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Low-energy extensions of the eikonal approximation to heavy-ion scattering
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We discuss different schemes devised to extend the eikonal approximation to the regime of low bombarding
energies~below 50 MeV per nucleon! in heavy-ion collisions. From one side we consider the first- and
second-order corrections derived from Wallace’s expansion. As an alternative approach we examine the pro-
cedure of accounting for the distortion of the eikonal straight-line trajectory by shifting the impact parameter
to the corresponding classical turning point. The two methods are tested for different combinations of colliding
systems and bombarding energies, by comparing the angular distributions they provide with the exact solution
of the scattering problem. We find that the best results are obtained with the shifted trajectories, the Wallace
expansion showing a slow convergence at low energies, in particular for heavy systems characterized by a
strong Coulomb field.@S0556-2813~97!05808-1#

PACS number~s!: 24.10.Ht, 25.70.Bc
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I. INTRODUCTION

The eikonal approximation is widely used for the descr
tion of high-energy potential scattering in different fields
physics@1–8#. Due to its appealing simplicity, different pre
scriptions have been advanced in order to extend the val
of the model to lower bombarding energies. A number
these approaches are based on the eikonal expansion d
oped by Wallace@9–14#, in which the phase shift is ex
pressed as a series involving powers and derivatives of
potential. This expansion offers a consistent mathemat
framework in which systematic corrections to the eikon
approximation can be derived in closed form. The act
evaluation of the different terms in the series, however, tu
out to be rather involved for high-order terms. In additio
unphysical features such as flux production in absorp
complex potentials may appear when the expansion is t
cated to few terms@13#.

Other approaches formally maintain the eikonal form
the phase shift and try to account for deviations from
straight-line trajectory by shifting the impact parameter
effective values, typically to the turning point of the corr
sponding classical trajectory@15–19#. These methods have
more pragmatic character and can be easily extende
coupled-channel scattering processes. They have also
applied to the microscopic description of nucleus-nucle
collisions based on the Glauber model@20–25#.

These rather different ways of correcting the eikonal
proximation are compared in this paper. We consider ela
heavy-ion collisions, which are characterized by strong C
lomb fields and strong absorption, and we take profit of
variety of projectile-target combinations to modulate t
relative importance of these effects. Although we descr
the nucleus-nucleus interaction in terms of an optical pot
tial, our results are also relevant to the microscopic Glau
approach due to the common features of the two models

The paper is organized as follows. In Sec. II we disc
the Wallace expansion and apply it to the elastic scatterin
heavy ions. In Sec. III we introduce trajectory correctio
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through the use of effective impact parameters, and use t
to study the same heavy-ion systems investigated in Sec
Discussions and conclusions are given in Sec. IV.

II. EIKONAL EXPANSION

In the impact parameter representation, the scattering
plitude by a spherically symmetric potentialV(r ) is written
as

f ~u!5 ikE
0

`

dbbJ0~qb!@12eix~b!#, ~1!

wherek is the center-of-mass momentum andq52ksin(u/2)
is the momentum transfer. A systematic expansion of
phasex(b) in powers of 1/k has been proposed some tim
ago by Wallace@9#. He obtained a sequence of approxim
tions

x~b!5x0~b!1x1~b!/k1x2~b!/k21•••, ~2!

in which the first term is the usual eikonal formula

x0~b!52
1

\vE2`

`

dzV~r !, ~3!

v being the incident velocity andr 5Ab21z2. The first- and
second-order corrections to the eikonal term are, resp
tively,

x1~b!52
1

2~\v !2S 11b
]

]bD E
2`

`

dzV2~r !, ~4!

and

x2~b!52
1

6~\v !3S 315b
]

]b
1b2

]2

]b2D E
2`

`

dzV3~r !

1e2~b!, ~5!
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where

e2~b!52
1

24
b@x08~b!#31

i

8
x08~b!@bx09~b!1x08~b!#.

~6!

The Wallace expansion has been applied successfull
proton-nucleus scattering at relatively low energies~down to
200 MeV! @11,12#. It has also been used to study collisio
involving light nuclei (a158Ni,6Li112C! at energies as low
as 20 MeV per nucleon@12,13#. A version of this expansion
was recently used to improve the accuracy of a few-bo
Glauber calculation of11Be112C scattering at 25 and 5
MeV/nucleon@14#.

