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Spin density contribution to heavy ion potentials using different nucleonic densities
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Within the Skyrme energy density formalism, an analytical formula for the spin density part of the heavy ion
interaction potential is obtained for 1s-0d shell nuclei by using the shell model density consistently. Com-
parisons are made with similar results for the parametrized Fermi density distribution which are useful for their
later use in the calculations of fusion cross sections.@S0556-2813~97!04308-2#

PACS number~s!: 24.10.2i, 21.60.Cs, 25.70.Jj, 27.20.1n
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Recently, a lot of effort has been made to study the he
ion potentials using the energy density formalism. In t
renewed interest, the main stress is to understand the ro
the spin density contribution to heavy ion potentials@1–7#.
Two of us were the first to generalize the spin density par
the heavy ion interaction potential to unclosed shell nuc
@1#. The early derivations were made for closedj -shell nuclei
only @8#. As a first application of this new formalism to un
closed shell nuclei@7#, we had reported that the spin dens
part of the interaction potential can contribute towards
fusion barriers by as much as 1 MeV. This small effect c
result in a decrease in the fusion cross section by;30 mb
for Si1Si and;50 mb for Ni1Ni collisions @7#. In most of
the calculations~including one in Ref.@7#!, the shell-model
~harmonic-oscillator! orbitals are used to define the spin de
sity on the one hand and the parametrized Fermi den
distributions are used for nucleon density on the other h
@1–7#. Thus all such calculations lack consistency. In o
earlier work, the calculated spin density potentials for
couple of reactions like12C112C, 16O124Mg, 24Mg136Ar,
and 40Ca190Zr showed some differences for use of the f
shell model and the Fermi densities@1#. Thus, in order to
have a complete understanding of the roles of the shell d
sity and Fermi density for evaluating the spin density pot
tial, we need to study a large number of reactions and ob
a general behavior. A consistent study of the spin den
part is very important. This study will pin down the impo
tance of the spin density potential, if any. In other words,
aim of this paper is, at least, twofold:~i! to analyze a large
number of collisions using the shell-model density cons
tently and to give a simple analytical formula for the sp
density part of the interaction potential, and~ii ! to compare
the above said analytical results of shell density with the
which was obtained for the Fermi density. This study w
reflect the differences between spin density potentials ca
lated by using two different nucleonic densities and he
the validity of the use of the Fermi density to evaluate
spin density contribution to heavy ion interaction potentia

We present our results for some 50 collisions, involvi
16O to 40Ca nuclei~i.e., 1s-0d shell; the contribution of the
1s shell towards the spin density is always zero!. It may be
relevant to point out here that the spin density part of
interaction potential is different for different (nl) shells@5#
and hence an analytical formula for spin density part can
carried out for a given shell only. In the following, we fir
present our model briefly and then the results of our ca
lations. The details of the model can be found in Ref.@5#.
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In the Skyrme energy density formalism~SEDF!, the in-
teraction potentialVN(R) is defined as the difference be
tween the energy expectation valueE of the colliding system
at a finite separation distanceR and at infinity,

VN~R!5E~R!2E~`!. ~1!

The two nuclei overlap at a distanceR and are completely
separated at infinity. The energy expectation valueE for the

energy density functionalH(rW) of Vautherin and Brink@8# is
given by

E5E H~rW !drW, ~2!

where the Hamiltonian densityH(rW) for an even-even
spherical nucleus is given by

H~r,t,JW !5
\2

2m
t1 1

2 t0@~11 1
2 x0!r22~x01 1

2 !~rn
21rp

2!#

1 1
4 ~ t11t2!rt1 1

8 ~ t22t1!~rntn1rptp!

1 1
16 ~ t223t1!r¹2r1 1

32 ~3t11t2!

3~rn¹2rn1rp¹2rp!1 1
4 t3rnrpr

2 1
2 W0~r¹W •JW1rn¹W •JWn1rp¹W •JW p!. ~3!

Note that in Eq.~3! terms involvingJW2 have been neglected
Using Eqs.~1!–~3!, the interaction potential is

VN~R!5E $H~r,t,JW !2H1~r1 ,t1 ,JW1!2H2~r2 ,t2 ,JW2!%drW.

~4!

