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Cascade calculation of hadronic hydrogen atoms
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Department of Physics, School of Science, University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113, Japan

~Received 17 July 1996!

Cascade calculations of hadronic hydrogen atoms are performed to obtain the x-ray yields as a function of
the target density. An extension of Leon-Bethe’s Stark mixing rates tomÞ0 states is made without the
introduction of the parameterkSTK , which is necessary in the Borie-Leon model to enhance the Stark mixing
rates. Although the energies of theirL x rays are too low to observe, we can roughly estimate the 2p absorption
width of pionic and kaonic hydrogen atoms from the measuredK x-ray yields.@S0556-2813~97!03601-7#

PACS number~s!: 36.10.2k, 13.75.2n, 25.43.1t, 25.80.2e
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I. INTRODUCTION

Hadronic hydrogen atoms are of particular interest am
hadronic atoms because they have the simplest structure
are free from any screening effects due to bound electr
We can directly probe hadron-nucleon interaction at zero
ergy in these systems, but unfortunately the x-ray yields
specifically small compared to other hadronic atoms w
Z>2 because of Stark mixing as Dayet al. @1,2# first indi-
cated. Since it is electrically neutral, small in size and has
electron, the hadronic hydrogen atom passes freely nea
neighboring hydrogen atom, where it will be subjected to
strong electric field of the proton. This induces the Sta
mixing between the states of different angular moment
and consequently the hadron is absorbed by the nucleus
low angular momentum states at a high principle quant
numbern before the hadronic atom can deexcite to rea
low-lying n states by radiative transitions which we can o
serve. The resultant x-ray yields are very low particularly
liquid hydrogen targets, where the density is high and
probability of these collisions is enhanced.

The first calculation of hadronic hydrogen atoms with t
Stark effect included was made by Leon and Bethe@3# for
liquid hydrogen target. Borie and Leon@4# made a more
detailed cascade calculation to obtain the target density
pendence of the x-ray yields, assuming that the rates of S
mixing to neighboring angular momentum eigenstates
given by Leon-Bethe’s prescription. Although the Bori
Leon model has often been used to explain the later exp
mental data of x-ray yields from hadronic hydrogen atoms
always requires an additional free parameterkSTK of 1.5 to
2.0 to enhance the Stark mixing rate@5#. This has been at
tributed to some approximations made in Leon and Beth
calculation, but no satisfactory explanation was given so

In this paper, a more realistic description of Stark mixi
rates is formulated on the basis of Leon and Bethe’s mo
and applicated to Borie and Leon’s cascade calculation in
aim of eliminating the factor ofkSTK . The results are com
pared with the very recent series of data on the density
pendence of x-ray yields from antiprotonic and pionic hyd
gen atoms, and the model is then applied to kaonic hydro
atoms on which very little is known.
550556-2813/97/55~1!/73~15!/$10.00
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II. CASCADE MODEL OF EXOTIC HYDROGEN ATOMS

A. Atomic cascade

The incident hadron loses energy by ionization of tar
hydrogen molecules and collision with electrons of comp
rable velocities until it is captured to form an exotic hydr
gen atom. We only have an incomplete and qualitative
derstanding of these processes, but this is not so crucia
calculation on the atomic cascade after the capture. Since
dissociation energy of hydrogen molecules is 4.7 eV,
hadronic atom is expected to have a kinetic energy of ab
1 eV at the end of these molecular processes.

The captured hadron is initially in an orbit with the prin
cipal quantum numbern;Am wherem is the reduced mas
of the hadron-hydrogen system, because the Bohr radius
responds to that of the K-shell electrons and thus the ove
of the wave functions of the hadronic atom and ground s
hydrogen is the largest. In most of the calculations the ini
population distribution atn;Am is taken to be statistical
P( l )}(2l11). In the case of hadronic hydrogen atoms, t
Stark mixing rate is high enough to level off the populati
of different angular momentum states so that x-ray yields
low-lying n states are not affected by the initial populatio
distribution as will be shown later.

The atomic cascade involves successive deexcitation
cesses through the atomic states to states with smallern until
the hadron is captured by the nucleus through strong in
action from low angular momentum states. Figure 1 illu
trates the atomic cascade processes diagrammatically. M
detailed description on these processes are to be foun
some review papers such as Ref.@6#.

B. Cascade calculation

The method of cascade calculation used in the pres
paper is a standard one by Borie and Leon@4# except for the
Stark mixing rates. We summarize the physical processe
the atomic cascade and introduce the arrival probability,
then describe the procedure of the calculation.

1. Processes included in the cascade calculation

a. Molecular dissociation.Initially at states with largen
the hadronic hydrogen atom deexcites by dissociation of
neighboring hydrogen molecules, but this process is less
73 © 1997 The American Physical Society
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74 55T. P. TERADA AND R. S. HAYANO
portant at states with smalln such asn<Am. Thus we
merely assume that the cross section is given by the siz
the hadronic hydrogen atom:

Gn,l→n8,l
mol

5
N

2
vpr n

2 , ~1!

wheren8 is the largest of which satisfyDEn→n8>4.7 eV
~the dissociation energy of hydrogen molecule!, N is the tar-
get density of hydrogen atoms (N/2 is that of hydrogen mol-
ecules!, v is the velocity of the hadronic hydrogen atom, a
r n is Bohr radius of the hadronic hydrogen atom innth Bohr
orbit.

b. External Auger transition.The external Auger deexci
tation, which involves ionization of the neighboring hydr
gen molecules, becomes important atn;Am. Leon and Be-
the @3# showed that the rate is given approximately by

Gn,l→n8,l 8
Auger .

16

3
p
N

m2

max~ l ,l 8!

