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@zrar, K7, and N potential scattering and a prediction of a narrow o- meson resonance
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Low energy scattering and bound state properties ofitNe 77, andK 7 systems are studied as coupled
channel problems using inversion potentials of phase shift data. In a first step we apply the potential model to
explain recent measurements of pionic hydrogen shift and width. Second, predictions of the model for the
pionium lifetime and shift confirm a well-known and widely used effective range expression. Third, as an
extension of this confirmation, we predict an unexpected medium effect of the pionium lifetime which shortens
by several orders of magnitude. The meson shows a narrow resonance structure as a function of the
medium-modified mass with the implication of being essentially energy independent. Similarly, we see this
medium resonance effect realized for the system. To support our findings we present also results fop the
meson and thé (1232 resonance.S0556-28187)05309-(

PACS numbgs): 12.39.Pn, 13.75.Gx, 13.75.Lb, 14.40.Cs

[. INTRODUCTION cessful tree-level model for theN interaction was devel-
oped by Goudsmitt al. [6]. An advanced analysis ofN
It is difficult to name hadronic systems for which the un- charge exchange and elastic scattering at low energies uses a
derlying QCD structure is manifest in low and medium en-nonlocal separable potential modgf]. Boson exchange
ergy observableEl]. The reason for this is the significantly models for#N scattering have almost the same high stan-
different masses of nucleons and mesons as compared to tHard as is known for nucleon-nucleon scattefi@fy A sepa-
guark masses. As a consequence we may observe QCD eéble potential in a nonrelativistic model was used to calcu-
fects at very short interhadronic distances with an energyate Coulomb corrections fot*p and 7~ p phase shifts and
scale for excitations in the GeV region and not as is customto calculate the strong interaction effect in pionic hydrogen
ary for nuclear physics in the MeV region. In the language of9]. Separable potentials forN and w7 scattering were
guantum mechanical radial wave functions we anticipate @onstructed with the purpose to perform relativistic three-
situation similar to atomic physics where it is difficult to body calculations by Mathelitsch and GarcilaZ®]. Also
disclose effects of the nuclear realm. The separation of lovthe correlatedr strength distributions in cold nuclear mat-
energy nuclear physics and QCD is tough since the phenonter were studied using separable and boson exchange poten-
ena are difficult to identify and associate with one or thetials [11]. Here the genuine potential form$2] were modi-
other. Triggered by the need of a scalar isoscalar mediurfied to be chiral invariant. Chiral perturbation theory is used
weight & meson to understand the medium range nucleonto describe microscopically low energyN [13] and 7=
nucleon (NN) attraction, there exist many attempts to local-[14] scattering. We shall use results fr¢@®,14 later in this
ize a resonance ih=0T=0 7 scattering with a mass paper. A recent separable potential model approach was used
m,~ 300—-700 MeV 2,3]. Despite all attempts, experimental by Kloet and Loisea(i15] to study the resonance features of
data do not support the anticipated narrow resonance anmd scattering between 1 and 2 GeV. The energy domain
theory makes great efforts to understand and cope with thisom threshold to 1.4 GeViror scattering was covered in
situation. studies by Cannatat al. [16]. Again a separable potential
There exists a long-standing tradition to describe hadronwas used. AK-matrix formalism was used by Larid 7] for
hadron interactions in terms of potential models. They can béhe investigation ofr#+ andK 7 scattering. The quark model
distinguished by their representation in momentum or coorapproach was already mentiongld and is used for th& =
dinate space, of being local or nonlocal and motivated fronsystem. TheK 7 amplitude at next-to-leading order in the
microscopic theory, or being purely phenomenological. Aframework of chiral perturbation theory was evaluated by
separable and complex pion-nucleon potential was succesBernard et al. [18]. The application of Gelfand-Levitan-
fully constructed by Landau and Tabakid]. They found Marchenko inverse scattering theory in nucleon-nucleon
potentials for each partial wave using quantum inversion andcattering has already been usefib—23, and inversion
fitted the phase shifts, in particular tRg; channel not only  potentials for different hadron-hadron interactions are avail-
near the resonance but over a wide energy range. A morable[24,25; so they might also be used in this realm. This
recent version of this approach can be found5h A suc- list of potential model approaches is not exhaustive and fur-
ther references can be found in the cited papers.
We have been triggered by the development of a one soli-
*Electronic address: hvg@i04ktha.desy.de tary boson exchange potenti@®SBEB [26] for NN scatter-
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ing to study ther# and 7-nucleon N) systems in terms short range attraction close to the origin and a narrow high
of local and energy-independent potential models. Gelfandrepulsive barrier at a relative distance 0.2 fm for theA, p,
Levitan-Marchenko inversion serves this purpose. The objece, and K§ resonances. Comparable short range repulsions
tive of this investigation is to find a quantitative first guessare seen for other channels. A confirmation of the long range
for a dynamical model to describe the resonant particlesnteraction in terms of meson exchange is given and most
p,o,A, etc. It is intended to treat them explicitly as interact-importantly a narrowo meson is predicted as a medium
ing multipion and multinucleon systems inNiN interaction  effect.
model above the meson production threshold. Undoubtedly,
such a model is a subtle many-body problem for supercom- Il. POTENTIALS FROM INVERSION
puting. Despite this long-range objective, there exists consid- . . _
erable interest in studies of dihadronic systems which form Contrary to the direct path to obtain a potential for el-
Coulomb bound statef27,28. Precision measurements of eémentary particle scattering from_ QCD or other microscopic
the shifts and widths of such hydrogenlike two-body systemdnodels we apply quantum inversion to experimentally deter-
are supposed to sense with high accuracy the strong interaglined phase shift functions as input in Gelfand-Levitan-
tion at low energy. The shift is mainly caused by a modifi-Marchenko equation§29]. Nowadays, the inversion tech-
cation at short distances where both Coulomb and hadronigiques for nucleon-nucleon scattering have evolved up to
interactions are present while the width results from deca@/most perfection for scattering data below the pion produc-
into energetically open channels. The decay can lead to #0n threshold. Numerically, input phase shifts can be repro-
lower-lying state of the same system or into reaction chanduced for single and coupled channels with a precision of
nels. Candidates for such studies are all oppositely chargel{100 of a degree, which is much lower than the experimen-
hadron pairs. From this sample, we selected pionic hydrogeffl uncertainty. This accuracy and the possibility to test the
(A,p) as a boundr~-proton system and pioniun(,,,) as a inversion potenual online, i.e., inserting thg potential into the
bound =~ 7" system both in relative states. scattering equatlo'n and reproducing the input phase sh!fts,
To describe such atomic systems requires one to know th@akes them a reliable and easy-to-handle tool for quantita-
hadronic interactiora priori or make a fit with a potential tivé medium energy nuclear physics. Guided by this spirit,
ansatz. The hadronic interaction is known, in the sense thdf€ utmost aim of quantum inversion is to provide a simple
the partial wave phase shifts are sufficient to determine thBUt accurate operator to reproduce data. This paradigm, how-
interaction by quantum inversion. This mathematical method®Ver; iS proscribed to include sophisticated momentum de-
uses spectral theory to transform the boundary conditions iﬁende_nces or_nonlocalltles in the potential since this requires
form of the S matrix or Jost function into a local energy- More |m_°or_mat|on than can b_e extracted_from phase _shlf_ts in
independent potentia[29]. The radial Schidinger and ave_rylllmlted energy domain. .Our stu@es and appllcatlon.s
Klein-Gordon equations are equivalent to a Sturm-Liouville@re limited to the real phase shift domain but, for mathemati-
problem on the half axis which is central for Gelfand- cal reasons, they are with smooth real functions extrapolated
Levitan-Marchenko inversion. In Sec. Il we show the salienftowards higher energies and infinity. This extrapolation is a
features of inversion and give in Sec. Ill the potential resultind of regularization which does not introduce spurious low
for =N, 7, and K scattering. With these potentials all €"€rgy phenomena and thus has no effect upon results and
ingredients are specified for the treatment Af, and _conclusmns. T_h|s aspect of inversion has been investigated
A as coupled channel problems and predictions are givelfl important circumstances and we assume to be on safe

