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Effect of nonlocality on sub-barrier fusion enhancement

S. V. S. Sastry, A. K. Mohanty, and S. K. Kataria
Nuclear Physics Division, Bhabha Atomic Research Centre, Bombay 400085, India

~Received 18 December 1996!

The effect of nonlocality on heavy ion fusion is discussed at sub-barrier energies. It is shown that a simple
barrier penetration model with a nonlocal ion-ion potential cannot reproduce the coupled channel results,
though it gives rise to fusion enhancement at low energies. It is further shown that the coupled channel effects
are important for fusion around the Coulomb barrier energies whereas the nonlocal effects give a large cross
section enhancement at deep sub-barrier energies.@S0556-2813~97!06008-1#

PACS number~s!: 25.70. Jj, 24.10.Eq
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I. INTRODUCTION

It is well known that the enhancement of the fusion cro
sections and the broadening of fusion spin distributions
sub-barrier energies cannot be explained on the basis
simple one-dimensional barrier penetration model~BPM!
@1#. Recently Galettiet al. @2# showed the importance of th
nonlocal part of the ion-ion potential, which was not cons
ered earlier in the BPM calculations. This nonlocal part h
been implemented in a phenomenological way in the B
calculations@2#. The presence of the nonlocality modifies t
kinetic energy part of the Hamiltonian through the reduc
mass which has a lower value up to the barrier position (Rb)
and it resumes its normal value beyondRb @2#. Using this
approach, Gallettiet al. and more recently Duttet al. @3#
tried to explain the large enhancements in fusion cross
tions in the sub-barrier region for a number of systems. In
these calculations, the effective reduced mass was expa
in terms of the nonlocal parameter up to second order. H
ever, this expansion is not valid for large values of the n
local parameter, often found necessary to fit the experime
fusion data@2,3#. Using the same approach, we report in th
paper that we are not able to fit the observed fusion cr
sections. Further, we found that the large enhancemen
reported in@2,3# are an artifact of the parabolic approxim
tion made for the reduced mass. We have also shown tha
model of Galettiet al. is very much similar to the effective
fusion barrier~EFB! model of Sahu and Shastry@4#, though
they differ in their interpretation. In both these models, t
barrier height is reduced up to a certain radius, as if
ion-ion potential were more attractive in the nuclear inter
region. We have shown that although these models can
fusion cross section enhancement, but they cannot repro
the dynamical effects of the coupled channel~CC! calcula-
tions, particularly around the barrier region. The chan
coupling effects are important around the Coulomb bar
energies whereas the nonlocal effects give large enha
ment for cross sections at deep sub-barrier energies.
consistent approach, CC calculations have also been ca
out with the inclusion of nonlocal ion-ion potential.

II. BARRIER PENETRATION MODEL WITH NONLOCAL
ION-ION POTENTIAL

The nonlocality arises from many-body quantum effe
and reflects the fundamental nature of the nucleus-nuc
560556-2813/97/56~3!/1516~5!/$10.00
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potential. In@2#, Galettiet al.have introduced these nonloc
effects in a phenomenological way by using an effect
Hamiltonian given by

H~p,r ;b!'
p2

2mg~r ,b!
1V~r !. ~1!

HereV(r ) can be identified as the local part of the standa
ion-ion potential with Coulomb and centrifugal parts. Fu
ther,g(r ,b) in Eq. ~1! is the nonlocal factor which modifie
the reduced massm to m8 @m85mg(r ,b)# in the kinetic en-
ergy part of the Hamiltonian as given by

g~r ,b!5S 11
mb2

2\2 UV0~r !U D 21

. ~2!

V0(r ) in Eq. ~2! is the zeroth moment of the nonlocal ion-io
potential and will be identified as the standard attractive
tential VN(r ). With this definition, the WKB approximation
for the transmission through the barrier can be written as

Tl~E,b!5@11e2S#21, ~3!

whereS is the action defined by

S5E
r 1

r 2A2mg~r ,b!

\2
@Vl~r !2E#dr. ~4!

