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Various theoretical approaches to proton emission from spherical nuclei are investigated, and it is found that
all the methods employed give very similar results. The calculated decay widths are found to be qualitatively
insensitive to the parameters of the proton-nucleus potential, i.e., changing the potential parameters over a
fairly large range typically changes the decay width by no more than a factor of;3. Proton half-lives of
observed heavy proton emitters are, in general, well reproduced by spherical calculations with the spectro-
scopic factors calculated in the independent quasiparticle approximation. The quantitative agreement with
experimental data obtained in our study requires that the parameters of the proton-nucleus potential be chosen
carefully. It also suggests that deformed proton emitters will provide invaluable spectroscopic information on
the angular momentum decomposition of single-proton orbitals in deformed nuclei.@S0556-2813~97!00410-X#

PACS number~s!: 23.50.1z, 21.10.Jx, 21.10.Tg, 24.10.Eq
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I. INTRODUCTION

Nuclei beyond the proton drip line are ground-state pro
emitters. That is, the parent nucleus,Z11

A11X, is unstable to the
proton decay:

Z11
A11X→Z

AX1p. ~1!

Initially, the parent nucleus is in a quasistationary state,
the proton decay may be considered as a process wher
proton tunnels through the potential barrier. In most cas
the combined Coulomb and centrifugal potentials give rise
barriers which are as large as;15 MeV. Consequently, the
associated lifetimes, ranging from 1026 s to a few seconds
are sufficiently long to obtain a wealth of spectroscopic
formation. Experimentally, a number of proton emitters ha
now been discovered in the mass regionsA;110, 150, and
160 ~see Refs.@1–4# and references quoted therein!, and re-
cently the first proton emitter above lead was reported@5#. It
is anticipated that new regions of proton-unstable nuclei w
be explored in the near future using radioactive nucl
beams.

The main objective of this paper is to perform systema
calculations of half-lives and spectroscopic properties
spherical ground-state proton emitters. We also discuss
reliability of different theoretical approaches, such as the d
torted wave Born approximation, the two-potential approa
and the simple description of the barrier penetration prob
in terms of one-dimensional quasiclassical method.

The paper is organized in the following way. In Sec. II t
theoretical approaches used in this study are briefly p
sented. A comparison between models is given in Sec
560556-2813/97/56~4!/1762~12!/$10.00
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and the dependence of the calculated half-lives on mo
parameters is discussed in Sec. IV. Results of calculat
are confronted with experiment in Sec. V. Finally, Sec.
contains the main conclusions of the paper.

II. THEORETICAL APPROACHES

Proton emitters are extremely narrow resonances wh
can be interpreted in terms of isolated quasistationary sta
Because of their extremely small widths, the perturbat
approach based on standard reaction theory@6–8# is ex-
pected to be very accurate. The ground-state proton emis
can be considered as one specific reaction channel@Eq. ~1!#,
characterized by the transition amplitudeTA11,Z11;A,Z .

The resonance width can be expressed through the tra
tion amplitude as@6,9#

G52puTA11,Z11;A,Zu2, ~2!

where the transition amplitude, in the distorted-wave Bo
approximation~DWBA! is given by

TA11,Z11;A,Z5^cApCApuVApuCA11&. ~3!

In Eq. ~3! cAp is the incoming spherical wave representi
the relative motion of the proton with respect to the daugh
nucleus,CAp is the product ofintrinsic wave functions of
the proton and the daughter,CA11 is the metastable state o
the parent nucleus, andVAp is the interaction between th
proton and the daughter nucleus.

For a given interactionVAp , one could in principle calcu-
late the decay width directly by considering the tim
reversed capture process,AX1p→Z11

A11X and study the asso
1762 © 1997 The American Physical Society
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56 1763SPHERICAL PROTON EMITTERS
ciated resonances. However, since the proton resonance
extremely narrow,G;10222210215 MeV, it is difficult to
localize them numerically. Therefore, in our paper, we sh
evaluate the transition amplitude explicitly using Eq.~3!. ~It
is worth noting that in Ref.@10# an attempt was made t
calculate the decay width directly by solving the Schro¨dinger
equation in the complex plane; the imaginary part of
positive-energy Gamow resonance gives the decay w
@11,12#.!

Once the decay width is calculated, the half-life of t
proton decay is obtained as

t1/25
\

G
ln2. ~4!

As mentioned above, the proton resonances in question
extremely narrow and correspond to half-live
t1/2;1021026 s.

For calculatingG we shall use three different methods:~i!
DWBA as described in Sec. II A,~ii ! the modified two-
potential approach of Gurvitz@13#, described in Sec. II B,
and ~iii ! semiclassical approximation described in Sec. II
The model parameters employed are specified in Sec. II

A. The DWBA method

The DWBA calculation of the decay width@Eq. ~2!# re-
quires knowledge of the~quasistationary! initial state wave
function,CA11, the final state wave functions,CApcAp , and
the interaction potential. The interactionVAp in principle
consists of a sum of two-body terms describing the pairw
interactions between the outgoing proton and all theA nucle-
ons in the daughter nucleus. As is often done in DWB
@6–8# we shall approximate the ‘‘true’’ interactionVAp with
the much simpler one-body potentialV,

V5VN1VC , ~5!

which is a sum of a simple nuclear optical potentialVN and
the Coulomb potentialVC . Using the Gell-Mann, Gold-
berger transformation@6–8#, Eq. ~3! can be rewritten as@9#

TA11,Z11;A,Z5^CApcAp
C uV2VC

0 uCA11 ,&, ~6!

wherecAp
C is a scattering wave function corresponding to t

point-charge Coulomb potential~i.e., a positive-energy
eigenstate of the HamiltonianT1VC

0 whereVC
0 5Ze2/r ).

