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pp, Kp, and pN potential scattering and a prediction of a narrow s meson resonance

M. Sander and H. V. von Geramb*

Theoretische Kernphysik, Universita¨t Hamburg, D-22761 Hamburg, Germany
~Received 14 March 1997!

Low energy scattering and bound state properties of thepN, pp, andKp systems are studied as coupled
channel problems using inversion potentials of phase shift data. In a first step we apply the potential model to
explain recent measurements of pionic hydrogen shift and width. Second, predictions of the model for the
pionium lifetime and shift confirm a well-known and widely used effective range expression. Third, as an
extension of this confirmation, we predict an unexpected medium effect of the pionium lifetime which shortens
by several orders of magnitude. Thes meson shows a narrow resonance structure as a function of the
medium-modified mass with the implication of being essentially energy independent. Similarly, we see this
medium resonance effect realized for theKp system. To support our findings we present also results for ther
meson and theD~1232! resonance.@S0556-2813~97!05309-0#

PACS number~s!: 12.39.Pn, 13.75.Gx, 13.75.Lb, 14.40.Cs
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I. INTRODUCTION

It is difficult to name hadronic systems for which the u
derlying QCD structure is manifest in low and medium e
ergy observables@1#. The reason for this is the significantl
different masses of nucleons and mesons as compared t
quark masses. As a consequence we may observe QC
fects at very short interhadronic distances with an ene
scale for excitations in the GeV region and not as is custo
ary for nuclear physics in the MeV region. In the language
quantum mechanical radial wave functions we anticipat
situation similar to atomic physics where it is difficult t
disclose effects of the nuclear realm. The separation of
energy nuclear physics and QCD is tough since the phen
ena are difficult to identify and associate with one or t
other. Triggered by the need of a scalar isoscalar med
weight s meson to understand the medium range nucle
nucleon (NN) attraction, there exist many attempts to loc
ize a resonance inL50,T50 pp scattering with a mass
ms;300–700 MeV@2,3#. Despite all attempts, experiment
data do not support the anticipated narrow resonance
theory makes great efforts to understand and cope with
situation.

There exists a long-standing tradition to describe hadr
hadron interactions in terms of potential models. They can
distinguished by their representation in momentum or co
dinate space, of being local or nonlocal and motivated fr
microscopic theory, or being purely phenomenological.
separable and complex pion-nucleon potential was succ
fully constructed by Landau and Tabakin@4#. They found
potentials for each partial wave using quantum inversion
fitted the phase shifts, in particular theP33 channel not only
near the resonance but over a wide energy range. A m
recent version of this approach can be found in@5#. A suc-

*Electronic address: hvg@i04ktha.desy.de
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cessful tree-level model for thepN interaction was devel-
oped by Goudsmitet al. @6#. An advanced analysis ofpN
charge exchange and elastic scattering at low energies u
nonlocal separable potential model@7#. Boson exchange
models forpN scattering have almost the same high sta
dard as is known for nucleon-nucleon scattering@8#. A sepa-
rable potential in a nonrelativistic model was used to cal
late Coulomb corrections forp1p andp2p phase shifts and
to calculate the strong interaction effect in pionic hydrog
@9#. Separable potentials forpN and pp scattering were
constructed with the purpose to perform relativistic thre
body calculations by Mathelitsch and Garcilazo@10#. Also
the correlatedpp strength distributions in cold nuclear ma
ter were studied using separable and boson exchange p
tials @11#. Here the genuine potential forms@12# were modi-
fied to be chiral invariant. Chiral perturbation theory is us
to describe microscopically low energypN @13# and pp
@14# scattering. We shall use results from@12,14# later in this
paper. A recent separable potential model approach was
by Kloet and Loiseau@15# to study the resonance features
pp scattering between 1 and 2 GeV. The energy dom
from threshold to 1.4 GeVpp scattering was covered in
studies by Cannataet al. @16#. Again a separable potentia
was used. AK-matrix formalism was used by Lang@17# for
the investigation ofpp andKp scattering. The quark mode
approach was already mentioned@1# and is used for theKp
system. TheKp amplitude at next-to-leading order in th
framework of chiral perturbation theory was evaluated
Bernard et al. @18#. The application of Gelfand-Levitan
Marchenko inverse scattering theory in nucleon-nucle
scattering has already been useful@19–23#, and inversion
potentials for different hadron-hadron interactions are av
able @24,25#; so they might also be used in this realm. Th
list of potential model approaches is not exhaustive and
ther references can be found in the cited papers.

We have been triggered by the development of a one s
tary boson exchange potential~OSBEP! @26# for NN scatter-
1218 © 1997 The American Physical Society
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56 1219pp, Kp, AND pN POTENTIAL SCATTERING AND A . . .
ing to study thepp andp-nucleon (pN) systems in terms
of local and energy-independent potential models. Gelfa
Levitan-Marchenko inversion serves this purpose. The ob
tive of this investigation is to find a quantitative first gue
for a dynamical model to describe the resonant partic
r,s,D, etc. It is intended to treat them explicitly as intera
ing multipion and multinucleon systems in aNN interaction
model above the meson production threshold. Undoubte
such a model is a subtle many-body problem for superc
puting. Despite this long-range objective, there exists con
erable interest in studies of dihadronic systems which fo
Coulomb bound states@27,28#. Precision measurements o
the shifts and widths of such hydrogenlike two-body syste
are supposed to sense with high accuracy the strong inte
tion at low energy. The shift is mainly caused by a mod
cation at short distances where both Coulomb and hadr
interactions are present while the width results from de
into energetically open channels. The decay can lead
lower-lying state of the same system or into reaction ch
nels. Candidates for such studies are all oppositely cha
hadron pairs. From this sample, we selected pionic hydro
(App) as a boundp2-proton system and pionium (App) as a
boundp2p1 system both in relatives states.

