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Cascade calculation of hadronic hydrogen atoms
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Cascade calculations of hadronic hydrogen atoms are performed to obtain the x-ray yields as a function of
the target density. An extension of Leon-Bethe’s Stark mixing ratem#00 states is made without the
introduction of the parametédisry, which is necessary in the Borie-Leon model to enhance the Stark mixing
rates. Although the energies of theix rays are too low to observe, we can roughly estimate fhati@orption
width of pionic and kaonic hydrogen atoms from the measitedray yields.[S0556-281®7)03601-7

PACS numbsgs): 36.10—k, 13.75—n, 25.43+t, 25.80—¢

I. INTRODUCTION Il. CASCADE MODEL OF EXOTIC HYDROGEN ATOMS

A. Atomic cascade

Hadronic hydrogen atoms are of particular interest among The incident hadron loses energy by ionization of target
hadronic atoms because Fhey have the simplest structure aﬂ?drogen molecules and collision with electrons of compa-
are free from any screening effects due to bound electronggpe velocities until it is captured to form an exotic hydro-
We can directly probe hadron-nucleon interaction at zero €Ngen atom. We only have an incomplete and qualitative un-
ergy in these systems, but unfortunately the x-ray yields argerstanding of these processes, but this is not so crucial to
specifically small compared to other hadronic atoms withzg|cylation on the atomic cascade after the capture. Since the
Z=2 because of Stark mixing as Day al. [1,2] first indi-  gjssociation energy of hydrogen molecules is 4.7 eV, the
cated. Since it is electrically neutral, small in size and has n¢adronic atom is expected to have a kinetic energy of about
electron, the hadronic hydrogen atom passes freely near theeV at the end of these molecular processes.
neighboring hydrogen atom, where it will be subjected to a The captured hadron is initially in an orbit with the prin-
strong electric field of the proton. This induces the Starkcipal quantum numben~ /u whereu is the reduced mass
mixing between the states of different angular momentunof the hadron-hydrogen system, because the Bohr radius cor-
and consequently the hadron is absorbed by the nucleus frorasponds to that of the K-shell electrons and thus the overlap
low angular momentum states at a high principle quantunof the wave functions of the hadronic atom and ground state
numbern before the hadronic atom can deexcite to reacthydrogen is the largest. In most of the calculations the initial
low-lying n states by radiative transitions which we can ob-population distribution an~u is taken to be statistical:
serve. The resultant x-ray yields are very low particularly forP ()« (21 +1). In the case of hadronic hydrogen atoms, the
liquid hydrogen targets, where the density is high and théStark mixing rate is high enough to level off the population
probability of these collisions is enhanced. of different angular momentum states so that x-ray yields at

The first calculation of hadronic hydrogen atoms with thelow-lying n states are not affected by the initial population
Stark effect included was made by Leon and Beiiefor ~ distribution as will be shown later. . o
liquid hydrogen target. Borie and Ledd] made a more The atomic cascade involves successive deexcitation pro-
detailed cascade calculation to obtain the target density d&eSses through the atomic states to states with srmalletil
pendence of the x-ray yields, assuming that the rates of StafR® hadron is captured by the nucleus through strong inter-

mixing to neighboring angular momentum eigenstates ar?c?ontfgomtlovy angula:j momentum sdtgtes. Flgutr_e ﬁ '":AS'
given by Leon-Bethe’s prescription. Although the Borie- rates the alomic cascade processes diagrammatically. vore

Leon model has often been used to explain the later experggiﬁgegv?gj’vcggggps Zﬂctr:] Zie£é§) cesses are to be found in
mental data of x-ray yields from hadronic hydrogen atoms, it ’
always requires an additional free parametgf of 1.5 to
2.0 to enhance the Stark mixing rdtg]. This has been at-
tributed to some approximations made in Leon and Bethe’s The method of cascade calculation used in the present
calculation, but no satisfactory explanation was given so farpaper is a standard one by Borie and Lééhexcept for the

In this paper, a more realistic description of Stark mixing Stark mixing rates. We summarize the physical processes in
rates is formulated on the basis of Leon and Bethe's moddfe atomic cascade and introduce the arrival probability, and
and applicated to Borie and Leon’s cascade calculation in thie€n describe the procedure of the calculation.
aim of eliminating the factor okstx. The results are com-
pared with the very recent series of data on the density de-
pendence of x-ray yields from antiprotonic and pionic hydro- a. Molecular dissociationlnitially at states with largen
gen atoms, and the model is then applied to kaonic hydrogetine hadronic hydrogen atom deexcites by dissociation of the
atoms on which very little is known. neighboring hydrogen molecules, but this process is less im-

B. Cascade calculation

1. Processes included in the cascade calculation
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: / External Auger transition ns n3 ’

| / nuclear 32n — nuclear
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whereI ¢ and I'5:"** are mainly taken from the experi-

? mental resultsl“’,}‘s’c'ear also suppresses the Stark mixing as

/ A will be described.