The remaining part of the interaction,V2VC
0 , consists of

the nuclear optical potentialVN and the correctiondVC to
the Coulomb potential due to the finite charge distributio

TA11,Z11;A,Z5^CApcAp
C uVN1dVCuCA11&. ~7!

The wave functionCAp can be written as a product of th
intrinsic wave function of the proton~the proton is assume
to be in its ground state! and that of the daughter nucleu
FA , which in our work is treated as an inert core. The rad
part of cAp

C is

c l ~r !5A 2m

p\2k

F l ~r !

r
, ~8!
are

ll

th

re
,

.

.

e

l

where k5A2mE/\, m is the reduced mass, andF l is the
regular Coulomb function. Thek-dependent factor in Eq.~8!
guarantees proper normalization of the scattering functioc
~cf. Refs.@14,15#!.

The initial state wave function,CA11, describes the pro-
ton quasibound to the core. This wave function can be w
ten as a product of the daughter-nucleus wave function,FA ,
and the proton wave function. The radial wave function
the proton in the quasibound state,

Fnl j~r !5
fnl j~r !

r
, ~9!

is found by numerically integrating the Schro¨dinger equation
with the one-body potential~5! using the code ABMQ of
de Vries @16#. The quasibound proton wave functio
fnl j (r ) is found by joining smoothly the wave functio
from the interior region with the irregular part of the Co
lomb wave function,Gl (r ), that asymptotically describes th
proton wave function asr→`. In our study, we assume tha
the nuclear interaction between the proton and the core,VN ,
consists of a central and a spin-orbit potential of a Woo
Saxon type. For fixed Woods-Saxon radius and diffusen
and for given energy,E, and quantum numbersnl j of the
quasibound state, the depth of the nuclear potential is it
tively adjusted until the inner and outer wave functions a
smoothly connected. During the variation, the depth of
spin-orbit potential is also adjusted accordingly~see Sec.
II D !.

As an example, the calculated wave functionFnl j (r ) of
the quasistationary 1d3/2 state in 147Tm is shown in Fig. 1.
As expected, in the interior region (r ,7 fm! the wave func-
tion has one node. The outer turning point is quite distant
about 87 fm. This results in a reduction of the wave functi
in the barrier region by about 10 orders of magnitude. In
outer region, outside the classical outer turning point,
characteristic oscillatory behavior of the Coulomb function
seen.

By combining Eqs.~7!, ~8!, and~9!, the resonance width
becomes

G5
4m

\2k
U E

0

`

F l ~r !~VN1dVCoul!fnl j~r !drU2

. ~10!

FIG. 1. Spherical radial wave function of the quasistationa
1d3/2 state atQp51139 keV in 147Tm ~in logarithmic scale! as a
function of r . The Coulomb barrier radius,r B57 fm, and the outer
classical turning point,r 2587 fm, are indicated.
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1764 56SVEN ÅBERG, PAUL B. SEMMES, AND WITOLD NAZAREWICZ
Figures 2~a!–2~c! illustrate the radial dependence of th
three terms in the integrand of Eq.~10!: the quasibound wave
function, Fnl j (r ), the ~regular! Coulomb function,F l (r ),
and the optical potential,VN . The total integrand is shown in
Fig. 2~d!. The main contribution to the resonance width
seen to come from the surface region, and the integrand
a large peak around the Coulomb barrier radius,r B . This is
because the Coulomb function is vanishingly small at smar
values, while the wave function of the quasistationary st
decreases exponentially in the barrier region~cf. Fig. 1!. The
proton decay rate is thus expected to depend rather we
on the detailed structure of the wave function in the inter
part of the nucleus, while surface properties may be imp
tant.

B. The two-potential approach

Another perturbative method for calculating the dec
width of an isolated quasistationary state is a modified tw
potential approach introduced by Gurvitz and Kalberma
@17,13#. A short description of this method is given in th
following; the details and examples can be found in Ref.@13#
~see also Ref.@18#!.

The particle with an energyE.0 moves in an effective
potentialV(r ) with a barrier@see Fig. 3~a!#. Since one con-
siders a quasistationary state, the energyE is considerably
lower than the barrier heightVB @VB5V(r B) and r B is the
barrier radius#. The effective spherical potentialV(r ) in-
cludes the centrifugal term, and thus the barrier height de
pends explicitly on the single-particle orbital angular m
mentum. The potentialV(r ) can be formally split into two
parts

V~r !5U~r !1W~r !, ~11!

where

U~r !5H V~r ! if r<r B ,

VB if r .r B ,
~12!

FIG. 2. Different terms contributing to the proton decay rate
the 1d3/2 state in147Tm shown in Fig. 1:~a! the radial wave func-
tion, ~b! the regular Coulomb wave function, and~c! the proton
potentialVN . In ~d! the integrand of Eq.~10! is shown. The barrier
radius is atr B57 fm. The resulting resonance width is 2.65310218

MeV.
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W~r !5H 0 if r<r B ,

V~r !2VB if r . r B
~13!

as shown in Figs. 3~b! and 3~c!. It is assumed that initially
the particle occupies the bound eigenstate of the Hamilton
H0 with the potentialU(r ),

H0F05S pr
2

2m
1U DF05E0F0 . ~14!

The perturbing potentialW disturbs the wave functionF0
and transforms it to a quasistationary state, an eigensta
the full HamiltonianH5pr

2/2m1V with an energyE. It is to
be noted that the energiesE andE0 are not identical; excep
for some simple cases the energy shift

D[E2E0 ~15!

is different from zero@13#. Since the perturbationW(r ) does
not vanish atr→`, in order to solve the eigenproblem pe
turbatively, one introduces a ‘‘shifted’’ perturbing potenti
W̃(r )5W(r )1VB shown in Fig. 3~d!. By construction, this
potential vanishes forr→`.