in Sec. IV. These predictions are in good agreement witfground also in the applications studied hereafter. Further-
experiment and lend support to our potential model. more, we are facing only single-channel situations without

As an extension of the coupled channel potential modef-oulomb effects. _ o o
we treatmN, 7, andK 7 scattering in the continuum. The Th(_a basic equation of inversion is the Sturm-Liouville
coupled equations, with Coulomb effects included, confirm®auation(30]
that isospin is hardly broken and that the resonance proper- 42
ties of all systems are quantitatively well described. [_ —+q(x)

The p-wave resonanceAd and p are contained in Secs. dx
[l B and IIl D, respectively.S-wave channels ofr# and

K scattering are treated in Sec. V. We attempt to solve th

y(X)=Ay(x). @

Ye use the equivalent radial Schioger equation

puzzle of why a resonance is not visible in the phase shifts 2 A(/+1) 2uc?
but at the same time meson exchange models require a mF;L —t—— SV A0 | (k1) =k, (K1),
dium weighte meson with definitive particle properties. The dr r (fic)

solution to this investigation is a medium modification of the
two-body scattering which is manifest only in the=0 7=

channel andr=1/2 K channel. The medium modification whereV ,(r) is a local k-independent operator in coordinate
is identified with an effective mass in the coupled equations 4 ' P P

2 2
leading to a resonance structure as a function of effectivgPace and the facto_r_,uzc I(c) guarantees th_e correct
Units. Boundary conditions for the physical solutions are
mass and not of energy. Thus we observe aesonance

width I'~=1 MeV practically independent of energy. Associ- lim ,(k,r)=0 3)
ated with thiso resonance is a shortening of the lifetime of 10

pionium, A .., by more than three orders of magnitude. The

conclusions in Sec. VI comprise the prediction of a veryand

osr<w, (2
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B. Gelfand-Levitan inversion

. . ) /i
lim ¢, (k,r)=exdi 5/(k)]sm( kr— 7+ 5/(k)). (4)

Gelfand-Levitan inversion uses the Jost function as input.
The latter is related to th8 matrix by

The Marchenko and the Gelfand-Levitan inversion are F(—k)
two inversion algorithms for the Sturm-Liouville equation ‘ .
which are briefly sketched for single channels and the case F (k)
without a Coulomb reference potential. More details can b
found elsewher¢29,25.

r—o

S/ (k)=

(12

eUsing the representatioB8), the Jost function in rational
representation is given by