X adiative transition e. Weak decayExcept for the antiprotonic hydrogen
atom, weak decay of the orbiting particle plays a role when
the target gas is dilute. The rate is given by

1
1 Fweal&_, (6)
.
\% . . .
Nuclear absorption where 7 is the mean life of the particle.

f. Stark mixing.Stark mixing ratesi"fff‘i'fn’

scribed in detall in the following sections.

FIG. 1. A schematic level diagram of an exotic atom showing I’ will be de-

some of the possible deexcitation processes.

2. Arrival probabilit
portant at states with smal such asn<\/u. Thus we P y

merely assume that the cross section is given by the size of When a hadronic atom cascades down through many

the hadronic hydrogen atom: states ofin,|) as displayed in Fig. 1, the deexcitation pro-
cesses and the Stark mixings are the competing processes.
| N The population distributiorP,, | satisfies the following rate
Tt = varﬁ, (1) equation:
. . . dPnl total E Stark
wheren’ is the largest of which satisfAE, ., =4.7 eV gt - TPt 2 Tpn g Pas (7)

(the dissociation energy of hydrogen molegulé is the tar-

get density of hydrogen atomsl(2 is that of hydrogen mol-  \yhere

ecules, v is the velocity of the hadronic hydrogen atom, and

E)?t;?t.BOhr radius of the hadronic hydrogen atormittn Bohr Eofal— E (Fmo' ”|’+Fﬁ}|lg_e>:~|/’|/+rrad / I/)_'_l—wnuclear
b. External Auger transitionThe external Auger deexci- n'<n

tation, which involves ionization of the neighboring hydro-

gen molecules, becomes importannat \/u. Leon and Be- +Ivek ) Fﬁtlaikn,l’ ' ®)
the [3] showed that the rate is given approximately by "
We define
R :
o oozl P, =T fo Ppdt, ©

X" I lIn D 2(2AE eieased 1.39 7
) which is thearrival probability: the overall population which
goes out from a statm,|) to elsewhere. Integrating EG7)

wherel’=1+1,(n’,I’|r|ln,1) is the radial dipole matrix el- and assumin@,(t=+-<)=0, we obtain

ement for the transition of a hydrogenlike atom given in Ref. [ Stark
[7] andAEgjeasedS AEn_.n» — 15.2 eV(the ionization energy P (t=0)=P Toiznis P 10
of hydrogen molecule n1(t=0)=Pn, |§| T nl (10

c. Radiative transition.Radiative transitions, involving
the emissions of x rays, dominate at lowstates. The rates Equation(10) can be expressed in the form of a matrix equa-
are given by tion
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- total Y - total
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. = Stark
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P
x| M (12)
Pn,I:n—l
|
and solved by standard methods for matrix inversion. v~10* m/sec, which is five times as large as the thermal
velocity of a hydrogen moleculev pema= \/3kT/mH2
3. Procedure of the cascade calculation ~2x10* m/sec(at T= 300 K). We calculate the Stark mix-

Cascade calculation for a set of parametensss of the ing rates as a .function of impac? parameter in this approxi-
orbiting particle, initial kinetic energy of the hadronic hydro- Mation, taking into account transitions among the degenerate
gen atom, target density anc State shift and width by the states but ignoring much less likely transitions to states with
nuclear absorptionis performed in the following waysee differentn.

again Fig. 1. ) _
(1) The initial population ah~ /i is given by a statisti- 2. Fixed field model )
cal distributionP,, |(t=0)x (2l +1). We start with the time-dependent Sctilger equation

__(2) Solve Eq. (11) to obtain the arrival probability for the internal coordinate of the hadronic atom
Poi=T1 oPn,idt. J

(3) Distribute P, to lowern states or other processes i— ()Y =H(t)| (1)) (12
according toI'f7eesS  hed T and sum up the radiative at
transition rates.