2l11

3u^n8,l 8ir in,l &u2~2DEreleased11.39!21/2,

~2!

wherel 85 l61, ^n8,l 8ir in,l & is the radial dipole matrix el-
ement for the transition of a hydrogenlike atom given in R
@7# andDEreleasedis DEn→n8215.2 eV~the ionization energy
of hydrogen molecule!.

c. Radiative transition.Radiative transitions, involving
the emissions of x rays, dominate at lown states. The rates
are given by

FIG. 1. A schematic level diagram of an exotic atom show
some of the possible deexcitation processes.
of

.

Gn,l→n8,l 8
rad

5
4

3

a

m2

max~ l ,l 8!

2l11
u^n8,l 8ir in,l &u2~DEn→n8!

3,

~3!

wherea is the fine structure constant.
d. Nuclear absorption.The rates for nuclear absorptio

scale as

Gns
nuclear5

G1s
nuclear

n3
, ~4!

Gnp
nuclear5

32

3

n221

n5
G2p
nuclear, ~5!

whereG1s
nuclearandG2p

nuclearare mainly taken from the experi
mental results.Gns

nuclear also suppresses the Stark mixing
will be described.

e. Weak decay.Except for the antiprotonic hydroge
atom, weak decay of the orbiting particle plays a role wh
the target gas is dilute. The rate is given by

Gweak5
1

t
, ~6!

wheret is the mean life of the particle.
f. Stark mixing.Stark mixing ratesGn,l→n,l 8

Stark will be de-
scribed in detail in the following sections.

2. Arrival probability

When a hadronic atom cascades down through m
states ofun,l & as displayed in Fig. 1, the deexcitation pr
cesses and the Stark mixings are the competing proce
The population distributionPn,l satisfies the following rate
equation:

dPn,l
dt

52Gn,l
totalPn,l1 (

l 8Þ l

Gn,l 8→n,l
Stark Pn,l 8, ~7!

where

Gn,l
total5 (

n8,n
~Gn,l→n8,l 8

mol
1Gn,l→n8,l 8

Auger
1Gn,l→n8,l 8

rad
!1Gn,l

nuclear

1Gweak1 (
l 8Þ l

Gn,l→n,l 8
Stark . ~8!

We define

P̃n,l5Gn,l
totalE

0

`

Pn,ldt, ~9!

which is thearrival probability: the overall population which
goes out from a stateun,l & to elsewhere. Integrating Eq.~7!
and assumingPn,l(t51`)50, we obtain

Pn,l~ t50!5 P̃n,l2 (
l 8Þ l

Gn,l 8→n,l
Stark

Gn,l 8
total P̃n,l 8. ~10!

Equation~10! can be expressed in the form of a matrix equ
tion
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S Pn,l50~ t50!

Pn,l51~ t50!

A

Pn,l5n21~ t50!

D 51
1 2

Gn,l51→n,l50
Stark

Gn,l51
total ••• 2

Gn,l5n21→n,l50
Stark

Gn,l5n21
total

2
Gn,l50→n,l51
Stark

Gn,l50
total 1 � A

A � � 2
Gn,l5n21→n,l5n22
Stark

Gn,l5n21
total

2
Gn,l50→n,l5n21
Stark

Gn,l50
total ••• 2

Gn,l5n22→n,l5n21
Stark

Gn,l5n22
total 1

2
3S P̃n,l50

P̃n,l51

A

P̃n,l5n21

D ~11!
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and solved by standard methods for matrix inversion.

3. Procedure of the cascade calculation

Cascade calculation for a set of parameters~mass of the
orbiting particle, initial kinetic energy of the hadronic hydr
gen atom, target density and 1s state shift and width by the
nuclear absorption! is performed in the following way~see
again Fig. 1!.

~1! The initial population atn;Am is given by a statisti-
cal distributionPn,l(t50)}(2l11).

~2! Solve Eq. ~11! to obtain the arrival probability
P̃n,l5Gn,l

total*0
`Pn,ldt.

~3! Distribute P̃n,l to lower-n states or other processe
according toGn,l→somewhere

process /Gn,l
total and sum up the radiative

transition rates.
~4! Reducen by 1.
~5! Repeat~2! to ~4! until n52.

C. Stark mixing of degenerate states

When the small and electrically neutral hadronic hyd
gen atom passes through the electric field inside the elec
cloud of the target hydrogen atoms, Stark mixings among
n2 degenerate states are induced. We calculate the Stark
ing rates by extending Leon-Bethe’s calculation@3#, which is
for transitions amongm50 states, to those amongmÞ0
states, and avarage them over initial 2l11 substates as in
Borie-Leon model@4#.

1. Impact parameter method

As there is enough time during a collision for the atom
make many transitions among the states, the Born appr
mation is not applicable. Instead we use theimpact param-
eter methodas in Ref.@3# with the following two assump-
tions: ~i! The density distribution of electronic cloud is n
affected by the presence of the hadronic atom because
electrically neutral.~ii ! The hadronic atom passes a defin
and straight trajectory through the fixed electronic clou
This is justified by the velocity of the hadronic ato
-
on
e
ix-

xi-

is

.

v;104 m/sec, which is five times as large as the therm
velocity of a hydrogen moleculev thermal5A3kT/mH2
;23103 m/sec~atT5 300 K!. We calculate the Stark mix
ing rates as a function of impact parameter in this appro
mation, taking into account transitions among the degene
states but ignoring much less likely transitions to states w
differentn.

2. Fixed field model

We start with the time-dependent Schro¨dinger equation
for the internal coordinate of the hadronic atom

i
]

]t
uc~ t !&5H~ t !uc~ t !& ~12!

with

H~ t !5H01V~ t !, V~ t !5E–r , ~13!

whereH0 is the operator of the unperturbed energy of t
hadronic atom, which contains the strong interaction shift
well as the electromagnetic energy,E the shielded electric
field by a hydrogen atom, andr the internal coordinate of the
hadronic hydrogen atom. Expanding the wave funct
uc(t)& into an orthonormal set ofn2 eigenfunctionsua& ~all
having the samen), multiplying ^bu from the left-hand side
and taking the coordinate system as shown in Fig. 2,
obtain in the interaction representation

i
]

]t
^buc~ t !&5(

a
F ^buV~ t !ua&2 i ^bu

]

]t
ua&G^auc~ t !&

5(
a

FE~ t !^buzua&2 i u̇^bu
]

]u
ua&G^auc~ t !&,

~14!

whereE(t) is the electric field strength. Reifenro¨ther and
Klempt @8,9# solved this set of simultaneous differenti
equations numerically using the spherical harmonicsu l ,m& as
their orthonormal set, but their calculation entails a hea
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task because all populations inn2 states of a givenn are
calculated at every integration step.

