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Transverse radial expansion and directed flow

Sergei A. Voloshin*
Physikalisches Institut der Universita¨t Heidelberg, Heidelberg, Germany

~Received 19 November 1996!

The effects of an interplay of radial expansion of the thermalized system created in a heavy ion collision and
directed flow are discussed. It is shown that the study of azimuthal anisotropy of particle distribution as a
function of rapidityand transverse momentum could reveal important information on both radial and directed
flow. @S0556-2813~97!50304-9#

PACS number~s!: 25.75.Ld, 24.10.Jv
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Recently, the study of collective flow in nuclear collision
at high energies has attracted an increased attention of
theoreticians and experimentalists. There are several rea
for that: ~i! the observation of anisotropic flow at th
alternating-gradient synchrotron~AGS! @1,2# and, probably,
at the superproton synchrotron~SPS! @3# energies,~ii ! better
theoretical understanding of the relation between appear
and development of flow pattern during the fireball evoluti
and the processes such as thermalization, creation of qu
gluon plasma, phase transitions, etc.@4–7#, ~iii ! the study of
mean field effects@6,8#, ~iv! the importance of flow for othe
measurements such as two-particle interferometry@9–13#,
~v! development of new techniques suitable for flow study
high energies@14,15#. Although all forms of flow are inter-
related and represent only different parts of one global p
ture, usually people discuss different forms of collecti
flow, such as longitudinal expansion, radial transverse
pansion, directed flow, and elliptic flow@15,8#.

Flow introduces a strong space-momentum correlation
the particle production. Particles with a given rapidity a
transverse momentum are produced only by some part o
entire source. This part we call as an effective source
moves with the rapidity close to that of the particles@9,11# in
the midrapidity region, or slightly less than that for particl
in the fragmentation region@13#. The subject of the curren
study is transverse~radial and directed! flow, namely the
questions how azimuthally symmetric radial flow interfer
with directed flow and affects the directed flow signal.

It is convenient to characterize directed flow byv1, the
amplitude of the first harmonic in the Fourier decomposit
of the particle azimuthal distribution@14#. Depending on
which particular distribution is studied, the coefficients in t
Fourier decomposition depend on different variables. If it
a two-dimensional rapidity and azimuthal angle distributio
thenv1 depends only on rapidity, andv15^px&/^pt&, where
^pt& is the mean transverse momentum, and^px& is another
widely used quantity to describe flow, the mean projection
the transverse momentum onto the reaction plane. If
studies the production of particles with a given rapidity a
transverse momentum, then
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andv1 depends on two variablesy andpt . The dependence
v1(pt) for particles with a given rapidity is the main topic o
the current study. We will show that the radial expansion
the source results in specific shapes of this function, wh
can be studied experimentally, providing information on t
directed as well as radial components of the effective sou
velocity.

First studies of event shape anisotropy as a function
transverse momentum@16,17# have shown very interesting
results. Such a study using Fourier decomposition of the
muthal distribution promises a better quantitative descript
of the effect. One of the advantages would be the possib
to correct the results for the reaction plane resolution@2,14#.
The analysis ofv1(pt) is to a large extent independent fro
the uncertainties in thept dependence of spectrometer acce
tance and efficiency, and in this sense such an analysis
preference in comparison with the analysis of triple differe
tial distributions.

Transverse directed flow is a result of a movement of
effective source in the transverse plane~below we assume
that this movement is along the ‘‘x’’ axis!. In the source rest
frame the first moment of azimuthal distribution (v1) is zero.
The final anisotropy~here and below we discuss only th
first harmonic of the azimuthal distribution! appears only as
a consequence of the source movement in the transvers
rection. Below we derive a general expression forv1, assum-
ing that the invariant distribution in the source rest frame
known and~for simplicity! azimuthally symmetric

E
d3N

d3p
[J~pt,y!5J~pt ,y!. ~2!

Source movement in the transverse direction results
J→J85J(pt8,y), wherept8 is defined by the Lorentz shif
with velocityba along the ‘‘x’’ axis. Assuming that the shift
is small ~the directed flow velocity expected to b
ba<0.1), px85px2baE, and taking into account tha
]pt /]px5cos(f), one gets
,
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v15
*dfJ~pt8,y!cos~f!

*dfJ~pt8,y!
52

baE

2

dlnJ~pt ,y!

dpt
. ~3!

A comparison of exact numerical calculations for the mod
discussed below with the results of application of this f
mula shows that, for the values ofba<0.1, the formula~3! is
accurate at the level of a few percent.

Below we apply the derived formula to a few particul
cases, when the thermal source undergoes an isotropic
pansion. We first consider an expansion in a nonrelativi
case, then go to a relativistic generalization, and, finally, d
cuss a model of isotropically expanding thermal shell@18#,
widely used in the analysis of BEVALAC and SIS da
@19,20#. Using simple models permits us to perform all ca
culations analytically to keep clear the qualitative features
the effect. Note that directed as well as isotropic expans
velocities are defined in the frame moving longitudina
with the rapidity of the effective source.