To describe such atomic systems requires one to know
hadronic interactiona priori or make a fit with a potentia
ansatz. The hadronic interaction is known, in the sense
the partial wave phase shifts are sufficient to determine
interaction by quantum inversion. This mathematical meth
uses spectral theory to transform the boundary condition
form of the S matrix or Jost function into a local energy
independent potential@29#. The radial Schro¨dinger and
Klein-Gordon equations are equivalent to a Sturm-Liouv
problem on the half axis which is central for Gelfan
Levitan-Marchenko inversion. In Sec. II we show the salie
features of inversion and give in Sec. III the potential resu
for pN, pp, and Kp scattering. With these potentials a
ingredients are specified for the treatment ofApp and
App as coupled channel problems and predictions are g
in Sec. IV. These predictions are in good agreement w
experiment and lend support to our potential model.

As an extension of the coupled channel potential mo
we treatpN, pp, andKp scattering in the continuum. Th
coupled equations, with Coulomb effects included, confi
that isospin is hardly broken and that the resonance pro
ties of all systems are quantitatively well described.

The p-wave resonancesD and r are contained in Secs
III B and III D, respectively.S-wave channels ofpp and
Kp scattering are treated in Sec. V. We attempt to solve
puzzle of why a resonance is not visible in the phase sh
but at the same time meson exchange models require a
dium weights meson with definitive particle properties. Th
solution to this investigation is a medium modification of t
two-body scattering which is manifest only in theT50 pp
channel andT51/2 Kp channel. The medium modificatio
is identified with an effective mass in the coupled equatio
leading to a resonance structure as a function of effec
mass and not of energy. Thus we observe as resonance
width G'1 MeV practically independent of energy. Assoc
ated with thiss resonance is a shortening of the lifetime
pionium,App, by more than three orders of magnitude. T
conclusions in Sec. VI comprise the prediction of a ve
d-
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short range attraction close to the origin and a narrow h
repulsive barrier at a relative distancer'0.2 fm for theD, r,
s, and K0* resonances. Comparable short range repulsi
are seen for other channels. A confirmation of the long ra
interaction in terms of meson exchange is given and m
importantly a narrows meson is predicted as a mediu
effect.

II. POTENTIALS FROM INVERSION

Contrary to the direct path to obtain a potential for e
ementary particle scattering from QCD or other microsco
models we apply quantum inversion to experimentally de
mined phase shift functions as input in Gelfand-Levita
Marchenko equations@29#. Nowadays, the inversion tech
niques for nucleon-nucleon scattering have evolved up
almost perfection for scattering data below the pion prod
tion threshold. Numerically, input phase shifts can be rep
duced for single and coupled channels with a precision
1/100 of a degree, which is much lower than the experim
tal uncertainty. This accuracy and the possibility to test
inversion potential online, i.e., inserting the potential into t
scattering equation and reproducing the input phase sh
makes them a reliable and easy-to-handle tool for quan
tive medium energy nuclear physics. Guided by this sp
the utmost aim of quantum inversion is to provide a sim
but accurate operator to reproduce data. This paradigm, h
ever, is proscribed to include sophisticated momentum
pendences or nonlocalities in the potential since this requ
more information than can be extracted from phase shift
a very limited energy domain. Our studies and applicatio
are limited to the real phase shift domain but, for mathem
cal reasons, they are with smooth real functions extrapola
towards higher energies and infinity. This extrapolation i
kind of regularization which does not introduce spurious lo
energy phenomena and thus has no effect upon results
conclusions. This aspect of inversion has been investiga
in important circumstances and we assume to be on
ground also in the applications studied hereafter. Furth
more, we are facing only single-channel situations witho
Coulomb effects.

The basic equation of inversion is the Sturm-Liouvil
equation@30#

F2
d2

dx2 1q~x!Gy~x!5ly~x!. ~1!

We use the equivalent radial Schro¨dinger equation

F2
d2

dr2 1
l ~ l 11!

r 2 1
2mc2

~\c!2 Vl ~r !Gc l ~k,r !5k2c l ~k,r !,

0<r ,`, ~2!

whereVl (r ) is a local,k-independent operator in coordina
space and the factor 2mc2/(\c)2 guarantees the correc
units. Boundary conditions for the physical solutions are

lim
r→0

c l ~k,r !50 ~3!

and
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1220 56M. SANDER AND H. V. von GERAMB
lim
r→`

c l ~k,r !5exp@ id l ~k!#sinS kr2
l p

2
1d l ~k! D . ~4!

The Marchenko and the Gelfand-Levitan inversion a
two inversion algorithms for the Sturm-Liouville equatio
which are briefly sketched for single channels and the c
without a Coulomb reference potential. More details can
found elsewhere@29,25#.