In Fig. 1 we show the result of applying the Wallac
expansion, truncated at second order, to the elastic scatt
of 12C116O. We use a standard Woods-Saxon shape
the complex nuclear potential, with paramete
Vr5263.7 MeV, Rr55.1 fm, andar50.63 fm for the real
part, andVi5227.2 MeV, Ri55.1 fm, ai50.69 fm for the
imaginary part@26#. In order to better evidence the effect
the bombarding energy, we keep fixed the parameters o
optical potential, disregarding any dynamical energy dep
dence. The calculations were made at two relatively low
ergies, 30 and 10 MeV/nucleon. The dotted lines repres
the eikonal approximation, and the short and long das

FIG. 1. Elastic cross section~as a ratio to the Rutherford! for the
system 12C116O at bombarding energiesE/A equal to 30 MeV
~upper frame! and 10 MeV ~lower frame!. The exact results are
represented by solid lines, while the dotted lines represent the e
nal approximation. The short and long dashes show the Wal
expansion taken to first and second order, respectively. The op
potential parameters~cf. text! are taken from@26#.
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show the Wallace expansion taken to first and second or
respectively. The exact angular distributions, obtain
through numerical solution of the partial wave Schro¨dinger
equation, are given by the solid lines. We see that the n
eikonal corrections improve appreciably the eikonal appro
mation, even though discrepancies remain at large angles
at the lowest energy. The convergence of the expansio
also seen to be slow, as the second order correction doe
add much to the first-order result.

The same expansion gives rather different results fo
heavier projectile-target system. In Fig. 2 we present ca
lations of 16O1208Pb scattering at energies 40 and 20 Me
nucleon. We use a Woods-Saxon nuclear potential w
parameters Vr5250 MeV, Vi5242.2 MeV, Rr5Ri
59.15 fm, ar5ai50.755 fm @27#. The curves have the
same meaning as in Fig. 1. We note that the first-order c
rection to the eikonal term, though large, does not lead t
better agreement with the exact result. This is at varia
with what we found above for the lighter system12C116O,
where the first-order correction already gave reasonable
sults. The second-order Wallace approximation reprodu
quite well the exact calculation at 40 MeV/nucleon, but
seen to fail badly at the lower energy.

The difficulties met by the Wallace expansion for hea
systems are further illustrated by looking at the transmiss
factorT(b)512ueix(b)u2, which can be compared to the ex
act partial wave resultTl512ue2id lu2 using the semiclassica
relation between angular momentum and impact parame
l 11/25kb. In Fig. 3 the transmission coefficients are plo

o-
ce
al

FIG. 2. Elastic cross section~as a ratio to the Rutherford! for the
system16O1208Pb at bombarding energiesE/A equal to 40 MeV
~upper frame! and 20 MeV ~lower frame!. The optical potential
parameters~cf. text! are taken from@27#. For the meaning of the
different curves, cf. caption to Fig. 1.
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ted againstl for the same nuclei and energies as in Fig.
One sees that at the lowest energy the noneikonal correc
yield negative transmission probabilities~flux is created in
the elastic channel!. It is also clear from Fig. 3 that this
violation of unitarity comes mostly from the first-order co
rection.

In order to understand why these flux conservation pr
lems arise in the case of heavy systems, let us conside
more detail the first-order noneikonal correction. To this
der the scattering phase can be put into the form

x~b!.x0~b!1x1~b!/k52
1

\vE2`

`

dzVeff~r !, ~7!

where the effective potentialVeff(r ) is @9#

Veff~r !5V~r !1
1

4ES 21r
]

]r DV2~r !, ~8!

andE is the center-of-mass energy. Writing the ion-ion p
tential asV(r )5Z1Z2e2/r 1Vn(r ), and further dividing the
nuclear potential in its real and imaginary par
Vn(r )5Un(r )1 iWn(r ), we obtain for the imaginary part o
Veff(r )

Im$Veff%5Wn1
Z1Z2e2

2E
Wn8

1
1

2E
@UnWn1rU n8Wn1rU nWn8#, ~9!

FIG. 3. Transmission factors associated with the elastic sca
ing of 16O1208Pb at the two bombarding energies displayed in F
2. For the meaning of the different curves, see caption to Fig.
.
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where the prime denotes derivative with respect to the rad
r . For large enough distances the nuclear potential falls
ponentially,Vn(r );exp(2r/a), with a.0.7 fm. In this re-
gion the last term in Eq.~9! is negligible because of its sho
range (a/2), and we are left with

Im$Veff~r !%.~12ac /a!Wn~r !, ~10!

where we have introduced the Coulomb distance param
ac5Z1Z2e2/2E. One notes from Eq.~10! that forac.a the
tail of the effective potential has a positive imaginary pa
producing flux instead of absorbing it. This is likely to occ
for heavy systems at low energies, and we see an examp
Fig. 3. At the lowest energy shown in this figure, 20 Me
nucleon, the value of the Coulomb distance isac51.6 fm,
much larger than the diffusenessa5ai50.755 fm of the
imaginary nuclear potential. Correspondingly, violations
the unitarity bounds are huge. At the highest energy,
MeV/nucleon, we haveac50.8 MeV, and such violations
are very small. In the case of the light system12C116O, we
find that the critical conditionac5ai only occurs lowering
the energy to 7 MeV/nucleon.