(4) Reducen by 1.

(5) Repeat(2) to (4) until n=2. H(t)=Ho+V(t), V(t)=E-r, (13

with

whereH, is the operator of the unperturbed energy of the
C. Stark mixing of degenerate states hadronic atom, which contains the strong interaction shift as
When the small and electrically neutral hadronic hydro-Well as the electromagnetic enerdy,the shielded electric
gen atom passes through the electric field inside the electrdigld by a hydrogen atom, andthe internal coordinate of the
cloud of the target hydrogen atoms, Stark mixings among th&adronic hydrogen atom. Expanding the wave function
n2 degenerate states are induced. We calculate the Stark mik/(t)) into an orthonormal set af® eigenfunctiong«) (all
ing rates by extending Leon-Bethe’s calculatj@ which is  having the same), multiplying (8| from the left-hand side
for transitions amongn=0 states, to those among+0  and taking the coordinate system as shown in Fig. 2, we
states, and avarage them over initidH2L substates as in Obtain in the interaction representation
Borie-Leon mode[4].

0 .
1. Impact parameter method i (Bl) =2 | (BIV(D)]@)=i(Bl ] @) (el (1)
As there is enough time during a collision for the atom to _ P
make many transitions among the states, the Born approxi- => [E(t)<ﬁ|z| ay—i (Bl —|a)|(a|¥t)),
mation is not applicable. Instead we use thmpact param- @ d6
eter methodas in Ref.[3] with the following two assump- (14)

tions: (i) The density distribution of electronic cloud is not

affected by the presence of the hadronic atom because it ishere E(t) is the electric field strength. Reiferther and
electrically neutral(ii) The hadronic atom passes a definite Klempt [8,9] solved this set of simultaneous differential
and straight trajectory through the fixed electronic cloud.equations numerically using the spherical harmotiigs) as
This is justified by the velocity of the hadronic atom their orthonormal set, but their calculation entails a heavy
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FIG. 3. Difference between the rotating field model and the

FIG. 2. The coordinate system for the Stark mixing calculation:fixed field model. In Eq(14), (8|z|«) are the Stark induced tran-

z axis is in the electric field directiorx axis in the plane of colli-
sion, andé the angle betweer axis and the direction of the mo-
tion. R=p se®, X=ptand, dX=vdt=psecddé.

task because all populations if states of a givem are
calculated at every integration step.

On the other hand, Eq14) is greatly simplified by omit-
ting the @ terms because the Stark interactivi=E-r is
diagonal when we expand the wave funct|gr{t)) with the
eigenfunctions in the parabolic coordingig ,m) instead of
spherical harmonicH,m). Since thed terms arise from the
rotation of the axis of quantizatiot.e., z axis during the
collision processes, the angular momentomis fixed in the
field direction in this model. We call Eq14) the rotating

field modeland droppingg terms yields thdixed field model

sitions withAl==*1, Am=0, and(B|d/ 30| a)=i{B|L,|a) are the
transitions by the rotation of the quantization axis with
Al=0, Am==*1.

n, andn, are the parabolic quantum numbers which satisfy
n,+n,+|m|+1=n. The screened electric field strength at a
distance ofR from a hydrogen atom in its ground state is

Zeff R 2 2 1
E(R)_MRZ_ 1‘f0 |Rn=1j=0l°r*dr IR?
_glt2R+2R?
e/ R (17

MuR

[3]. We also assume a uniform population distribution in
21+1 substates of a givenand take into account only the where Z.4 is the effective nuclear charge of the hydrogen

transitions between states with differdntas schematically
shown in Fig. 3.

atom (<1) andR;-1 -¢= 2e~ R the radial wave function for
an electron of hydrogen atom in its ground state. Integrating

We can separate E(L4) to a set of differential equations Eq. (15), we have

for (ny,m|¢(t)) in the fixed field model as follows:

. d
F (e mlg(t) =2 (ny.mlV(B)[ng,m)(ng.mly(t)

=Va, m(O)(ng,m[#(1)), (15
where
Vi, m()= gE(t)n(nl— ny) = gE(t)n(an— n-+|ml+1).
(16)