On the other hand, Eq.~14! is greatly simplified by omit-
ting the u̇ terms because the Stark interactionV5E–r is
diagonal when we expand the wave functionuc(t)& with the
eigenfunctions in the parabolic coordinateun1 ,m& instead of
spherical harmonicsu l ,m&. Since theu̇ terms arise from the
rotation of the axis of quantization~i.e., z axis! during the
collision processes, the angular momentumm is fixed in the
field direction in this model. We call Eq.~14! the rotating
field modeland droppingu̇ terms yields thefixed field model
@3#. We also assume a uniform population distribution
2l11 substates of a givenl and take into account only th
transitions between states with differentl , as schematically
shown in Fig. 3.

We can separate Eq.~14! to a set of differential equation
for ^n1 ,muc(t)& in the fixed field model as follows:

i
]

]t
^n1 ,muc~ t !&5(

n18
^n1 ,muV~ t !un18 ,m&^n18 ,muc~ t !&

5Vn1 ,m
~ t !^n1 ,muc~ t !&, ~15!

where

Vn1 ,m
~ t !5

3

2
E~ t !n~n12n2!5

3

2
E~ t !n~2n12n1umu11!.

~16!

FIG. 2. The coordinate system for the Stark mixing calculati
z axis is in the electric field direction,x axis in the plane of colli-
sion, andu the angle betweenx axis and the direction of the mo
tion. R5r secu, X5r tanu, dX5vdt5r sec2u du.
n1 andn2 are the parabolic quantum numbers which sati
n11n21umu115n. The screened electric field strength a
distance ofR from a hydrogen atom in its ground state is

E~R!5
Zeff
mR2 5S 12E

0

R

uRn51,l50u2r 2dr D 1

mR2

5e22R
112R12R2

mR2 , ~17!

whereZeff is the effective nuclear charge of the hydrog
atom (,1) andRn51,l5052e2R the radial wave function for
an electron of hydrogen atom in its ground state. Integrat
Eq. ~15!, we have

^n1 ,muc~ t !&5^n1 ,muc~ t52`!&

3expF2 i E
2`

t

Vn1 ,m
~ t8!dt8G . ~18!

Putting uc(t5`)&5u l ,m& and uc(t52`)&5u l 8,m&, the
total transition probability foru l ,m&→u l 8,m& over a continu-
ous interaction with a hydrogen atom along a straight-l
path with an impact parameterr is obtained as

:
FIG. 3. Difference between the rotating field model and t

fixed field model. In Eq.~14!, ^buzua& are the Stark induced tran
sitions withD l561, Dm50, and^bu]/]uua&5 i ^buLyua& are the
transitions by the rotation of the quantization axis wi
D l50, Dm561.
P~r,l ,l 8;m!5U (
n150

n2umu21

^ l ,mun1 ,m&expF2 i E
2`

`

Vn1 ,m
~ t !dtG^n1 ,mu l 8,m&U2

5U (
n150

n2umu21

^ l ,mun1 ,m&expF2 i
3

2
p
n~2n12n1umu11!

vm

z~r!

r G^n1 ,mu l 8,m&U2

5U (
n150

n2umu21

^ l ,mun1 ,m&expF2 in1
3pn

vm

z~r!

r G^n1 ,mu l 8,m&U2, ~19!

where we have used Leon-Bethe’sz(r) @3#

z~r!5
1

pE2p/2

p/2

e22r secu~112rsecu12r2sec2u!du ~20!
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55 77CASCADE CALCULATION OF HADRONIC HYDROGEN ATOMS
and its variation as a function ofr is shown in Fig. 4. The
coefficients^ l ,mun1 ,m& can be obtained by a method give
in the appendix of Ref.@3#. In this picture, each of the Star
eigenstatesun1 ,m& interferes with the others att5` with its
own accumulated phase*2`

` Vn1 ,m
(t)dt ~see Fig. 5!. Note

thatD l>2 transitions are possible as results of multiple
teractions, and thatDm50 transition is prohibited.

3. Stark mixing rates in the present model

The Stark mixing rates for the transitionsun,l &→un,l 8&
~averaged over initial substates! are obtained as

G l→ l 8
Stark

5
1

2l11(m G l→ l 8;m
Stark

5Nv
1

2l11(m 2pE
0

`

rdrP~r,l ,l 8;m!, ~21!

wherem changes within the range2min(l,l8)<m<min(l,l8)
because of the selection ruleDm50. Integrals are numeri
cally performed with no approximation except for the a
sumption of impact parameter method and fixed field mod
and thus this calculation fully incorporates thel , D l andm
dependence of the Stark mixing rate~see also Fig. 6!.

A part of the results as an example is summarized
Table I, which is for a pionic hydrogen of kinetic energ

FIG. 4. z(r) as a function ofr.

FIG. 5. Each Stark eigenstate interferes with the others
t5` with its own accumulated phase2 i*2`

` Vn1 ,m
(t8)dt8.
-

-
l,

n

T51 eV andn55. To eliminate the density dependence, t
total cross section for Stark transition ofl→ l 8, namely

s l→ l 8
Stark

5
G l→ l 8
Stark

Nv
~22!

at

FIG. 6. Comparison of Stark mixing rates in three mode
Leon-Bethe considered only transitions betweenm50 states,
Borie-Leon onlyD l561 transitions, and the present model i
volves all possible transitions withDm50.

