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Pseudoscalar meson photoproduction: From known to undiscovered resonances

Bijan Saghai
Service de Physique Nucle´aire, Commissariat a` l’Energie Atomique, Direction des Sciences de la Matie`re, DAPNIA,

Centre d’Etudes de Saclay, F-91191 Gif-sur-Yvette, France

Frank Tabakin
Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh, Pennsylvania 15260

~Received 20 June 1996!

The role of dynamics in spin observables for pseudoscalar meson photoproduction is investigated using a
density matrix approach in a multipole truncated framework. Extraction of novel rules for
gp→p1n, K1L, and hp reactions based on resonance dominance, and on other broad and reasonable
dynamical assumptions, are discussed. Observables that are particularly sensitive to missing nucleonic reso-
nances predicted by quark-based approaches, are singled out.@S0556-2813~97!03202-0#
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I. INTRODUCTION

Determination of the dynamics underlying pseudosca
meson photoproduction has been a major challenge in
ronic physics for several decades. This challenge persists
cause:~i! data remain scarce and of rather poor quality~ex-
cept perhaps for the pion production case! and ~ii ! the most
advanced approaches, based on effective Lagrangian for
isms, embody entities not calculable via a fundamen
theory, and hence require free parameters.

Intensive experimental effort at the Continuous Electr
Beam Accelerator Facility~CEBAF!, the Electron Stretche
Accelerator ~ELSA!, the European Synchrotron Radiatio
Facility ~ESRF!, the Laser Electron Gamma Source~LEGS!,
and at the Mainz Microtron~MAMI ! are, or will soon be,
providing copious and accurate data. One major anticipa
advance is the measurement of single and double pola
tion observables. Simultaneously, phenomenological theo
are becoming more sophisticated. Nevertheless, for ka
and to a lesser extent forh andp photoproduction, a unique
determination of the underlying dynamics is not anticipa
because of possible contributions from a rather large num
of resonances to the reaction mechanism.

The present work is motivated by an effort to ameliora
this awkward situation. We offer a potentially usefullink
between forthcoming polarization data and phenomenol
cal analysis. In generating this link, we start from the mo

1Since photoproduction of pseudoscalar mesons is an exothe
reaction, the final state momentumq can be small, when the initia
photon momentumk is large. If qa, wherea is the range of the
interaction, is small enough, the Bessel function associated with
final state can be expanded, which yields a (qa) l threshold rule for
the multipole with final state orbital angular momentuml . The
largest range is generated byt-channel meson exchange, which
typically a pion; hence,a'1/mp . This is not as fast a falloff as, fo
example, occurs in low-energy nucleon-nucleon scattering, but
fices to justify truncation of multipoles at lower energies. Numeri
studies involving turning-off higher multipoles vouch for this ass
tion qualitatively.
550556-2813/97/55~2!/917~12!/$10.00
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independent rules of Ref.@1#. In applying those rules to spe
cific reactions, we invoke some broad and reasonable
namical assumptions. These assumptions are:~1! the multi-
pole amplitudes can be truncated, based on the centrif
barrier,1 ~2! multipole amplitudes are resonance dominat
and ~3! the background and nonresonant contributions
small and structureless. Some of these are bold assumpt
but they do allow us to generate guidelines for resona
searching, prior to a full-fledged dynamical calculatio
Thus, the purpose of this paper is to extend our earlier st
@1# of nodal structureto isolate specific dynamical feature
hence, improving understanding of the relevant react
mechanisms. Hopefully, our approach will contribute to t
development of more realistic and complete descriptions
basic pseudoscalar meson electromagnetic production
cessesvia phenomenological or more fundamental QC
inspired theories.

Each pseudoscalar meson photoproduction c
(gN→pN, KY, hN), is known to have different characte
istics. Pion photoproduction is the best understood chan
It has the advantage of being dominated byonly one nucle-
onic resonanceD33. We show later that our analysis of sp
observables agrees with the results of the best available
nomenological formalisms and sheds some light on furt
developments.

Among the three pseudoscalar meson photoproduc
processes, the reaction mechanism for associated strang
production is the most complicated and hence understood
least. This reaction has been discussed in detail in a prev
paper@2#. For this reaction, we now provide more inform
tion by focusing on very recent polarization data and sh
how our nodal trajectory analysis deepens understandin
recent phenomenological models.

Finally, we study theh production case. Using recen
experimental and theoretical results, we show here how
h photoproduction process might be used to search for m
ing, or undiscovered, resonances.2 These resonances are pr
dicted @3# by quark-based models@3–5# to couple only
weakly, if at all, to pN systems, but significantly to the
hN channel, which enhances interest inh production.

In Sec. II, the general structure of the cross section and
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918 55BIJAN SAGHAI AND FRANK TABAKIN
fifteen single and double polarization observables is p
sented. The notion of nodal trajectories is illustrated and
plied to specific cases in Sec. III. Our conclusions are p
sented in Sec. IV.

II. SPIN OBSERVABLES IN A MULTIPOLE TRUNCATED
BASIS AND DYNAMICAL RULES

The general rules for the sixteen observables, deri
from a density matrix approach, are described in detai
Ref. @1# ~FTS!. From that work, we recall that the Legend
classes of the sixteen observables, which are labeled byL0,
L1a , L1b , andL2, are

L0~I;E;Cz8;Lz8!, L1a~P;H;Cx8;Lx8!,

L1b~T;F;Ox8;Tz8!, L2~S;G;Oz8;Tx8!. ~2.1!

In the above list, as explained in Table I, the first entry
each class is the cross section or a single polarization obs
able (I,P,T,S); the others are all double polarization o
servables, which appear ordered as beam ta
(E,H,F,G), beam recoil (Cz8,Cx8,Ox8,Oz8); with the last
entry in each class being the target-recoil observab
(Lz8,Lx8,Tz8,Tx8). The polarization asymmetries range fro
21 to 11. The angular dependence of the above obse
ables are determined by expressing the four helicity am
tudesHi(u) ( i51•••4) in terms of Wigner rotation func
tions, withu denoting the produced meson’s center-of-m
angle. It is then simple to deduce that eachLM class observ-
able can be expanded in a series of associated Lege
functionsPLM(cosu).