(ny,mlg(t))=(ny,m|y(t=—=))

xex;{—ift an,m(t')dt’} (18

Putting | y(t=2))=|l,m) and|y(t=—x))=|I",m), the
total transition probability fotl,m)—|I’,m) over a continu-
ous interaction with a hydrogen atom along a straight-line
path with an impact parameteris obtained as

n—|m—1 r - 2
P(p,l,1";m)= HZO (1,m|ny,myexp —if Vi, m(Ddt[(ng,m[l”,m)
1= L —
gl ' (3 nenondml+y) L)) ?
= ,m|ny,mexp —i= ny,mll’,m
o ( 1,M) p_ v P (ny )
n—|m/—1 r 2
3mn
=/ > (I,mn;,myexpg —in, il LID)(nl,mll’,m) , (19)
n,=0 I v p
where we have used Leon-Beth&'&p) [3]
1 (w2
Lp)= ;J' e 2091+ 2psed+ 2p2sech)do (20

— 72
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and its variation as a function @f is shown in Fig. 4. The
coefficients(l,m|n,,m) can be obtained by a method given Present model —
in the appendix of Ref.3]. In this picture, each of the Stark L - _
eigenstategn,,m) interferes with the others at= with its —— — — -
own accumulated phasf”..V, m(t)dt (see Fig. 5 Note - === —
that Al=2 transitions are possible as results of multiple in- - — = -
teractions, and thakm=0 transition is prohibited. <> S P@, 1, I; m) 2npdp —

0

3. Stark mixing rates in the present model
FIG. 6. Comparison of Stark mixing rates in three models:

Leon-Bethe considered only transitions betweer=0 states,
Borie-Leon only Al==*=1 transitions, and the present model in-
volves all possible transitions withm=20.

The Stark mixing rates for the transitiofs,|)—|n,l")
(averaged over initial substajesre obtained as

FStark: 1 2 1—‘Stark
=17 2l 414 " 1=1im T=1 eV andn=5. To eliminate the density dependence, the
total cross section for Stark transition lef-1", namely
1 ©
:Nvmé wao pdpP(p,1,I";m), (21 [Stark
Stark__ ~ 1=’
T-1"T "Np (22

wherem changes within the range min(l,I’)<m=min(,l")

because of the selection rulem=0. Integrals are numeri-  TABLE I. Stark mixing cross sections™ for pionic hydro-

cally performed with no approximation except for the as-gensinn=5 (T=1.0 eV).

sumption of impact parameter method and fixed field model

and thus this calculation fully incorporates theAl andm (8 Al=1 transitions for different initial

dependence of the Stark mixing rdtee also Fig. 6 Model 0—1 1—2 253 314
A part of the results as an example is summarized in

Table I, which is for a pionic hydrogen of kinetic energy Borie-Leon modelps 163 163 163 163

m=3 9.92

E Present m=2 7.42 5.56
neroy y model m=1 702 720 573
< ng,m > m=0 7.89 6.72 4.50 5.30

degenerate Stark splitting degenerate (b) Transitions with differentAl for a given finall

Model 0—4 1—-4 2—4 3—4

hadronic atom trajectory Borie-Leon modeh-rpé 16.3

t

@) m=3 9.92

target hydrogen nucleus Present m=2 6.54 5.56

model m=1 491 2.56 5.73
FIG. 5. Each Stark eigenstate interferes with the others at m=0 3.37 1.10 3.69 5.30

t=co with its own accumulated phasei [V, (t")dt’.
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n-1
1 E I‘Stark
n_1|=1 |—1"=0;m=0

* 1
=N0277f pdp——{1-P(p,0,0;0)}
0 n—1

P(p,0,0;0)

2

=Nv T (26)

Noticing that the number of states in a givenis n—|m|,
Eq. (26) can be extended fan#0 as

r Stark =N

I=17#;m™

FIG. 7. Isolation probabilities of the=0 stateP(p,0,0;0) for (27)

v n— |m| .
n=5, 10, and 15 as a function ef

b. Borie-Leon modelThe cascade calculation incorporat-
is presented. Roughly speakinyl=1 transition is favored ing | dependence of population distribution was made by
for a givenl andm and a smallet is favored for givenAl Borie and Leor{4] to obtain hadronic atom x-ray yields as a
andm. The comparison with the standard Leon-Bethe modefunction of the target density, with a very simple assumption

and Borie-Leon model are described in the following secfor Stark mixing rate

tions.
rlsflnjrl: kstiNv Wpé, (28)
4. Comparison with the past two models
a. Leon-Bethe modedleon and Beth¢3] considered only ISk e Np o2 21-1 29
them=0 states because their discussion was concentrated on I—1-17"1STK Ps™ o151