A. Marchenko inversion

The experimental information enters in the Marchen
inversion via theS matrix, which is related to the scatterin
phase shifts by the relation

Sl ~k!5exp@2id l ~k!#. ~5!

We use a rational function interpolation and extrapolation
real datad l (k),

d l ~k!5 (
m51

M
Dm

k2dm
, ~6!

with the boundary conditions

lim
k→0

d l ~k!;k2l 11 and lim
k→`

d l ~k!;k21. ~7!

In any case there are 2–4 polesdm and strengthsDm suffi-
cient to provide a smooth description of data. Using a@4/4#
or @6/6# Padéapproximation for the exponential functionez

and substituting the rational phase function~6! into
z52id l (k) gives a rationalS matrix

Sl ~k!511 (
n51

2N
sn

k2sn
5 )

n51

N k1sn
↑

k2sn
↑

k1sn
↓

k2sn
↓ , ~8!

using the notation $sn
↑%:5$snu Im(sn).0% and

$sn
↓%:5$snu Im(sn),0%.
The Marchenko input kernel

F l ~r ,t !52
1

2pE2`

1`

hl
1~kr !@Sl ~k!21#hl

1~kt!dk ~9!

is readily computed with the Riccati-Hankel functionshl
1(x)

and contour integration. This implies an algebraic equat
for the translation kernelAl (r ,t) of the Marchenko equation

Al ~r ,t !1F l ~r ,t !1E
r

`

Al ~r ,s!F l ~s,t !ds50. ~10!

The potential is obtained from the translation kernel deri
tive

Vl ~r !522
d

dr
Al ~r ,r !. ~11!

The rational representation of the scattering data leads t
algebraic form of the potential@29#.
e
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B. Gelfand-Levitan inversion

Gelfand-Levitan inversion uses the Jost function as inp
The latter is related to theS matrix by

Sl ~k!5
F l ~2k!

F l ~k!
. ~12!

Using the representation~8!, the Jost function in rationa
representation is given by

F l ~k!5 )
n51

N k2sn
↓

k1sn
↑511 (

n51

N
Bn

k1sn
↑ ~13!

or

uF l ~k!u22511 (
n51

N
Ln

k22sn
↓2 . ~14!

The input kernel

Gl ~r ,t !5
2

pE0

`

j l ~kr !F 1

uF l ~k!u2
21G j l ~kt!dk, ~15!

j l (x) the Riccati-Bessel functions, is analytic. The Gelfan
Levitan equation

K l ~r ,t !1Gl ~r ,t !1E
0

r

K l ~r ,s!Gl ~s,t !ds50 ~16!

relates input and translation kernels and the potential is
fined by

Vl ~r !52
d

dr
K l ~r ,r !. ~17!

For this potential an algebraic form is known@29#.
Gelfand-Levitan and Marchenko inversions yield t

same potential. Numerical instabilities can make the pot
tials differ but this signals in practice a problem and thus
permanently checked.

III. INVERSION POTENTIAL RESULTS

Today, partial wave phase shift analyses are available
many hadronic systems. The best known of this sample is
NN analysis of Arndtet al. ~SAID! which covers an energy
range 0–1.3 GeV fornp and 0–1.6 GeV forpp scattering
@31#. The pp data are presently extended up to 3 GeV w
measurements from the EDDA Collaboration of COSY
Jülich @32#. Of a similar quality is thepN analyses which is
also available fromSAID. Partial wave phase shifts of thepN
system are determined by an analysis of elas
p1p→p1p,p2p→p2p, and charge exchangep2p→p0n
scattering. We use the solutionSM95 of Arndt et al. @33#.
This and all other analyses suppress Coulomb effects
assume good isospin. This implies that mass differences
tween p6 and p0 as well as proton and neutron are n
glected. As a rule, for the pion,mp5mp65139.5676 MeV
is used, and for the nucleon,mN5mp5938.27231 MeV, re-
spectively. Included is also the Karlsruhe-Helsinki analy
of Koch and Pietarinen,KH80 @34#. Forpp scattering we use
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56 1221pp, Kp, AND pN POTENTIAL SCATTERING AND A . . .
phase shifts from the analysis of Frogatt and Petersen@35#
and theoretical predictions from a meson exchange pote
by Lohseet al. @12# and chiral perturbation theory by Gass
and Leutwyler@14#. Finally, theKp analysis of Estabrooks
et al. uses final state interactions ofK6p→K6p1n and
K6p→K6p2D11 @36#. We restrict our analyses herein
L50 and 1 partial waves with isospinsT51/2 and 3/2 for
pN and Kp, and T50, 1, and 2 for thepp systems. A
comprehensive analysis of data and inversion potentials
be found elsewhere@25#. We are using the elastic doma
phase shifts and thus limit the input toTlab,500 MeV for
pN, Mpp,970 MeV, andMKp,1.3 GeV. Resonance ef
fects, like thef 0(975) in pp scattering, are not included.

A. pN s-wave scattering

The notation of this channel distinguishesS11 and S31
partial waves to signal angular momentumL50, isospins
T51/2 and 3/2, and spinS51/2 states. Input phase shif
from SM95 and KH80 are shown in Fig. 1 and the inversio
potentials are given in Fig. 2, respectively. In Sec. IV
these potentials are used to study pionic hydrogen.