TABLE I. Stark mixing cross sectionss l→ l 8
Stark for pionic hydro-

gens inn55 (T51.0 eV!.

~a! D l51 transitions for different initiall
Model 0→ 1 1→ 2 2→ 3 3→ 4

Borie-Leon modelprS
2 16.3 16.3 16.3 16.3

m53 9.92
Present m52 7.42 5.56
model m51 7.02 7.20 5.73

m50 7.89 6.72 4.50 5.30

~b! Transitions with differentD l for a given finall
Model 0→ 4 1→ 4 2→ 4 3→ 4

Borie-Leon modelprS
2 16.3

m53 9.92
Present m52 6.54 5.56
model m51 4.91 2.56 5.73

m50 3.37 1.10 3.69 5.30
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78 55T. P. TERADA AND R. S. HAYANO
is presented. Roughly speaking,D l51 transition is favored
for a givenl andm and a smallerl is favored for givenD l
andm. The comparison with the standard Leon-Bethe mo
and Borie-Leon model are described in the following s
tions.

4. Comparison with the past two models

a. Leon-Bethe model.Leon and Bethe@3# considered only
them50 states because their discussion was concentrate
the transitionu1< l<n21, m50&→u l50, m50& which is
followed by the nuclear absorption. They introduced theiso-
lation probabilityof l50 state:

P~r,0,0;0!5
1

n2U (
n150

n21

expF2 in1
3pn

vm

z~r!

r GU2, ~23!

where we have used̂n1 , m50u l50,m50&51/An which is
independent ofl andn1. As a function ofr, the oscillation
becomes faster exponentially asr decreases as shown in Fi
7 because of ther dependence ofz(r) in Fig. 4. They as-
sumed for simplicity thatP(r,0,0;0) is given by a step func
tion :

P~r,0,0;0!5H 1 ~r.rS!

1/n ~r<rS!.
~24!

After a collision with an impact parameter in the regio
r<rS , the n states withm50 are completely mixed up
which results in a uniform distribution amongn states with
m50: P(r,l ,l 8;0)51/n for any l and l 8. rS is theeffective
impact parameterfor Stark mixing determined by thei
‘‘ s-state mixing criterion’’

z~rS!

rS
5
vm

2n2
~25!

which approximately satisfiesP(rS,0,0;0)50.1 ~see Ref.@3#
for more details!.

Stark mixing rate ofu1< l<n21,m50&→u l50,m50&
transition~averaged over initiall ) is calculated as follows:

FIG. 7. Isolation probabilities of thel50 stateP(r,0,0;0) for
n55, 10, and 15 as a function ofr.
l
-

on

1

n21(l51

n21

G l→ l 850;m50
Stark

5Nv2pE
0

`

rdr
1

n21
$12P~r,0,0;0!%

.Nv
prS

2

n
. ~26!

Noticing that the number of states in a givenm is n2umu,
Eq. ~26! can be extended formÞ0 as

G l→ l 8Þ l ;m
Stark .Nv

prS
2

n2umu
. ~27!

b. Borie-Leon model.The cascade calculation incorpora
ing l dependence of population distribution was made
Borie and Leon@4# to obtain hadronic atom x-ray yields as
function of the target density, with a very simple assumpt
for Stark mixing rate

G l→ l11
Stark 5kSTKNvprS

2 , ~28!

G l→ l21
Stark 5kSTKNvprS

23
2l21

2l11
, ~29!

wherekSTK is an arbitrary multiplying factor~puttingkSTK as
1.5 to 2.0 reproduces the experimental x-ray yields well! and
rS is determined by the Leon-Bethe’s criterion given in E
~25!. The factor (2l21)/(2l11) comes from the averagin
over initial 2l11 substates of2 l<m< l , whereumu depen-
dence of the Stark mixing approximately given by Eq.~27! is
completely ignored.

In this model we ignoreD l>2 transitions

G l→ l6D l
Stark 50 for D l>2. ~30!

However, it does not mean that we have merely neglec
D l>2 transitions in the Leon-Bethe model because the rig
hand side of Eq.~29! is prS

2, which wasprS
2/n in Eq. ~26!

~see Fig. 6!. The atom goes from the state wit
1< l<n22 to l 85 l61 with the probability of
kSTK3@11(2l21)/(2l11)#(@1). Although it can repro-
duce the density dependence of experimental results by
justing the free parameterkSTK , Borie-Leon model involves
such unnatural assumptions which were not assumed in
Leon-Bethe model.

The difference between the resultant Stark mixing ra
with Borie-Leon model and the present calculation is ob
ously seen from Table I. Note thatuD l u>2 transitions are not
at all negligible compared touD l u51 transitions.

D. Stark mixing in the presence of nuclear interaction

In the preceding sections, we have neglected the effec
nuclear interaction. However, it plays an important role
Stark mixing because the strong interaction energy shift
moves the degeneracy ofn2 states which is essential for th
Stark mixing.
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55 79CASCADE CALCULATION OF HADRONIC HYDROGEN ATOMS
1. Interference of Stark mixing and nuclear interaction

First, we consider Stark mixing betweenn states with
m50 in the fixed field model, including nuclear interactio
on the s-state. Note that some of the results by Leon a
Bethe@3# are incorrectly given probably due to typographic
error, although the discussion in this section follows them

Together with the nuclear interaction~the vacuum polar-
ization and the finite size effect are also included in its r
part!, the matrix element of Hamiltonian in the Stark repr
sentation is written as

^n1uHun18&5^n1uVStarkun18&1^n1uVnuclearun18&

53EnS n12 n21

2 D dn1 ,n181
dEl50

n
~31!

wheredEl50 is the complex energy shift for thes state and
we have used̂ l50un1&51/An. If we set the complex en
ergy eigenvalue asl and introduce parameters according
Leon and Bethe@3#

b5
l

3En
, ~32!

g5 i S dEl50

n D Y S 32EnD5
2idEl50

3En2
, ~33!

and

an15
2i

g S n12 n21

2
2b D , ~34!

the matrix can be diagonalized by solving the characteri
equation

uH2lUu53En
g

2i
u11an1dn1 ,n18u

53En
g

2i
a0•••an21S 11

1

a0
1•••1

1

an21
D

50, ~35!

where the last term leads to a characteristic equation forb:

(
n150

n21
1

n12@~n21!/2#2b
5
2

ig
. ~36!