the transition|1<I<n—1, m=0)—|l=0, m=0) which is
followed by the nuclear absorption. They introducedi8®e  wherekgrk is an arbitrary multiplying factofputtingkgrx as
lation probability of =0 state: 1.5 to 2.0 reproduces the experimental x-ray yields waeid
ps is determined by the Leon-Bethe’s criterion given in Eq.
n-1 370 ¢(p) 2 (25). The factor (2—1)/(21+1) comes from the averaging
> ex;{ —in,— —H , (23)  over initial 21+ 1 substates of-|<ms=I, where|m| depen-
ny=0 v P dence of the Stark mixing approximately given by E2i) is
completely ignored.

P(p,0,0;0)= 2

where we have useg;, m=0|l=0, m=0)=1/yn which is In this model we ignore\l =2 transitions
independent of andn;. As a function ofp, the oscillation
becomes faster exponentially aslecreases as shown in Fig. rpak =0 for Al=2. (30)

7 because of the dependence of(p) in Fig. 4. They as-
sumed for simplicity thaP(p,0,0;0) is given by a step func- However, it does not mean that we have merely neglected

tion : Al =2 transitions in the Leon-Bethe model because the right-
hand side of Eq(29) is mp3, which wasmp3/n in Eq. (26)
(p>ps) (see Fig. & The atom goes from the state with
P(p,0,0;0 = 1 _ (29 1<lsn—-2 to I'=Ix1 with the probability of
n (p=ps. KerX[1+(21—1)/(21+1)](>1). Although it can repro-

o ) ) . ~ duce the density dependence of experimental results by ad-
After a collision with an impact parameter in the region justing the free parametésy, Borie-Leon model involves

p=<ps, then states withm=0 are completely mixed up, such unnatural assumptions which were not assumed in the
which results in a uniform distribution amongstates with [ egn-Bethe model.

m=0:P(p,l,1";0)=1/n for anyl andl’. ps is theeffective The difference between the resultant Stark mixing rates
impact parameterfor Stark mixing determined by their with Borie-Leon model and the present calculation is obvi-
“ s-state mixing criterion” ously seen from Table I. Note thatl|=2 transitions are not
at all negligible compared tpAl|=1 transitions.
{(ps) wvu
Ps “2n? (25 D. Stark mixing in the presence of nuclear interaction

In the preceding sections, we have neglected the effect of
which approximately satisfieB(pg,0,0;0)=0.1(see Ref[3]  nuclear interaction. However, it plays an important role in
for more details Stark mixing because the strong interaction energy shift re-

Stark mixing rate of1<I<n—1, m=0)—|l=0, m=0) moves the degeneracy of states which is essential for the
transition(averaged over initial) is calculated as follows:  Stark mixing.
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1. Interference of Stark mixing and nuclear interaction ___/\—_
First, we consider Stark mixing between states with N\
m=0 in the fixed field model, including nuclear interaction — A
on the s-state. Note that some of the results by Leon and . weak
Bethe[ 3] are incorrectly given probably due to typographical A
error, although the discussion in this section follows them. ___\éE_“ electric E
Together with the nuclear interactidgthe vacuum polar- - A field
ization and the finite size effect are also included in its real R large b
parp, the matrix element of Hamiltonian in the Stark repre- A ‘Strong
sentation is written as __\ZE_"
AL
(nalHIng)=(ny|VS*ng)+(ny [V n1) _ N\
n—1 5EI=O smallfy|
=3En<n1— - )6n1,ni+ . (31

FIG. 8. Interference of Stark splitting and nuclear interaction in
where 5E, _, is the complex energy shift for thestate and  the two extreme of smally| and largefy|.
we have usedl=0|n,)=1/\{n. If we set the complex en-

ergy eigenvalue ak and introduce parameters according to n—1\ OJE g
Leon and Bethé3] A~3En|ny— —— |+ ——, (39
A . . .
B=-—, (32 with n;=0, ... n—1, which are slightly perturbed from
3En their values withoutE, _,. This means that eigenstates are
) uniformly influenced by the 1/ of the s-state interaction.
y=i ( 5EI—0) (§En) _ 21 6E o 33) At the limit of large|y| (Stark splitting<< energy shif,
n 2 3En® one of theg eigenvalues is large in absolute magnitude as
and 2 n-1 1
2i ( n—1 B) 34 ity =0 = [(n=1)/2)] - Bs
a,=—|\n————-p3],
"oy 2 n 1 n(n’-1)
. . . _ L ST B3 12 +-(|Bd—), (40
the matrix can be diagonalized by solving the characteristic S S
equation
which results in
Y
|H—)\U|:3EnE|1+an15nl,ni| iny n2—1
Bs~— 5 |1 372) (41
y 1 1 4
=3Enag --a,_¢| 1+ —+---+
2i 3o an-1 n2—1

where the last term leads to a characteristic equatiorBfor The corresponding eigenstate is a slightly perturbetate.