As a brief note we mention the assessment of the p
nucleon coupling constant from these potentials. From
pN potentials in theT51/2, 3/2 s channels we find the
scattering lengthsa150.178mp

21 anda3520.088mp
21 . For

a comparison with several other predictions see Tabl
These results may be used in the Goldberger-Miyaza
Oehme~GMO! sum rule@37#

f pNN
2

4p
5

~mp
2 2m2!~mN1mp!

6mNmp
~a12a3!

2
mp

2 2m2

8p2 E
0

`sp2p2sp1p

Aq21mp
2

dq ~18!

to obtain a model-independent estimate for thepNN cou-
pling constant. Using the simplified form of this sum rule

FIG. 1. pN SM95 @33# ~coinciding with the solid line! andKH80

@34# ~triangles! data and their reproduction by the inversion pote
tials ~solid line! for the S11 andS31 channels.
ial

an

n
e

I.
a-

f pNN
2

4p
50.19mp~a12a3!2~0.025 mb21!J, ~19!

where the integral

J5
1

4p2E
0

`sp2p2sp1p

Aq21mp
2

dq ~20!

has the valueJ521.041 mb@37#. We find

f pNN
2

4p
50.0766 or

gpNN
2

4p
513.84, ~21!

which is fully consistent with the value of 13.7560.15 given
in @33#.

B. pN p-wave scattering

Most prominent is theD(1232) orP33 resonance which
we treat with great care. The low energy phase shift functi
shown in Fig. 3, usesSM95 andKH80 data. A factorization of
the S matrix into a resonant and a nonresonant backgro
partS(k)5Sr(k)Sb(k) is useful. For the resonant part a res
nance and an auxiliary pole parametrization

Sr~k!5
~k1kr !~k2kr* !

~k2kr !~k1kr* !

~k1kh!~k2kh* !

~k2kh!~k1kh* !
~22!

- FIG. 2. S11 andS31 inversion potentials.

TABLE I. pN s-wave scattering lengths andpNN coupling
constant obtained from the GMO sum rule.

Model a1 @mp
21# a3 @mp

21# f pNN
2 /4p Ref.

SM95 Inversion 0.178 20.088 0.0766
KH80 0.173 20.101 0.079 @34#

p2p 1s state 0.185 20.104 0.081 @27#

Pearceet al. 0.151 20.092 0.072 @8#

Schütz et al. 0.169 20.085 0.074 @8#
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1222 56M. SANDER AND H. V. von GERAMB
is used. It contains the right amount of zeros and poles f
decomposition into Jost functions. The backgroundSb(k) is
smooth but its shape depends on the parameters in Eq.~22!.
Actual values are taken from data tables@38# for kr and
kh50.51 i10 fm21. The inversion potential is independe
of this splitting and is shown in Fig. 4. The resonance feat
is generated from the short range attraction near the or
and is limited by a narrow~0.1 fm! potential barrier with a
height of ;20 GeV. Being accustomed to strengths a
ranges ofNN potentials it is surprising to see this sma
radial dimension and large potential strength. After a sec
thought this is not a surprise since inversion is a kind
generalized Fourier transformation and thus the units a
consequence of the pion mass and the quantitative beha
of the phase shift. Nevertheless, the potential changes o
at very small radii compared to the size of the charge fo

FIG. 3. pN SM95 @33# ~coinciding with the solid line! andKH80

@34# ~triangles! data and their reproduction by the inversion pote
tial ~solid line! for the P33 channel.

FIG. 4. P33 channel inversion potential.
a

e
in

d

d
f
a

ior
ur

factors of the pion and nucleon. The rms radii are known
be 0.54 fm for the pion and 0.7 fm for the nucleon. O
radius describes the distance of the center of masses
r 50.16 fm, the barrier radius, implying more than 90
overlap of the intrinsic structures. We conjecture for the b
rier a simulation of a transition from the pion-nucleon qua
content into the three-quark content of theD. Ultimately,
such an explanation must be confirmed by QCD calculatio

In Fig. 5 we illustrate theP33 potential resonance, show
ing the physical solutionuu(T,r )/r u2 as a function of energy
and radius. This figure shows that the probability builds
between the origin and the barrier.

The long range part of the inversion potential, not visib
in Fig. 4, behaves like a Yukawa tail with a streng
Y5650.0 MeV fm and an effectively exchanged mass of 3
MeV. There exists no physical particle with this mass sin
in the meson exchange pictures- and t-channel graphs con
tribute.

C. pp s-wave scattering

pp phase shifts come from the analysis of final sta
interactions in pN→ppN systems or theKe4 decay
K2→p1p2en̄ . Here we use results of the CERN-Munic
experiment @35#. The scattering is purely elastic unt
Mpp5987.3 MeV where coupling to theKK̄ opens and the
phase shift becomes highly inelastic and resonant in
T50 channel. TheT52 channel remains smooth. A sum
mary of experimental phase shifts and theoretical pred
tions, from a meson exchange model@12# and chiral pertur-
bation theory@14#, is shown in Fig. 6. Notation for the
isospin and angular momentum channels usesd l

T or Vl
T .The

three phase shift sources used yield slightly different inv
sion potentials, shown in Fig. 7. It is obvious thatpp phase
shifts are less well established thanpN data. Table II com-
prises a summary of effective range parameters from dif
ent sources to substantiate the uncertainties.