As for the set of the rootsb i ( i51, . . . ,n), substituting Eq.
~34! into Eq. ~35! and rearranging with respect tob, we
obtain from the coefficient ofbn21

(
i51

n

b i52
ing

2
. ~37!

For smallugu ~Stark splitting@ energy shift!, the eigen-
values are

b;n12
n21

2
2
ig

2
, ~38!
d
l

l
-

ic

l;3EnS n12 n21

2 D1
dEl50

n
, ~39!

with n150, . . . ,n21, which are slightly perturbed from
their values withoutdEl50. This means thatn eigenstates are
uniformly influenced by the 1/n of the s-state interaction.

At the limit of large ugu ~Stark splitting! energy shift!,
one of theb eigenvalues is large in absolute magnitude a

2

ig
5 (

n150

n21
1

n12@~n21!/2!]2bS

→2
n

bS
2

1

bS
3

n~n221!

12
1•••~ ubSu→`!, ~40!

which results in

bS;2
ing

2 S 12
n221

3n2g2D , ~41!

lS;dEl50S 12
n221

3n2g2D . ~42!

The corresponding eigenstate is a slightly perturbeds state.
The remainingn21 eigenvalues lie close to the real axis a
the eigenstates are linear combinations of thel.0 states. We
have theaverage energy shiftof these states other than th
slightly perturbeds state using Eq.~37!

b l.0;
1

n21 S (
i51

n

b i2bSD 52 i
n11

6ng
~43!

l l.053Enb l.0;2
n11

12

~3En!2

dEl50
. ~44!

Hence, the slightly perturbeds state is isolated and the stron
interaction effects on the other states are very small at
limit. Figure 8 shows these two extreme cases diagramm
cally.

FIG. 8. Interference of Stark splitting and nuclear interaction
the two extreme of smallugu and largeugu.
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2. Suppression of Stark transition from and to s states

We parametrize the degree of Stark mixing by the stro
interaction effect on the states other than the slightly p
turbeds states. We introduce a measure of the strength of
Stark mixing according to Leon and Bethe@3#:

R5
Iml l.0

Im~dEl50 /n!
52

2Imb l.0

Reg
, ~45!

which is at two extremes in the previous section

R~g!→1 ~ ugu→0!, ~46!

R~g!→
n11

3n

1

ugu2 ~ ugu→`!. ~47!

In the region ofugu;1, the behavior ofR(g) depends on
n and the phase ofg ~i.e., dEl50). Figure 9 showsR(g)
calculated with the numerical solutions of Eq.~36! for anti-
protonic, pionic, and kaonic hydrogen atoms.

Borie and Leon@4# incorporated the suppression of Sta
mixing by replacingrS to smaller effective impact param
eters defined withR, but the l , D l , andm dependence are
not taken into account at all. We treat it in a more realis
manner using the sameR.

Since g involves the reciprocal of the electric fiel
strength,R is a function of the distance from the target h
drogen nucleus. We assume the rate of the Stark mixing f
and to thes state at a distanceR from the hydrogen nucleu
are suppressed as

G l50↔ l 8Þ0
Stark

~R!→G l50↔ l 8Þ0
Stark

~R!R~R!. ~48!

This brings about the modification only forP(r,0,l 8Þ0;0)
andP(r,lÞ0,0;0) in the preceding calculation as

^ l uVStark~R!u l 8&→^ l uVStark~R!u l 8&AR~R! ~49!

so thatz(r) defined in Eq.~20! is replaced by

FIG. 9. Degree of Stark mixingR(g) for antiprotonic
(n55,10,20,30), pionic (n55,10,15), and kaonic (n55,10,20) at-
oms.
g
r-
e

c

m

z~r!→z8~r!

5
1

pE2p/2

p/2

e22 rsecu

3~112r secu12r2sec2u!AR~r secu!du. ~50!

Note thatugu is minimum atR5r whereR(R) is maximum.
The hadronic hydrogen atom feels electric field stro
enough to cause Stark mixing only ifr is small enough. It
should be pointed out that in the small electric field lim
(ugu→`),

G l50↔ l 8Þ0
Stark }

1

udEu2
~51!

holds as expected from perturbation theory.

III. NUMERICAL RESULTS AND DISCUSSION

A. Antiprotonic hydrogen atoms

Since the antiprotonic hydrogen atom is the most ext
sively studied among the hadronic hydrogen atoms, we s
use it as a test case of the cascade model. The shift
absorption width of 1s state are well determined from th
direct measurement of the energy ofKa(2p →1s) x rays
@10–14# and the absorption width of 2p state is also well
determined from the relative intensity@10,13,14#

Y5
Ka yield

( iL iyield
5

G2p→1s
rad

G2p→1s
rad 1G2p

nuclear ~52!

whereG2p→1s
rad is the radiative width given in Eq.~3!. We

have used the latest values@14# which are consistent with the
preceding experiments:

RedE1s5e1s
nuclear1e1s

vacuum polarization1e1s
finite size ~53!

52730~repulsive!141.823.252691 eV, ~54!

ImdE1s5G1s
nuclear/25561 eV, ~55!

G2p
nuclear534.0 meV, ~56!

where e1s
vacuum polarizationand e1s

finite size are given in Ref.@15#.
Note that the sign of the energy shifte1s is defined so that
positive is attractive.