In the TPA one obtains a simple expression for the de
width

G5
4m

\2k
U E

r B

`

fnl j~r !W~r !x l ~r !drU2

, ~16!

wherek5A2mE0/\, fnl j (r ) is the radial wave function of
F0, and x l (r ) is the regular radial wave function of th
HamiltonianT1W̃, with the asymptotic behavior

x l ~0!50

and

f

FIG. 3. The potentials appearing in the two-potential appro
of Sec. II B: V(r ), U(r ) @Eq. ~12!#, W(r ) @Eq. ~13!#, and

W̃(r )5W(r )1VB . r B is the barrier radius, andr 0, r 1, and r 2 are
the classical turning points.
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56 1765SPHERICAL PROTON EMITTERS
x l ~r !→sin~kr2pl /21d l ! for r→`. ~17!

Since forr .r B the radial wave functionfnl j (r ) is

fnl j~r !5fnl j~r B!exp@2a~r 2r B!#, ~18!

the integral~16! can be carried out analytically, and the fin
result is@17,13#

G5
\2

mk
ufnl j~r B!@ax l ~r B!1x l8 ~r B!#u2, ~19!

wherea5A2m(VB2E0)/\. Note that in the TPA, the con
tribution to the integral Eq.~16! comes entirely from the
region r .r B , but the final result Eq.~19! depends only on
the values of the wave functions atr B . However, as dis-
cussed in Ref.@13#, the final result forG does not depend on
the particular choice ofr B .

The regular scattering wave functionx l is

x l ~r !5x l ~r B!
sinh~ar !

sinh~ar B!
if r ,r B , ~20a!

x l ~r !5cosd l F l ~kr !2sind l Gl ~kr ! if r .r big ,
~20b!

where F l and Gl are the regular and irregular Coulom
wave functions, respectively, andr big is the cutoff radius
beyond which the contribution from the nuclear potential
unimportant. In practice this is fulfilled forr big.1.5r B . In
the intermediate regionr B,r ,r big the scattering wave func
tion was obtained by the direct integration of the Schro¨dinger
equation. The relative phased l was calculated by matchin
logarithmic derivatives atr 5r big .

A simple approximation to Eq.~19! can be obtained by
neglecting the nuclear contribution to the scattering state
r .r B , i.e., by assuming that forr .r B x l is given by Eq.
~20b!. In this case, the phase shift is given by

tand l 5
kFl8 ~krB!2acoth~ar B!F l ~krB!

kGl8 ~krB!2acoth~ar B!Gl ~krB!
. ~21!

In the following, this approximation will be referred to a
TPA1. Yet another approximation~TPA2!, used, e.g., in Ref
@19#, consists in replacingx l (r ) with F l (r ). In this case,
only the bound-state wave functionfnl j is calculated nu-
merically.

C. The quasiclassical method

For low-lying metastable states, the quasiclassical met
~WKB! is expected to work very well. The quasiclassic
expressions forG andD can be derived from the TPA@13#.
In particular, the decay width can be written as

G5N
\2

4m
expH 22E

r 1

r 2
uk~r !udrJ , ~22!

where

\k~r !5A2m@E2V~r !# ~23!
or

d
l

is the classical momentum,r i ( i 50,1,2! are the classica
turning points@Fig. 3~a!#, and E5Qp . The normalization
factorN is usually evaluated by considering the classica
allowed region only:

N215E
r 0

r 1 dr

k~r !
cos2S E

r 0

r

k~r 8!dr82
p

4 D . ~24!

However, as noted in Ref.@13#, the contribution to the norm
from the classically forbidden region should in principle al
be considered. Often, the cosine term in Eq.~24! is approxi-
mated by its average value of 1/2, giving

N̄215
1

2Er 0

r 1 dr

k~r !
. ~25!

In the following, this approximation shall be referred as
WKB1. Because of its simplicity the WKB approach ha
been widely used to study spherical proton emitters~see,
e.g., Ref.@20#!.

D. Model parameters

In our calculations, the proton optical potential was a
proximated by an average Woods-Saxon~WS! field, contain-
ing the central term and the spin-orbit potential.

The WS form factor is defined by the radius,R05r 0A1/3,
and diffusenessa. Two separate sets of WS parameters ha
been considered: the Becchetti-Greenlees set propose
Ref. @21# ~set WS1! and the ‘‘universal’’ set of Refs.@22,23#
~set WS2!. The set WS1, which was mainly fitted to low
energy proton scattering data, has significantly smaller ra
and it has slightly larger surface diffuseness~see Table I!.
The set WS2 gives a very good reproduction of sing
particle proton properties in deformed nuclei@24#, but its
radius seems to be overestimated@25#.

The depth of the central potential,V0, has not been taken
from Refs.@21,22#, but rather adjusted to reproduce the e
perimental energy of a quasistationary state. For the dept
the spin-orbit potential, we adopted a simple ans
V0,so520.2V0. To facilitate a comparison between differe
theoretical approaches, the same values ofV0 were used in
the DWBA and WKB calculations. Essentially the same v
ues ofV0 were obtained in the TPA calculations~see Sec. III
for more discussion regarding this point!.

The Coulomb potential was approximated by that of t
nuclear charge equal toZe uniformly distributed inside the
radiusR0.

TABLE I. Woods-Saxon parameters~radiusR0 and diffuseness
a) used in the calculations. The total radiusR0, is given byr 0A1/3.
All parameters are in fm.