Herer i , t i , andJW i are the nucleon densities, kinetic ener
densities, and the spin densities of individual nuclei, resp
tively, and using a sudden approximation, for a compos

systemr5r11r2 , t5t11t2 , and JW5JW11JW2 . For each
nucleus r15rn1

1rp1
, r25rn2

1rp2
,t15tn1

1tp1
, t2

5tn2
1tp2

, JW15JWn1
1JW p1

, andJW25JWn2
1JW p2

with subscripts

n and p referring to neutrons and protons. The paramet
x0 , t0 , t1 , t2 , t3 , andW0 , appearing in Eq.~3!, have been
fitted by several authors~see e.g., Ref.@5#! in a self-
consistent manner to reproduce the correct single-par
properties of various nuclei. The different se
1175 © 1997 The American Physical Society
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1176 56BRIEF REPORTS
of parameters are labeled as S, SI, SII, SIII, etc., and in
present study we use the force SII, whose parameters
x050.34, t05(2)1169.90 MeV fm3, t15585.60 MeV fm5,
t25227.10 MeV fm5, t359331.10 MeV fm6, and W0
5105.00 MeV fm5.

Each term in Hamiltonian~3! can be analyzed separatel
For our discussion, we divide Eq.~4! into two parts, the
spin-independent and spin-dependent parts, as

VN~R!5VP~R!1VJ~R!, ~5!

with

VP~R!5E @H~r,t!2H1~r1 ,t1!2H2~r2 ,t2!#drW ~6!

and

VJ~R!5E @H~r,JW !2H1~r1 ,JW1!2H2~r2 ,JW2!#drW. ~7!

Note thatVP(R) depends on the nucleon and kinetic ener
densities, whereasVJ(R) depends on the nucleon and sp
densities. In the following, we focus only onVJ(R) and use
both the shell-model and Fermi-type densities forr i in Eq.
~7!.

From Eqs.~3!–~7!, the spin density potential reads as

VJ~R!52
3

4
W0E @r1~¹W •JW2!1r2~¹W •JW1!#drW. ~8!

In terms of single-particle orbitals that define a Slater
terminantf i , the spin density forq5n or p is given as

JWq~rW !5~2 i ! (
i ,s,s8

f i* ~rW,s,q!@¹f i~rW,s8,q!3^susW us8&#. ~9!

Here the summationi runs over all the occupied single
particle orbitals ands and q are, respectively, the spin an
isospin indices. Since any self-consistent calculation is v
time consuming, Eq.~9! is solved by using the ansatz@8#

f i~rW,s,q!5@Ra~r !/r #yl jm~ r̂ ,s!xq~ t !, ~10!

where

yl jm~ r̂ ,s!5 (
mlms

^ l 1
2 mlmsu jm&Yl

ml~ r̂ !xms
~s! ~11!

andxq(t) is the isospin part of the wave function. The ind
a (5q,n,l ) specifies the radial part of the wave functio
Ra(r ). For a completely filledj shell for n or p, Eq. ~9!
reduces to

JWq
c~rW !5

rW

4pr 4 (
a

~2 j a11!

3@ j a~ j a11!2 l a~ l a11!2 3
4 #Ra

2~rW !. ~12!

Note thatJWq
c50 for a completely filled pairs of orbitals with

j 5 l 1 1
2 and j 5 l 2 1

2 .
For an even-even nucleus with valence particles~or holes!

outside~inside! the closedj shell, we divide the contribution
e
re

y

-

ry

to JWq(rW) in two parts@5#: one due to the core consisting o
closed shells and another due to the valencenv particles~or
holes!,

JWq~rW !5JWq
c~rW !6JWq

nv~rW !. ~13!

The ~1! sign is for particles and~2! sign is for holes. The
first term is the same as Eq.~12! and the second term read
as @1#

JWq
nv5

nvrW

4pr 4 F j ~ j 11!2 l ~ l 11!2
3

4GRl
2~r !. ~14!

The normalized radial wave functionRnl(r ) in Eqs. ~10!,
~12!, and ~14! is taken from the shell model@9#, which is
based on harmonic oscillator calculations:

Rnl~r !5F2l 2n12~2n! l 13/2~2l 12n11!!!

Ap@~2l 11!!! #2n!
G 1/2

3r l 11e2nr 2
vnl~2nr 2!, ~15!

where

vnl~x!5 (
k50

n

~21!k2kFnkG ~2l 11!!!

