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Statistical nature of nuclear multifragmentation

R. Donangelo and S. R. Souza
Instituto de Fı´sica, Universidade Federal do Rio de Janeiro, C.P. 68528, 21945-970 Rio de Janeiro, Brazil

~Received 8 November 1996!

A recent analysis of multifragmentation data in terms of an elementary binary decay appears to imply that
the decay is sequential and from a thermalized source. This last feature would imply a lack of sensitivity to
dynamical effects, at least in this multifragmentation data. We discuss this analysis using a simultaneous
statistical multifragmentation model~SMM!, which assumes decay from a thermalized source, and also em-
ploying a molecular dynamics model~MDM !. The elementary binary decay analysis of the SMM predictions
yields results which are qualitatively similar to those of the data. The differences are shown to stem from
superposition of processes associated with very different impact parameters. Thus the data are not inconsistent
with simultaneous decay. The MDM calculations, on the other hand, disagree with the data. We suggest,
however, that more reliable dynamical calculations are needed before accepting an absence of dynamical
effects in these data.@S0556-2813~97!04608-6#

PACS number~s!: 25.70.Pq, 24.60.Dr
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I. INTRODUCTION

The possibility of a liquid-gas phase transition in nucle
matter@1–8#, based on the fact that its thermal equilibriu
phase diagram is quite similar to that of a van der Wa
system, has instigated intensive experimental@9–15# and
theoretical @16–25# investigations in proton-induced rea
tions at a few GeV’s and in heavy-ion reactions at energ
ranging from a few tens to a few hundreds of MeV p
nucleon. Such studies revealed that the breakup of nuc
systems into complex fragments (Z>3), also called interme-
diate mass fragments~IMF’s!, is the most important reactio
mechanism in central and midcentral heavy-ion collisions
the energy domain mentioned above~see@26# for a recent
review on the subject!. In spite of large theoretical and ex
perimental efforts, the actual mechanisms which cause nu
to break up into these sizable fragments could not be c
pletely elucidated yet. As a matter of fact, it has been o
very recently that a few experimental indications concern
this liquid-gas phase transition have been found@27#.

In this context, considerations based on an apprecia
amount of experimental data indicate that the mechani
responsible for the breakup of nuclear matter into IMF’s
of a statistical nature@28–31#. More precisely, experimenta
analyses clearly suggest that the relative IMF multiplicit
depend only on the excitation energy of the system, be
independent of the colliding nuclei and bombarding ene
@28#. Furthermore, these experimental results suggest tha
multifragment emission can be reduced to elementary bin
emission@29,31# and that its thermal properties are not se
sitive to the entrance channel@31#.

In this work, we investigate the extent to which the s
tistical nature of the IMF emission can be inferred from t
analyses mentioned above. We examine these aspec
means of two different approaches: the Copenhagen sta
cal multifragmentation model~SMM! @21# and the molecular
dynamics model~MDM ! @25,32#. The SMM assumes tha
fragments are created due to the prompt breakup of a so
in thermal equilibrium. On the other hand, in the MDM, th
evolution drives the system to configurations in which d
560556-2813/97/56~3!/1504~7!/$10.00
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namic instabilities grow, leading to its breakup.
Since these models are based on quite distinct scena

for the dissociation, one may thus ascertain whether an
them are compatible with the experimental observatio
@29–31#. This may give us further insight into the underlyin
physics of the multifragmentation process.

The paper is organized as follows: in Sec. II we brie
recall the main features of the models we use. Results
discussion are presented in Sec. III. Concluding remarks
drawn in Sec. IV.

II. MODELS

In this section we outline the most important physic
aspects of the models employed in this work, which are d
cussed in detail in Refs.@21# and @32#.

A. Copenhagen statistical multifragmentation model

The SMM assumes that, as a consequence of the nuc
collision, a hot and expanded composite system is form
and, most important for our discussion, that the system i
thermodynamic equilibrium when it reaches its breakup c
figuration. The dissociating hot nuclear system is thus ch
acterized, within this model, solely by its mass and atom
numbers, excitation energy, and volume.