Parameter WS1@21# WS2 @22#

r 0 1.17 1.275
a 0.75 0.70
r 0,so 1.01 1.32
aso 0.75 0.70
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TABLE II. Half-lives of proton emitterst1/2 calculated with different theoretical models and with t
WS1 set of optical model parameters@21#. The odd proton is assumed to fully occupy the specified spher
orbital (nl j ) ~spectroscopic factor equal to one!. For the odd-odd decays it is assumed that the neu
configuration remains the same in the parent and daughter nuclei. The calculation was carried out for
experimentalQp values listed in second column. The abbreviations refer to the distorted wave Born ap
mation of Sec. II A@DWBA, Eq. ~10!#, the two-potential approach of Sec. II B@TPA, Eq. ~19!#, and the
quasiclassical method of Sec. II C@WKB, Eqs. ~22! and ~24!#. In the TPA2 variant, the scattering wav
function x l (r ) has been replaced by the regular Coulomb wave functionF l (r ). In the WKB1 variant, the
approximation~25! for the normalization constant has been used.

Nucleus Qp ~keV! Orbit t1/2

DWBA TPA TPA2 WKB WKB1

51
105Sb54 491 1d5/2 20 s 20 s 21 s 19 s 24 s

53
109I 56 829 1d5/2 10 ms 10ms 11ms 9 ms 12ms

55
112Cs57 823 1d5/2 68 ms 67ms 72ms 64ms 80m s

55
113Cs58 977 1d5/2 540 ns 540 ns 570 ns 510 ns 640 ns

69
146Tm77 1140 0h11/2 350 ms 340 ms 380 ms 370 ms 530 ms

1210 0h11/2 53 ms 52 ms 58 ms 57 ms 81 ms

69
147Tm78 1071 0h11/2 2.6 s 2.5 s 2.8 s 2.7 s 3.9 s

1132 1d3/2 210 ms 210ms 220ms 210ms 260ms

71
150Lu79 1283 0h11/2 31 ms 30 ms 33 ms 33 ms 47 ms

71
151Lu80 1255 0h11/2 60 ms 58 ms 64 ms 63 ms 90 ms

73
156Ta83 1028 1d3/2 97 ms 96 ms 100 ms 96 ms 120 ms

1130 0h11/2 6.3 s 6.2 s 6.9 s 6.9 s 9.8 s

73
157Ta83 947 2s1/2 220 ms 220 ms 230 ms 210 ms 170 ms

75
160Re85 1284 1d3/2 230 ms 230ms 250ms 230ms 290ms

75
161Re86 1214 2s1/2 190 ms 190ms 200ms 180ms 145ms

1338 0h11/2 86 ms 85 ms 94 ms 100 ms 150 ms

77
165Ir 88 1733 0h11/2 100 ms 100ms 110ms 110ms 160ms

77
166Ir 89 1168 1d3/2 21 ms 21 ms 22 ms 21 ms 27 ms

1340 0h11/2 280 ms 270 ms 290 ms 290 ms 410 ms

77
167Ir 90 1086 2s1/2 36 ms 36 ms 38 ms 35 ms 28 ms

1261 0h11/2 2.0 s 2.0 s 2.2 s 2.2 s 3.1 s

79
171Au92 1718 0h11/2 350 ms 340ms 380ms 370ms 530ms

83
185Bi 98 1611 2s1/2 3.2 ms 3.1ms 3.3ms 3.1ms 2.5ms

1611 0h9/2 21 ms 20 ms 23 ms 23 ms 32 ms
ed
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III. COMPARISON BETWEEN MODELS

The half-lives of some known proton emitters calculat
with the different theoretical methods described in Sec. II
given in Table II. The values ofQp were taken from experi-
ment; they include the recoil and screening corrections@1#.
The quantum numbers (nl j ) characterizing the quasistation
ary state are also taken at the values suggested from ori
experimental papers. All half-lives are calculated assum
that a valence proton fully occupies the single-particle orb
(nl j ) in the parent nucleus, i.e., it was assumed that
spectroscopic factorSp 51. The detailed comparison be
tween the calculated and measured half-lives is presente
Sec. V below, along with a discussion of the spectrosco
e

nal
g
l
e

in
ic

factors extracted from the data. The main aim of this sect
is to compare different variants of calculations.

As seen in Table II, different methods applied in our wo
give similar results. If one is satisfied with the order-o
magnitude estimate, the simplest WKB or WKB1 method
an excellent tool.

The half-lives obtained with the WKB method are with
10% of those with the DWBA. The WKB1 approximation
slightly less accurate, and gives half-lives up to;50%
longer than the DWBA result.

The TPA yields half-lives which are practically identic
to those obtained with the DWBA. Even more remarkab
the TPA2 variant yields half-lives that are within 10% of th
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56 1767SPHERICAL PROTON EMITTERS
DWBA and TPA values. This result demonstrates that
further simplification of already simple analytic expressio
by Gurvitz@13#, based on replacing the scattering wave fun
tion x l with the regular Coulomb wave functionF l , is jus-
tified. The TPA1 variant@Eq. ~21!# gives results that are
extremely similar to those with TPA2. The fractional chan
in calculated half-lives between TPA1 and TPA2 is of t
order of 0.1%, so the correction for the finite size ofW̃(r )
for r ,r B can safely be neglected. The reason for this is
very small value ofd l . Indeed, according to Eq.~21!, its
magnitude is, roughly, governed by the ratio ofF l /Gl at
r 5r B . That is,x l (r B)'F l (r B) @cf. Eq. ~20b! and discus-
sion in Ref.@19##.

As discussed in Sec. II D, in the TPA calculations t
depth of the central potential,V0, has been adjusted to repro
duce the experimentalQp value. Formally, when making thi
adjustment, one should correct for the energy shiftD be-
tween the energyE of the ‘‘true’’ quasistationary state~ap-
pearing in the DWBA model! and the ‘‘bound-state’’ energy
E0. This correction might be important in some cases, si
the value ofV0 appears in the WKB exponent.