A. Marchenko inversion N k=gt N
=T — =143 o0 (13
The experimental information enters in the Marchenko ’ n=1 k+gj] n=1 k+ cr,T1
inversion via theS matrix, which is related to the scattering
phase shifts by the relation or
S/(k)=ex 2i5,(k)]. (5 N,
F k)| 72=1+ 2 ———. (14)
We use a rational function interpolation and extrapolation of n=1 k"= oy
real datas (k), The input kernel
YD
2 (= 1
5,(K)=2 T —, (6) G rt)=—f i (kr —1|j (kt)dk, (15)
m=1 k—dp, AT, p 0J/( ) FOP j A(kt)dk,

with the boundary conditions

limé&,(k)~k* ™t and lims, (k)~k™ ™. 7
k—0 k— oo

In any case there are 2—4 polés and strength®,,, suffi-
cient to provide a smooth description of data. Usingl&f]
or [6/6] Padeapproximation for the exponential functi@?
and substituting the rational phase functigl) into
z=2i6,(k) gives a rationals matrix

2N

S, (K)=1+ >,

i=1 k=on n=1k—o k=o'

Sn N k+o) k+o}

8

using the notation {o]}:={oy,| Im(c,)>0} and
{ony:={ow| Im(07,) <O}
The Marchenko input kernel

1 (=
F/(r,t)=—gf hy (kn[S,(k)—11h} (ktydk (9)

—o0

is readily computed with the Riccati-Hankel functidms(x)

and contour integration. This implies an algebraic equatio
for the translation kerneh (r,t) of the Marchenko equation

A/(r,t)+F/(r,t)+fmA/(r,s)F/(s,t)ds=0. (10

i /(X) the Riccati-Bessel functions, is analytic. The Gelfand-
Levitan equation

KArt)+G (r,t)+ JOrK/(r,s)G/(s,t)ds=O (16)

relates input and translation kernels and the potential is de-
fined by

d
V/(r)=2aK/(r,r). (17)

For this potential an algebraic form is knoW29].
Gelfand-Levitan and Marchenko inversions vyield the
same potential. Numerical instabilities can make the poten-
tials differ but this signals in practice a problem and thus is

permanently checked.

[ll. INVERSION POTENTIAL RESULTS

Today, partial wave phase shift analyses are available for
many hadronic systems. The best known of this sample is the
NN analysis of Arndtet al. (SAID) which covers an energy
range 0—1.3 GeV fonp and 0-1.6 GeV fopp scattering

rf31]. The pp data are presently extended up to 3 GeV with

measurements from the EDDA Collaboration of COSY in
Juich [32]. Of a similar quality is therN analyses which is
also available fronsAiD. Partial wave phase shifts of theN
system are determined by an analysis of elastic
mp—mtp,m p—m p, and charge exchange p— 7°n

The potential is obtained from the translation kernel derivascattering. We use the solutismos of Arndt et al. [33].

tive

d
V/(r)=—zaA/(r,r). (11

This and all other analyses suppress Coulomb effects and
assume good isospin. This implies that mass differences be-
tween 7= and 7° as well as proton and neutron are ne-
glected. As a rule, for the piom_=m_-=139.5676 MeV

is used, and for the nucleomy=m,=938.27231 MeV, re-

The rational representation of the scattering data leads to apectively. Included is also the Karlsruhe-Helsinki analysis

algebraic form of the potentigR9].

of Koch and PietarinerxkHgo [34]. For 77 scattering we use
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FIG. 1. wN sm95[33] (coinciding with the solid linpandkHso
[34] (triangles data and their reproduction by the inversion poten- FIG. 2. S;; and Sg; inversion potentials.
tials (solid line) for the S;; and S;; channels.

2
waN

4

phase shifts from the analysis of Frogatt and Petef86h =0.19n_(a;—az)—(0.025 mb 1) 7, (29
and theoretical predictions from a meson exchange potential
by Lohseet al.[12] and chiral perturbation theory by Gasser

here the int I
and Leutwyler{14]. Finally, theK s analysis of Estabrooks where the integra

et al. uses final state interactions ¢f“p—K* 7 n and 1 (e — s

KtpHKtw‘Aﬁ [36]. We r_est.rict our analyses herein to J= g %dq (20)
L=0 and 1 partial waves with isospifis=1/2 and 3/2 for T™Jo NOgot+my

7N and K7, and T=0, 1, and 2 for therw systems. A _

comprehensive analysis of data and inversion potentials cdms the valug/= —1.041 mb[37]. We find

be found elsewherg25]. We are using the elastic domain ) )

phase shifts and thus limit the input 1g,,<<500 MeV for fann -~ RN

7N, M .<970 MeV, andM.<1.3 GeV. Resonance ef- A =0.0766 or A =13.84, (21)

fects, like thefy(975) in w7 scattering, are not included.
which is fully consistent with the value of 13.72%9.15 given

A. N s-wave scattering in [33].

The notation of this channel distinguish&s; and S;;
partial waves to signal angular momenturs0, isospins
T=1/2 and 3/2, and spi®=1/2 states. Input phase shifts  Most prominent is the\(1232) or P33 resonance which
from sm95 and KH80 are shown in Fig. 1 and the inversion we treat with great care. The low energy phase shift function,
potentials are given in Fig. 2, respectively. In Sec. IV Ashown in Fig. 3, usesmos andkHgo data. A factorization of
these potentials are used to study pionic hydrogen. the S matrix into a resonant and a nonresonant background