D. pp p-wave scattering

As before, phase shifts come from the analysis of fi
state interactions inpN→ppN systems. Isospin is limited
to the single valueT51 and the CERN-Munich analysis i

-

FIG. 5. pN P33 channel radial probability distribution as func
tion of energy,Tlab.
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56 1223pp, Kp, AND pN POTENTIAL SCATTERING AND A . . .
used@35#. The scattering is dominated by ther resonance,
mr5770 MeV, G5150 MeV, and the phase shift remain
essentially real untilMpp51.2 GeV. The phase shift used
shown in Fig. 8 and the inversion potential is shown in F
9. Notice the barrier maximum at 0.16 fm which is the sa
as seen in thepN P33 channel. We decline from repeatin
the resonance wave function display due to its similarity w
results shown in Fig. 5.

E. Kp s-wave scattering

Phase shifts are taken from the analysis of Estabro
et al. @36#. We distinguish between isospinsT51/2 and 3/2.
As shown in Figs. 10 and 11, this system resembles thepp
s-wave scattering. The long range parts of the two isos
potentials are numerically very close outsider 50.4 fm

FIG. 6. pp L50, T50 and 2 phase shifts. Froggatt data@35#
and interpolation~dots and solid line!, xPT @14# ~crosses!, Es-
tabrookset al. @39# ~boxes!, Grayeret al. @40# ~diamonds!, Männer
@41# ~triangles!, and Baillonet al. @42# ~asterisks!.

FIG. 7. pp L50, T50 and 2 inversion potentials. Frogga
~solid line!, xPT ~dashed!, and meson exchange@12# ~dotted!.
.
e

ks

in

which supports isospin independence. Furthermore, out
r 50.8 fm both potentials are very small,uV0

2T(r )u,1 MeV.
This weak medium and long range interaction requires f
ther investigation but we notice the same feature forK1N
inversion potentials, consistent with the extraordinary lo
mean free path of kaons in nuclear matter@51,25#. We shall
show that this system displays similar medium effects as
correspondingpp system.

IV. COUPLED SYSTEMS

Pionic-hydrogenApp is treated in a coupled channel ca
culation as a charge exchange resonance seen inp0-neutron
scattering. There exists a spectrum of excited states with
ferent relative angular momenta but only thes states shall be
studied for comparison with experiment. Similarly,App is
formed by p2p1 and it is treated as a charge exchan
resonance state seen in the elasticp0p0 channel.

The coupled system is written in the form

f i91ki
2f i5(

j 51

2
2m i

\2 Vi j f j , ~23!

and uses conventionallyi 51(2) as thereaction~elastic en-
trance! channel.

A. Pionic hydrogen

The reduced masses enter in our calculation with two
tions. In the first case we use only the mass of the char
pion and the proton mass,m15m2 with

m15
mp2mp

~mp21mp!
. ~24!

In the second case we usem1Þm2 and use form2 the physi-
cal masses of the neutral particles,

m25
mp0mn

~mp01mn!
. ~25!

The potential matrix contains the Clebsch-Gordan coe
cients for the rotation of the interaction from good isosp
into particle states:

V115Vp2p5
1

3
Vs

3/21
2

3
Vs

1/22
e2

r
, ~26!

V125V215A2

3
~Vs

3/22Vs
1/2!, ~27!

V225Vp0n5
2

3
Vs

3/21
1

3
Vs

1/2. ~28!

The kinematics is expressed in any case by the phys
masses and projectile kinetic energyTlab,

S5~mp01mn!212Tlabmn , ~29!
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TABLE II. pp s-wave scattering lengths.

Source/model a0
0@mp

21# a0
2@mp

21# (a0
02a0

2)@mp
21# Ref.

Predictions from theory
Weinberg 0.16 20.046 0.206 @43#

xPT 0.20 20.042 0.242 @14#

Meson exchange 0.31 20.027 0.337 @12#

Results from experiment
Ke4 0.2660.05 20.02860.012 0.28860.051 @44#

Chew-Low PSA 0.2460.03 20.0460.04 0.28060.050 @45#

Soft-pion 0.18860.016 20.03760.006 0.22560.017 @46#

pN→ppN 0.20560.025 20.03160.007 0.23660.026 @47#

Results from inversion
Froggatt phase shifts 0.31 20.059 0.369
xPT phase shifts 0.20 20.043 0.243
Meson ex. phase shifts 0.30 20.025 0.325
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k1
25

S21~mp2
2

2mp
2!222S~mp2

2
1mp

2!

4S~\c!2
, ~30!

k2
25

mn
2Tlab~Tlab12mp0!

S~\c!2
, ~31!

which guarantees the correct threshold behavior.
The Coulomb attraction betweenp2 and p causes a

bound system which is known as pionic hydrogenApp . In
addition to Coulomb attraction, the hadronic interaction b
tween the two constituents distorts the short range interac
and changes the pure Coulomb spectrum. Decay channe
p2p→p0n13.300 23 MeV andp2p→ng. The hadronic
shift of the 3p→1s transition and the total 1s width has
been measured at PSI@27#. To analyze this experiment w
use the described potential model. Inelasticities, Coulo
and other isospin-breaking effects are supposed to be

FIG. 8. pp L51, T51 phase shifts. Data from Froggattet al.
@35# ~dots!, Ochs @48# ~squares!, Protopopescuet al. @49# ~tri-
angles!, and Deoet al. @50# ~asterisks!. Inversion result~solid line!.
-
n

are

b,
ot

included in theSM95 phase shift analysis and the real pote
tial matrix is shown in Fig. 12. We use the reduced mas
m15m25121.4970 MeV which are consistent with th
phase shift analysis and usingp6 and p masses. Alterna-
tively m15121.4970 MeV andm25118.0216 MeV based
uponp0 and neutron masses, respectively, can be used.