In order to study the breakup of the system, the mo
considers that the relative statistical weight of a fragmen
tion mode$ f % is

G~$ f %!5expS~$ f %!, ~2.1!

whereS($ f %) is the entropy of the system in this particul
breakup configuration. The entropyS($ f %) contains contri-
butions from the thermal motion of the fragments inside
breakup volume, as well as from their internal excitatio
The latter are obtained from an extension of the liquid dr
model to hot nuclear matter.

The average value of a physical quantityQ is then ob-
tained as
1504 © 1997 The American Physical Society
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^Q&5
($ f %Q~$ f %!G~$ f %!

($ f %G~$ f %!
, ~2.2!

whereQ($ f %) is the value of the physical quantity for th
fragmentation mode$ f %, and the sum is over all possibl
modes satisfying mass, charge, and energy conservation

The direct evaluation of the sum in Eq.~2.2! is almost
impossible for a large system, due to the huge numbe
different fragmentation modes. This number is even mu
greater than in the original version of the SMM@21# because
now the isospin degrees of freedom have been included
the model@33#. Therefore one resorts to the Monte Car
method in order to evaluate this sum.

It is important to remark that the SMM assumes that
fragments are formed at the same time. Thus the deca
assumed to be not only statistical from a thermally equi
rized system, but also simultaneous. In order to preserve
last characteristic, in the calculations presented in this w
we do not include the binary decay of the hot primary fra
ments. This is consistent with the MD calculations to
presented below, since it is not possible for them to cons
the evolution of the system for the time needed for the p
mary fragments to cool down.

B. Molecular dynamics model

In the molecular dynamics approach the time evolution
the positionr i and momentumpi of the i th nucleon is dic-
tated by classical equations of motion@32#

dr i

dt
5

]H
]pi

~2.3!

and

dpi

dt
52

]H
]r i

1Ci~ t !. ~2.4!

The Hamiltonian of the system,H, has contributions from
the kinetic energy and the Coulomb repulsion between p
tons, besides terms associated with a Skyrme-type an
Yukawa-type isospin-dependent effective interaction@32#.
Effects associated with hard collisions between nucleons
introduced phenomenologically into the model by means
the collision term Ci(t). More precisely, whenever two
nucleons get closer thanAs/p, where s represents the
nucleon-nucleon cross section, the model considers that
collide. Their momenta are then randomly changed, bu
such a way that energy and momentum are conserved in
collision. Since nucleons are fermions, effects associa
with the Pauli principle are phenomenologically incorpora
by allowing collisions only if the phase space region cor
sponding to the final state of the nucleons is available.

The initial configuration of the system is carefully chos
so as to reproduce the gross properties of finite nuclei. H
we give a brief description of the procedure we adopt.
detailed discussion may be found in Ref.@32#. The positions
of the nucleons are homogeneously sampled within a sp
of radius 1.14A1/3 fm, whereA stands for the mass numbe
of the nucleus. The neutron and proton densities are ca
lated and then the Fermi momentumpF(r ), at any point of
of
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the sphere, is obtained in the local-density approximati
The momentumpi of the i th nucleon is drawn in a sphere o
radiuspF(r i). The momentumpi is accepted if the binding
energy of the nucleon is larger than 6.5 MeV and if the ph
space region into which the nucleon would be placed
available. The final configuration of the system is accepte
the binding energy of the nucleus lies between 8.0 and
MeV per nucleon. Since the procedure briefly describ
above does not ensure that the nuclei are generated in a
tionary state, an isolated ‘‘ground-state’’ nucleus should e
a few nucleons after a while. We have checked that nu
generated in this way remain fairly stable within 200 fm/c.
More precisely, no nucleons are emited before 100 fm/c and
only 1% of the nucleons escapes until 200 fm/c ~see Ref.
@32#!.