Rules concerning spin observables were discussed
FTS, based on the possible truncation of helicity or multip
amplitudes. The advantage of expanding the meson ph
production amplitudes into multipolesEl

6 ,M l
6 is that the

orbital angular momentl of the finalmeson-baryonstate
can be used to reduce the number of amplitudes, base
the existence of a centrifugal barrier. Of course, this trun
tion does not include the possibility of dynamical effec
which could magnify selected orbital states. For example
resonance could emphasize a particular partial wave or c
peting effects could attenuate selected waves. However,
just the deviation from ordinary centrifugal-dominated b
havior of spin observables and the dominant role of baryo
resonances that allow spin observables to serve as exce
indicators of special dynamical effects.

Spin observables organized by Legendre class and
pressed as profile functions3 are expanded in the following
forms. For members of the Legendre classL0 , the form is

2Missing, or undiscovered, resonances have been investigate
several authors. For illustration, we refer only to recent papers
Capstick and Roberts@3,4#, which contain references to other re
evant works.
3Profile functions@1# are the product of the spin observable tim

the cross-section functionI, with the cross section given b
s(u)5(q/k)I, wherek andq denote the initial and final state c.m
momenta. Profile functions are proportional to bilinear products
amplitudes.
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O[ (
L>0

ALPL~cosu![ (
m>0

n

amcos
mu. ~2.2!

For members of the Legendre classL1a or L1b , the form
is

O[ (
L>1

AL8PL1~cosu![sinu (
m>0

n

am8 cos
mu. ~2.3!

For members of the Legendre classL2 the form is

O[ (
L>2

AL9PL2~cosu![sin2u (
m>0

n

am9 cos
mu. ~2.4!

The coefficientsam ,am8 ,am9 can be expressed in terms o
the basic multipole amplitudes. The manner in which a s
cific multipole contributes to these coefficients, and the p
sibility that the associated polynomial can have nodes,
the major features that we exploit in this paper to dedu
definitive manifestations of underlying hadron dynamics. F

by
y

f

TABLE I. The notationPphoton, initial baryon
meson, final baryon is used to indicate the

initial ~final! baryonxyz(x8y8z8) spin directions and the photon’
circular (c) or linear (l ) polarization.

Class Observable Symbol Notation

L0
cross section I P0000

beam target E Pcz00
beam recoil Cz8 Pc00z8
target recoil Lz8 P0z0z8

L1a
Recoil P P000y8

beam target H Plx00
beam recoil Cx8 Pc00x8
target recoil Lx8 P0z0x8

L1b
Target T P0y00

beam target F Pcx00
beam recoil Ox8 Pl00x8
target recoil Tz8 P0x0z8

L2
Beam S Pl000

beam target G Plz00
beam recoil Oz8 Pl00z8
target recoil Tx8 P0x0x8
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example, the condition for nodesu0 in a spin observable
aside from endpoint (0° and 180°) zeroes,
(m>0amcos

mu050.
For example, under the assumption that theam>3 coeffi-

cients can be neglected, one needs to consider the quad
equationa2x

21a1x1a050 (x[cosu), which has two solu-
tions x1,25@2a16(a1

224a0a2)
1/2#/2a2 . Nodes occur if a

root is real and less than 1 in magnitude. To get real so
tions, we needa1

2>4a0a2 . For a1
254a0a2 , we can get two

equal solutionsx15x252a1 /2a2 ; if these solutions are
less than 1 in magnitude, then the observable has a non
changing zero~NSC!, not a sign-changing~SC! node. That
locates the bifurcation point, which is the energy at wh
double nodes first set in. One can also generate condition
the derivative of the profile function with respect tou, which
can be used to test ifm>3 coefficients can be neglecte
Using such features, knowledge of nodes in a spin obs
able can provide definitive information about th
a0 ,a1 ,a2••• coefficients and thus about underlying mul
pole amplitudes and resonances. Of course, by fitting d
directly over a range of energies, one can extract even m
information from these coefficients.

To constrain dynamics and the basic multipole amp
tudes, it is useful to express the coefficientsam in terms of
the electric and magnetic multipoles. The basic idea her
that for each photoproduced meson there is a family of do
nant resonances. Those resonances feed into the mult
amplitudes of the same quantum numbers, which, in tu
determine the polynomial coefficientsam . Once these are
known, the general energy and angular dependence o
spin observables, along with associated nodes, can be s
fied. Thus, each meson has spin observables characteriz
its driving resonances.

To illustrate the angular dependence and the energy
lution of nodes, the spin observableE, a typicalL0 Legendre
class observable, is shown in Fig. 1. At the lowest incid

FIG. 1. Typical energy and angular dependence of aL0 class
polarization observable asymmetry~the depicted case is for a typ
cal double polarization observableE for kaon production!. The
nodal trajectory is defined as the projection of nonendpoint z
values at each energy on the plane defined by the energy o
incident photon and the angle of produced meson. The energ
given in arbitrary units~u!.
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energy,E takes only positive values; with increasing energ
it assumes a zero value at one angle~a nonsign changing
zero, NSC!. As the energy increases that single zero bif
cates into two nodes~sign-changing nodes, SC!. The projec-
tion of these nodes into thenode position-energyplane con-
stitutes thenodal trajectory.

With this three-dimensional~3D! plot in mind, we would
like to stress two features used extensively in this paper.The
polynomial behavior of the angular distribution of the o
servable and/or its nodal structure depends on the incid
photon energy. Moreover, such dependence may (and o
does) vary from one observable to the other in a man
characterized by the underlying resonances.This remark can
be applied to every pseudoscalar meson photoproduction
action.

III. NODAL TRAJECTORY ANALYSIS

Expressions relating the coefficientsam , am8 , andam9 to
electric and magnetic multipole amplitudes~truncated at
l <2) were obtained@6# for all sixteen observables (O) us-
ing MATHEMATICA . These observables are organized
OM5sinMu(m>0

n amx
m, with x[cos(u), whereu is the final-

state meson-baryon angle in the c.m. system and the l
M50, 1, or 2, for Legendre class 0,~1a, 1b!, or 2, respec-
tively. In the Appendix, a sample result is presented for
target polarization profile function. The relevanta0•••a3 co-
efficients are given as imaginary parts of bilinear products
multipole amplitudes. By examining the structure of this p
ticular result, we can understand the general form of all s
observables, as displayed in Table II.