As a brief note we mention the assessment of the piopartS(k) =S, (k)S,(k) is useful. For the resonant part a reso-
nucleon coupling constant from these potentials. From th&@ance and an auxiliary pole parametrization
7N potentials in theT=1/2, 3/2 s channels we find the . N
scattering lengths;=0.178n_* andaz=—0.088n_"*. For s ):(k+kr)(k_kr ) (k+kn)(k—kpq)
a comparison with several other predictions see Table I. (k—k)(k+kr) (k—kp)(k+kp)
These results may be used in the Goldberger-Miyazawa-

Oehme(GMO) sum rule[37] TABLE I. N swave scattering lengths angNN coupling
constant obtained from the GMO sum rule.

B. #N p-wave scattering

(22

2 (M2=p?)(my+m,)

4 6mym.. (81~35) Model a [m-Y]  as[m-l] 2y /4 Ref.

2 [ -

mw_l/«z 0 p— Tatp Sm9s Inversion 0.178 0.088 0.0766
> dg (18) KH80 0.173 —-0.101 0.079  [34]
87 Jo Jg2+m? -

™ 7 p 1s state 0.185 —0.104 0.081 [27]
Pearceet al. 0.151 —0.092 0.072 [8]
to obtain a model-independent estimate for thidN cou- Schiiz et al. 0.169 —0.085 0.074 [8]

pling constant. Using the simplified form of this sum rule,
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-60L_ . . . .
0 =50 500 FIG. 5. mN P33 channel radial probability distribution as func-

T, [MeV] tion of energy,Tp-

factors of the pion and nucleon. The rms radii are known to
be 0.54 fm for the pion and 0.7 fm for the nucleon. Our
radius describes the distance of the center of masses and
r=0.16 fm, the barrier radius, implying more than 90%
is used. It contains the right amount of zeros and poles for overlap_ of the_ intrinsic stru_c_tures. We conjecture for the bar-

C T . . fier a simulation of a transition from the pion-nucleon quark
decomposmpn into Jost functions. The backgro&!g(*) IS" content into the three-quark content of the Ultimately,
ZTtﬁc;ﬁhng:je't: er]:pt(;kdeenp?rnodri %r;ttget;g&g eftoerrskll(iil(]j. such an explanation must be confirmed by QCD calculations.

r In Fig. 5 we illustrate theé;; potential resonance, show-

_ . 71 . . . . .
k,=0.5+i10 fm™=. The inversion potential is independent ing the physical solutiofu(T,r)/r|2 as a function of energy

of this splitting and is shown in Fig. 4. The resonance featur_ezzind radius. This figure shows that the probability builds up

is generated from the short range attraction near the Orig'Bet\Neen the origin and the barrier

?n;j r'ﬁ IlTEegOb)éaVnarBro;/r(:O.l fm) ptOtrimc'jalt bartrrle:]vmh an d The long range part of the inversion potential, not visible
eignt o ev. being accustomed 1o strengins anc, Fig. 4, behaves like a Yukawa tail with a strength
ranges ofNN potentials it is surprising to see this small %: 650.0 MeV fm and an effectively exchanged mass of 350

[ﬁghi:rilqlhﬁgsi?nngpglzlrjgrgr?soetesniﬂilesm\a/g?;?d rﬁtse;aksiﬁgogf eV. There exists no physical particle with this mass since

: : : . in the meson exchange pictuse andt-channel graphs con-
generalized Fourier transformation and thus the units are Ribute
consequence of the pion mass and the quantitative behavior '
of the phase shift. Nevertheless, the potential changes occur

at very small radii compared to the size of the charge form

FIG. 3. #N sm95[33] (coinciding with the solid ling and kHso
[34] (triangles data and their reproduction by the inversion poten-
tial (solid line) for the P33 channel.

C. @@ s-wave scattering
7 phase shifts come from the analysis of final state
interactions in WN— 77N systems or theK. decay
K™ — a7 ev. Here we use results of the CERN-Munich

S experiment [35]. The scattering is purely elastic until
p | M ..=987.3 MeV where coupling to th€K opens and the
100} 33 . phase shift becomes highly inelastic and resonant in the

T=0 channel. TheT=2 channel remains smooth. A sum-
mary of experimental phase shifts and theoretical predic-
0 tions, from a meson exchange mo@&P] and chiral pertur-
bation theory[14], is shown in Fig. 6. Notation for the
isospin and angular momentum channels uslesr V). .The
-100r ] three phase shift sources used yield slightly different inver-
sion potentials, shown in Fig. 7. It is obvious thatr phase
shifts are less well established thaiN data. Table Il com-
—R00F 1 prises a summary of effective range parameters from differ-
ent sources to substantiate the uncertainties.