The energy shift can be estimated in the TPA as@13#

D52
\2a

mk
ufnl j~r B!u2@2ax l ~r B! x̃ l ~r B!2k#, ~26!

where x̃ l (r ) is the irregular scattering wave function. An
even simpler expression can be obtained in a quasiclas
limit:

D5
V8~r B!

4a2
ufnl j~r B!u2. ~27!

That is, if V8(r B)50 @as in Fig. 3~a!# D is governed by
higher-order corrections beyond the quasiclassical lim
hence expected to be very small. Table III displays a f
selected examples of the values of the energy shiftE-E0,
computed from the DWBA and TPA energy eigenvalues
tained with the same potential, and the estimateD, calculated
by means of Eq.~26!. The estimated shifts range from –
keV to –5 keV, depending onl ~largerl values give rise to
smaller energy shifts! andE0 (D increases withE0). How-
ever, the true shiftsE-E0 are consistently smaller in magn
tude than the estimates given byD. The half-lives calculated
in the TPA using the same potential as the DWBA~and
consequently with slightly different energy eigenvalue!
were consistently smaller than the DWBA half-lives. T
largest change occurred for the109I case, where the TPA

TABLE III. Energy shiftsE - E0 andD @Eq. ~26!# calculated for
several quasistationary states shown in Table II.

Nucleus Orbit E - E0 ~keV! D ~keV!

109I 1d5/2 –2.7 –4.4
147Tm 0h11/2 –0.8 –1.7
156Ta 1d3/2 –0.8 –2.2
171Au 0h11/2 –0.9 –1.5
185Bi 2s1/2 11.5 –2.1
185Bi 0h9/2 –0.1 –1.1
e
s
-

e

e

cal

t,

-

half-life decreased by 9%; in the other cases, the calcula
half-lives changed by 5% or less. These changes in the h
lives due to the energy shift seem larger than expected ba
on Ref. @13#. Nonetheless, the agreement with the DWB
half-lives is excellent when using the experimentalQp val-
ues, which suggests that neglecting the difference betweeE
and E0 is a reasonable approach in practice for low-lyin
states such as those discussed in this work.

IV. SENSITIVITY OF RESULTS TO THE OPTICAL
MODEL PARAMETERS

In order to investigate the sensitivity of the calculate
half-lives to the choice of parameters of proton-nucleus p
tential, the DWBA calculations have been performed for d
ferent WS potentials.

Figure 4 illustrates the sensitivity of the calculated hal
lives to the physically relevant optical model paramete
namely, the radiusR0 @Fig. 4~a!# and diffusenessa @Fig.
4~b!#. In addition, to check the sensitivity of the results o
the details of radial wave function in the nuclear interior,
Fig. 4~c! the number of radial nodes in the the proton wav
function has been artificially varied by adjusting the depth
the central potentialV0. In each case, the angular momentu
and the Qp value were held constant (l 50 and Qp51
MeV!. The results presented in Fig. 4 confirm the previo
conclusion of Ref.@3# ~cf. Refs. 35 and 36 quoted therein!.
Namely, variation of the optical model parameters within th
ranges of their uncertainties affects the predicted half-liv
by not much more than a factor of about three. For examp
if the radiusr 0 is changed from the standard value 1.17 fm
the ~unrealistically! large value of 1.4 fm, the half-life de-
creases by a factor of about 3 to 4. Similarly, if the diffuse
ness is increased by 50% from its standard value ofa50.75

FIG. 4. Sensitivity of the calculated proton half-life of the 2s1/2

state in 147Tm on model parameters: potential radius~a! and dif-
fuseness~b!. Portion ~c! illustrates the dependence oft1/2 on the
number of nodes of the proton wave function. The calculations a
performed within the DWBA formalism and at a fixed value o
Qp51 MeV. The standard values of parameters are marked by
rows.
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1768 56SVEN ÅBERG, PAUL B. SEMMES, AND WITOLD NAZAREWICZ
fm, the half-life decreases by a factor of 3. Also, very min
changes in the half-life are found as a function of the num
of nodes of the radial proton wave function.

The weak sensitivity oft1/2 to the details of the optica
proton potential has been discussed in Ref.@26# in the con-
text of two-proton radioactivity. It has been shown that mo
than 94–99 % of the WKB exponent,* r 1

r 2dr uk(r )u, comes

from the regionr .r B , which is almost solely determined b
the combined Coulomb1centrifugal interaction. Conse
quently, a rough estimate oft1/2 can be obtained by ignoring
the nuclear structure details.

The sensitivity to particular parameter sets of the WS
tential has been studied by performing a second se
DWBA calculations with the parameter set WS2~see Table
I!. The half-lives obtained with the set WS2 are system
cally smaller as compared to those with the set WS1 b
factor of ; 2–3. This result can be directly attributed to th
slightly too large potential radius in the ‘‘universal’’ set WS
~cf. discussion in Sec. II D!. Indeed, according to a simpl
WKB estimate@27,28#, the ratio of half-lives in both WS
models depends onR0 as:

ln~ t1/2
WS1/t1/2

WS2!}AR0
WS22AR0

WS1.0. ~28!

For a quantitative comparison between calculated and
perimental half-lives, this difference of a factor of;2–3
between the sets WS1 and WS2 is unacceptable. Co
quently, we regard the set WS1 as more appropriate for
pure single-particle decay rate calculations. However, the
WS2 seems to be more appropriate for calculating deta
structure effects~e.g., for estimating the theoretical spectr
scopic factors!.