To understand the notation used in Table II, consider
a0 for the target polarization profile given in the Appendi
Its first term involves theS-wave multipoleE1

0 , which has a
total angular momentum ofJ51/2, and can be designated a
anS2I ,1[S amplitude, using the usual conventionL2I ,2J . For
convenience, we present the case of general isospinI . The
E1

2 and M1
2 multipoles are P-wave amplitudes with

J5121/251/2 and thus are designated asP2I ,1[P ampli-
tudes. Similarly,E1

1 andM1
1 are P-wave amplitudes with

J5111/253/2 and thus are designated asP2I ,3[P8 ampli-
tudes. ForD waves, we haveE2

2 andM2
2 amplitudes with

J5221/253/2, designated asD2I ,3[D and E2
1 andM2

1

amplitudes withJ5211/255/2, designated asD2I ,5[D8
amplitudes.

The first term ofa0 in the Appendix involves interferenc
betweenS andP waves ofJ53/2. To highlight that feature
we abbreviate that term as ‘‘SP8, ’’ where the prime indi-
cates again that theP waves are of theP2I ,3 type. The re-
maining terms ina0 for T involve P- andD-wave interfer-
ence; they includeP2I ,1 (M1

2) interfering with D2I ,3 and
D2I ,5 terms and alsoP2I ,3 (E1

1 andM1
1) interfering with

D2I ,3 (E2
2 andM2

2) andD2I ,5 (E2
1 andM2

1) terms. These
terms are abbreviated as ‘‘P2I ,iD2I , j ’’ where i takes on the
P wave 2J values of 1 and 3, andj theD wave 2J values of
3 and 5.

For the a1 term of the target polarization, there a
‘‘ SDj[SD%SD8’’ terms, e.g.,SD interference involving
J53/2 andJ55/2 D-wave multipoles. In addition, interfer
ence betweenJ51/2(P) andJ53/2(P8) is designated as a
‘‘ PP8’’ contribution. Terms that involveJ53/2(E2

2 and

o
he
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TABLE II. Multipole dependence of the polynomial coefficients for all single and double polarization
observables in pseudoscalar meson production. Herei51 and i53 denote theJ51/2 and 3/2P waves
(P[P2I1 andP8[P2I3 , respectively!, while j53 and j55 are theJ53/2 and 5/2D waves (D[D2I3 and
D8[D2I5, respectively!. Single letters refer to terms of the typeuE0

1u2[S; such terms are listed in the first
row for each set of observables, when appropriate. In the following rows the interference terms are given in
the notationSD2I j , . . . . Theterm P2I iD2I j is short forPD%PD8%P8D%P8D8. The boxed letters show
how the strongS wave contributes to theam coefficients for each observable.
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M2
2) interference withJ55/2(E2

1 andM2
1) D waves, are

expressed in Table I as ‘‘DD8. ’’ Terms in a2 involving P
waves of the same angular momentum, albeit of differ
electric or magnetic multipole character, such asE1

1M1
1* ,

are denoted by a single letter ‘‘P8.’’ For corresponding
D-wave termsE2

6M2
6* for J5261/2 cases, we enter

single letter,D2I ,3%D2I ,5[D2I , j , where j53,5 in Table II.
At this stage, we hope the compact notation used in Ta

II to describe the general structure of the coefficientsam is
clear, since it is essential for the rest of our paper. Note
there is an odd/even parity rule for theam terms in Table II.
For example, thea0 for the target polarization entry involve
l 50 and 1 plusl 51 and 2 interference—which are od
terms. The next terma2 is an even term which involve
(l 51)3(l 51)(P8) and (l 52)3(l 52)(D2I , j ) terms,
plus three other manifestly even interference terms. That
tern, which appears throughout the table, is clearly a refl
tion of the underlying tensorial and parity character of ea
spin observable. Another important feature is the location
theE0

1 multipole amplitude, which is indicated by the boxe
terms in Table II; interference and also magnitu
‘‘ S’’-type terms appear in these boxes. As we will see in S
III A 3, this S-wave amplitude if quite large, will make th
am in which it appears dominant. Terms that involve inte
ference between this sizable,S-wave amplitude and particu
lar P andD waves, have amplified values of theam in which
thatS wave occurs. If theS wave interferes with a resonan
P- or D-wave amplitude, then great magnification of th
term can occur; which can cause dramatic changes in n
and polynomial structures. It is such a mechanism that
seek to isolate and use to magnify the role of as yet uns
resonances.

By identifying different resonances, according to their a
gular momentum and spin, with the relevant multipoles,
expressions for the observables summarized in Table II
be used to anticipate the role of resonances on spin obs
ables. There are basically two types of terms in Table II~see
the Appendix!: those coming from a single resonan
(}uEl

6u2, uM l
6u2, El

6
•M l

6) and those arising from interfer
ence terms between two resonances. Here we begin to i
tify amplitudes with resonances; indeed, our key point is t
by assuming that amplitudes are dominated by resonan,
we can anticipate the angle and energy dependence of
observables and their sensitivity to particular resonances

Note that higher spin resonances, which appear with
creasing incident photon energy, contribute significantly
even exclusively to the highest order polynomial coe
cients, which shows that our approach is also relevan
energies much above threshold, as is shown below.

One needs to be careful about treating the isospin.
though Table II refers only to a fixed isospinI , the Table
generalizes to theI51/2 and 3/2 case, as occurs for pion
for kaon production associated withS hyperons. The inter-
pretation of theP- andD-wave interference term ‘‘PD, ’’
maps to sums over isospin;4 namely,

4Isospin factors and relevant phases have been incorporated
the amplitudes.
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PD→(
I ,I 8

P~ I !D~ I 8!; ~3.1!

whereas, the diagonal-type term ‘‘D ’’ becomes

uDu2→(
I ,I 8

uD~ I !1D~ I 8!u2. ~3.2!

We can now apply the general rules for the structure
the spin observables to different pseudoscalar mesons.

A. Dynamical rules

In this section, we give examples of the angular distrib
tion of the polarization observables ingp→p1n, hp, and
K1L processes, in order to gain insight into how the abo
general rules help to reveal the basic dynamics.

1. Pion

Pion photoproduction is by far the most investigated@7#
of these reactions. Despite this attention, complete ang
distribution data for polarization observables remain sca
Experiments recently completed at Bonn@8,9# and
Brookhaven@10# will soon greatly enlarge the data bas
Here, we investigate the preliminary results from t
PHOENICS Collaboration@8#.