Though mg(r ,b) in Eq. ~4! can be treated as an effectiv
reduced massm8(r ,b), we treat thisg(r ,b) factor separately.
It is to ensure that this effect is present in the kinetic ene
terms only and not in the centrifugal potential which al
involves reduced mass. Therefore, the centrifugal part of
potential is given byl ( l 11)\2/2mr 2, with the normal value
of m. Further following@2#, g(r ,b) is approximated as

g~r ,b!51 for r .Rb

5
1

11b2f ~Rb!
for r<Rb , ~5!

where Rb is the barrier position and f (Rb)5
muVN(Rb)u/(2\2). It is clear from the Eq.~5! that the non-
local part of the nucleus-nucleus potential gives a partial
duction of the reduced mass, leading to an enhanceme
1516 © 1997 The American Physical Society
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56 1517EFFECT OF NONLOCALITY ON SUB-BARRIER FUSION . . .
the transmission coefficient. In this description, the redu
mass is also dependent on the nonlocal range parametb.
Under the parabolic barrier approximation, the actionS can
be written as

S5
2p

\v

11Ag

2
~Vl2E!, ~6!

where

Vl5V01
l ~ l 11!\2

2mr 2
. ~7!

It can be seen from the above equation that forb50,
there are no nonlocal effects, i.e., theg factor becomes unity
and the effective mass is the same as the normal red
mass. However, the nonlocal effects enhance the trans
sion through the value of\v that increases by a factor of 2
~11Ag), thereby effectively making the barrier thin. It ca
be seen that this factor has a maximum value of 2, co
sponding to the maximum nonlocal correction given
g50. In other words, the actionS cannot be reduced to
value less than (p/\v)(Vl2E). For very small values ofb,
the factor~11Ag)/2 can be approximated up to second ord
given by~12b2f /4! as used in@2,3#. The use of this approxi-
mation can not be extended to large values ofb which can
result in spuriously large value of\v, whereas this factor
cannot exceed twice its normal value.

Now using Eqs.~3!–~5! for transmission, fusion cros
section can be written as

s~E,b!5
p

k2(l
~2l 11!Tl~E,b!. ~8!

In the following we consider four typical heavy ion system
i.e., 16O1 154Sm, 28Si1 154Sm, 58Ni1 64Ni, and 19F1 232Th.
In the case of the16O1 154Sm system, the Sm target
strongly deformed. In addition, precise measurements of
fusion cross sections@5# and the average spin values@6# are
also available over a wide range of energies. In the cas
28Si1 154Sm, in addition to the rotational states of Sm, o
has to consider an oblate deformation of Si withb2 value of
'20.41. This combination not only gives a large enhan
ment of the fusion cross sections, but also shows a p
nounced bump in the average spin values around the ba
region@7#, which is a characteristic feature of strong chan
couplings. The58Ni1 64Ni system has several low lying in
elastic levels in addition to the 2n transfer channel which
plays a dominant role in enhancing fusion cross section
sub-barrier energies@8#. We also consider a fissile system
19F1 232Th, which shows large fusion cross section enhan
ment at deep sub-barrier energies@9#. Figures 1–4 show the
experimental and estimated fusion cross sections for th
heavy ion systems. In these calculations, we have u
Christensen-Winther parametrization for ion-ion poten
@10#. However, the barrier height has been adjusted slig
to fit the above barrier cross sections. The long-dashed c
shows the simple BPM results without any nonlocal corr
tions. In Refs.@2,3#, the nonlocal parameterb was varied
between 1.6 fm and 2.3 fm whilef was estimated from the
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nuclear potentialVN(r ) at r 5Rb . In general,f is a function
of r and one should use an average value,^ f &, betweenf (r 1)
and f (Rb). Therefore, the effective nonlocal factorb2f in
Eq. ~5! can be very large and consequently, the contribut
to the action integral in Eq.~4! from r 1 to Rb can be ne-
glected as compared to the contribution fromRb to R2. In
order to maximize the effect of nonlocality, we take a ve
large value for thebeff (beff5b2^ f &) parameter. The corre
sponding results for fusion cross sections are shown in F
1–4 by the curves labeledNL. It may be mentioned here tha
we use a largebeff parameter in order to estimate an upp
bound on the enhancements of the cross sections.