Nucleus-nucleus collisions are simulated by boosting t
nuclei against one another with appropriate values of kin
energy and impact parameter. The dynamic evolution of
system is followed until 200 fm/c. At this moment, a cluster
analysis is performed so as to identify the fragments p
duced in the collision. We have adopted the criterion used
Refs.@34,35# for defining clusters; i.e., two nucleons are a
sumed to be linked together if the distance between them
smaller than 3 fm.

It is important to realize that, in the framework of th
model, fragments are formed due to dynamic instabilit
which grow naturally during the dynamic evolution of th
system.

III. RESULTS AND DISCUSSION

The models considered in this work are able to pred
fragment distributions such as those discussed in Refs.@29–
31#. In this section we apply them to examine the qualitat
features of multifragment emission. We stress, however,
our calculations are not intended to adjust any details of
experimental data, but just to understand the main prope
of those models. In particular, while the SMM model has
an input the excitation energy of the hot nuclear system,
MDM calculations and the data give the results in terms
the transverse energy. It is precisely from the compari
between the fragment production in terms of these two qu
tities that we extract important consequences on their c
nections, as we will see below.

A. Predictions of the SMM

We consider a nuclear system similar to the hot reg
formed in the36Ar1 197Au collisions studied in the experi
mental work of Ref.@29#. We take the mass and atom
numbers to beA5160 andZ560, respectively, and the ex
citation energy ranging from 1 to 8 MeV per nucleon. T
breakup density of this source is assumed to ber50.05
nucleons/fm3.

The solid triangles in Fig. 1 show the mean IMF mul
plicity as a function of the excitation energy correspondi
to the simultaneous statistical breakup of the source just
scribed. The figure shows that the average IMF multiplic
rises from zero, at low excitation energies, to values lar
than 10 at the highest excitation energies considered h
This behavior should be expected since, as mentioned ab
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1506 56R. DONANGELO AND S. R. SOUZA
we do not consider secondary decay of the fragments, w
would lower the curve shown in Fig. 1 and, eventually, le
to a saturation and decrease of the IMF multiplicity at hi
energies. As a matter of fact, the IMF multiplicity wou
even fall down to zero if one continued increasing t
amount of excitation energy of the source; i.e., the sys
would tend to vaporize into single nucleons@36,37#.

We now turn to the properties of the multifragment em
sion. The probabilityPn(E) of observingn fragments, for a
source with excitation energy equal toE, is, following Refs.
@29,31#, given by

Pn~E!5
N~E,n!

(nN~E,n!
, ~3.1!

whereN(E,n) stands for the number of events in whichn
IMF’s are observed for an excitation energy per nucleonE.

The results are displayed in Fig. 2. It shows that very f
IMF’s are emitted by the source in the low excitation ener
regime,E<2 MeV per nucleon. Moreover, the maximum
Pn(E) moves toward higher excitation energies. This beh
ior is in qualitative agreement with the experimental resu
reported in Refs.@29,31#. We have checked that these aspe
remain unchanged if one considers larger emitting sour
However, as we will see in the next subsection, the cha
teristics ofPn(E) predicted by the SMM are very differen
from those given by the molecular dynamics approach.

The experimental analysis reported in Refs.@29,31# pro-
vides stronger constraints on the functional form ofPn(E).
More specifically, it has been shown@29,31# that the prob-
ability of emitting n complex fragments follows a binomia
law:

Pn
m5

m!

n! ~m2n!!
pn~12p!m2n. ~3.2!