The target polarization asymmetryT at Eg
lab5220 and

650 MeV for the reactiongpW→p1n are shown in Fig. 2.
The profile function for thisL1b Legendre class single spi
observable can be expressed in the form su
3(a01a1x1a2x

21•••). The polynomial coefficientsam
were adjusted to fit these data. The data at both energies,
2, are quite well reproduced by a second-order polynom
for the higher energy results the need for a third-order po
nomial is unclear. What can we learn from the fact that
data require a second-order polynomial?

We now use Table II for the spin observableT. Based on
the most recent phenomenological calculations, we ass
zeroD8[D15 contribution. In that case, the entry forT in
Table II shows the following coefficient structure:

a05SP8%PD%P8D, a15P8%D%SD%PP8,

a25P8D, a350. ~3.3!

From the above, one sees that neglectingD8 resonances
leads to a second-order polynomial. Moreover, to genera
nonzeroa2 the pion-nucleon system must have significa
and we assume resonant,P8D contributions. Note the domi-
nantD33 isobar is aI53/2, P8 state. The presence of th
D33 andspin-3/2 (l52) resonances (P8 andD, respectively!
are necessary to geta2Þ0. Thus, evidence for ana2 poly-
nomial, under the assumption of zeroD8 terms, can shed
light on the role of aD contribution.

Fitting the lower energy 220 MeV data with a secon
order polynomial, we find thata2.2a1 ; with ua2u slightly
larger thanua0u. Given thata1 is the only coefficient contain-
ing a pure contribution from the dominantD33 resonance~the
nto
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922 55BIJAN SAGHAI AND FRANK TABAKIN
singleP8 term!, the smallness of this coefficient implies th
the other terms ina1 interfere destructively with theP8 term.
Also the extra terms ina0 compared toa2, SP8%PD, are
slightly destructive, since we find thatua2u is slightly larger
than ua0u. Recall that to get a real node in a second-or
polynomial, we needa1

2>4a0a2 , which is not satisfied here
hence, this observable has its nodeless behavior despit
D33 resonance.

This absence of nodes at 220 MeV also implies that re
nances other than theD33 are required by the data, as
already known from existing models~see, for example, Ref
@11#!. In particular, the 220 MeV data yield values of th
polynomial coefficients which, from the above structure,
quire contributions from spin-1/2 (S and P) and spin-3/2
(P8 andD) nucleonic resonances. Again, we assume that
multipole amplitudes are resonance dominated, although
possible that a background can play a significant role
should be included in a fully dynamical analysis.

At the higher energy 650 MeV, the absolute values of
coefficienta0 for both then52 andn53 polynomial fits are
small. Without an a0 term, the observableT has a
sinu3cosu structure; hence, a node appears inT near
'90° for smalla0 . To obtain that small value ofa0 and the
'90° node, the terms in the expression given above m
interfere destructively, e.g.,SP8%PD%P8D'0.

Note that using Table II, if the data requiresn53 terms,
then besides the spin-1/2 and spin-3/2 resonances, the
tion mechanism would acquire contributions from a spin-
resonance (D8). Such a resonance, at higher energ
(>800 MeV!, has been suggested by Garcilazo and Moya
Guerra@11# in their extensive study of pion photoproductio
using an effective-Lagrangian-based model which inclu
s-channel, spin-1/2, and spin-3/2 resonances (S, P, P8,
andD).

Although, we can learn from the above how to analy
the general structure ofT for its resonance depend
ence, we also see from Table II that the target asymm
T is not the best observable for investigating the r
of spin-5/2 resonances (D8). From Table II, the beam reco
(Cz8, Cx8,Ox8, Oz8) and target recoil (Lz8, Lx8,
Tz8,Tx8) double polarization observables offer much clea
cases for that purpose. These observables can be classifi
three groups according where a pure magnitudeD8 term oc-
curs. ForCz8 andLz8 , ‘‘D8’’ occurs in then55 term; for
Cx8 , Lx8 , Ox8 , andTz8 , ‘‘D8’’ occurs in then54 term;
while Oz8 and Tx8 have the lowest occurrence of
‘‘ D8’’—in their n53 terms. The common feature to all o
these double spin observables is not only that the hig
power coefficient (anmax) is apure D8 state, but also that the

anmax21 coefficient dependsonly on theP8D8 interference

terms. Given the dominant role played by theD33 resonance
(P8), the effect of theD8 resonance is hence magnified in a
of these observables, with evidence fora2 anda3 terms in
Oz8 andTx8 offering the best choice among these double s
observables.

However, the most promising observables in looking
the effects of spin-5/2 resonances are, according to Tabl
reached using a linearly polarized beam, e.g., the single
larizationS and double beam-targetG asymmetry. That con-
clusion is based on the fact thatD8 enters into then52
r
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order polynomial terms for these observables, in contras
other asymmetries, where one needs to go ton>4 polyno-
mials to seeD8 effects.

Having shown how Table II provides a guide for res
nance searching in pion photoproduction, we now turn
another example.

2. Kaon

Due to a large number of resonances andt-channel ex-
changes, the reaction mechanism for associated strange
photoproduction is much more complicated@12–15# than for
p andh photoproduction. However, inK1L ~andh) chan-
nels only isospinI51/2 resonances can intervene, which
at least one simplification compared to the pion case.

The only published angular distribution data for polariz
tion observables are the hyperon-recoil (P) asymmetry re-
cently measured at ELSA@16#. In Fig. 3 their results for the
gp→K1LW channel at 1.2 GeV are shown. In Fig. 3~a!, the
results of our polynomial fit using the form
P5sinu(m50

n amx
m, with x[cos(uc.m.

K ) are depicted for four
polynomial orders (n51, 2, 3, and 4). The endpoints ar
required to be zero, by virtue of the helicity amplitude stru
ture of this observable@1#. From Fig. 3~a!, we infer that
although ann52 polynomial gives an acceptable descripti
of the data, the use of ann53 polynomial decreases th
x2 by roughly a factor of 4, while there is no significant ne
for n54 terms. The structure of theP asymmetry~see Table

FIG. 2. Angular distribution of the polarized target asymme

in thegpW→p1n reaction atEg
lab5220 MeV ~a! and 650 MeV~b!.

Curves are explained in the text.
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II !, shows that evidence for ann53 polynomial implies the
presence of spin-5/2 nucleonic resonance~s! (D8) in the un-
derlying dynamics.

