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Effect of nonlocality on sub-barrier fusion enhancement
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The effect of nonlocality on heavy ion fusion is discussed at sub-barrier energies. It is shown that a simple
barrier penetration model with a nonlocal ion-ion potential cannot reproduce the coupled channel results,
though it gives rise to fusion enhancement at low energies. It is further shown that the coupled channel effects
are important for fusion around the Coulomb barrier energies whereas the nonlocal effects give a large cross
section enhancement at deep sub-barrier ener@e656-28137)06008-1

PACS numbgs): 25.70. Jj, 24.10.Eq

[. INTRODUCTION potential. In[2], Galettiet al. have introduced these nonlocal
effects in a phenomenological way by using an effective
It is well known that the enhancement of the fusion crossHamiltonian given by

sections and the broadening of fusion spin distributions at
sub-barrier energies cannot be explained on the basis of a p
simple one-dimgnsional barrier pgnetration mo¢BPM) H(p,r;b)~m+V(r). @
[1]. Recently Galettet al. [2] showed the importance of the
nonlocal part of the ion-ion potential, which was not consid-HereV(r) can be identified as the local part of the standard
ered earlier in the BPM calculations. This nonlocal part hason-ion potential with Coulomb and centrifugal parts. Fur-
been implemented in a phenomenological way in the BPMnher, g(r,b) in Eqg. (1) is the nonlocal factor which modifies
calculationd 2]. The presence of the nonlocality modifies the the reduced mase to u’' [’ =pug(r,b)] in the kinetic en-
kinetic energy part of the Hamiltonian through the reducedergy part of the Hamiltonian as given by
mass which has a lower value up to the barrier positRg) (
and it resumes its normal value beyoRg [2]. Using this
approach, Gallettet al. and more recently Dutet al. [3] g(r,b)=
tried to explain the large enhancements in fusion cross sec-
tions in the sub-barrier region for a number of systems. In all 0
these calculations, the effective reduced mass was expand
in terms of the nonlocal parameter up to second order. Ho
ever, this expansion is not valid for large values of the non
local parameter, often found necessary to fit the experiment
fusion datg 2,3]. Using the same approach, we report in this T(E,b)=[1+e%5] 1, ®))
paper that we are not able to fit the observed fusion cross
sections. Further, we found that the large enhancements agereS is the action defined by
reported in[2,3] are an artifact of the parabolic approxima-
tion made for the reduced mass. We have also shown that the ro [2ug(r,b)
model of Galettiet al. is very much similar to the effective 52] — 5 [Vi(r)—E]dr.
fusion barrier(EFB) model of Sahu and Shastp¢], though 1 i

they differ in their interpretation. In both these models, theThough 4g(r,b) in Eq. (4) can be treated as an effective

parr_ier height_ is reduced up 1o a ce_rtain radius, as i .th‘?educed masg’'(r,b), we treat thigy(r,b) factor separately.
lon-ion potential were more attractive in the nuclear INterion; s 1o ensure that this effect is present in the kinetic energy
region. We have shown that although these models can giv;

, . ferms only and not in the centrifugal potential which also
fusion cross section enhancement, but they cannot repmduﬁ‘?\/olves reduced mass. Therefore, the centrifugal part of the
the dynamical effects of the coupled chanf@l) calcula- ’

; . : . otential is given by (1+ 1)%2/2ur?, with the normal value
tions, particularly around the barrier region. The channegf w. Further following[2], g(r.b) is approximated as

coupling effects are important around the Coulomb barrier
energies whereas the nonlocal effects give large enhance- g(r,b)=1 for r>R,
ment for cross sections at deep sub-barrier energies. In a
consistent approach, CC calculations have also been carried
out with the inclusion of nonlocal ion-ion potential.