~2l 12k11!!!
xk ~16!

and the scale factorn, related to oscillator parameterb, is

n5
1

2b2 5
mv

2\
~ in fm22!, ~17!

with

\v541A21/3.

For more details, we refer the reader to Refs.@1,5#. For
nucleonic density, appearing in Eq.~8!, we use two different
forms.

~i! Shell density.For a consistent evaluation of the sp
density part of the interaction potential, we construct t
nucleon-density using shell model wave functions as

r i
SD~rW !5(

i ,s
uf i~rW,s,q!u2, ~18!

where the sumi runs over all occupied levels. In othe
words, Eq. ~18! represents the density for a complete
closed shell with bothj 5 l 6 1

2 filled. For nuclei with even
nn valence particles~or holes!, Eq. ~18! is generalized to@1#

rSD~rW !55
rcc~rW !1

~2 j 11!

2~2l 11!
ufnl j~rW,s,q!u2

~ for closed j shell!,

rc~rW !6
nv

2~2l 11!
ufnl j~rW,s,q!u2

~ for nv valence particles!.

~19!

Here rcc(rW) is the nucleon density distribution due to th

closed major shell as core@Eq. ~18!# andrc(rW) is the nucleon
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56 1177BRIEF REPORTS
density due to closed major shell or closedj shell, depending
on whether the valence nucleons are outside the major-s
core or closedj shell.

~ii ! Fermi density.The Fermi density distribution is give
by

rFD~r i !5r0i$11exp@~r i2R0i !/ai #%
21, i 51,2, ~20!

with

r 25@r 1
21R222r 1R cosu#1/2 for 0<r<`. ~21!

HereR0i andai are the half density radii and surface thic
ness parameters, respectively, taken from Ref.@1# and R is
the separation distance of two nuclei from their centers.

The two different forms of nucleon density distribution
will give us a unique possibility of analyzing the role o
different densities, the shell-model density being a more c
sistent choice in the present study. In other words, the va
ity of the Fermi density distribution to heavy ion interactio
potentials, including the spin density part, will be tested.

Figure 1 shows the spin density potentialsVJ(R) for col-
lisions of 28Si128Si and 18O128Si using shell density~SD!
and Fermi density~FD! distributions ~the solid and open
circles, marked exact!. We find that though both SD and FD
densities show quite a similar behavior of being repulsive
larger distances and attractive at smaller distances: there
important differences in the interaction potentials. For
study of heavy ion collisions, the relevant part of the pote
tial is one beyond the repulsive maximum. The repuls
maximum is much larger for the shell density than for t
Fermi density. Also, in the surface region, the shell dens
potential is weaker than the Fermi density potential.

The reactions presented here are just a couple of
amples. To have a general comparison between the spin
sity potential obtained using the shell density and Fermi d
sity, we need to obtain a parametrized form of the s
density part of the heavy ion potential using the shell dens

FIG. 1. Spin density part of the heavy ion interaction poten
VJ using Skyrme force SII, as a function of separation distancR
for 28Si128Si and 18O128Si reactions. The solid and open circle
are the exact calculations whereas the solid and dashed lines a
analytical calculations using Eq.~27!, respectively, with Eqs.~22!–
~25! and ~28!–~31! for the shell-model and Fermi density. Th
heightVJB , positionRJB , and other coordinatesRJ0 andRJL of the
spin density potential are also indicated for one case.
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Following @5#, we parametrize the spin density part of th
heavy ion interaction potential based on shell density,
terms of four points, namely,~i! the height of the repulsive
maximumVJB , ~ii ! the positionRJB of VJB , ~iii ! the position
RJ0 where the spin density potential changes its nature fr
repulsive to attractive and henceVJ becomes zero atRJ0 for
a moment, and~iv! the limiting distanceRJL whereVJ(R)
goes to zero. For practical purposes, we fixRJL as the dis-
tance whereVJL50.003 MeV, instead of zero. By analyzin
more than 50 reactions from 1s-0d shell, as depicted in Fig
2, one can obtain the general equation forVJB , RJB , RJ0 ,
andRJL as

VJB
SD51.710Ps , ~22!

RJB
SD54.551~1.0231023!A1•A2 , ~23!

RJ0
SD53.581~7.7031024!A1•A2 , ~24!