III. TURNING POINT CORRECTIONS

The eikonal approximation is based on the idea tha
high energies the colliding particles follow straight-line tr
jectories. In particular, this means that the impact param
is also the distance of closest approach between proje
and target. The strong Coulomb field present in heavy-
collisions distorts significantly these straight-line trajector
even at relatively high energies, breaking down the eiko
approximation. Due to the short range nature of the nuc
potential, the most important feature of such a distortion
the difference that appears between the Coulomb turn
point and the impact parameter. A simple way to take t
into account has been proposed by Fa¨ldt and Pilkuhn for
pion-nucleus scattering@16# and applied to heavy-ion colli-
sions in Ref.@17#. Dividing the eikonal phase into its Cou
lomb and nuclear parts

x0~b!5xc~b!1xn~b!, ~11!

an approximate correction for the Coulomb distortion of t
trajectory is achieved by the substitution

xn~b!→xn@dc~b!#, ~12!

wheredc(b) is the Coulomb distance of closest approach

dc~b!5ac1Aac
21b2, ~13!

andac is the Coulomb parameter introduced in the previo
section. In the same semiclassical spirit, in order to ass
the conservation of the angular momentum, one can a
change the asymptotic velocity that is used to calculate
nuclear eikonal phase by the tangential velocity at the tu
ing point,

vc~b!5
b

dc~b!
v. ~14!

The Coulomb turning point correction then takes the form

r-
.
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xn~b!→
dc~b!

b
xn@dc~b!#. ~15!

Furthermore, we could introduce an additional correct
for the trajectory distortion caused by the nuclear fie
@18,23–25,8# ~note that, in general, the corresponding Co
lomb1nuclear turning pointdn(b) will be complex @28#!.
The turning point correction is then written, in analogy
Eq. ~15!, as

xn~b!→
dn~b!

b
xn@dn~b!#. ~16!

We have used these corrections to study the low-ene
scattering of the same projectile-target systems discusse
the previous section. The results for12C116O collisions are
shown in Fig. 4. The dotted and solid lines represent
eikonal and exact results, respectively. The short-das
lines were obtained with the Coulomb correction, Eq.~15!,
and the long-dashed ones correspond to the Coulomb-nu
correction of Eq.~16!. We see that the Coulomb correctio
by itself does not improve the eikonal approximation. Ho
ever, by taking into account the concurrent effects of C

FIG. 4. Elastic cross section~as a ratio to the Rutherford! for the
system 12C116O at bombarding energiesE/A equal to 30 MeV
~upper frame! and 10 MeV ~lower frame!. The exact results are
represented by solid lines, while the dotted lines represent the e
nal approximation. The short and long dashes show the results
tained by including the correction due to the Coulomb field and
nuclear1Coulomb fields, respectively. The optical potential is t
same as in Fig. 1.
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lomb and nuclear interactions, we obtain a reasonably g
agreement with the exact calculation.

The application of turning point corrections to the heav
system16O1208Pb is shown in Fig. 5. The Coulomb corre
tion alone improves markedly the eikonal result, contrary
what happened with the comparatively light system of Fig
The nuclear correction is very small, again in contrast to
case of lighter systems.

IV. DISCUSSION

A comparison of Figs. 1 and 4 shows that for th
12C116O system the Wallace expansion and the impact
rameter shifts both give good results, of similar quality. F
the heavier16O1208Pb system the situation is different: a
low energies the turning point methods are clearly much b
ter than the Wallace approach~see Figs. 2 and 5!. We should
note that the optical potential we have used for t
16O1208Pb system has a strong absorptive part which d
out only at large distances. This characteristic is partia
responsible for the success of an eikonal-like approach
such low energies, as the deviation from pure Rutherf
scattering is dominated by a narrow window of impact p
rameters around the grazing value for which the eikonal c
dition uVu/E!1 is valid. Trajectories associated with small
impact parameters, which penetrate deeply and feel a st
ger nuclear field, are completely damped by the absorpt

o-
b-
e

FIG. 5. Elastic cross section~as a ratio to the Rutherford! for the
system16O1208Pb at bombarding energiesE/A equal to 40 MeV
~upper frame! and 20 MeV~lower frame!. The optical potential is
the same as in Fig. 2. For the meaning of the different curves,
caption to Fig. 4.
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On the other hand, this strong absorption is also respons
for the problems met by the Wallace approach in the cas
heavy systems; we see from Eq.~10! that the unitarity vio-
lation is proportional to the strength of the imaginary pote
tial in the surface region. This raises the question of whet
our results hold for more ‘‘surface-transparent’’ heavy-i
potentials, which give rise to rainbow scattering@28# ~our
optical potential for16O1208Pb leads to an angular distribu
tion that is closer to a Fresnel diffraction pattern!. To check
for this we reduced by a few fermis the radius of the ima
nary part of the16O1208Pb potential, so that the scatterin
became essentially rainbow dominated. Even in this w
absorption case the Wallace corrections still produced un
ceptable results, while the turning point approach remai
quite successful. We found that the latter method bre
ys

e
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down only for very small absorption radii, when the interfe
ence between the near-side and the more penetrating far
trajectories becomes apparent in the angular distribution

To summarize, the use of the distance of closest appro
as an effective impact parameter in the eikonal formula p
vides a simple and efficient way for studying heavy-ion sc
tering at relatively low energies. Low-order truncation of t
Wallace expansion seems to be a good alternative to
method only for light systems.
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