To confront this finding with our present knowledge
the relevant reaction mechanism, we show in Fig. 3~b! the
predictions of three recent phenomenological approach
@12–14# based on isobaric formalisms. These effectiv
Lagrangian-based models contains-, u-, and t-channel ex-
changes. In a previous paper@2#, we investigated the impli-
cations of these exchange channels on our nodal trajec
analysis. Here, we will concentrate on thes-channel nucle-
onic resonances. Thes-channel content of the three mode
discussed here can be summarized as follows. The two
models by Adelseck-Saghai~AS! @12# and Williams, Ji, and
Cotanch ~WJC! @13#, include only spin-1/2 resonance
Namely, AS: @P11(1440)#,@P#; WJC: @S11(1650),
P11(1710)],@SP#. While the most recent model from
the Saclay-Lyon Group~SL!, by David et al. @14#, con-
tains spin-1/2, spin-3/2, and spin-5/2 resonanc
@P11(1440),P13(1720),D15(1680)],@PP8D8#. From Fig.
3~b!, and thex2 per point values~AS:2.5, WJC:1.9, SL:1.5!,
we conclude that thegenuinespin-5/2 resonance in the S
model is producing the anticipateda3 effect discussed in the
previous paragraph.

Note that the AS and WJC models reproduced the d
with reasonable accuracy. The AS modelpredictedthe ex-
isting ~old! P-asymmetry data especially well, and the WJ

FIG. 3. Angular distribution of the recoilL-polarization asym-

metry in thegp→K1LW channel atEg
lab51.2 GeV. Curves are ex

plained in the text.
s
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model reproduces correctly all data included in their fitt
data base. As discussed in a previous paper@2#, the higher
spin resonances missing in the AS and WJC models
mimicked by thet-channel exchanges, in line with the dua
ity hypothesis. Nevertheless, as we anticipated@2#, the P
asymmetry is basically a resonance driven entity. This re
nance dominance is confirmed by the results shown in Fig

For further illustration of the role of the polynomial co-
efficients, we mention that the numerical values of the co
ficients for then53 polynomial fit to theL-polarization
asymmetry in Fig. 3~a! satisfy the following relations, at the
level of a few percent:ua0u.ua2u andua1u.ua3u. From Table
II, we see that

d02[ua0u2ua2u}SP1i %PD[SP%SP8%PD ~3.4!

and

d13[ua1u2ua3u}SD1 j %PP8[SD%SD8%PP8. ~3.5!

Let us now examine how our fit using the aboven53
polynomial structure, which impliesd02.0 and d13.0, can
arise.

In a rathercomplicatedreaction mechanism which in
cludesS11, P11, P13, D13, andD15 nucleonic resonances
the above relations (d02.d13.0) can be satisfied in one o
the two following ways~i! Strong interference effects: highl
destructive interference occurs among theSP, SP8, and
PD terms,and also amongSD, SD8, andPP8 terms. ~ii !
Weaker interference effects: if the contributions fromP11
resonance~s! are negligible, thend02}SP8 and d13}SD1 j .
In this case,d02.0 is satisfied if contributions fromS or
D waves are negligible. Moreover, either smallSD and
SD8 or destructive interference between these two terms
ensured13.0.

Actually, the SL model~obtained within the most com
prehensive phenomenological approach! is very close to the
second of the above options and provides~almost! vanishing
values for bothd02 andd13 through simple and hence appea
ing mechanisms. Namely, in the SL model there are noS-
andD-wave resonances, henced0250 andd13}PP8. More-
over, in the SL model the relationd13.0 is verified because
the only P11 resonance~Roper resonance! has a very tiny
overall coupling in the processgp→P11→K1L, namely,
the product of the initial state~electromagnetic production
vertex! and the final state~strong decay vertex! coupling
constantsGN*[ggpN!(gKLN!), (N![P11), comes out to be
very small~see Ref.@14# Tables IX!, as determined by fitting
the relevant data~differential and total cross sections, th
L-polarization asymmetry, and theK2p radiative capture
branching ratio!. Our analysis hence explains the negligib
role ~see Ref.@14# Tables XII! played by the Roper reso
nance in the strangeness electromagnetic production r
tion.

The above discussion provides a clear example of the
nificant role that our nodal approach can play in establish
links between data and dynamical models. More precisely
the forthcoming polarization data, expected to be more ac
rate and contain more complete angular distributions, c
firm the above analysis of then53 polynomial coefficients,
then future models could exclude the nucleonicS11 andP11
resonances from consideration, thereby decreasing cons
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924 55BIJAN SAGHAI AND FRANK TABAKIN
ably the number of candidate resonances,and consequently,
the number of resonance sets to be investigated.

We now turn to the third case of pseudoscalar photop
duction and introduce its resonance structure.

3. Eta

New experimental facilities are or will soon be used
study h-photoproduction extensively. Recent low-ener
cross-section measurements@17,18# have already provided
insights into the dynamics of this process. At the pres
time, it seems to be established@19#, via an effective La-
grangian approach includings-channel spin-1/2 and -3/2
nucleonic resonances andt-channel vector meson-exchang
processes, that the reaction mechanism, at least
Eg
lab<800, is dominated by two resonances,S11(1535) and

D13(1520). These data, as well as more extensive prel
nary data from ELSA@20,21# between threshold and 115
MeV, have also been investigated@22# within a formalism
based on an isobar model@22,23#. In this approach electric
and magnetic multipole amplitudes are expressed in term
various isospin-1/2 nucleonic resonances described by ‘‘r
tivized’’ energy-dependent Breit-Wigner forms, plus
smooth background5 including S andP waves. The role of
the following resonances has been investigated:

S11~1535!, S11~1650!, P11~1440!, P11~1710!,

P13~1720!, D15~1675!, D13~1520!, D13~1700!,

F15~1680!, G17~2190!.

This isobaric approach of Ref.@22#, which is less fundamen
tal than the effective Lagrangian formalisms, has the adv
tage of allowing one to rather easily include higher spin re
nances in the reaction mechanism. The results of this iso
model work @22# confirm the major role played by th
S11(1535) andD13(1520) resonance. More reliable concl
sions about the reaction mechanism up to 1.2 GeV await
release of final data.

Nevertheless, two main questions are worth investigat
~i! Can the subthreshold, but wide, Roper resonance pla
significant role in the reaction mechanism, especially w
respect to the forthcoming higher energy data@21# from
Bonn?~ii ! Could this process be used to search for undisc
ered and/or missing resonances6 as predicted@3# by recent
relativized pair-creation quark models?