2

b2 -t
1+% VO(r) 2

(r) in Eq.(2) is the zeroth moment of the nonlocal ion-ion
gtential and will be identified as the standard attractive po-

tential V(r). With this definition, the WKB approximation

g?r the transmission through the barrier can be written as

4

=————— for r=sR,, (5)
1+b?f(Ry)
Il. BARRIER PENETRATION MODEL WITH NONLOCAL

ION-ION POTENTIAL where R, is the barrier position and f(R,)=

w|VN(Ry)|/(242). 1t is clear from the Eq(5) that the non-
The nonlocality arises from many-body quantum effectslocal part of the nucleus-nucleus potential gives a partial re-
and reflects the fundamental nature of the nucleus-nucleuduction of the reduced mass, leading to an enhancement in
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the transmission coefficient. In this description, the reduced 10 °F
mass is also dependent on the nonlocal range parareter c
Under the parabolic barrier approximation, the act®oan 10 %k
be written as g
10 ¢
27 1+4g —~ |
- TV, — <o 1E
————(VI—E), (6) 5
~10 'k
where c
10 72;

I(I1+1)A? L

V=V (DR )2 : (7) 107
2ur LF
10 40

It can be seen from the above equation that et O,
there are no nonlocal effects, i.e., théactor becomes unity
and the effective mass is the same as the normal reduced FIG. 1. Fusion excitation function and the average spin as a
mass. However, the nonlocal effects enhance the transmignction of energy for'®0+ ***Sm system. The curves labeled NL
(1+4/g), thereby effectively making the barrier thin. It can Ri=Re (NL) andRy adjusted to fit the datéEFB). The curve la-
be seen that this factor has a maximum value of 2 Corret—)eled CC represents trecrusresults. The static deformation pa-
sponding to the maximum nonlocal correction given byra.meters used aig,=0.34, 6,=0.07 for Sm and a 3 state of O
g=0. In other words, the actio® cannot be reduced to with 8=0.301 wit a Q value of-6.13 MeV. The other parameters

areV,=61.48 MeV,R,=10.88 fm, andhw=4.4 MeV. The curve
value less than#t/% w)(V,—E). For very small values df, CCNL represents thecruscalculations with inclusion of nonlocal

the factor(1+g)/2 can be approximated up to second orderefrects. The experimental data points are taken from H&f§].

. 2 . - .
given by(1—bf/4) as used iri2,3]. The use of this approxi-  The curve labeled BPM in all these figures refers to the one-
mation can not be extended to large valuedathich can  gimensional barrier penetration model results.

result in spuriously large value dfw, whereas this factor

cannot exceed twice its normal value. . nuclear potentiaV/y(r) atr=R,. In generalf is a function
NOW using Eqs(3)—(5) for transm|SS|0n, fusion cross of r and one should use an average Va{lﬁ¢, between"(rl)
section can be written as and f(R,). Therefore, the effective nonlocal factb?f in

Eq. (5) can be very large and consequently, the contribution
to the action integral in Eq@) from r, to R, can be ne-
glected as compared to the contribution fréty to R,. In
order to maximize the effect of nonlocality, we take a very
In the following we consider four typical heavy ion systems, large value for thebey (beg=b*(f)) parameter. The corre-
i.e., 160+ 154gm, 28gj+ 1545m, 58Nii+ %N, and 19F+ 232Th, sponding results for fusion cross sections are shown in Figs.
In the case of the'®O+1%%Sm system, the Sm target is 1—4 by the curves labeledL. It may be mentioned here that
strongly deformed. In addition, precise measurements of th&/€ use a largd. parameter in order to estimate an upper
fusion cross section®] and the average spin valugg are  bound on the enhancements of the cross sections.

also available over a wide range of energies. In the case of

a(E,b)=%El (21+1)T,(E,b). )

285+ 154Sm), in addition to the rotational states of Sm, one 10 2 g e T T L

has to consider an oblate deformation of Si withvalue of 10k it Sm/

~—0.41. This combination not only gives a large enhance-

ment of the fusion cross sections, but also shows a pro- 10 ¢ 3

nounced bump in the average spin values around the barrier 1E .