RJL
SD511.552936~A12A2!21, ~25!

where the particle strength

Ps5(
a

~2 j a11!

4p F j a~ j a11!2 l a~ l a11!2
3

4G
6

nv

4p F j ~ j 11!2 l ~ l 11!2
3

4G . ~26!

Using these four equations forVJB , RJB , RJ0 , andRJL , one
can generate the spin density part of heavy ion interac
potential by

VJ~R!5H VJB expF lnFVJL

VJB
G S R2RJB

RJL2RJB
D 5/3G for R>RJB ,

VJB2VJBS R2RJB

RJ02RJB
D 2

for R<RJB .

~27!

l

theFIG. 2. Plots ofVJB vs Ps , RJB , andRJ0 vs A1•A2 andRJL vs
(A1•A2)21 for 1s-0d shell nuclei using Skyrme force SII with th
shell density. The exact calculations are shown by solid circ
whereas solid lines give analytical fits to their average behavio
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1178 56BRIEF REPORTS
A similar fit was obtained for Fermi density for the 1s-0d
shell nuclei@5#, with

VJB
FD51.4006Ps , ~28!

RJB
FD54.581~1.1131023!A1•A2 , ~29!

RJ0
FD53.581~8.7031024!A1•A2 , ~30!

RJL
FD512.7721129~A1•A2!21. ~31!

A comparison between the exact calculations of spin den
potential and the analytical fit@Eq. ~27! with Eqs.~22!–~25!
for SD and Eqs.~28!–~31! for FD# is also shown in Fig. 1.
We notice that the spin density part of heavy ion potentia
parametrized as nicely for the shell-model density as for
Fermi density.

Finally, to figure out the difference between the spin de
sity potentials using shell density and Fermi density, we c
culate the percentage deviation

D i~%!5U i FD2 i SD

i FD U3100, ~32!

where i stands forVJB , RJB , RJ0 , andRJL . This quantity
gives the difference of results between the shell density
Fermi density. Figure 3 shows the variation ofD for VJB and
RJB , RJ0 , and RJL , respectively, as a function ofPs and
(A1•A2). The following interesting results are evident.

~i! The value of repulsive maximum recorded for t
shell-model density is;22% more than for the Fermi den
sity. Thus, using the shell-model density, the spin den
part of the heavy ion potential is; 1

5th more repulsive than
using the Fermi density.

~ii ! The variations ofD for RJB , RJ0 , and RJL with
(A1•A2) also present an interesting result. The shell den
has negligible effect onRJB and RJ0 , whereas it results in
about 8% effect forRJL . It is relevant to mention here tha
the errors in fixingRJL are quite large~see, e.g., Fig. 13 o
Ref. @5#!. Therefore, one should not take the variation
RJL for the shell density so seriously.

From our analysis~of involving about 50 reactions be
longing to the 1s-0d shell!, it is clear that the use of the she
density ~compared to the Fermi density! for calculating the
spin density part of the heavy ion interaction potential res
in a ;22% enhancement in the repulsive maximum, the b
rier heightVJB . The interesting aspect of this result is that
is independent of the size of colliding nuclei, within th
shell. Furthermore, since the position coordinatesRJB ,
.
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RJ0 , andRJL are nearly independent of the nature of nucle
density used, the barrier position and range of the spin d
sity part of the heavy ion potential are independent of
nature of the nucleon density.

In summary, we have studied the role of different nucle
densities on the spin density part of the interaction poten
employing the shell model density and the two-parame
Fermi density. A simple analytical formula of the sp
density part of the interaction potential, using the sh
density, is obtained and the same is compared with
for the Fermi density. We find that the shell density yiel
a ;22% more repulsive spin density barrier as compa
to the one given by the Fermi density. In the surfa
region, however, the spin density potential for the sh
density is lower than that for the Fermi density.
other words, the magnitude of the spin density part
the heavy ion potential is strongly influenced by the nat
of the nucleon density used, whereas the maxi
position and range are independent of the nature of the d
sity used.

This work is supported in part by the Department of S
ence and Technology, Government of India.

FIG. 3. Percentage difference D i(%)5u( i FD2
i SD)/ i FDu3100%, with i 5VJB and RJB , RJ0 , and RJL , respec-
tively, as a function ofPs and (A1•A2).
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