FIG. 2. Same as Fig. 1, but for the28Si1154Sm system. The
deformation parameters for Sm are the same as for Fig. 1 and
b2 5-0.41 for Si . The barrier parameters areVb5102.26 MeV,
Rb511.47 fm, and\v54.24 MeV. The experimental data poin
are taken from Refs.@7,13#.

FIG. 1. Fusion excitation function and the average spin a
function of energy for16O1154Sm system. The curves labeled N
and EFB are the predictions of BPM with nonlocal effects w
Rf5Rb ~NL! and Rf adjusted to fit the data~EFB!. The curve la-
beled CC represents theCCFUS results. The static deformation pa
rameters used areb250.34,b450.07 for Sm and a 32 state of O
with b50.301 with a Q value of26.13 MeV. The other parameter
areVb561.48 MeV,Rb510.88 fm, and\v54.4 MeV. The curve
CCNL represents theCCFUScalculations with inclusion of nonloca
effects. The experimental data points are taken from Refs.@5,6#.
The curve labeled BPM in all these figures refers to the o
dimensional barrier penetration model results.
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1518 56S. V. S. SASTRY, A. K. MOHANTY, AND S. K. KATARIA
The results for the16O1 154Sm system may be directl
compared with the calculations of Duttet al. @3#. In their
work, instead of using a parabolic approximation to the b
rier, they calculated the transmission exactly and conclu
that the fusion enhancement is not enough to explain
experimental data. However, their estimates are much hig
than our results for the same system. The curveNL, shown
in the figure for this system, is an upper limit for nonloc
effects as we have used a parabolic barrier approximatio
well as a very large value ofbeff parameter, corresponding t
g'0. It is also important to note that the maximum enhan
ment due to the nonlocal BPM calculations as suggested
Galettiet al. is far less than the experimental estimates. T
discrepancy is more when the systems are strongly cou
to various rotational and vibrational states~see Fig. 2 and
Fig. 3!. We can conclude from these calculations that if no
local effects are included properly in BPM, the fusion e

FIG. 3. The same as Fig. 1, but for the58Ni164Ni system. The
coupling parameters forCCFUScalculations are taken from Ref.@8#
which include 21, 32, and 41 states and also the transfer channe
The barrier parameters areVb599.46 MeV, Rb510.54 fm, and
\v53.529 MeV. The experimental data points are taken from R
@8# and the references therein.

FIG. 4. The same as Fig. 1, but for the19F1232Th system. The
coupling parameters include the 32 state of 19F with Q526.13
MeV, b250.301 andb2 50.22, b450.09 for Th. The barrier pa-
rameters areVb590.93 MeV,Rb511.71 fm, and\v54.67 MeV.
The experimental data points are taken from Refs.@9,12#.
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hancement is much less than the corresponding experime
values even for the case ofg'0. Therefore, the large en
hancements found by Galettiet al.and also by Duttet al.are
a result of the approximations made in the expansion of
reduced mass.

It is interesting to note here that in an earlier work, Sa
and Shastry had also found similar results by using an ef
tive fusion barrier model~EFB! @4#. In their work they had
set the potential to zero inside some effective fusion rad
(Rf) as follows:

V~r !50 for r ,Rf . ~9!

Therefore, they calculated the transmission only fro
Rf to the outer turning pointR2, whereRf was taken as a
parameter to be fixed by fitting the fusion data. They fou
theRf value to be larger than theRb value for many systems
The present work with maximum nonlocal effects~i.e.,
g'0) and the effective fusion barrier model of Ref.@4# with
Rf 5Rb are in a way similar, although the authors in Ref.@4#
did not interpret their results in terms of the nonlocal effe
explicitly. In the following, we also calculate the fusion cro
sections using the EFB model of Sahu and Shastry, wherRf
is treated as parameter. The EFB model can also be s
lated by Eq.~5! whenRb is replaced withRf such that

g~r ,b!51 for r .Rf

5
1

11b2f ~Rb!
for r<Rf . ~10!