The very strong dependence of the proton half-life on
Qp value and angular momentum is well known~e.g., see
Refs. @1,3#!. For completeness, proton partial decay ha
lives calculated in the DWBA are presented in Fig. 5 for t
2s1/2, 1d3/2, and 0h11/2 states in147Tm as a function ofQp .
As the Qp value changes from 0.5 MeV to 2.5 MeV, th
half-life changes by more than 22 orders of magnitude, fr
1010 s to 10212 s for the decay from the 1d3/2 state. For small
values ofQp , proton-emission half-lives are very long an
the total half-life is completely dominated byb decay. For
largeQp values, proton-emission half-lives are prohibitive

FIG. 5. Proton partial decay half-lives for 2s1/2, 1d3/2, and
0h11/2 states in in 147Tm as a function ofQp calculated in the
DWBA model. Experimental half-lives are indicated.
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short to allow experimental observation of an individual d
cay. Hence, from the spectroscopic point of view, the size
the Qp window of interest is rather narrow; for a typica
rare-earth nucleus it is about 0.8–1.7 MeV, see Fig. 5.

The three curves in Fig. 5 corresponding to different
bital angular momentum are clearly separated, reflecting
importance of the centrifugal barrier. This strong depende
on angular momentum facilitates the identification of t
proton wave function in the parent nucleus from measu
half-lives andQp values. Proton emission has been observ
from two different states in147Tm @1,29#, and the corre-
sponding experimental values are shown in Fig. 5. The p
ton configurations have been assigned in Refs.@1,29# as
0h11/2 and 2d3/2, and their half-lives agree nicely with th
calculated values.

So far, ground-state proton radioactivity has not been
served in the very light nuclei. One reason is the extrem
narrow Qp window due to the low Coulomb barrier. Fo
instance, as discussed in Ref.@30#, for nuclei aroundZ520
the half-life window of 10 to 1024 s corresponds to proton
energies of 100–150 keV. For lighter nuclei this effect
even more dramatic. Figure 6 shows the calculated pro
half-life for the 0p3/2 state in7B as a function ofQp . As the
Qp value is varied between 3 to 50 keV the half-life vari
over 30 decades! The window ofQp values corresponding to
possibly observable proton decay is thus 5–10 keV.

Although ground-state proton radioactivity is unlikely
be observed in light nuclei, it is nonetheless interesting
study how the effect of a proton halo@31# would affect the
decay half-life. In this work, a proton halo has been sim
lated by making the diffuseness unusually large. For
ample, if the diffuseness parameter is increased from its s
dard value ofa50.75 fm to a51.5 fm, the proton wave
function of the 0p3/2 state is effectively pushed out, and th
root-mean-square radius changes from 5 fm to 7 fm@see Fig.
7~a!#. As a result, the half-life for proton emission decreas
However, as shown in Fig. 7~b!, the effect of ‘‘halo’’ is
much smaller than what one might expect; the proton h
life changes only by a factor of;3. This result is consisten
with the earlier conclusions: the values oft1/2 show rather
weak sensitivity to details of nuclear structure.

V. COMPARISON WITH EXPERIMENT

Table IV displays the single-proton emission half-liv
(t1/2

th ) calculated with the DWBA method with the paramet

FIG. 6. Proton partial decay half-life for the 0p3/2 state in 7B
versusQp .
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56 1769SPHERICAL PROTON EMITTERS
set WS1, together with experimental half-lives (t1/2
exp). The

uncertainties in the calculated half-lives are estimated
rectly from the experimental uncertainties in theQp values.
Note that no attempt has been made to estimate any un
tainty in the calculated half-lives due to uncertainties in
parameters of the optical model potential, and thus the e
bar on the calculated half-lives should be considered a
lower limit.

The experimental spectroscopic factors can be determ
as ratios of calculated and measured half-lives@3#

Sp
exp5t1/2

th /t1/2
exp. ~29!

Theoretically, the spectroscopic factor, defined as@32,33#

Sp5
1

2I i11
u^I i ianl j

† i I f&u2, ~30!

measures the fragmentation of a single-particle orb
(nl j ). The proton emission is analogous to the pick-up
action: a proton with angular momentumj is removed from
the parent nucleus with angular momentumI i leading to the
final state in the daughter system withI 5I f .

Spectroscopic factors can easily be calculated in
independent-quasiparticle approximation~BCS!, in which
one assumes that the ground state of an odd-Z nucleus is a
one-quasiparticle state, while that of an odd-odd system
two-quasiparticle configuration. In the BCS theory, the sp
troscopic factor is given by@34,33#

Sp
th5uj

2 , ~31!

whereuj
2 is the probability that the spherical orbital (nl j ) is

empty in the daughter nucleus. This expression assumes
the even-even~or odd-N) core does not change during th
decay process~for instance, the odd neutron on the odd-o
proton emitter is considered as a passive spectator!. Under
this assumption, expression~31! is valid for both the even-N

FIG. 7. Root-mean-square-radius of the 0p3/2 quasistationary
state in 7B at Qp510 keV as a function of diffuseness of the W
potential~a!; the corresponding half-lives~b!.
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and odd-N nuclei. Note that the maximum and minimum
values forSp in this approach are 1 and 0, corresponding
a completely empty or a completely filled single-particle o
bital (nl j ) in the daughter nucleus.

The spectroscopic factors extracted from the data
shown in Table IV. Except for the cases of113Cs and185Bi,
essentially all the experimental spectroscopic factors are
tween 0.1 and 1; only for146Tm the extracted value ofSp is
greater than 1, but the experimental uncertainty in this cas
large.

The BCS calculations were carried out with the monop
pairing Hamiltonian of Ref.@35#. Specifically, the proton
pairing strength constant was taken as

Gp5
1

A
@17.910.176~N2Z!#, ~32!

and the pairing-active space consisted of the lowestZ ~dou-
bly degenerate! single-particle proton levels. Here, we a
plied the single-particle model of Ref.@24#, with parameter
set WS2. This model has proved to be very successfu
reproducing properties of single-proton states of rare-e
nuclei.