To address these questions, we single out the most
evant dynamical sets of resonances. In Table III, we list
observables and, using Table II as input, we indicate
resonance dependence of the polynomial expansion co
cients for various sets of assumed resonance amplitude
narios. Since theh photoproduction is dominated b
S11(1535) andD13(1520), we start from theSD resonance
set, then we sequentially add in contributions fromP11[P,

5The subtle role played by nonresonant terms is discussed in d
in a forthcoming paper@22#.
6In this paper, we focus on the following resonances predicted

Capstick and Roberts@3#: P11, P13, andD15 with masses around 2
GeV, and nonvanishing decay amplitudes to thehN channels.
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P13[P8, and D15[D8. Thus, we consider the resonan
scenarios of onlySD resonances, then add inP to get
SPD or P8 to getSP8D, add in both spin-1/2 and -3/2P
waves (SPP8D). Finally, with P, P8, andD8 all on, the
resonance set isSPP8DD8. This sequence of resonances h
been generated by the following considerations:~i! the main
reasons for consideringP11 are that, first it is desirable to
identify observables which could reveal the role, if an
played by the Roper resonanceP11(1440) in this reaction,
and second to look for two of the missingP11 resonances
with masses around 1.9 GeV,~ii ! for the P13 sector, it is
desirable to find out which observables, if any, are suitable
searching for undiscovered resonances,~iii ! then a combina-
tion of these four family of resonances~i.e.,SPP8D), and an
additional contribution from a spin-5/2 resonance (D8) is
investigated. The need for such a spin-5/2 resonance (D8)
has already been anticipated in the case of pions@11#, and
shown in the case of kaons@14#. So, either a known or a
missingD8 high spin resonance might also appear in theh
case in the comparable energy region. If so, the resonanc
(SPP8DD8) in Table III should be considered in determin
ing the best observable for seeing theD8 effect inh photo-
production.

For each of the aboveh-nucleon resonance scenarios, w
use Table II to restrict the relative magnitudes of theam
coefficients forh photoproduction. In Table III, we summa
rize theseh photoproduction results.7 The relations in Table
III are generated from Table II in the following manne
recall thatS is the dominant resonance~85 to 90 % of the
h photoproduction cross section! and then add in the othe
significant resonanceD13. With just these two dominan
resonances, we obtain vanishing values for some co
cients. We also obtain the order of the polynomial that c
be generated by just these two resonances—theSD reso-
nance set. Next, additional resonance scenarios are co
ered in the orderSPD, SP8D, SPP8D, and finally
SPP8DD8. At each step we obtain the possible order of t
polynomial, along with some rules on the polynomial coe
ficientsam . Most of the rules are based on the dominance
S andD amplitudes, followed by the secondaryP andD
resonances. In addition, there is an additional arbitrary
sumption made at times that interference terms are all c
structive. This assumption is of course not always true;
deed, we saw some examples of destructive interfere
occur in the pion and kaon reactions. For those special tim
the ~inequality! relations between polynomial coefficients
Table III, provide only ‘‘upper’’ or ‘‘lower’’ limits on the
coefficients, assuming constructive~or slight destructive! in-
terferences. However, even in the case of highly destruc
interferences, as discussed in pion and kaon sections,
approach allows extracting significant information on the d
namics of the investigated processes.

As an example of how to obtain Table III from Table I
consider theT term in Table II. The coefficients forT ex-
tracted from Table II, under the assumption of zeroD8, were
presented earlier in Eq.~3.3!. For theh case with just the
SD dominant resonances, we see from Eq.~3.3!, thatail

y
7Similar specializations of Table II could be generated for thep

andK1 cases.
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TABLE III. The role of various resonance scenarios onh photoproduction. The amplitudes are assum
to be dominated by resonances. Starting from the well-known resonancesSD@S5S11(1535) and
D13(1520)#, others are added sequentially; namely,P[P11(1440),P8[P13, D[D13, D8[D15 to generate
various resonance scenarios. For each combination of resonances, and for polynomial ord
n51, (a01a1cosu), n52, (a01a1cosu1a2cos

2u), etc., the relative size of the expansion coefficients
predicted, based on Table I. A large coefficient is denoted asam@. This information can be used to predic
the effect of a given set of resonances on the angular and energy dependences of spin observabh
meson photoproduction.

Observable n51 n52 n53 n54 n55

L0

ds andE SD a SP8D g SPP8DD8
SPDb SPP8D g

Cz8 andLz8 SD c SPP8DD8
SPD
SP8D
SPP8D

L1a

P andH SD d SP8D e SPP8DD8
SPD f SPP8D e

Cx8 andLx8 SD a SPP8DD8
SPDb

SP8D b

SPP8D b

L1b

T andF SD d SP8D e SPP8DD8
SPD f SPP8D e

Ox8 andTz8 SD a SP8D b SPP8DD8
SPDb SPP8D b

L2

S andG SD h SPP8DD8
SPDh

SP8D i

SPP8D i

Oz8 andTx8 SD d SPP8DD8
SPD j

SP8D j

SPP8D j

aa0.a2 , a150.
ba0.a2.a1.
ca05a250, a1.a3 , a3 pure D wave.
da050.
ea1@a0.a2.
fa1.a0.
ga3}P8D.
ha150.
ia0.a1, a1}P8D.
ja1.a0.
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926 55BIJAN SAGHAI AND FRANK TABAKIN
a0[0, and that onlya1 is on, e.g., a polynomial ofn51
order is obtained. These facts are entered in Table III in
T row and then51 polynomial column. In this table, th
footnote d presents the additional information thata050 for
this resonance scenario. In this way, all of Table III is ge
erated.

Information stored in Table III forh photoproduction re-
lates not only to the angular structure of observables,
also, since highern’s enter with increasing energy, to the
energy evolution. We now wish to address the quest
‘‘Can a previously undetected resonance drive one of th
polynomial coefficients and dramatically alter the angu
and energy dependences of specific spin observables?’’