1. Initial kinetic energy dependence

The results on the density dependence ofK andL x rays
yields are shown in Fig. 10 and Fig. 11 together with t
experimental data. The only parameter is the initial kine
energyT of the antiprotonic hydrogen atom and we ha
performed calculations forT50.5 eV, 1.0 eV, and 2.0 eV
Although the data at low density region by PS175 gro
@13,14# are somewhat underestimated, the model seem
explain the experimental results, especially at medium d
sity region.

2. Comparison with Borie-Leon model

We can also compare the results with those obtained
ing the original code of Borie and Leon@4# which has the
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55 81CASCADE CALCULATION OF HADRONIC HYDROGEN ATOMS
arbitrary free parameterkSTK for multiplying Stark mixing
rate uniformly as given in Eq.~29!. We setkSTK to be 1.0,
1.5, and 2.0 and fixedT at 1.0 eV. The results are shown
Fig. 12 and Fig. 13.

FIG. 10. Density dependence ofK x-ray yields for antiprotonic
hydrogen atoms. The lines are the numerical results forT5 0.5 eV
~top!, 1.0 eV ~middle!, and 2.0 eV~bottom!. The points with error
bars are the experimental results from Refs.@10,12–14,16,17#. 1
rSTP is the target density at standard temperature~273 K! and pres-
sure~1 atm!.

FIG. 11. Density dependence ofL x-ray yields for antiprotonic
hydrogen atoms. The lines are the numerical results forT5 0.5 eV
~top!, 1.0 eV ~middle!, and 2.0 eV~bottom!. The points with error
bars are the experimental results from Refs.@10,13,14,16–18#.
The present model results in comparable or lower x-
yields, or in other words, comparable or stronger Stark m
ing rates than even in thekSTK5 2.0 case of the Borie-Leon
model in the most of the density region; we do not need
introduce an ambiguous factorkSTK to increase the Stark
mixing rates any more. Apparently, the density depende
of x-ray yields in the present results cannot be reproduced
just adjusting a single parameterkSTK of Borie-Leon model.

It also should be noted that the present results agree
the experimental data less well than Borie-Leon model w
kSTK52.0 in the lower density region, where the effect
Stark mixing is relatively small. This may be attributed to t
other physics as we will discuss later.

3. Other ambiguities

a. Initial population distribution.The statistical initial
population distribution ofP( l )}(2l11) atn;Am is merely
an assumption which can be justfied by the idea that
strong Stark mixing at highern states makes angular mo
mentum states far from energy eigenstates. We checked
picture by settingP( l )}(2l11)ea l and varyinga from
20.2 to 0.2. The results showed that increasinga makes
essentially no change and decreasinga reduces the yields
slightly ~by the order of 1% at the maximum!. As a whole,
these changes are negligible compared to other ambigu
such as the initial kinetic energy of the hadronic atoms.

b. Experimental errors of fixed parameters.Although we
have usede1s

nuclear, G1s
nuclear, andG2p

nuclearas fixed parameters
they have experimental errors@14#. We evaluated the effec
of them by changing these values within the range of er
bars. The resultantK x-ray yields are affected by about 10%

FIG. 12. Density dependence ofK x-ray yields for antiprotonic
hydrogen atoms. The solid lines are the present results and
dashed lines are obtained from the Borie-Leon model w
kSTK51.0 ~top!, 1.5 ~middle!, and 2.0~bottom!. The initial kinetic
energy is fixed atT51.0 eV.
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82 55T. P. TERADA AND R. S. HAYANO
but L x-ray yields are little affected; these changes are a
negligible compared to those by the initial kinetic energy

c. Molecular dissociation cross section.Gmol is conven-
tionally taken to be the size of the hadronic atom with
classical Bohr radius as in Eq.~1!. To evaluate the ambiguity
caused by this simple assumption, the calculations are
formed with changing the cross section by a factor of 0.5 a
2.0. The resultant changes are also about 10% at the m
mum, which is smaller than the ambiguity due to initial k
netic energy.

B. Pionic hydrogen atoms

The experimental data on pionic hydrogen atoms is ra
limited compared to antiprotonic hydrogen atoms becaus
their low binding energy. The crystal spectrometer enab
us to determine the shift and width of 1s state of pionic
hydrogen atoms by the measurements ofKa(2p→1s)
@19,20# and recentlyKb(3p→1s) @21,22# x-rays. We have
used the latest values@22# which are consistent with the pre
ceding experiment@21#

RedE1s5e1s
nuclear1e1s

vacuum polarization1e1s
finite size ~57!

57.13~attractive!13.2320.1510.3 eV, ~58!

ImdE1s5G1s
nuclear/250.49 eV. ~59!

The resultant x-ray yields are little affected by the expe

FIG. 13. Density dependence ofL x-ray yields for antiprotonic
hydrogen atoms. The solid lines are the present results and
dashed lines are obtained from the Borie-Leon model w
kSTK51.0 ~top!, 1.5 ~middle!, and 2.0~bottom!. The initial kinetic
energy is fixed atT51.0 eV.
o

r-
d
xi-

er
of
d

-

mental errors of them. However, since noL x ray is ob-
served, we have no information on the nuclear absorp
width of 2p stateG2p

nuclear. We regard it as another unknow
parameter.

he
h

FIG. 14. Density dependence ofK x-ray yields for pionic hy-
drogen atoms. The lines are the numerical results forT50.5 eV
~top!, 1.0 eV ~middle!, and 2.0 eV~bottom!. The points with error
bars are the experimental results from Refs.@19,20,22–24#.