The correlation between experimental and theoret
spectroscopic factors is shown in Fig. 8. For odd-Z, N-even
ground-state proton emitters the agreement between ex
ment and theory is good. For the two cases indicated
stars,109I and 113Cs, the experimental values fall well belo
theoretical predictions. This suggests the strong fragme
tion of the single-particle strength and/or increased tunne
probability as compared to spherical predictions. Figure
shows calculated equilibrium quadrupole deformations
Refs.@36# ~finite-range droplet model, FRDM! and@37# ~ex-
tended Thomas-Fermi with Strutinsky integral mod
ETFSI! along the trajectory of known proton emitter
Z'0.74N112 @2#. Indeed, both109I and 113Cs are predicted
to be deformed, and the ‘‘anomalous’’ proton half-life of109I
has been reproduced by deformed calculations of Refs.@38–
40#.

Recently, a similar analysis of spectroscopic factors
been performed in Ref.@41# using the quasiclassical approx
mation to calculatet1/2 and to extract experimental spectr
scopic factors. The authors assumed the exact degenera
the 0h11/2, 1d3/2, and 2s1/2 shells. In this approximation, the
number of pairing-active states is 18. The occupation coe
cients can be computed from the particle-number equatio

18v251822p, ~33!

wherep is the number of proton hole pairs counting dow
from Z582. The resulting orbital-independent spectrosco
factor is given by

S̃p
th5u2512v25

p

9
, ~34!

that is, it is 0.11 for Tl, 0.22 for Au, 0.33 for Ir, and so on
Comparing with the values ofSp

th in Table IV, one can see
that the ‘‘supershell’’ approximation of Eq.~34! is rather
crude, and the single-particle degeneracy should be con
ered when computing theoretical spectroscopic factors.
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TABLE IV. Experimental (t1/2
exp) and calculated (t1/2

th ) half-lives of ground-state proton emitters. Th
theoretical half-lives are calculated within the DWBA method using the WS1 parameter set and
experimentalQp values, and the odd proton is assumed to occupy fully the spherical orbital (nl j ). Experi-
mental spectroscopic factors,Sp

exp @Eq. ~29!#, are compared to those obtained in the BCS theory,Sp
th @Eq.

~31!#. The error in calculated half-lives comes from uncertainty in experimentalQp .

Nucleus Qp ~keV! Orbit t1/2
exp t1/2

th Sp
exp Sp

th

53
109I 56 829 64 1d5/2 ~100 65! ms @29# ~10 61! ms 0.1060.01 0.76

55
112Cs57 823 67 1d5/2 ~500 6100! ms @43# ~68 617! ms 0.1460.04 0.59

55
113Cs58 977 64 1d5/2 ~17 62! ms @43# ~0.54060.06! ms 0.03260.005 0.59

69
146Tm77 114065 0h11/2 ~235 627! ms @44# ~350 650! ms 1.560.3 0.64

121065 0h11/2 ~72 623! ms @44# ~53 67! ms 0.7460.26 0.64

69
147Tm78 107163 0h11/2 ~2.7 20.9

12.4) s @45# ~2.6 60.2! s 0.960.7 0.64

113264 1d3/2 ~360 640! ms @29# ~210 620! ms 0.5860.09 0.79

71
150Lu79 128364 0h11/2 ~40 220

130) ms @29# ~31 63! ms 0.860.5 0.54

71
151Lu80 125563 0h11/2 ~130 250

1160) ms @29# ~60 65! ms 0.560.4 0.54

73
156Ta83 102865 1d3/2 ~144 624! ms @46# ~97 617! ms 0.6760.16 0.67

113068 0h11/2 ~8.9 62.3! s @46# ~6.3 61.5! s 0.7160.25 0.44

73
157Ta84 947 67 2s1/2 ~300 6110! ms @47# ~220 660! ms 0.7460.34 0.66

75
160Re85 128466 1d3/2 ~870 6200! ms @42# ~230 640! ms 0.2660.07 0.58

75
161Re84 121466 2s1/2 ~370 6 40! ms @47# ~190 630! ms 0.51 60.10 0.59

133867 0h11/2 ~325 6 44! ms @47# ~86 614! ms 0.2760.06 0.33

77
165Ir 88 173367 0h11/2 ~350 670! ms @41# ~100 610! ms 0.2960.07 0.23

77
166Ir 89 116868 1d3/2 ~152 671! ms @41# ~21 65! ms 0.1460.07 0.48

134068 0h11/2 ~860 6290! ms @41# ~280 650! ms 0.3260.11 0.23

77
167Ir 90 108666 2s1/2 ~110 615! ms @41# ~36 67! ms 0.3360.08 0.51

126167 0h11/2 ~7.5 61.9! s @41# ~2.0 60.4! ms 0.2760.09 0.23

79
171Au92 171866 0h11/2 ~2.22 60.29) ms@41# ~0.35 60.04! ms 0.1660.03 0.14

83
185Bi 98 161169 2s1/2 ~?! ~44 616! ms @5# ~3.2 60.6! ms 0.07260.03 0

161169 0h9/2 ~?! ~44 616! ms @5# ~2100064000! ms 4706190 1
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For odd-odd nuclei the agreement between experim
and theory is fair. There are three clear deviations from t
oretical predictions:112Cs ~which is expected to be de
formed!, and the allegedpd3/2n f 7/2 states in160Re @42# and
166Ir @41#. As seen in Table IV, it is the 2s1/2 orbital, rather
than the 1d3/2 orbital that has been observed in neighbori
odd-even nuclei. However, as discussed in Ref.@41#, the
neutron-proton (np) residual interaction in thepd3/2n f 7/2
configuration is strong enough to push the resulting tw
quasiparticle state down in energy. As known from t
heavier nuclei~see, e.g., Ref.@24#!, the 2s1/2 and 1d3/2 orbit-
als are almost degenerate; they form a pseudo-spinp̃1/2,3/2
doublet. However, as immediately seen in Table IV, by
suming the 2s1/2 orbital in 160Re and166Ir, one obtains even
shorter theoretical half-lives; the extracted experimen
spectroscopic factors are smaller by an order of magnitu
nt
-

-

-

l
e.