Let us begin by examining the cross-section part of Ta
III. From their cross-section data, Kruscheet al. @18# con-
cluded that onlyS11(1535) andD13(1520) resonances ar
required, which is also a feature of recent models@19,22#.
The absence ofP waves, especially due to the Roper res
nance, has been deduced by Kruscheet al. @18# from their
finding that a polynomial of the second-order, witha1'0
~within the experimental uncertainties!, suffices to fit their
cross-section data. BothSD andSPD resonance scenario
lead to such a second-order polynomial form for the cr
section,8 however, for the case of just theSD resonance se
one finds thata150 from Table III. In contrast, aSPDset of
resonances yieldsa0.a2.a1 , which suggests that in a re
action mechanismdominatedby theSD set, introduction of
an additional secondaryP11 resonance~e.g., theSPD set!
should yield asmall a1 coefficient, compared toa0 and
a2 . Finding clean evidence for aP11 resonance effect from
cross-section data, in a situation whereS andD resonances
dominate, thus requires one to extract ana1 coefficient from
the data with asignificant nonvanishing value~within the
associated experimental errors!. That is a quite difficult ex-
perimental task and hence suggests that we go beyond
cross section in searching forP11 resonance effects.

There are observables that are more sensitive toP11 reso-
nance~s! effects than the cross section. For example, cons
the single target (T) or recoil (P) polarization asymmetries
as well as the double polarization beam-target observa
H andF ~with linearly or circularly polarized beams, respe
tively!. All of these four spin observables share the prope
that bothSD andSPD sets lead to first-order polynomials
sinMu(a01a1cosu), see Table III. In the case of the pu
SD resonance set, we find thata050; hence, a node at 90° i
anticipated for all four of these observables. With theSPD
resonance set, both coefficients of the first-order polynom
are finite for all four of these observables, witha1.a0 ,
which means that these observables have one node au0
Þ90°. The deviation of the node position from 90° depen
on the ratioa0 /a1 and therefore is a sensitive measure of
importance of theP11 amplitude.

Among the four observables discussed above, theP and
H asymmetries have a potentially useful property that al
the polynomial coefficients forP and H arise exclusively
from interference terms, see Table II. Thus, thea0 coeffi-

8The cross-sections, is aL0 class observables; its profile func
tion is I, which, as indicated earlier, is defined bys[(q/p)I.
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cients for P and H observables are particularly excelle
ways to amplifyP-wave ~both P11 and P13) effects, since
they appear interfering with the two dominantS andD reso-
nances ina0 .

For the four observablesT, P, H, andF, investigation
of theSP8D set is also very informative. Here, we are de
ing with second-order polynomials witha1@a0.a2 . Hence,
besides the special sensitivity ofa0 to P waves, this polyno-
mial gets two roots and possibly two nodes. Thus, obse
tion of double nodes in these observables, especially if t
evolve rapidly with energy, would be a strong indication o
P8 resonance.

In summary, for the observablesP, H, T, and F, the
resonance setsSD, SPD, SP8D lead to one node at 90°, an
one node atuÞ90°, and possibly two nodes, respective
Direct experimental evidence of such nodes could be a w
to reveal associatedP and/orP8 resonance dynamics.

For theSPP8D case, we see from Table III, that tw
nodes are possible for the observablesP, H, T, andF. In
these cases, however,a2Þ0 by itself ~see Table II! implies
contributions fromP13 resonance~s!, whether or notP11
resonances contribute.

The single photon polarization asymmetryS and the
double polarization beam-target observableG,(Plz00) with
linearly polarized beam, show no sensitivity to addition
P11 resonances, since bothSD andSPD sets generate first
order polynomials for these observables, witha150. Hence
for bothSD andSPD resonance sets,S andG are nodeless.
Adding aP13 to any of these sets (SP8D andSP8PD) leads
to a0.a1Þ0, in which caseS and G remain nodeless
Hence,S and G are particularly insensitive, especially i
their nodal structure, toP8 resonances. They are, howeve
quite sensitive to the addition of aD8 resonance, since i
opens the possibility of two nodes. A bifurcated nodal t
jectory in eitherS or G , which involves going from zero to
two nodes, especially if it occurs rapidly, could be strikin
evidence of aD8 effect.

The beam-recoil asymmetriesOz8(Pl0
0z8) ~with linearly

polarized beam! and the target-recoilTx8(P0x
0x8) produce a

first-order polynomial for all resonance scenarios, except
the full case ofSPP8DD8, wherein theD8 resonance enters
For these observables a node at 90° occurs~sincea0[0)
assuming just the pureSD set. TheSPD, SP8D, and
SPP8D scenarios all generate a one non-90° node situat
The full scenario setSPP8DD8, brings in a cubic polyno-
mial, which suggests that these observables could have
furcating nodal trajectories, for which the change from o
to three nodes is driven by aD8 resonance.

For the beam-recoilCz8(Pc0
0z8) ~with a circularly polarized

beam! and target-recoilLz8(P0z
0z8) observables, we see from

Table III that a polynomial of third-order witha05a250 is
obtained in the case of a pureSD resonance set. ThusCz8
andLz8 have 90° nodes in that limit.9 Sincea1.a3 is also
indicated for the pureSD case, a second node is unlikel
However, with the addition ofP andP8 resonances, thes

9Both Cz8 andLz8 must have an odd number of nodes accord
to the general helicity rules@1#.
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55 927PSEUDOSCALAR MESON PHOTOPRODUCTION: FROM . . .
observables could acquire up to three nodes for all nonD8
cases. Once aD8 resonance enters, the polynomial jumps
fifth order, with five nodes possible.

Now consider the most complicated reaction mechan
presented in Table III; namely, the case of the full resona
scenarioSPP8DD8. As can seen in Table II, the highe
order coefficient for all observables is either a pureD8 state

@Cz8(Pc0
0z8), Lz8(P0z

0z8), Cx8(Pc0
0x8), Lx8(P0z

0x8), Ox8(Pl0
0x8),

Tz8(P0x
0z8), Oz8(Pl0

0z8), Tx8(P0x
0x8)# or a combination of pure

D8 state plus an amplification of it by theD resonance
(D8%DD8) @ds, E(Pcz00), T(P0y00), F(Pcx00), S(Pl000),
G(Plz00)# or just aDD8 interference term—which is the cas

for P(P000y8), H(Plx00). These last eight observables, by virt
of their DD8 terms, allow the dominantD to overlap and
hence magnify the role of a possibleD8 resonance. Thus
they offer particularly suitable observables for investigat
the contributions of any known or missingD8[D15 reso-
nances.