region[7], which is a characteristic feature of strong channel = af ]
: NN e 210 'E

couplings. The>*Ni+ °**Ni system has several low lying in- g F 3

elastic levels in addition to ther2transfer channel which ~107e 3

plays a dominant role in enhancing fusion cross sections at © 10 Sk S

sub-barrier energid8]. We also consider a fissile system of L0 Sf

19F+ 232Th, which shows large fusion cross section enhance- A

ment at deep sub-barrier energj®3. Figures 1-4 show the 107°F E

experimental and estimated fusion cross sections for these 10 b Lo EEEREEE NEEEREEE ]

heavy ion systems. In these calculations, we have used 80 10 £ 11\/120 140 160

om(MeV)

Christensen-Winther parametrization for ion-ion potential

[10]. However, the barrier height has been adjusted slightly . 2. same as Fig. 1, but for tH#Si+5%Sm system. The

to fit the above barrier cross sections. The long-dashed cuni@formation parameters for Sm are the same as for Fig. 1 and the
shows the simple BPM results without any nonlocal correcg, =-0.41 for Si . The barrier parameters arg=102.26 MeV,
tions. In Refs.[2,3], the nonlocal parametdy was varied R, =11.47 fm, andiw=4.24 MeV. The experimental data points
between 1.6 fm and 2.3 fm while was estimated from the are taken from Refd7,13.
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o R hancement is much less than the corresponding experimental
102k | values even for the case gi=0. Therefore, the large en-
hancements found by Galeéi al. and also by Dutet al. are
- a result of the approximations made in the expansion of the
10 g reduced mass.
i~ r It is interesting to note here that in an earlier work, Sahu
= L and Shastry had also found similar results by using an effec-
— tive fusion barrier mode(EFB) [4]. In their work they had
510 'k set the potential to zero inside some effective fusion radius
2 (Ry) as follows:
0 V(r)=0 for r<R. 9
10 380 Therefore, they calculated the transmission only from

R; to the outer turning poinR,, whereR; was taken as a

) en parameter to be fixed by fitting the fusion data. They found
FIG. 3. The same as Fig. 1, but for tfiéNi+ *Ni system. The  he R, value to be larger than tHe, value for many systems.

coupling parameters farcruscalculations are taken from Rég8] The present work with maximum nonlocal effectse.

which include 2, 37, and 4" states and also the transfer channels.ggo) and the effective fusion barrier model of REf] With,

Ihe bt paranelers s 5516 v, %1054 . and_ R~ ar n  way s, athough th authors n e

[B(i);nd the refer.ences tlferein P did not interpret their results in terms of the nonlocal effects

' explicitly. In the following, we also calculate the fusion cross

: sections using the EFB model of Sahu and Shastry, wRere

6, 15. ’

The results for the’®O+*'Sm system may be directly s reateqd as parameter. The EFB model can also be simu-

compared with the calculations of Dugt al. [3]. In their lated by Eq.(5) whenR, is replaced withR; such that
work, instead of using a parabolic approximation to the bar-

rier, they calculated the transmission exactly and concluded g(r,b)=1 for r>R;
that the fusion enhancement is not enough to explain the
experimental data. However, their estimates are much higher 1

than our results for the same system. The cute shown for r<R;. (10

- 2
in the figure for this system, is an upper limit for nonlocal 1+b%(Ry)
effects as we have used a parabolic barrier apprOX|rn_at|on 4 order to estimate the transmission, the action integral is
well as a very large value df; parameter, corresponding to calculated in two parts by integratirg from r, to R; with

g%Ot. clit IS ?Is?hlmportlant |to|3r|1:>o|\5|e thlat tlh‘:'. maximum enh?né:eé lower value of the effective reduced mass @ndfrom R;
ment due 1o the nonloca calculations as suggeste r, with the reduced mass having its normal value. Using

Galettiet al.is far less than the experimental estimates. Thig,,, parabolic barrier approximation, the action integral be-
discrepancy is more when the systems are strongly coupl : ’

! : N . een any two pointx; andx, can be calculated as
to various rotational and vibrational statésee Fig. 2 and y P ! 2