The remainingh— 1 eigenvalues lie close to the real axis and
1 == (36) the eigenstates are linear combinations oflth@ states. We
ni=o N1—[(N—=1)/12]=B iy have theaverage energy shiftf these states other than the
slightly perturbeds state using Eq(37)

n—1

As for the set of the rootg; (i=1, ... ), substituting Eq.

(34) into Eqg. (35 and rearranging with respect {8, we 1 n n+1
obtain from the coefficient 0" ! ~— = =—j—
Bi=o n—1<§ B s) oy, @
. iny
2 Bi==% (37 —  __ n+1(3En?
)\|>O:3Enﬁ|>0’v_ 12 5E|=0 . (44)
For small|y| (Stark splitting> energy shift, the eigen-
values are Hence, the slightly perturbesistate is isolated and the strong
_ interaction effects on the other states are very small at this
Bny— n-1 iy 39) limit. Figure 8 shows these two extreme cases diagrammati-
1

cally.
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L(p)—=¢'(p)
L2 g 12 g
;:: A =15 : :i mi2 @~ 2psed
§ § O.GE— _E m —7l2
ol 3 E X (1+2p sed+ 2p°seh) VR (p sed)dé. (50)
00 Buclelon ToTomterd
008t e 2RSS Note that| y| is minimum atR=p whereR(R) is maximum.

The hadronic hydrogen atom feels electric field strong
enough to cause Stark mixing only gf is small enough. It
should be pointed out that in the small electric field limit

(| 7l—==),

R(7)

r Stark 1

=001’ 0% [5E[2 (51)

holds as expected from perturbation theory.

FIG. 9. Degree of Stark mixingR(y) for antiprotonic

(n=5,10,20,30), pionicr{=5,10,15), and kaonicn=5,10,20) at-
oms.

IIl. NUMERICAL RESULTS AND DISCUSSION

A. Antiprotonic hydrogen atoms

2. Suppression of Stark transition from and to s states Since the antiprotonic hydrogen atom is the most exten-
We parametrize the degree of Stark mixing by the strongsively studied among the hadronic hydrogen atoms, we shall
interaction effect on the states other than the slightly peruse it as a test case of the cascade model. The shift and
turbeds states. We introduce a measure of the strength of thabsorption width of & state are well determined from the

Stark mixing according to Leon and Betf@&: direct measurement of the energy Kf,(2p —1s) x rays
[10-14 and the absorption width of 2 state is also well
Re M\~ 2ImBi~g 45 determined from the relative intensif0,13,14
" Im(6Ei—o/n)  Rey _ Kyyield TRl -
= EiLiyield_ l—-rzebd_)ls_’_l—-ggclear ( )

which is at two extremes in the previous section

where'5Y | is the radiative width given in Eq3). We

R(»=1 (7=0), (46) have used the latest valugist] which are consistent with the
n+1 1 preceding experiments:
R( 7’)—> _3I’1 W (| ’}’|—>00). (47) Re&Els: Gggclear_{_ 6\]/_2cuum polarizatioq_ eggite size (53)

=—73(repulsive +41.8-3.2=—-691 eV, (54
In the region of|y|~1, the behavior ofR(y) depends on
n and the phase of (i.e., 5E,_). Figure 9 showsR(y) ImSE 1s=T1"/2=561 eV, (55
calculated with the numerical solutions of E§6) for anti-
protonic, pionic, and kaonic hydrogen atoms. Fggdear: 34.0 meV, (56)

Borie and Leor{4] incorporated the suppression of Stark - o
mixing by replacirrtlg]ps to Smaller effectivF:apimpact param- Where g po!a”za“ona”d €1y © % are given in Ref[15].
eters defined witiR, but thel, Al, andm dependence are Note that the sign of the energy shéi; is defined so that
not taken into account at all. We treat it in a more realisticPOSItive Is attractive.
manner using the sanfe.