The elementary binary probabilityp and the parameterm are
determined from the observed IMF multiplicities by

^n&5mp ~3.3!

and

FIG. 1. Average IMF multiplicity calculated with the SMM as
function of the excitation energy of the nuclear system~solid tri-
angles! and averaged over excitation energy~open triangles!. See
text for further details.
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sn
25^n&~12p!, ~3.4!

where ^n& is the average IMF multiplicity andsn
2 its vari-

ance for a given excitation energyE.
In order to investigate whetherPn(E) obtained with the

SMM has the properties of a binomial distribution, we ha
calculated the elementary binary probabilityp and the pa-
rameterm through Eqs.~3.3! and ~3.4!. The results of the
model calculation are represented by the solid triangles
Fig. 3, while the experimental values for the36Ar ~110 MeV
per nucleon!1 197Au system, reported in Ref.@29#, are de-
picted by the solid circles. One may notice that 1/p predicted
by the SMM increases by'30% over the excitation energ
range considered, while the experimental results increas
a much larger factor, of about 20. Furthermore,m increases
almost linearly as a function ofE, for E.2 MeV per
nucleon, in contrast with the behavior observed in the exp
mental results.

The analysis in terms of the SMM is therefore compatib
with a statistical decay of the source, but with different ch
acteristics from those of Refs.@29,31#. According to this
model, the binary decay probabilityp is almost constant and
of the order of 1, while the number of triesm increases with
excitation energy. The data seem to suggest thatp increases
considerably with the excitation energy whilem remains ap-
proximately constant for not too low excitation energies.

The fact that the Arrhenius plot shown in the upper pa
of Fig. 3 is rather flat compared to the behavior observed
Refs.@29,31# may be easily understood. The elementary
nary probability shown in Fig. 3 is computed from the me
IMF multiplicities and variances predicted by the SMM u
ing Eq. ~3.4!, which gives

FIG. 2. Calculated probability of observingn IMF’s as a func-
tion of the excitation energy of the source, for the same system
Fig. 1.
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p512
sn

2

^n&
. ~3.5!

Therefore sn
2!^n&, in the SMM calculations, while

sn
2'^n& in the data, except at the highest energies con

ered. Thus, the behavior of the Arrhenius plot presented h
reveals that the variances of the IMF multiplicities predict
by the SMM are much smaller than those suggested from
data, at least at low excitation energies. We have chec
that this conclusion still holds even if one changes the o
parameter of the model, the breakup density, to, for exam
r50.03 nucleons/fm3. After the discussion on the MDM
results, in the next subsection, we will find a likely explan
tion for this discrepancy.

B. Predictions of molecular dynamics

In order to study the properties of the probability dist
bution Pn(E) of observingn IMF’s emitted by a system
whose initial excitation energy isE, we have run more than
40 000 events for the Xe~60 MeV per nucleon!1Au, sys-

FIG. 3. Upper panel: reciprocal of the elementary binary pr
ability deduced from SMM calculations as a function of the exci
tion energyE ~solid triangles! and averaged over the excitatio
energy~open triangles!, for the same system of Figs. 1 and 2. Als
included are the values extracted from the36Ar1197Au data, plotted
as a function of the transverse energyEt . Lower panel: same as th
upper panel for the parameterm.
d-
re

e
ed
y
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tem, also experimentally studied, using the molecular
namics model described above. The impact parameters o
colliding nuclei were randomly chosen between 0 and 7
with the appropriate weight so as to simulate as closely
possible the experimental situation. Since it is very diffic
to reliably extract the excitation energy deposited into
system within the framework of this model, we have used
transverse energyEt of charged fragments as a measure
the excitation energy of the system. This choice is based
studies recently reported in the literature which indicate t
the transverse energy is proportional to the amount of ene
deposited into the system~see @29,31# and references
therein!, where the coefficient of proportionality depends
the mass numbers of the colliding nuclei and on the bo
barding energy.

The results of the model simulation are displayed in F
4. It shows that the probability of observingn IMF’s de-
creases monotonously as a function ofEt for n small
(n<2), whereas it is nearly flat for 3<n<5. On the other
hand, Pn(Et) increases very fast as a function ofEt for
n>6. These predictions might seem, at first sight, qual
tively similar to those of the SMM~Fig. 3!. However, when
an analysis in terms of the binary emission probability
performed, we note that they behave very differently.