FIG. 15. Density dependence ofK x-ray yields for pionic hy-
drogen atoms. The solid lines are the present results and the da
lines are obtained from the Borie-Leon model withkSTK51.0 ~top!,
1.5 ~middle!, and 2.0~bottom!. In both models,T51.0 eV and
G2p
nuclear50 meV.
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1. Initial kinetic energy dependence

We first evaluate the initial kinetic energy dependence
the x-ray yields withG2p

nuclear set at zero. The initial kinetic
energy is taken to beT50.5 eV, 1.0 eV, and 2.0 eV. Th
results are shown in Fig. 14 together with the experimen
data on theK x-ray yields. Note that increasingG2p

nuclear

makes the x-ray yields much smaller as we will see later

2. Comparison with Borie-Leon model

We again compare the results with those obtained us
the original code of Borie and Leon@4#. We variedkSTK as
1.0, 1.5, and 2.0, withT51.0 eV andG2p

nuclear50 meV. The
results are shown in Fig. 15 where the difference between
present result andkSTK51.0 is not so large as in the antipro
tonic hydrogen case, but still the present model always
sults in lower x-ray yields than the Borie-Leon model wi
kSTK51.0.

3. Influence of introducingG2p
nuclear

We have ignoredG2p
nuclearjust because there exists no da

on it. But some of the fraction inp state may well be cap
tured to the nucleus, and hence thep state has a finite ab
sorption width.

We here regardG2p
nuclearas a parameter and its effect on t

results is shown in Fig. 16. Although ambiguity due to t
initial kinetic energy exists,G2p

nuclear is estimated roughly no
to be larger than 0.1 meV andG2p

nuclear50.5 meV is highly
improbable.

C. Kaonic hydrogen atoms

At present, three experimental results are reported on
measurement of the strong interaction shift and width
Ka x rays from kaonic hydrogen atoms, but all of them s
fer from very poor statistics@25–27#. The results are incon
sistent with one another as shown in Table II.

What is more confusing, the sign of the shifts is oppos
to that deduced from the extrapolation of scattering data
the low energy limit with Deser’s formula@28,29#

e1s
nuclear1 i

G1s
nuclear

2
52a3m2a5412~eV/fm!a, ~60!

wherea is the scattering length obtained from the analysis
low energy scattering data@30–37#. The results are almos
consistent except for Conboy@36# as shown in Table III,
which are within the range of2400 eV,e1s

nuclear,2300 eV
and 500 eV,G1s

nuclear,600 eV.
We have used the approximate central value

RedE1s5e1s
nuclear1e1s

vacuum polarization ~61!

52350~repulsive!12552325 eV, ~62!

ImdE1s5G1s
nuclear/25275 eV, ~63!

where e1s
vacuum polarization is given in Ref. @4#. Changing

G1s
nuclearby 650 eV does not make any significant effect

the x-ray yields.
f
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1. Initial kinetic energy dependence

We again evaluate the initial kinetic energy depende
of the results withG2p

nuclearset at zero for a while. The initia
kinetic energy is varied asT50.5 eV, 1.0 eV, and 2.0 eV
The results are shown in Fig. 17 and Fig. 18 together w
the experimental data onK x-ray yields with liquid hydrogen
targets. Note that increasingG2p

nuclearmakes the x-ray yields
much smaller as we will see later.

2. Comparison with Borie-Leon model

We compare the results with those obtained by the or
nal code of Borie and Leon@4#. We variedkSTK as 1.0, 1.5,
and 2.0, withT51.0 eV andG2p

nuclear50 meV. The results are
shown in Fig. 19 and Fig. 20. Again, the present model gi
smaller x-ray yields than Borie-Leon model withkSTK52.0
at high density.

3. Influence of introducingG2p
nuclear

We again introduceG2p
nuclearwhich has not been measure

experimentally. Its effect on the results are shown in Fig.
and Fig. 22.

FIG. 16. Density dependence ofK x-ray yields for pionic hy-
drogen atoms. The solid lines are the results withoutG2p

nuclearand the
dashed lines are obtained withG2p

nuclear50.05~top!, 0.1~middle!, and
0.5 meV~bottom!. In all cases, the initial kinetic energyT is fixed
at 1.0 eV.

TABLE II. The reported experimental data on shift and width
1s state of kaonic hydrogen atoms.

Authors e1s
nuclear~eV! G1s

nuclear~eV!

Davieset al. @25# 140660 020
1230

Izycki et al. @26# 1270680 5606260
Bird et al. @27# 1193660 80280

1220
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TABLE III. The prediction on shift and width of 1s state of kaonic hydrogen atoms from the analyses
scattering data.

Authors Scattering lengtha ~fm! e1s
nuclear~eV! G1s

nuclear~eV!

Kim @30# 20.871 i0.70 2358 576
Martin and Ross@31# 20.911 i0.66 2375 544
Chaoet al. @32# 20.871 i0.70 2358 576
Kumar and Nogami@33# 20.761 i0.72 2313 594
Martin @34# 20.671 i0.64 2276 528
Dalitz et al. @35# 20.731 i0.64 2301 528
Conboy@36# 20.421 i0.75 2171 614
Tanaka and Suzuki@37# 21.031 i0.75 2424 618
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If we believe in the yields reported in three experime
with liquid hydrogen targets,G2p

nuclearwould be estimated to
be between 1.0 meV and 10.0 meV. But the prelimina
experimental result with 7rSTPgaseous hydrogen target@38#
by E228 group at KEK-PS@39# suggests a rather smalle
G2p
nuclearof about 0.5 meV to 1.0 meV. The experimental r

sults with gaseous and liquid targets cannot be explained
time with a single value ofG2p

nuclear.

IV. DISCUSSION

We here point out some of the possibilities for a furth
refinement of the model. The disagreement between
present results and the experimental data, especially in
low density region for antiprotonic hydrogen atoms, may

FIG. 17. Density dependence ofK x-ray yields for kaonic hy-
drogen atoms. The lines are the numerical results forT50.5 eV
~top at high density!, 1.0 eV ~middle!, and 2.0 eV~bottom!. The
three data points at 790rSTP ~liquid target! from Refs.@25–27# are
slightly moved to the left-hand side to make it easy to see. A d
point with an error bar at 7rSTP is a preliminary result of KEK-PS
E228 experiment@38#.
s

y

-
t a

r
e
he
e

attributed to these physics which are not incorporated in
model.