V [GeV]

-300 . ., . . 0 .
0.00 0.25 0.50 D. @7 p-wave scattering
r [fm] As before, phase shifts come from the analysis of final
state interactions infN— 7N systems. Isospin is limited
FIG. 4. P43 channel inversion potential. to the single valug'=1 and the CERN-Munich analysis is
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which supports isospin independence. Furthermore, outside

1o r=0.8 fm both potentials are very smal/3'(r)|<1 MeV.
100k This weak medium and long range interaction requires fur-
ther investigation but we notice the same feature KGN
[ inversion potentials, consistent with the extraordinary long
ly mean free path of kaons in nuclear maftt,25. We shall
= I show that this system displays similar medium effects as the
i 50L correspondingr system.
“© [
o5l IV. COUPLED SYSTEMS
; Pionic-hydrogemA ,, is treated in a coupled channel cal-
ol culation as a charge exchange resonance seefi-imeutron
) scattering. There exists a spectrum of excited states with dif-
_ost ferent relative angu!ar momenta buf[ only Ehe.taf[es shall_ be
0.0 e 05 ’ 1.0 studied for comparison with experiment. Similark,.,. is
~r L
M__ [GeV] formed by #~ 77 and _|t is treated as a charge exchange
nm resonance state seen in the elastfer channel.

The coupled system is written in the form
FIG. 6. wr L=0, T=0 and 2 phase shifts. Froggatt d&85]
and interpolation(dots and solid ling xPT [14] (crossey Es- 2 2
tabrookset al.[39] (boxes, Grayeret al.[40] (diamond$, Manner f/+ kizfi — E iz'vij fj , (23
[41] (triangles, and Baillonet al.[42] (asterisks =1

used[35]. The scattering is dominated by tlperesonance, and uses conventionaliy=1(2) as thereaction(elastic en-
m,=770 MeV,T'=150 MeV, and the phase shift remains trance channel.
essentially real untiM ..=1.2 GeV. The phase shift used is
shown in Fig. 8 and the inversion potential is shown in Fig. A. Pionic hydrogen
9. Notice the barrier maximum at 0.16 fm which is the same ) ) )
The reduced masses enter in our calculation with two op-

as seen in therN P53 channel. We decline from repeating . he fi v th f the ch q
the resonance wave function display due to its similarity withtl©nS- In the first case we use only the mass of the charge

results shown in Fig. 5. pion and the proton masg,; = u, with

E. K#r s-wave scattering Ml:&_ (24)
Phase shifts are taken from the analysis of Estabrooks (My—+mp)

et al.[36]. We distinguish between isospiiis=1/2 and 3/2. In th d 4 q ¢ the phvsi

As shown in Figs. 10 and 11, this system resemblesntire crjall rsassizznofﬁﬁzenvgetfgq aﬁ?zlgg US€ 10l the physi-

s-wave scattering. The long range parts of the two isospin utral part '

potentials are numerically very close outside-0.4 fm

m_, omp
Mp=———. (25)
(Mmzo+my)
2000 7 T 7 7
' The potential matrix contains the Clebsch-Gordan coeffi-
100 | cients for the rotation of the interaction from good isospin
into particle states:
1 2 e?
— 0 7P / /
> V=V p—§v§ 24 §v§ 2 - (26)
2,
= —100 T 2
Vip=Va= \[gwi’z— v, 27)
—-200 b
2 1
won_ S\/32 12
= ==-VI+ = .
a0l Vo=V 3Vs 3Vs (28)
0.00 0.25 0.50
r [fm] The kinematics is expressed in any case by the physical

masses and projectile kinetic enerdy,,

FIG. 7. w7 L=0, T=0 and 2 inversion potentials. Froggatt
(solid line), xyPT (dasheg, and meson exchand#&2] (dotted. S=(m,o+my)2+2Tym,, (29
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TABLE Il. 77 s-wave scattering lengths.

Source/model ad[m_1] ag[m_1] (aS—a3)[m_ 1] Ref.
Predictions from theory

Weinberg 0.16 —0.046 0.206 [43]

XPT 0.20 —-0.042 0.242 [14]

Meson exchange 0.31 —-0.027 0.337 [12]
Results from experiment

Kea 0.26x+0.05 —0.028+0.012 0.28&0.051 [44]

Chew-Low PSA 0.240.03 —0.04+0.04 0.28@0.050 [45]

Soft-pion 0.1880.016 —0.037+0.006 0.2250.017 [46]

aN— 77N 0.205+0.025 —0.031+0.007 0.236:0.026 [47]
Results from inversion

Froggatt phase shifts 0.31 —0.059 0.369

xPT phase shifts 0.20 —0.043 0.243

Meson ex. phase shifts 0.30 —0.025 0.325

Sz+(m2 —m2)2—25(m2 +m2) included in thesmos phase shift analysis and the real poten-
_ T p T p

k’ll , (30) tial matrix is shown in Fig. 12. We use the reduced masses
4S(fic)? w1=pu,=121.4970 MeV which are consistent with the
phase shift analysis and using™ and p masses. Alterna-
, M2T a5 TianT 2M,0) tively ,%1:121.4970 MeV and,u2=11£_3.0216 MeV based
k5= 5 (31 upon#~ and neutron masses, respectively, can be used.
S(fic) The bound states of the™ p system can be found as

resonances in the energetically opetn channel. The width
[full width at half maximum(FWHM)] of this resonance
The Coulomb attraction betweefr~ and p causes a accounts only for the decay af p— =°n. Table Il con-
bound system which is known as pionic hydrogep,. In  tains this result in the first line. To evaluate the hadronic shift
addition to Coulomb attraction, the hadronic interaction beyye ysed in all cases the reference enefdy=3234.9408
tween the two constituents distorts the short range interactiogy, The shift is calculated as the difference beth@pand

an_d charz)ges the pure Coulomb sp_ectrum. Decay chann_els affe calculated resonance energy taken at the maximum of the
m p—m n+3.30023 MeV andm p—ny. The hadronic g ostic scattering cross section

shift of the 3p—1s transition and the total 4 width has
been measured at PR27]. To analyze this experiment we
use the described potential model. Inelasticities, Coulomb,
and other isospin-breaking effects are supposed to be not

which guarantees the correct threshold behavior.