Fig. 3). We can conclude from these calculations that if non- o2 %,—R| x.—R
local effects are included properly in BPM, the fusion en- S(X1.%2) = 5~ Sinl(z_) —siny 221
10 °F LetR (xR
10 2* “ “
_ X1—R X;—R
10 M I 1_( 1 |> } (11)
1 E o o
210 'k with
\110 “E E
o f S o E 2(Vp,—E) 2w,
N R — B o?=——"—— and p="—p\g(b). (12
10 *E &t — cCc ] M)
S (R — — CONL 7§
e o - BRM 4 It can be verified that wher,=r, andx, = Ry, the above
10 "6l ILisiss L, Lo ] result agrees with that of E¢4). Though we have two ad-
50 mE (1\?{%\]) 110 130 ditional parameterb+ andR;, in order to simulate EFB we
cam.

used a large value of thie.; parameter. The results of the
FIG. 4. The same as Fig. 1, but for th%+232Th system. The EFB model are also shown in the Figs. l¢ske curves la-
coupling parameters include the 3tate of 1%F with Q= —6.13 beled EFB. TheR; values needed for these four systems are
MeV, 3,=0.301 andg, =0.22, 3,=0.09 for Th. The barrier pa- 11.2 fm, 12.2 fm, 11.1 fm, and 12.5 fm, whereas the corre-
rameters aré/,=90.93 MeV,R,=11.71 fm, andi0=4.67 MeV.  spondingR,, values are 10.88 fm, 11.47 fm, 10.6 fm, and
The experimental data points are taken from Rgdsl2]. 11.71 fm. We have tried to fit the data up to theéd.1 mb
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FIG. 5. (L) vs energy for the systems as given in Fig. 1. FIG. 7. (L) vs energy for the systems as given in Fig. 3.

level and the fits are quite satisfactory. TRevalues in all  cross section enhancements at and around the barrier region,
these cases come out to be larger thgn consistent with  differ significantly in the spin distribution. The EFB model
the results of Refl4]. We have compared the results of the results cannot reproduce the bump seen in the average spin
BPM based on both nonlocal ion-ion potentidlL) and also  values around the barrier energies. Further, the fusion en-
the EFB model with the results of the dynamical coupledhancement arising due to the nonlocal effects cannot exceed
channel calculations using the standard local ion-ion potenthe results of EFB. It is therefore important to realize that the
tial. We have used the simplified coupled channel coddeFB results provide an upper bound for results of any one-
ccrus[11]. The various coupling parameters are given in thedimensional barrier penetration model.

respective figure captions. It can be seen that the BPM with In the case of the®Ni+ ®*Ni system, we have included a
nonlocal effects cannot give a large enhancement as prén transfer channel o@ value +5 MeV. This results in a
dicted by CC calculationssee curves NL and OClIn con-  peak in(L) around the barrier regiofsee Fig. 7 which is a
trast, the EFB model witliR; as a parameter can be used tocharacteristic feature of the couplings of positi@evalue

fit the fusion cross section for both above and a few MeVchannels. Such a feature cannot be reproduced by the BPM
below the barrier. However, the results of the EFB modelwith nonlocal effects. The curves labeled NL are quite close
and the CC calculations differ significantly at deep sub-to the BPM results except for a different saturation value for
barrier energies. Further, we have shown the energy depefk). However, it is interesting to note that the EFB model
dence of the average spfh) for these four systems in Figs. results, although featureless around the barrier, are quite
5-8. It is important to note that the EFB calculations cannotlose to the experimental data. It can also be seen that the
reproduce the dynamical effects of CC calculations particuEFB model gives a much higher saturation value ¢bj

larly around the barrier region. It may be noticed that neithethan the results from a simple CC calculation. Further, the
NL nor EFB can reproduce the bump seen around the barrieroupled channel results cannot explain the large fusion cross
region particularly for the deformed systerisge Fig. 5 and section enhancement observed in the deep sub-barrier mea-
Fig. 6) . The curve NL strongly underestimates the experi-surements of-°F+ 232Th system[9]. Therefore, the channel
mental data, expected as it also underpredicts the fusiotoupling effects are important around the barrier region
cross sections by several orders of magnitude. The prediavhereas the nonlocal effects may give large fusion cross sec-
tions of the EFB and the CC calculations, which give similartion enhancement at deep sub-barrier energies.