Figure 5 displays the reciprocal of the elementary bin
probability and the number of triesm, calculated through
Eqs. ~3.3! and ~3.4!, as a function of the transverse energ
The results obtained with the MDM are depicted by the op
circles while the experimental data@31# are represented by
the solid circles in the same figure. Comparison between
results of the MDM with the experimental data shows th
this model is not able to reproduce, even qualitatively,
behavior found experimentally. As a matter of fact, althou

-
-

FIG. 4. Probability of observingn IMF’s as a function of the
fragments’ transverse energy predicted by the molecular dynam
approach for the Xe1Au system.
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1508 56R. DONANGELO AND S. R. SOUZA
the elementary binary probability predicted by this mod
increases as a function of the transverse energy, it assu
negative values for transverse energies smaller than'300
MeV. For this reason, we only show 1/p predicted by this
model for transverse energies higher than this value. Furt
more, the number of tries,m, obtained with the MDM de-
creases as a function of the transverse energy, in clear
flict with the experimental observations. It thus appears t
the MDM is not well suited to describe multifragment em
sion, at least at low excitation energies. In fact, as discus
in Refs.@35,38#, the heat capacity of the molecular dynami
approach does not correspond to that of an actual ma
fermion system, leading to fragmentation properties at v
ance with those experimentally observed. This is the rea
why frequently the molecular dynamics description
stopped at an early point in the evolution of the collision, a
another model, e.g., the SMM, is employed to describe
breakup.

At this point, it is useful to further discuss some featur
of the data. In Refs.@29,31#, the properties ofPn have been
analyzed by classifying events according to the transve
energy, and not on their centrality. Thus, it is important
verify the extent to which selection in transverse energy
plies selection in impact parameter. Since the amount of
ergy transferred to the transverse motion should be ma
influenced by energy and momentum conservation, the
lecular dynamics approach is able to give a good descrip
of this aspect, at least semiquantitatively. The results of
model simulation are depicted by the contour plot in Fig.
It shows that the average value of the transverse energy

FIG. 5. Upper panel: reciprocal of the elementary binom
probability as a function of the transverse energy. Data values~solid
circles!, calculated with the MDM~open circles!. Lower panel:
same as the upper panel for the parameterm.
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creases as the impact parameter goes to zero. However
dispersion around the mean value is very broad. In fact,
results show that events with a given transverse energy,
600 MeV, may originate from collisions which take place
almost any value of the impact parameter. The dynamics
collisions which occur in such a wide range of impact p
rameters should be very different, especially due to comp
sion and angular momentum effects@39#. In particular, the
partition of the transverse energy into components associ
with thermal excitation and radial flow may change dras
cally with impact parameter.

The bunching under a similar label~e.g., transverse en
ergy! of fragmentation events associated with very differe
processes could lead to a distorted picture. For instance
discussing signals for a liquid-gas phase transition in nuc
matter, it was found that the power law dependence of inc
sive fragment distributions was of geometrical origin@40#. In
this context, this led the authors to the conclusion that it w
important to single out experimental events associated w
different impact parameters so as to allow one to discus
possible liquid-gas phase transition in nuclear matter@40#.
More closely related to the aspects we discuss here, it
shown in an independent work that the superposition of m
tifragmentation events associated with different excitat
energies shows signs of intermittency, which are absen
events associated with a single excitation energy@41#. This
behavior was explained in terms of the fragment multiplic
distribution. If narrow, as in the case of a single excitati
energy, it shows no sign of intermittent behavior; if broad,
in the case where several excitation energies are pooled
gether, intermittency patterns emerge. In fact, we have no
that the rather constant behavior of the binary emission pr
ability in the SMM arises from the narrowness of the fra
ment multiplicity distribution. This distribution is much
wider in the data, which leads to a rapid change of this qu
tity. The situation appears to be similar as in the data sh
ing intermittent behavior.