Finally, we emphasize that, since the relations among
polynomial coefficients displayed in Table III often giv
clear information about the anticipated nodal and polynom
structures of the relevant observables, there is hope tha
character of angular distributions and associated nodal s
ture might yield definitive evidence for specific resonanc

IV. SUMMARY AND CONCLUSIONS

Our analysis of the angular distribution of forthcomin
polarization observable data and their special nodal tra
tory and polynomial characteristics, within a multipole tru
cated basis, offers a potentially powerful means for inve
gating the underlying dynamics of pseudoscalar mesonp,
K, h) photoproduction. This method provides a help
guide for phenomenological dynamical approaches
singling out the appropriate families of nucleonic resonan
required by existing data. Also, confronting this polynom
expansion analysis with existing phenomenological
proaches allows one to emphasize both the strong and w
points of such models and put forward suggestions for
provements. Moreover, this method promises to be a hel
guide in planning experiments to search for missing and
yet undiscovered resonances, which constitutes a crucia
of quark-based descriptions@3–5# of baryon spectra.

Our study involves several bold assumptions designe
highlight some features of the dynamics, but it in no w
obviates the need for improved theoretical treatments of
basic dynamics, of the role of resonances and of backgro
contributions. The final basis for multipole truncations mu
ultimately result from a full multipole fit to future precisio
data.

While waiting for a new generation of precision data, w
confronted our approach with both extant, but scarce, po
ization data, and with the predictions obtained using rec
phenomenological models. In the process, we learn s
things. For example, for pion photoproduction, we focus
on the polarized target asymmetryT data @8# and showed
that our approach incorporates some of the established f
namely, that the reaction is dominated by theD33 resonance
with non-negligible contributions from other spin-1/2 an
-3/2 resonances. We also ascertained that the single-b
m
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polarization asymmetryS(Pl000) and the double beam-targe
observableG(Plz00) ~both requiring a linearly polarized beam!
are the best observables for investigating the suspected
tributions of spin-5/2 resonances@11#.

We also examined the strangeness photoproduction r
tion, which has a rather complicated reaction mechan
@12–15#. We focused on the only available hyperon rec

polarization asymmetryP(P000y8) data@16# and showed that,
if these data are confirmed by future experimental resu
thens-channel spin-1/2 and -3/2 resonances are not playin
role in the reaction. This possibility would then considerab
simplify the number of resonances needed in kaon photo
duction.

New physics comes in while investigating theh meson
photoproduction process. Recent low-energy measurem
@17,18# and the preliminary higher energy data@20# of h
photoproduction lead to a very simple reaction mechan
@18,19,22#, namely, the reaction seems to be dominated
two nucleonic resonances theS11(1535) andD13(1520).
This dominance suggests usingh meson photoproduction to
search for at least a few of the missing and/or undiscove
resonances, which have been predicted@3# to couple to the
hN rather than to thepN channels. This reaction offers
test of QCD-inspired models@3,5#, namely, of predicted
P13 and to a lesser extentD15 resonances with masses belo
or slightly above, 2 GeV. For theP13 resonance~s! the recoil
polarizationP, which is probably rather difficult to measure
and the double polarization observableH(Plx00) ~which re-
quires a polarized target and a linearly polarized pho
beam! are highly appealing. These observables offer a si
lar and unique selectivity among the sixteen observab
namely, their multipole polynomial expansion coefficien
dependonly on interference terms. Hence, the contributio
from a sought-afterP13 resonance is magnified by the tw
dominant amplitudes. Moreover, the presence of aa2Þ0
term in the second- or third-order polynomials serve as
unambiguous signature for the presence of, at least,
P13 resonance; with two nodes expected in the case o
second-order polynomial. This reasoning applies also to
other observables, namely, the single target asymmetrT
and the double polarization observableF(Pcx00) ~which in-
volves polarized target and a circularly polarized phot
beam.!

Another interesting problem in theh case concerns the
role played, if any, by the Roper-resonanceP11(1440). Our
approach shows that the differential cross section is not s
sitive enough to the Roper resonance. However, four po
ization observables are very suitable for this purpose. T
are, as above, the single target asymmetryT, the recoil po-
larizationP, and the double beam-target polarization obse
ablesH andF. In contrast to theP13 contributions leading to
two nodes, the Roper resonance will produce only one n
and the deviation of that node away from 90° will give
measure of the importance of theP11 amplitude relative to
theSD dominant resonances.

Finally, the effect of the spin-5/2D resonances, known o
missing, show up clearly in the highest order coefficients
any of the three single polarization observables, or for a
beam-target double polarization asymmetry (E, F, G, H).

In summary, some puzzles in hadron spectroscopy m
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be answered by studyingh photoproduction. Our investiga
tion shows that the most promising observables req
asymmetry measurements with polarized beam and/or po
ized target. So, final results from the recent polarized ta
asymmetryT measurements@24# at ELSA are awaited.
Moreover, polarized beams are becoming available
CEBAF and GRAAL and new advances in the polariz
target techniques@25# are expected to render such single a
even double polarization measurements feasible in the
future.
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APPENDIX: MULTIPOLE EXPANSION
FOR THE TARGET POLARIZATION

The polarized target asymmetry profile function is giv
here in terms of the polynomial expansion. The associa
coefficientsam are then expressed as imaginary parts of
linear products of multipole amplitudes. This case is used
illustrate the compact notation used in Table I, wherein
general structure of spin observables for pseudoscalar m
photoproduction is displayed. The profile functionT(u) is of
o

y,

d

ys
e
r-
et

at

ar

.

-

re-

.

d
i-
to
e
on

Legendre classL1b and hence has the general form

T~u![O0y
00~x!5sinu (

m50

n

amx
m, ~A1!

with x[cos(u). The polynomial expansion coefficients a
expressed in terms of electric and magnetic multipole am
tudes as

a05Im$E0
1@23E1

113M1
1#*2M1

2@3E2
213M2

2

13E2
123M2

1#*1E1
1@26E2

22 27
2 E2

1#*

1M1
1@26M2

21 15
2 E2

116M2
1#* %,

a15Im$ 3
2 E0

1@2E2
212M2

228E2
118M2

1#*

2M1
2@22E1

112M1
1#*1E2

2@25E2
112M2

1#*

1M2
2@23E2

1130M2
1#*18E1

1M1
1*

18E2
2M2

2*218E2
1M2

1* %,

a25Im3
2 $M1

2@10E2
1210M2

1#*

1E1
1@12E2

223E2
1130M2

1#*

1M1
1@12M2

2225E2
122M2

1#* %,

a35Im45
2 $23E2

2E2
1*1M2

2@E2
124M2

1#*16E2
1M2

1* %.
~A2!

Expressions for all other observables are available in R
@6#.
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