50 S
r r 19 232 Yz
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FIG. 6. (L) vs energy for the systems as given in Fig. 2. FIG. 8. (L) vs energy for the systems as given in Fig. 4.
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. COUPLED CHANNEL CALCULATIONS WITH cross sections and its average spin values at deep sub-barrier
NONLOCAL EFFECTS energies. In the present study, we have used a coupled chan-

In the above, we have shown that any BPM model WithneI code based on the WKB approximation. More realistic

. odes like theecis and theFrResco make use of optical
nonlocal potential or even the EFB model of Sahu and‘r:nodel in order to evaluate transmission for fusion. As dis-

ot sl uyssed 114] e modet re nherety ifeent paric

nonlé)cal and this aspect should be incorporated in an IarIy_ at (_:Ieep sub—t_)arner energies. Further, thg use of nonlo-

coupled channel calculation. Therefore, we carry out th\éal lon-ion pme.”“a' Ca”.”?a"e. Fhe above dlffgerence more
: y rominent. At this stage, it is difficult to say which effect is

ﬁ)onUpl)etgni?;gleéSakgg{?BS vagneltri\gllu[szl]o Z;;naﬂg)gild'gn'more important, however, this aspect should be kept in mind
P 99 y s 9 while analyzing the deep sub-barrier fusion data.

CCFUS[11]. The transmission coefficient for fusion from dif-
ferent eigenchannels have been estimated using the barrier
penetration model with a nonlocal ion-ion potential as dis-
cussed before, but using a realidtiparameter value of 2 fm
[2]. It should be noted here that we have used a ldnge In summary, we have analyzed the heavy ion fusion cross
value for the NL curve in order to maximize the nonlocal sections and the average spin values over a wide range of
effects and also to obtain an upper bound on the fusion erenergies using the coupled channel calculations with a non-
hancements. In the case of coupled channel calculations, wecal ion-ion potential. The nonlocality has been incorpo-
aim at understanding the additional enhancement due to nomated by using an effective reduced mass as suggested by
local effects with reasonable values of theparameter. As Galetti et al. We showed that a simple barrier penetration
seen before, the BPM model wifimaximumn) nonlocal ef- model(BPM) with a nonlocal ion-ion potential is not enough
fects (see the NL curvedoes not account for experimental to explain the fusion enhancement contrary to the claims of
data of fusion enhancements. However, the coupled chann@&alettiet al. and more recently by Dutt al. Our results are
calculations with nonlocal effectsee CCNL give the nor- in agreement with the predictions of the effective fusion bar-
mal coupled channel results in the barrier region as well as ger (EFB) model of Sahu and Shastry. The large fusion en-
small enhancement at a deep sub-barrier region both for theancement found by Galettit al. and also by Dutet al. is
fusion cross sections and its average spin values. These noan artifact of the approximation made in the use of the re-
local effects may be of relevance at very low energies wheréuced effective mass. These BPM results with nonlocal ion-
normal ccFus calculations fail to explain the experimental ion potential and the results of the EFB model have been
data (see experimental fusion cross section data ¥+ compared with the standard coupled channel calculations. It
232Th systen. is shown that the BPM with nonlocal effects alone cannot
In coupled channel calculations, fusion is generally estigive large fusion enhancements. In the case of the EFB
mated either by using the WKB approximation for the trans-model, it is possible to fit the fusion cross sections by using
mission with an incoming wave boundary condition or bya suitableR; parameter wher®;>R;,. However, both of
using an optical model with a short range imaginary potenthese models cannot reproduce the characteristic features of
tial. It is generally believed that both the methods will give the energy dependence of the spin distributions predicted by
similar results. However, recently we have shown {i#] the dynamical coupled channel calculations. We have carried
the above two methods start deviating at low energies. Thisut simplified dynamical coupled channel calculations with a
discrepancy becomes significant at very deep sub-barrier emonlocal ion-ion potential which explain fusion cross sec-
ergies. The coupled channel formalism based on the opticdions around the barrier region and show small enhancement
model for fusion gives a higher estimate both for the fusionat deep sub-barrier energies.

IV. CONCLUSION
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