(70— 70n) = %|1—522|2. 32)
2

From this distribution we obtain also the FWHM. The Cou-
lomb potential is contained i1, as determined from point

2000 T T
I 1 ———
150k 61 100
O /_\
? L
=, 100+
© i - —100 1
v
_ 2, , Vi
50+ = —200 .
I -300 1
oL . L .
0.0 0.5 1.0 1.5 L
M [GeV] —-400 ‘ L .
0.00 0.25 0.50
r [fm]

FIG. 8. w7 L=1, T=1 phase shifts. Data from Froggait al.
[35] (dotg, Ochs [48] (squarey Protopopescuet al. [49] (tri-

angle$, and Decet al.[50] (asterisks Inversion resultsolid line). FIG. 9. 77w L=1, T=1 inversion potential.
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100f — 7 7 T T ] 300
75
200 .
50 |
B %
© B9 = 100f 2 |
[} L -
0
3 0 N==
—25t 60 ]
500 100l o
0.5 1.0 1.5 0 1 2 3
My [GeV] r [fm]
FIG. 10. K7 L=0, T=1/2 and 3/2 phase shifts. Data from FIG. 12. #N hadronic potential matrix.

Estabrookst al. [36]. Inversion resul{solid ling).
more detail herein. The essential result of this part of our

chargesvVC=e?/r or double-folded Gaussian charge distri- calculation is that isospin-breaking effects due to mass dif-
butionsVC=e?d(1.13)/r. ®(r/ ) is the error function and ferences are small.

a=\(r2)+(r?) with rms radii (r2)¥?=0.5389 fm and

(r5)¥2=0.702 fm. To compare with experimental d4g¥]
we evaluated the partial Widlﬂ’fson using the Panofsky ratio ~ Very close to the same convention as #r, is used

B. Pionium

P=1.546+0.009[52], here. Only one value of a reduced mass occurs:
m,.+ (34)
1\ - M1= M= -
r=(1+B o, (33 2

This value is varied in Sec. V A when medium effects are

To account also for decay into they channel from ther®n discussed. The potential matrix is readily expressed by

channel an imaginary potenti#;;= —9 exp(~9r?) MeV is L 2 e?
added toV,; which brings the theoretical results in agree- Vi =VvV7™ 7 =§V(2)+ §V8— e (39
ment with experiment. Other corrections are not further pur-
sued since they enter into the reference and resonance energy >
with approximately the same amount, affecting the differ- Vio=Vy = \ﬁ(vg_vg)’ (36)
ence by<+0.01 eV. We shall not dwell upon this issue in 3
2 1
V22: Vq-rOT;O: §V(2)+ §VO, (37)
40 ~ 7 .
V; and the kinematics by
20| . S=4m2o+ 2T gm0, (38)
e Y 4(he)?
= 2
M oT jap( Tiap+ 2M0)
~20 1 . : k3= Sho)? (40
Vo
400 M= \S. (41)
0.0 0.5 1.0 Similar to the A, system there exists pionium .
r [fm] which is formed byz~ 7" Coulomb attraction. It decays

predominantly by charge exchange into the op@a® chan-
FIG. 11. K7 L=0, T=1/2 and 3/2 inversion potentials. nel. The coupled channel system is defined by @8). We
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TABLE lll. A_,1s level shift with respect t&S,=3234.9408 eV and width. The strength of the imagi-
nary W;, was adjusted to reproduce the experimental value.

Point charge Coulomb Gaussian charge Coulomb

Mass ShiftleV] FWHM [eV] Shift [eV] FWHM [eV]
1= o ~7.29821 0.5250 ~7.16746 0.5230
U F o ~7.13259 0.5187 —7.01055 0.5144
Shift = —7.127+-0.046[eV], T7." = 0.590[eV] Sigg[27]
Shift = —7.127-0.028+0.036[eV], I';s = 0.97+0.10+0.05[eV] Sigg[27]

assume the same approach asAqy, and rotate the good

isospin potentials into particle states. The hadronic potential
matrix is shown in Fig. 13 using the three different sources
discussed in Sec. Il C. Phase shift analyses and inversiotr)m

use a single masg;= u,= pu=m_+/2 without Coulomb ef-
fects. This assumption guarantees good isospi® and 2.
The results of our calculations are summarized in Table IV
A point Coulomb reference enerdy,=1.858 072 48 keV
is used. With this choice of masses and the cor@@stalue
our calculations agree practically with some well-known
scattering length expressions which is most often use
[28,53,54,