In order to estimate the transmission, the action integra
calculated in two parts by integrating~i! from r 1 to Rf with
a lower value of the effective reduced mass and~ii ! from Rf
to r 2 with the reduced mass having its normal value. Us
the parabolic barrier approximation, the action integral b
tween any two pointsx1 andx2 can be calculated as

S~x1 ,x2!5
ba2

2 Fsin21S x22Rl

a D2sin21S x12Rl

a D
1

x22Rl

a
A12S x22Rl

a D 2

2
x12Rl

a
A12S x12Rl

a D 2G ~11!

with

a25
2~Vb2E!

mv l
2

and b5
2v l

\
mAg~b!. ~12!

It can be verified that whenx15r 1 andx2 5 Rb , the above
result agrees with that of Eq.~4!. Though we have two ad
ditional parametersbeff andRf , in order to simulate EFB we
used a large value of thebeff parameter. The results of th
EFB model are also shown in the Figs. 1–4~see curves la-
beled EFB!. TheRf values needed for these four systems
11.2 fm, 12.2 fm, 11.1 fm, and 12.5 fm, whereas the cor
spondingRb values are 10.88 fm, 11.47 fm, 10.6 fm, an
11.71 fm. We have tried to fit the data up to the'0.1 mb

.

f.
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56 1519EFFECT OF NONLOCALITY ON SUB-BARRIER FUSION . . .
level and the fits are quite satisfactory. TheRf values in all
these cases come out to be larger thanRb , consistent with
the results of Ref.@4#. We have compared the results of th
BPM based on both nonlocal ion-ion potential~NL! and also
the EFB model with the results of the dynamical coup
channel calculations using the standard local ion-ion po
tial. We have used the simplified coupled channel co
CCFUS@11#. The various coupling parameters are given in
respective figure captions. It can be seen that the BPM w
nonlocal effects cannot give a large enhancement as
dicted by CC calculations~see curves NL and CC!. In con-
trast, the EFB model withRf as a parameter can be used
fit the fusion cross section for both above and a few M
below the barrier. However, the results of the EFB mo
and the CC calculations differ significantly at deep su
barrier energies. Further, we have shown the energy de
dence of the average spin^L& for these four systems in Figs
5–8. It is important to note that the EFB calculations can
reproduce the dynamical effects of CC calculations parti
larly around the barrier region. It may be noticed that neit
NL nor EFB can reproduce the bump seen around the ba
region particularly for the deformed systems~see Fig. 5 and
Fig. 6! . The curve NL strongly underestimates the expe
mental data, expected as it also underpredicts the fu
cross sections by several orders of magnitude. The pre
tions of the EFB and the CC calculations, which give simi

FIG. 6. ^L& vs energy for the systems as given in Fig. 2.

FIG. 5. ^L& vs energy for the systems as given in Fig. 1.
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cross section enhancements at and around the barrier re
differ significantly in the spin distribution. The EFB mode
results cannot reproduce the bump seen in the average
values around the barrier energies. Further, the fusion
hancement arising due to the nonlocal effects cannot exc
the results of EFB. It is therefore important to realize that
EFB results provide an upper bound for results of any o
dimensional barrier penetration model.

In the case of the58Ni1 64Ni system, we have included
2n transfer channel ofQ value 15 MeV. This results in a
peak in^L& around the barrier region~see Fig. 7! which is a
characteristic feature of the couplings of positiveQ value
channels. Such a feature cannot be reproduced by the B
with nonlocal effects. The curves labeled NL are quite clo
to the BPM results except for a different saturation value
^L&. However, it is interesting to note that the EFB mod
results, although featureless around the barrier, are q
close to the experimental data. It can also be seen that
EFB model gives a much higher saturation value for^L&
than the results from a simple CC calculation. Further,
coupled channel results cannot explain the large fusion c
section enhancement observed in the deep sub-barrier
surements of19F1 232Th system@9#. Therefore, the channe
coupling effects are important around the barrier reg
whereas the nonlocal effects may give large fusion cross
tion enhancement at deep sub-barrier energies.