Therefore, one is led to the conclusion, that the quench
seen experimentally does not have a simple single-par
origin.

Another possibility was suggested in Ref.@42#. Namely,
the authors speculated that160Re is slightly deformed. In our
study, the interaction between nuclear core and odd proto
described by the spherical WS model. Consequently,
higher-order couplings~e.g., between one-quasiparticle an
three-quasiparticle states in odd-Z, odd-A nuclei! are effec-
tively taken into account,provided that they do not break
intrinsic spherical symmetry. For odd-odd nuclei, howev
the residualnp interaction can lead to deformed shapes
ready in the lowest order. For instance, in the above cas
160Re and166Ir, the quadrupole component of thenp inter-
action is expected to mix the near-lyingpd3/2n f 7/2 and
ps1/2n f 7/2 configurations, hence reduce the single-parti
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56 1771SPHERICAL PROTON EMITTERS
strength~see Ref.@38# for the 109I case!.
The coupling between one-quasiparticle and thr

quasiparticle states has been invoked in Ref.@5# to explain
the ground-state proton decay of185Bi. Here, the two con-

FIG. 8. Correlation between the experimental proton spec
scopic factorsSp

exp deduced from measured ground-state proton
cay half-lives@Eq. ~29!# and theoretical valuesSp

th obtained in the
BCS theory@Eq. ~31!#. Top: odd-Z, even-N proton emitters; bottom
odd-odd proton emitters. The nuclei expected to be deformed
indicated by stars.

FIG. 9. Theoretical equilibrium quadrupole deformations
Refs.@36# ~FRDM! and@37# ~ETFSI! along theZ'0.74N112 line.
The known proton emitters are indicated by stars.
-

figurations of interest are~i! the spherical 0h9/2 one-
quasiparticle configuration, and~ii ! the deformedstate asso-
ciated with the three-quasiparticle configuration 2s1/2

210h9/2
2 .

An additional complication comes from the fact that t
daughter nucleus184Pb has, most likely, a low-lying de
formed state that is slightly admixed to the spherical grou
state. Therefore, in addition to the effects of configurat
mixing of the valence proton orbital, one here also expec
strong rearrangement of the core configuration giving rise
an additional quenching of single-particle strength. Clearly
spherical one-body approach is not very appropriate for ta
ling such a complex situation.

VI. SUMMARY

Three theories for describing the ground-state proton
dioactivity in spherical nuclei have been investigated:
distorted wave Born approximation, the two-potential a
proach, and the quasiclassical method. In spite of the dif
ent degrees of sophistication in these models, they w
nonetheless found to give rather similar results.

The two-potential approximation, in the version by Gu
vitz @13# gives a remarkably close agreement with t
DWBA results when the~very small! energy shift is ignored.
We have also checked that a simplified version of the TP
in which one replaces in Eq.~19! the regular scattering wav
x l (r ) by the regular Coulomb wave functionF l (r ) ~the
TPA2 variant!, gives results which usually do not devia
from DWBA by more than 10%. This observation may ha
important consequences if the two-potential method is g
eralized to the deformed case. The results of the semicla
cal method are of the same quality as those with the TP
We note, however, that the proper treatment of the norm
ization ~24! is necessary for a quantitative description of t
data.

The sensitivity of the calculated half-lives on variations
model parameters has been studied. In general, proton e
sion half-lives depend mainly on the proton separation
ergy and orbital angular momentum, but rather weakly
the details of intrinsic structure of proton emitters, e.g.,
the parameters of the proton potential at least at a qualita
level ~factors of 2–3!. However, for a detailed description o
experimental data, better than just an order-of-magnit
qualitative estimate, the average proton potential has to
selected carefully. In this context, the Woods-Saxon pot
tial of Becchetti and Greenlees@21# seems to be a preferre
choice.

Proton radioactivity occurs in nuclei far from the be
stability valley where the detailed spectroscopic studies
difficult. Since proton emission half-lives are insensitive
nuclear structure details, studies of proton emitters prov
us with invaluable and fairly precise information on sh
structure of exotic nuclei where the nuclear binding en
Our calculations demonstrate that a simple one-body
proach to the tunneling problem, supplemented by a B
treatment of correlations, gives aquantitativedescription of
experimental proton half-lives~or single-particle spectro
scopic factors! in most cases.

The strong dependence on the orbital angular momen
also suggests that thel mixing due to residual interaction or
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1772 56SVEN ÅBERG, PAUL B. SEMMES, AND WITOLD NAZAREWICZ
e.g., induced by static deformation, might be not only o
servable, but also recognizable. As studies of exotic nu
progress, it will be very important to determine the empiric
ordering of different single-particle states near and bey
the drip-line, to classify excited states, and, possibly, to
vestigate the competition between the proton radioacti
and other decay modes~such as gamma decay!. Theoreti-
cally, the extensions of the formalism to deformed syste
and to vibrational nuclei are the necessary next steps.
interesting possibility is the strong coupling scheme based
the coupled-channel formalism for deformed proton emitt
proposed in Refs.@38–40#. However, we hope that the re
sults of the present spherical ‘‘test-case’’ study will be use
for developing other simpler techniques. The quantitat
agreement with experimental data for spherical proton em
ters obtained in our study suggests that it will indeed
possible to obtain, from half-lives of deformed proton em
ters, a rather clear spectroscopic information on the ang
momentum decomposition of single-proton Nilsson orbita
m
o,
.
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