The bound states of thep2p system can be found a
resonances in the energetically openp0n channel. The width
@full width at half maximum~FWHM!# of this resonance
accounts only for the decay ofp2p→p0n. Table III con-
tains this result in the first line. To evaluate the hadronic s
we used in all cases the reference energyE1s

C 53234.9408
eV. The shift is calculated as the difference betweenE1s

C and
the calculated resonance energy taken at the maximum o
elastic scattering cross section

s~p0n→p0n!5
p

k2
2 u12S22u2. ~32!

From this distribution we obtain also the FWHM. The Co
lomb potential is contained inV11 as determined from poin

FIG. 9. pp L51, T51 inversion potential.
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chargesVC5e2/r or double-folded Gaussian charge dist
butionsVC5e2F(1.13r )/r . F(r /a) is the error function and
a5A^r p

2 &1^r p
2& with rms radii ^r p

2 &1/250.5389 fm and
^r p

2&1/250.702 fm. To compare with experimental data@27#

we evaluated the partial widthG1s
p0n using the Panofsky ratio

P51.54660.009@52#,

G5S 11
1

PDGp2p→p0n. ~33!

To account also for decay into theng channel from thep0n
channel an imaginary potentialW11529 exp(29r2) MeV is
added toV11 which brings the theoretical results in agre
ment with experiment. Other corrections are not further p
sued since they enter into the reference and resonance e
with approximately the same amount, affecting the diff
ence by,60.01 eV. We shall not dwell upon this issue

FIG. 10. Kp L50, T51/2 and 3/2 phase shifts. Data from
Estabrookset al. @36#. Inversion result~solid line!.

FIG. 11. Kp L50, T51/2 and 3/2 inversion potentials.
r-
rgy
-

more detail herein. The essential result of this part of o
calculation is that isospin-breaking effects due to mass
ferences are small.

B. Pionium

Very close to the same convention as forApp is used
here. Only one value of a reduced mass occurs:

m15m25
mp1

2
. ~34!

This value is varied in Sec. V A when medium effects a
discussed. The potential matrix is readily expressed by

V115Vp1p2
5

1

3
V0

21
2

3
V0

02
e2

r
, ~35!

V125V215A2

3
~V0

22V0
0!, ~36!

V225Vp0p0
5

2

3
V0

21
1

3
V0

0 , ~37!

and the kinematics by

S54mp0
2

12Tlabmp0, ~38!

k1
25

S24mp2
2

4~\c!2
, ~39!

k2
25

mp0
2 Tlab~Tlab12mp0!

S~\c!2
, ~40!

Mpp5AS. ~41!

Similar to the App system there exists pioniumApp

which is formed byp2p1 Coulomb attraction. It decays
predominantly by charge exchange into the openp0p0 chan-
nel. The coupled channel system is defined by Eq.~23!. We

FIG. 12. pN hadronic potential matrix.
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TABLE III. App1s level shift with respect toE1s
C 53234.9408 eV and width. The strength of the imag

nary W11 was adjusted to reproduce the experimental value.

Point charge Coulomb Gaussian charge Coulomb
Mass Shift@eV# FWHM @eV# Shift @eV# FWHM @eV#

m15m2 –7.29821 0.5250 –7.16746 0.5230
m1Þm2 –7.13259 0.5187 –7.01055 0.5144

Shift 5 –7.12760.046@eV#, G1s
p0n 5 0.590@eV# Sigg @27#

m1Þm2 –7.23259 0.9763 –7.12387 0.9763 V111 iW11

Shift 5 –7.12760.02860.036@eV#, G1s 5 0.9760.1060.05 @eV# Sigg @27#
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assume the same approach as forApp and rotate the good
isospin potentials into particle states. The hadronic poten
matrix is shown in Fig. 13 using the three different sourc
discussed in Sec. III C. Phase shift analyses and inver
use a single massm15m25m5mp1/2 without Coulomb ef-
fects. This assumption guarantees good isospinsT50 and 2.
The results of our calculations are summarized in Table
A point Coulomb reference energyE1s

C 51.858 072 48 keV
is used. With this choice of masses and the correctQ value
our calculations agree practically with some well-know
scattering length expressions which is most often u
@28,53,54#,

1

t
5

8p

9 S 2Dm

m D 1/2 ~a0
02a0

2!2uC~0!u2

11 2
9 mDm~a0

012a0
2!2

~42!

'1.43~a0
02a0

2!2uC~0!u2, ~43!

whereDm is the mass differencemp12mp0. The real inter-
esting result of this study comes from dramatic chan
~shortening! of the App lifetime, by several orders of mag
nitude, with small variations of the reduced massesm i .