We assumed a uniform distribution of 2l11 substates
with a givenl , which corresponds to infiniteDm561 tran-
sition rates. But obviously this is not the case. If we consi
finite Dm561 transition rates instead, population of th
states withm50, from which nuclear absorption occurs, a
not fed so fast as in the uniform distribution assumptio
Thus the nuclear absorption rate at highn states is expected
to be somewhat decreased and the resultant x-ray yields
increased.

Throughout this paper, we have assumed the initial
netic energy of the hadronic hydrogen atom is represente
a single avaraged energy of about 1 eV, which is expec
from the molecular dissociation process. But actually ther
a distribution of the energies. The shape of time-of-flig
spectra of neutrons from the reactionp2p→p0n in a recent
measurement of the mass differencemp22mp0 implies that
a half of the pionic atoms are distributed around 1 eV, b

ta FIG. 18. Density dependence ofL x-ray yields for kaonic hy-
drogen atoms. The lines are the numerical results forT50.5 eV
~top at high density!, 1.0 eV ~middle!, and 2.0 eV~bottom!.
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55 85CASCADE CALCULATION OF HADRONIC HYDROGEN ATOMS
the rest extends up to about 70 eV@40–42#. The most likely
candidate for the origin of this higher energy componen
Coulomb deexcitation process, or in other words, Stark tr
sition to the states with lowern @43#; the hadronic hydrogen

FIG. 19. Density dependence ofK x-ray yields for kaonic hy-
drogen atoms. The solid lines are the present results and the da
lines are obtained from the Borie-Leon model withkSTK51.0 ~top!,
1.5 ~middle!, and 2.0~bottom!. In both models,T51.0 eV and
G2p
nuclear50 meV.

FIG. 20. Density dependence ofL x-ray yields for kaonic hy-
drogen atoms. The solid lines are the present results and the da
lines are obtained from the Borie-Leon model withkSTK51.0 ~top!,
1.5 ~middle!, and 2.0~bottom!. In both models,T51.0 eV and
G2p
nuclear50 meV.
s
-
atom is accelerated by the energy released with the tra
tions. In this point of view, the initial kinetic energy distr
bution may depend on the target density and thus the hig
kinetic energy component is increased with the target d
sity. But the quantitative estimation of this effect remains
complicated problem.

For antiprotonic hydrogen atoms, we have used the
perimental value ofG2p

nuclear, which is spin-averaged. In th
original paper of Borie and Leon@4#, comparison between
the two cases are made in which the spin averaging is d
before and after cascade calculation: cascade calculation
made with spin-averaged absorption width in the former a
cascade calculations with differentG2p

nuclear for spin-triplet
and spin-singlet are separately made and the x-ray yields
averaged in the latter. These two cases result in a differe
of L x-ray yields by a factor of about 2, and the latter see
to be more appropriate because the cascade time is too
to allow any significant singlet-triplet transitions.

V. CONCLUSIONS

We extended the Leon-Bethe model to formulate St
mixing rates in hadronic hydrogen atoms and its suppres
due to nuclear interaction ons states. In the fixed field mode
with the impact parameter method, the full incorporation
l , D l , andm with the initial kinetic energyT;1 eV makes it
possible to reproduce the reported x-ray intensities of pio
hydrogen atoms, but for antiprotonic hydrogen atoms,
agreement is less satisfactory especially in the low den
region.

hed

hed

FIG. 21. Density dependence ofK x-ray yields for kaonic hy-
drogen atoms. The solid lines are the results withoutG2p

nuclearand the
dashed lines are obtained withG2p

nuclear50.05, 0.1, 0.5, 1.0, 5.0, and
10.0 meV~downwards!. In all cases, the initial kinetic energyT is
fixed at 1.0 eV.
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86 55T. P. TERADA AND R. S. HAYANO
The results were also compared with those of the Bo
Leon model, which has been widely used to understand
density dependence of x-ray yields from hadronic hydrog
atoms. We have eliminated the ambiguous parameterkSTK ,
which is needed in the model to enhance the Stark mix

FIG. 22. Density dependence ofL x-ray yields for kaonic hy-
drogen atoms. The solid lines are the results withoutG2p

nuclearand the
dashed lines are obtained withG2p

nuclear50.05, 0.1, 0.5, 1.0, 5.0, an
10.0 meV~downwards!. In all cases, the initial kinetic energyT is
fixed at 1.0 eV.
-

-
e
n

g

rates. Our x-ray intensity results correspond to those
tained from the Borie-Leon model withkSTK51.5–2.0 in the
case of pionic hydrogen atoms, while our intensities are g
erally lower in the case of antiprotonic hydrogen atoms. T
detailed aspects of our x-ray intensity results cannot be
produced by merely changing the single parameterkSTK .

The ambiguity due to the change of the initial populati
distribution, the molecular dissociation cross section and
absorbtion widths within the experimental errors were co
firmed for antiprotonic hydrogen atoms.

In pionic and kaonic hydrogen atoms, the results w
shown to be very sensitive to the rate of nuclear absorp
from p states. Since we do not have established data o
experimentally or theoretically, it prevents us from determ
ing x-ray yields with only one parameter of initial kineti
energyT. But conversely, we can roughly estimate the ord
of G2p

nuclear from K x-ray yields without theL x-ray data
which are much more difficult to obtain because of the lo
energy. As for pionic hydrogen atoms,G2p

nuclearis estimated to
be not larger than about 0.1 meV. The reportedK x-ray
yields from kaonic hydrogen atoms with liquid hydrogen ta
gets seem to imply thatG2p

nuclearis between 1.0 meV and 10.
meV, but it is inconsistent with the preliminary result wit
gaseous hydrogen target which suggests a smallerG2p

nuclearof
about 0.5 meV to 1.0 meV.
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