V. MEDIUM EFFECTS

Low energy nuclear physics associates medium effects
ith changes of the free interaction potential or free two-
ody scattering amplitudes in the presence of a few- or
many-body environment. Effective interactions incorporate
such effects and degrade the environment into the role of
spectators. A well-known example is the nuclear matter
matrix which includes Pauli blocking and self-consistent
mean-field effects and which is related to the free two-biody

atrix. Other medium modifications are due to recoil, trun-

ation of coupled channels, and relativistic corrections to
name a few. Medium effects from meson and boson ex-
change models are related to the restoration mechanism of
broken chiral symmetry in nuclear matter. This field of re-

W

0
1 8m(2Aam\"? (ag—ap)’[¥(0)? (4  Searchis presently in the center of different theoretical lines
T 9\ u 1+ 2 pAm(al+2a2)? of thought and some of them are found[§5]. _
Our concern is an effective mass in the two-particle wave
equation which may have different causes in few- and many-
- 0_ .2\2 2 body systems. At this stage the consequences and dynamical
1.43ao—ap)*[ ¥ ()% (43 effects are shown for the two-particle subsystems and

whereAm is the mass difference,,+ —m_o. The real inter-
esting result of this study comes from dramatic change
(shortening of the A . lifetime, by several orders of mag-
nitude, with small variations of the reduced masggs

200 ¢

100p W

K in the case where an effective mass is assumed. What we
study are partial wave phase shifiéE,m) as a function of
energy and the effective mass, which determines the reduced
?nassesui in Eq. (34). Effects upon the lifetime of pionium
are also studied.

A. @7 scattering

In Sec. IV B results of the pionium lifetime and hadronic
shift are given. This study uses the® mass consistently
with the phase shift analyses and the scattering length ex-
pressions for the lifetime. Here we extend this study and
show results in Fig. 14 for the hadronic shift and lifetime of
pionium as a function of the pion mass,,.=2u,=2u, in
Ed. (34). The potential matrix/;; was unchanged and tiké

S
3 values computed with the physical massesrof and 7° as
= TABLE IV. A_. properties from inversion potentials.
A%
\‘ 1
—100 1\ . E,s [keV] Shift[eV] 7[107'®s] FWHM [eV] Ref.
1.8638814 —5.809 1.97 0.3481 Froggdis5]
500 1.8635114 —5.439 1.89 0.3627 Lohdd 2]
- . s | ' '
0.00 0.95 0.50 1.8616174 —3.545 3.22 0.2128 xer [14]
r [fm] Predictions from experimental analysis and other models
1.858 2953, Afanasyev{28]
1.865 -7.0 3.2 Efimov{53]

FIG. 13. w7 hadronic potential matrix. For notation, see Fig. 7.
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FIG. 15. w7 L=0, T=0 phase shift as a function of energy
FIG. 14. A, shift (a) and width(b) as a function of the effec- (T,,) and effective mass. The physical valuwe +=139.5676 MeV
tive mass. The physical value,,+=139.5676 MeV is emphasized. is emphasized.

defined in Eqs(38)—(41). With this prescription we effec-
tively change the total strength of the potential matfjx by
+1% and observe a variation of the shift by two orders of,

origin restricts the development of a large amplitude breath-
ing mode. The potentials have in both cases a very high

magnitude and of the lifetime by three orders of magnitudebarrler of 20-30 GeV, compared fo the kinetic energy of

) X . several 100 MeV, which is narrow0.1 fm and within the
The physical mass result is accentuated. The interval of mass ior the potentials are very deep. For thand p waves

Zigggogelt?/v:?nar”i C;):&pagegfvﬂtg tl\r;li\? hﬁ;ﬁi Zacsjrrgger'decay the radial wave exponentially practically indepen-
hase shift analysis shZuId co.nsider ,Since this is not thdently of the projectile energy. However, the boundary con-
P Y ' Gition of thep wave at the origin suppresses the free unfold-

case, consistency requires us o pse=u, in the inversion ing of a resonance amplitude independent of the energy. It

pro_ced.ure and in the (;oupled channgl calpulaﬂons. Thus, Wl%quires an optimal matching of the external wave function
maintain the assumption of a good isospin also for the cal:

culation with an effective mass to realize the internal resonance enhancement. A small varia-
: tion of the potential depth within the barrier does not over-

Tn_ggered by this result we extended our calculations fqr ome the restriction from the boundary condition for fhe
the eigenchannel phase shifts of the coupled system whic L . .

e : ) . X wave. This situation is essentially different fewaves. For
coincide with the uncoupled good isospin calculations for,

T=0 and 2. In Fig. 15 we show tHe=0, T=0 phase shift them it is important to have the correct wave number within

. i the barrier that the wave function matches the exponentiall
68(m,T) as a function of the effective mass=2u,=2u, b y

L . .decaying function in the barrier optimally. The wave number
and the laboratory kinetic energy. The physical mass result IQithin the barrier is determined by

emphasized and follows the result shown in Fig. 63grAs

a function of mass we observe a typical resonance behavior [M,,—(2u/m, «)V(r)]>—4mZ,
whose widthl'=1-2 MeV which is almost energy indepen- k?= > z (44
dent. The resonance feature is supported by Fig. 16 which 4(hce)

shows|u(r,m,T)/r|? as a function of radius and effective

mass for three kinetic energies. Sirice: 0, the radial wave A small variation of the reduced mags produces the dis-
function is# 0 at the origin around which the probability is cussed effect. In connection with the very high barrier gives
built up. This figure should be compared with Fig. 5 of thethis the explanation of the projectile independence of the
7N A resonance which shows the same pattern as a functiombserveds resonance as a function of the effective mass.
of energy. For themrN P5; phase shifté(E) varies only  The high barrier decouples far waves the inner from the
insignificantly when the reduced mass of the pion-nucleorexterior dynamics which is not the case forand higher
system is modified within 1 MeV and the resonance pole ipartial waves.