FIG. 13. pp hadronic potential matrix. For notation, see Fig. 7
al
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V. MEDIUM EFFECTS

Low energy nuclear physics associates medium effe
with changes of the free interaction potential or free tw
body scattering amplitudes in the presence of a few-
many-body environment. Effective interactions incorpora
such effects and degrade the environment into the role
spectators. A well-known example is the nuclear matteg
matrix which includes Pauli blocking and self-consiste
mean-field effects and which is related to the free two-bodt
matrix. Other medium modifications are due to recoil, tru
cation of coupled channels, and relativistic corrections
name a few. Medium effects from meson and boson
change models are related to the restoration mechanism
broken chiral symmetry in nuclear matter. This field of r
search is presently in the center of different theoretical lin
of thought and some of them are found in@55#.

Our concern is an effective mass in the two-particle wa
equation which may have different causes in few- and ma
body systems. At this stage the consequences and dynam
effects are shown for the two-particle subsystemspp and
Kp in the case where an effective mass is assumed. Wha
study are partial wave phase shiftsd(E,m) as a function of
energy and the effective mass, which determines the redu
massesm i in Eq. ~34!. Effects upon the lifetime of pionium
are also studied.

A. pp scattering

In Sec. IV B results of the pionium lifetime and hadron
shift are given. This study uses thep6 mass consistently
with the phase shift analyses and the scattering length
pressions for the lifetime. Here we extend this study a
show results in Fig. 14 for the hadronic shift and lifetime
pionium as a function of the pion mass,mp52m152m2 in
Eq. ~34!. The potential matrixVi j was unchanged and theki

2

values computed with the physical masses ofp6 andp0 as

TABLE IV. App properties from inversion potentials.

E1s @keV# Shift @eV# t @10215 s# FWHM @eV# Ref.

1.8638814 25.809 1.97 0.3481 Froggatt@35#

1.8635114 25.439 1.89 0.3627 Lohse@12#

1.8616174 23.545 3.22 0.2128 xPT @14#

Predictions from experimental analysis and other models
1.858 2.922.1

1` Afanasyev@28#

1.865 27.0 3.2 Efimov@53#
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56 1227pp, Kp, AND pN POTENTIAL SCATTERING AND A . . .
defined in Eqs.~38!–~41!. With this prescription we effec-
tively change the total strength of the potential matrixVi j by
61% and observe a variation of the shift by two orders
magnitude and of the lifetime by three orders of magnitu
The physical mass result is accentuated. The interval of m
variation is small compared with the physical mass diff
ences betweenp6 and p0 of 4.6 MeV, which a correct
phase shift analysis should consider. Since this is not
case, consistency requires us to usem15m2 in the inversion
procedure and in the coupled channel calculations. Thus
maintain the assumption of a good isospin also for the
culation with an effective mass.

Triggered by this result we extended our calculations
the eigenchannel phase shifts of the coupled system w
coincide with the uncoupled good isospin calculations
T50 and 2. In Fig. 15 we show theL50, T50 phase shift
d0

0(m,T) as a function of the effective massm52m152m2

and the laboratory kinetic energy. The physical mass resu
emphasized and follows the result shown in Fig. 6 ford0

0. As
a function of mass we observe a typical resonance beha
whose widthG51 –2 MeV which is almost energy indepen
dent. The resonance feature is supported by Fig. 16 w
shows uu(r ,m,T)/r u2 as a function of radius and effectiv
mass for three kinetic energies. SinceL50, the radial wave
function isÞ0 at the origin around which the probability
built up. This figure should be compared with Fig. 5 of t
pN D resonance which shows the same pattern as a func
of energy. For thepN P33 phase shiftd(E) varies only
insignificantly when the reduced mass of the pion-nucle
system is modified within 1 MeV and the resonance pole
stable against this variation. From thepN potential in Fig. 4
the same mass dependence as for thepp system was ex-
pected. This is not the case. We attribute this stability to
boundary condition of thep wave at the origin to be zero
The pp s-waveT50 potential in Fig. 7 supports the reso
nance as function of mass since no boundary condition a

FIG. 14. App shift ~a! and width~b! as a function of the effec-
tive mass. The physical valuemp15139.5676 MeV is emphasized
f
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origin restricts the development of a large amplitude brea
ing mode. The potentials have in both cases a very h
barrier of 20–30 GeV, compared to the kinetic energy
several 100 MeV, which is narrow;0.1 fm and within the
barrier the potentials are very deep. For thes and p waves
decay the radial wave exponentially practically indepe
dently of the projectile energy. However, the boundary co
dition of thep wave at the origin suppresses the free unfol
ing of a resonance amplitude independent of the energy
requires an optimal matching of the external wave functi
to realize the internal resonance enhancement. A small va
tion of the potential depth within the barrier does not ove
come the restriction from the boundary condition for thep
wave. This situation is essentially different fors waves. For
them it is important to have the correct wave number with
the barrier that the wave function matches the exponentia
decaying function in the barrier optimally. The wave numb
within the barrier is determined by

k25
@Mpp2~2m/mp1!V~r !#224mp1

2

4~\c!2
. ~44!

A small variation of the reduced massm produces the dis-
cussed effect. In connection with the very high barrier giv
this the explanation of the projectile independence of t
observedpp resonance as a function of the effective mas
The high barrier decouples fors waves the inner from the
exterior dynamics which is not the case forp and higher
partial waves.

