂g2d1→~one-pair scattering,Dn50!,

~A10c!

B̂a1b2
1 N̂g1d1→~one-pair creation,

one-particle scattering,Dn52), ~A10d!

B̂a1b2
1 N̂g2d2→~one-pair creation,

one-particle scattering,Dn52), ~A10e!

B̂a2b1N̂g1d1→~one-pair annihilation,
ys

ys

ys

ys

C

e

ed
re
f

one-particle scattering,Dn522), ~A10f!

B̂a2b1N̂g2d2→~one-pair annihilation,

one-particle scattering,Dn522). ~A10g!

In the above expression an interpretation in terms of
physical significance of the contributing matrix elements
well as the fact of nonconservation of the number of partic
(Dn564, Dn562) by the generalized form of the Hami
tonian have been indicated.

The Casimir operator~A6! still commutes with such a
generalized Hamiltonian and consequently

P̂15N̂1
12N̂1

2 ~A11!

is a symmetry operation of that more general Hamiltonian
well. Hamiltonians of that mathematical form can be stud
in particular in the context of Bogolyubov transformation
Here we do not examine their properties further since
principal goal of this work is to study the particle-numb
conserving algorithms. These Hamiltonians are also of in
est within the models that explicitly allow a variation of th
particle numbers.

Let us emphasize that in the case examined here
N̂1

11N̂1
2 operator has no interest since it does not comm

with the Hamiltonian. This example demonstrates also
advantage of the formulation in terms of theP-symmetry
language (P̂1[N̂1

12N̂1
2) and that this is the only possibl

formulation of the related symmetry problem in this case
.
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