In order to make the assertions above more quantitat
let us consider the calculation of a physical quantityf , which

l

FIG. 6. Contour plot of the event distribution on the transver
energy–impact-parameter plane.
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is a function of the excitation energy of the system. Owing
the large number of open decay channels for the sys
which passes through highly excited nonequilibrated sa
given the initial configuration of the decaying system~e.g.,
the impact parameter of the collision! its final excitation en-
ergy and, consequently, this quantityf vary from event to
event. Thus, if one could strictly single out events with
actual excitation energye, f would be given by the averag
value of this quantity over all initial conditions which con
tribute to the excitation energye. We denote this averag
over events with excitation energye by ^ f (e)&. However, it
is not possible, in general, to define precisely the excita
energy of the system. Experimental events are selected
cording to criteria which mix, with weightW(e2E), events
with different excitation energies around their average va
E. The measured valuef (E) is thus given by

f ~E!5
*emin

emaxW~e2E!^ f ~e!&de

*emin

emaxW~e2E!de
, ~3.6!

whereE stands for the mean experimentally measured e
tation energy, andemin andemax represent the minimum an
maximum values of the excitation energy contributing
events with average excitation energyE, respectively.

In order to illustrate the effects of mixing events wi
different excitation energies on the analysis discussed in
work, we assume, for the sake of simplicity, thatW is given
by

W5expS 2
~e2E!2

2s2 D , ~3.7!

wheres2 is the variance of the distributionW. The results
corresponding to consideration of this admixture in t
‘‘pure’’ events of the SMM are depicted by the open t
angles in Figs. 1 and 3. The results shown in Fig. 1 rev
that the average IMF multiplicity is quite insensitive to th
admixture. However, the reciprocal of the elementary bin
probability p and the parameterm, represented by the ope
triangles in Fig. 3, deviates appreciably from the unfold
values. The results discussed here were obtained u
s50.7 MeV in Eq.~3.7!. There is no special reason for th
particular choice, since we are only interested in illustrat
the effects of the admixture of excitation energy on t
analyses. We notice that the behavior of 1/p looks now very
similar to that reported in Ref.@29# and shown in Fig. 3. It is
also important to notice that the behavior of the parametem
is the same as the experimental one shown in this pict
This is due to the fact that, although the average value of
IMF multiplicity does not change appreciably, its variance
n
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very sensitive to the admixture of excitation energies. The
fore, our analysis strongly suggests that the discrepan
between the SMM and the experimental data are essent
due to the fact that different excitation energy values
mixed in the data analyses. As already mentioned, the m
sured transverse energies have contributions from ther
rotational, and radial flow energies, in contrast with t
model calculation in which only the thermal component
considered.

IV. SUMMARY AND CONCLUDING REMARKS

We have investigated the properties of the multifragm
emission predicted by two models based on completely
ferent scenarios for the nuclear multifragmentation proces
statistical multifragmentation model in which one assume
simultaneous breakup of the source and a molecular dyn
ics approach where dynamic instabilities lead to the disso
tion of the system. The latter turned out to be unable
reproduce, even qualitatively, the binomial properties of
probability ofn-fragment emission observed experimental
This apparent failure of a dynamical model does not im
that dynamical effects do not affect the fragmentation p
cess. This shortcoming may be understood in terms of
inherent deficiencies of the MDM, such as its classical h
capacity, which prevent it from successfully describing so
aspects of the nuclear multifragmentation phenomenon
will be important to ascertain whether a more sophistica
model such as the so-called fermionic molecular dynam
@42# leads to a correct description of the data. Unfortunate
this model has only been applied to considerably lighter s
tems@43# than those studied by Morettoet al.

The SMM has proved to be able to describe the qual
tive features observed in the multifragment emission. Ho
ever, in the process of understanding the description thro
this statistical model, we have shown that the data may
grouping together processes with the same transverse en
but associated with different impact parameters, which c
respond to different excitation mechanisms. It would be i
portant to repeat the data analysis trying to disentangle,
through the momentum flow tensor, the peripheral from
more central collision events so as to introduce a more s
filter on the excitation energy of the source.
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