Finally, the effective mass used in this study must be t
result of embedding thepp system into a few- and many-
body environment. In the meson exchange models forNN
scattering should the correlated two-pion exchange dynam
not be determined from the physical free pion mass but fro
an effective mass. This mechanism is able to change

FIG. 15. pp L50, T50 phase shift as a function of energ
(Tlab) and effective mass. The physical valuemp15139.5676 MeV
is emphasized.
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1228 56M. SANDER AND H. V. von GERAMB
nonresonant two-pion system into a resonant system with
width 1,G,600 MeV. The lower limit is extracted from
Fig. 15 and the upper limit is deduced from the free syste
d0

0(e) @2#. This gives a possible explanation of the propertie
of the s meson used in all high quality meson exchang
models for hadron-hadron interactions out of which theNN
potentials are the best examples. The phase shiftd0

2(E,m)
shows practically no mass dependence and maintains its
pulsive nature.

To support this picture forpp scattering it is obvious to
look for other systems with the same properties.

FIG. 16. pp L50, T50 radial probability distribution as a
function of effective mass given for three energies@Tlab5 100 ~a!,
500 ~b!, and 900 MeV~c!#. The physical valuemp15139.5676
MeV is emphasized.
a

s
e

re-

B. Kp scattering

Phase shift data for theKp s-wave scattering yield quali-
tatively the same situation with two possible isospin co
plingsT51/2 and 3/2. The inversion potentials are shown
Fig. 11. A purely repulsive potential is seen for theT53/2
channel whereasT51/2 has a narrow and high potential ba
rier at about the same radial region as thepp system and we
expect great similarities with respect to the phase sh
d0

1(m,T), a functions of effective mass and kinetic energ
Fig. 17 confirms this conjecture. Following the same line
the coupled system in Sec. IV, one effective mass param
is used,m52mKp , where the physical mass has a value
215.94 MeV. The solid line signals the physicalT51/2
phase shift and the energy-mass distribution shows a r
nance structure. The width increases,G.80 MeV, with labo-
ratory kinetic energy which is caused by the relative sm
ness of the barrier of 800 MeV. The phase shiftd0

3(E,m)
shows no mass dependence and maintains its repulsive
ture.

VI. SUMMARY

The elastic scattering domain forpp, Kp, andpN scat-
tering is investigated with the help of a localr -space poten-
tial model. Quantum inversion is used to generate fr
phase shift data the potentials for low partial waves and
permitted isospin channels. Tables of these potentials
available @24#. All resonance features visible in the pha
shifts are well accounted for, andr andD are potential reso-
nances of app andpN system, respectively.

Pionic hydrogenApp is studied as a resonance in elas
p0-neutron scattering below thep2-proton threshold. The
calculated shift and width of the ground state agree very w
with recent measurements. Similarly, pioniumApp is stud-
ied as a resonance in elasticp0p0 scattering below the
p1p2 threshold. The potential model confirms well-know
scattering length expressions often used with hadronic bo
state problems. As a new feature we disclose a medium

FIG. 17. Kp L50, T51/2 phase shift as a function of energ
(Tlab) and effective mass. The physical value 2mKp5215.94 MeV
is emphasized.
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56 1229pp, Kp, AND pN POTENTIAL SCATTERING AND A . . .
fect of the lifetime and shift ofApp when the interaction
strength is increased by typically half a percent. The amo
of change is more than three orders of magnitude. In
extended study a medium resonance is identified with ths
resonance. In particular it is shown that this resonance
function of the effective mass, which we identify as the fa
tor in front of the potential, and not as is common, as
function of energy. It can be considered as a parametric r
nance. The change of theApp lifetime is a feature of this
resonance. A similar situation with medium effects and
parametric resonance is identified in theKp L50, T51/2
channel. Contrary to this medium resonances show the c
sic r andD resonances practically no effective mass dep
dence. Showing radial wave functions we explain these
ferences of dynamical behavior with boundary conditions
the origin. All resonances are associated with a small ra
region within 0.3 fm. This distance is the center-of-mass d
tance of the two particles and is not the QCD bag rad
Table V shows that the potential barriers which trap the re
tive system are very close the same with the exception of
strangeKp resonance. In view of the large rms radii
mesons and nucleons (;0.6 fm! this implies a more than

TABLE V. Potential barrier positions.

Channel pN-D pp-s pp-r Kp-K0*
Barrier radius@fm# 0.165 0.145 0.152 0.303
.
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90% overlap of the individual QCD bags before fusion o
curs and the new configuration develops. We see in this
versal small barrier radius a reason why meson excha
works and permits one quantitatively to describeNN and
other hadron-hadron interactions. This finding requires
tailed calculations on the QCD level.

For low and medium energy nuclear physics this poten
model defines essential ingredients of boson exchange m
els in terms ofp mesons and nucleons only.r andD reso-
nances are well accounted for their properties with the inv
sion potentials and thes meson shows dynamic aspec
which do not support it as a particle. For a long time the
existed experimental data which involve two pion producti
and there is still a lack of a satisfactory explanation. It
known as the Abashian-Booth-Crowe~ABC! effect @56# and
we suggest a reanalysis of this data with the discussed
namical effects included. The set of inversion potentials c
easily be completed@25# to have a basis for potential mode
calculations which use only pions, protons, and neutro
This opens the possibility for quantitative fragmentation c
culations requiring massive supercomputing.
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