stable against this variation. From thé\ potential in Fig. 4 Finally, the effective mass used in this study must be the
the same mass dependence as forihe system was ex- result of embedding therm system into a few- and many-
pected. This is not the case. We attribute this stability to thédody environment. In the meson exchange modelsNbr
boundary condition of thgp wave at the origin to be zero. scattering should the correlated two-pion exchange dynamics
The w7 s-wave T=0 potential in Fig. 7 supports the reso- not be determined from the physical free pion mass but from
nance as function of mass since no boundary condition at then effective mass. This mechanism is able to change the
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FIG. 16. w7 L=0, T=0 radial probability distribution as a
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B. K7 scattering

Phase shift data for thé 7 s-wave scattering yield quali-
tatively the same situation with two possible isospin cou-
plingsT=1/2 and 3/2. The inversion potentials are shown in
Fig. 11. A purely repulsive potential is seen for the 3/2
channel wherea&=1/2 has a narrow and high potential bar-
rier at about the same radial region as the system and we
expect great similarities with respect to the phase shifts
55(m,T), a functions of effective mass and kinetic energy.
Fig. 17 confirms this conjecture. Following the same line for
the coupled system in Sec. IV, one effective mass parameter
is usedm=2ug,, where the physical mass has a value of
215.94 MeV. The solid line signals the physicak 1/2
phase shift and the energy-mass distribution shows a reso-
nance structure. The width increasEs; 80 MeV, with labo-
ratory kinetic energy which is caused by the relative small-
ness of the barrier of 800 MeV. The phase sl(E,m)
shows no mass dependence and maintains its repulsive na-
ture.

VI. SUMMARY

The elastic scattering domain farsr, K7, and 7N scat-
tering is investigated with the help of a loaakpace poten-
tial model. Quantum inversion is used to generate from
phase shift data the potentials for low partial waves and the
permitted isospin channels. Tables of these potentials are

nonresonant two-pion system into a resonant system with available[24]. All resonance features visible in the phase
width 1<I"<<600 MeV. The lower limit is extracted from shifts are well accounted for, apdandA are potential reso-
Fig. 15 and the upper limit is deduced from the free systemhances of arm and =N system, respectively.
55(e) [2]. This gives a possible explanation of the properties  Pionic hydrogem,, is studied as a resonance in elastic
of the o meson used in all high quality meson exchangem®-neutron scattering below the -proton threshold. The
models for hadron-hadron interactions out of which ke
potentials are the best examples. The phase §§(1E,m)
shows practically no mass dependence and maintains its reed as a resonance in elastie®7° scattering below the
pulsive nature.
To support this picture fotrs scattering it is obvious to scattering length expressions often used with hadronic bound
look for other systems with the same properties.

calculated shift and width of the ground state agree very well
with recent measurements. Similarly, pionivy.. is stud-

7t~ threshold. The potential model confirms well-known

state problems. As a new feature we disclose a medium ef-
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TABLE V. Potential barrier positions. 90% overlap of the individual QCD bags before fusion oc-
curs and the new configuration develops. We see in this uni-
Channel mN-A TT-0 TT-p Km-Kg  versal small barrier radius a reason why meson exchange
Barrier radiug[fm] 0.165 0.145 0.152 0.303 works and permits one quantitatively to descrii®N and

other hadron-hadron interactions. This finding requires de-
tailed calculations on the QCD level.

fect of the lifetime and shift ofA . when the interaction For low and medium energy nuclear physics this potential
strength is increased by typically half a percent. The amounfnodel defines essential ingredients of boson exchange mod-
of change is more than three orders of magnitude. In agls in terms ofr mesons and nucleons only.andA reso-
extended Study a medium resonance is identified withothe nhances are well accounted for their properties with the inver-
resonance. In particular it is shown that this resonance is &ion potentials and ther meson shows dynamic aspects
function of the effective mass, which we identify as the fac-Which do not support it as a particle. For a long time there
tor in front of the potential, and not as is common, as aexisted experimental data which involve two pion production
function of energy. It can be considered as a parametric res@nd there is still a lack of a satisfactory explanation. It is
nance. The change of the, lifetime is a feature of this known as the Abashian-Booth-Crow&BC) effect[56] and
resonance. A similar situation with medium effects and awe suggest a reanalysis of this data with the discussed dy-
parametric resonance is identified in tder L=0, T=1/2 namical effects included. The set of inversion potentials can
channel. Contrary to this medium resonances show the clagasily be completef25] to have a basis for potential model
sic p andA resonances practically no effective mass depencalculations which use only pions, protons, and neutrons.
dence. Showing radial wave functions we explain these difThis opens the possibility for quantitative fragmentation cal-
ferences of dynamical behavior with boundary conditions agulations requiring massive supercomputing.

the origin. All resonances are associated with a small radial

region within 0.3 fm. T_his distant_:e is the center-of-mass (_Jlis- ACKNOWLEDGMENTS

tance of the two particles and is not the QCD bag radius.
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