Directed flow of protons is the most pronounced and l
affected by another effects such as shadowing. Protons
relatively heavy particles (m@T, m is the proton mass,T is
the temperature!, and often can be treated as nonrelativis
particles. This is certainly justified in the source rest fram
where the proton kinetic energy is of the order of tempe
tureE*2m;T!m. To have the possibility to treat proton
nonrelativistically in the transverse direction in theanalysis
frame, we have to assume thatmt2m!m, which restricts
the nonrelativistic consideration to the region ofpt<0.5
GeV.

The transverse isotropic expansion of the source can
described as a superposition of different sources moving
dially with an expansion velocityb0. Then the~nonrelativ-
istic! transverse momentum distribution of protons from
radially expanding thermal source can be written as

1

N

d2N

dpt
5

1

~2p!2~2mT!
E dcexp

3S 2
@px2p0cos~c!#21@py2p0sin~c!#2

2mT D , ~4!

wherep05mb0. The integration overc ~the orientation of
the expansion velocity! results in the distribution

1

N

d2N

dpt
5

1

2p~2mT!
expS 2

pt
21p0

2

2mT D I 0~j!, ~5!

whereI 0 is the modified Bessel function, andj5b0pt /T.
Using the formula~3! one gets an expression forv1:
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v1~pt!5
ptba

2T S 12
mb0

pt

I 1~j!

I 0~j! D . ~6!

In our analysis we work in the frame moving longitudinal
with the effective source rapidity. In this frame the longit
dinal particle momenta usually can be neglected, which w
done in the derivation above. If one considers the part
production with rapidities far from the rapidity of the effec
tive source, when particle longitudinal momenta are lar
one should make a substitutionm→Am21pl

2.
It follows from Eq. ~6! that in the case without radia

expansion,v1 linearly depends on the transverse moment
with the slope of 0.5ba /T. The radial expansion of the sys
tem decreases the directed flow signal changing also
shape ofv1(pt) in the low pt region. Remarkably, at som
parameter values, namely such thatmb0

2/2.T ~for T5100
MeV it corresponds tob0.0.46), v1(pt) has a region~at
small pt), where it is negative~see Fig. 1!. Physically it
corresponds to the case when particle production with su
value of pt is more probable from the part of the effectiv
source which moves to the opposite direction than the fl
direction ~in this case directed flow and ‘‘expansion’’ flow
compensate each other!.

The relativistic generalization of the above formulas
straightforward, although results into somewhat less tra
parent expressions. The invariant distribution in this case
be written in the form

FIG. 1. v1(pt): solid lines—Eq. ~6!, dashed lines—Eq.~8!.
T50.1 GeV,ba50.1.
l

J}E dcE* e2E* /T5E dc@Ecosh~yt!2ptcos~c!sinh~yt!#exp$2@Ecosh~yt!2ptcos~c!sinh~yt!#/T%

5Te2x@xI 0~j!2jI 1~j!#, ~7!

wherex5Ecosh(yt)/T, j5ptsinh(yt)/T; yt50.5ln@(11b0)/(12b0)] is the transverse rapidity;I 0 and I 1 are modified Besse
functions. Such a distribution yields

v15
baptcosh~yt!

2T S 12
I 1~j!E2sinh~yt!cosh~yt!1I 0~j!@ptTcosh~yt!2ETsinh~yt!

2#

ptTcosh~yt!@xI 0~j!2jI 1~j!# D . ~8!
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Note that the energyE is measured in the frame movin
longitudinally with the same velocity as an effective sour
Studying particle production close to the fragmentation
gion, one should remember that the rapidity of the effect
source could be less than that of the particles@13#. In this
caseE5mtcosh(y*2y), wherey* is the effective source ra
pidity.

If the particles are emitted from a thermalizedspherical
shellat temperatureT, expanding with velocityb r ~we use a
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different notation to distinguishb r from b0, the expansion
velocity in the transverseplane!, the expected invariant dis
tribution has the form@18,19#

J}exp~2Eg/T!S sinh~a!

a
~E1T/g!2cosh~a!T/g D , ~9!

whereg51/A12b r
2, anda5b rpg/T. An application of the

prescription~3! gives
v15
ptbag

2T
„Esinh~a!/a2cosh~a!T/g1$~E1T/g!@cosh~a!/a2sinh~a!/a2#

2sinh~a!T/g%b rE/p…/@~E1T/g!sinh~a!/a2cosh~a!T/g#. ~10!
ion,

ith
the
op
old-

-C.
Qualitatively this model predicts the same dependen
v1(pt) as the model with the expansion only in the tran
verse plane. However, due to the expansions in three dim
sions, the value of the expansion velocity in this mod
needed to describe the dip inv1pt at low pt is about 15%
larger.

Summarizing, it is shown that a study of the depende
of the amplitude of the first harmonic in the azimuthal d
tributions on transverse momentum reveals important
tures of directed and transverse radial flow. The magnit
and the shape ofv1(pt) is very sensitive to such paramete
s
-
n-
l

e
-
a-
e

of the system as an effective temperature, radial expans
and directed flow velocities. Strong radial expansion~ap-
proximatelyb0>A2T/m) would evidence itself in the di-
rected flow signal showing an antiflow of the particles w
low transverse momentum. The preliminary results of
E877 Collaboration presented at HIP-AGS ’96 Worksh
@21# suggests that such a regime could be the case in g
gold collisions at the AGS.

The author acknowledges the discussions with W.
Chang.
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