FIG. 8. ^L& vs energy for the systems as given in Fig. 4.

FIG. 7. ^L& vs energy for the systems as given in Fig. 3.
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1520 56S. V. S. SASTRY, A. K. MOHANTY, AND S. K. KATARIA
III. COUPLED CHANNEL CALCULATIONS WITH
NONLOCAL EFFECTS

In the above, we have shown that any BPM model w
nonlocal potential or even the EFB model of Sahu a
Shastry cannot reproduce the dynamical CC results. H
ever, it is known that the basic ion-ion potential should
nonlocal and this aspect should be incorporated in
coupled channel calculation. Therefore, we carry out
coupled channel calculations with inclusion of nonlocal io
ion potential as suggested by Galletiet al. @2#, using the code
CCFUS@11#. The transmission coefficient for fusion from di
ferent eigenchannels have been estimated using the ba
penetration model with a nonlocal ion-ion potential as d
cussed before, but using a realisticb parameter value of 2 fm
@2#. It should be noted here that we have used a largebeff
value for the NL curve in order to maximize the nonloc
effects and also to obtain an upper bound on the fusion
hancements. In the case of coupled channel calculations
aim at understanding the additional enhancement due to
local effects with reasonable values of theb parameter. As
seen before, the BPM model with~maximum! nonlocal ef-
fects ~see the NL curve! does not account for experiment
data of fusion enhancements. However, the coupled cha
calculations with nonlocal effects~see CCNL! give the nor-
mal coupled channel results in the barrier region as well a
small enhancement at a deep sub-barrier region both for
fusion cross sections and its average spin values. These
local effects may be of relevance at very low energies wh
normal CCFUS calculations fail to explain the experiment
data ~see experimental fusion cross section data for19F1
232Th system!.

In coupled channel calculations, fusion is generally e
mated either by using the WKB approximation for the tran
mission with an incoming wave boundary condition or
using an optical model with a short range imaginary pot
tial. It is generally believed that both the methods will gi
similar results. However, recently we have shown that@14#
the above two methods start deviating at low energies. T
discrepancy becomes significant at very deep sub-barrier
ergies. The coupled channel formalism based on the op
model for fusion gives a higher estimate both for the fus
a-
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cross sections and its average spin values at deep sub-b
energies. In the present study, we have used a coupled c
nel code based on the WKB approximation. More realis
codes like theECIS and theFRESCO make use of optical
model in order to evaluate transmission for fusion. As d
cussed in@14#, these models are inherently different partic
larly at deep sub-barrier energies. Further, the use of no
cal ion-ion potential can make the above difference m
prominent. At this stage, it is difficult to say which effect
more important, however, this aspect should be kept in m
while analyzing the deep sub-barrier fusion data.

IV. CONCLUSION

In summary, we have analyzed the heavy ion fusion cr
sections and the average spin values over a wide rang
energies using the coupled channel calculations with a n
local ion-ion potential. The nonlocality has been incorp
rated by using an effective reduced mass as suggeste
Galetti et al.. We showed that a simple barrier penetrati
model~BPM! with a nonlocal ion-ion potential is not enoug
to explain the fusion enhancement contrary to the claims
Galettiet al. and more recently by Duttet al. Our results are
in agreement with the predictions of the effective fusion b
rier ~EFB! model of Sahu and Shastry. The large fusion e
hancement found by Galettiet al. and also by Duttet al. is
an artifact of the approximation made in the use of the
duced effective mass. These BPM results with nonlocal i
ion potential and the results of the EFB model have be
compared with the standard coupled channel calculation
is shown that the BPM with nonlocal effects alone cann
give large fusion enhancements. In the case of the E
model, it is possible to fit the fusion cross sections by us
a suitableRf parameter whereRf.Rb . However, both of
these models cannot reproduce the characteristic feature
the energy dependence of the spin distributions predicted
the dynamical coupled channel calculations. We have car
out simplified dynamical coupled channel calculations with
nonlocal ion-ion potential which explain fusion cross se
tions around the barrier region and show small enhancem
at deep sub-barrier energies.
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