Since y involves the reciprocal of the electric field
strength,R is a function of the distance from the target hy-  The results on the density dependenc&adndL x rays
drogen nucleus. We assume the rate of the Stark mixing frongields are shown in Fig. 10 and Fig. 11 together with the
and to thes state at a distand® from the hydrogen nucleus experimental data. The only parameter is the initial kinetic

1. Initial kinetic energy dependence

are suppressed as energy T of the antiprotonic hydrogen atom and we have
Stark Stark performed calculations for=0.5 eV, 1.0 eV, and 2.0 eV.
0o 20(R =T 20l 4 o(RIR(R). (48) Although the data at low density region by PS175 group

[13,14) are somewhat underestimated, the model seems to
This brings about the modification only fé¥(p,0,l’#0;0)  eXxplain the experimental results, especially at medium den-

andP(p,l #0,0;0) in the preceding calculation as sity region.
(VSRR [1Y = (1| VSBKHR) 1) VR(R) (49) 2. Comparison with Borie-Leon model

We can also compare the results with those obtained us-
so that{(p) defined in Eq(20) is replaced by ing the original code of Borie and Ledd] which has the
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FIG. 10. Density dependence Kf x-ray yields for antiprotonic

hydrogen atoms. The lines are the numerical result3 for0.5 eV
(top), 1.0 eV (middle), and 2.0 eV(bottom). The points with error
bars are the experimental results from R¢f,12-14,16,1F 1
pstpis the target density at standard temperat@8 K) and pres-

sure(1 atm.

arbitrary free parametédtgrk for multiplying Stark mixing
rate uniformly as given in Eq29). We setkgrk to be 1.0,
1.5, and 2.0 and fixed at 1.0 eV. The results are shown in

Fig. 12 and Fig. 13.

102

X-ray yield (%)

X-ray yield (%)

X~ray yield (%)

FIG. 11. Density dependence bfx-ray yields for antiprotonic
hydrogen atoms. The lines are the numerical result3 fer0.5 eV
(top), 1.0 eV (middle), and 2.0 eV(bottom). The points with error
bars are the experimental results from R§i€,13,14,16—1B

10!

energy is fixed aT=1.0 eV.

102

FIG. 12. Density dependence Kf x-ray yields for antiprotonic
hydrogen atoms. The solid lines are the present results and the
dashed lines are obtained from the Borie-Leon model with
kstk=1.0 (top), 1.5 (middle), and 2.0(bottom). The initial kinetic

The present model results in comparable or lower x-ray
yields, or in other words, comparable or stronger Stark mix-
ing rates than even in thestx= 2.0 case of the Borie-Leon

model in the most of the density region; we do not need to
introduce an ambiguous factdigrk to increase the Stark

3. Other ambiguities

mixing rates any more. Apparently, the density dependence
of x-ray yields in the present results cannot be reproduced by
just adjusting a single parametiesrx of Borie-Leon model.

It also should be noted that the present results agree with
the experimental data less well than Borie-Leon model with
kstk=2.0 in the lower density region, where the effect of
Stark mixing is relatively small. This may be attributed to the
other physics as we will discuss later.

a. Initial population distribution. The statistical initial
population distribution oP (1) (21 +1) atn~ u is merely

A
E SN

[ ovvd il

Famam

E il

1072 10-1

100

10t
Pstp
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an assumption which can be justfied by the idea that the
strong Stark mixing at highen states makes angular mo-
mentum states far from energy eigenstates. We checked this
picture by settingP(l)oc(2l+1)e* and varyinga from
—0.2 to 0.2. The results showed that increasingnakes
essentially no change and decreasingeduces the yields
slightly (by the order of 1% at the maximymAs a whole,
these changes are negligible compared to other ambiguities
such as the initial kinetic energy of the hadronic atoms.

b. Experimental errors of fixed parametessthough we
have useds[uc’ea’ phuclear angrjuclearas fixed parameters,
they have experimental errof$4]. We evaluated the effect
of them by changing these values within the range of error
bars. The resultarkK x-ray yields are affected by about 10%
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FIG. 13. Density dependence bfx-ray yields for antiprotonic FIG. 14. Density dependence Bf x-ray yields for pionic hy-

hydrogen atoms. The solid lines are the present results and tH#0gen atoms. The lines are the numerical resultsTfe0.5 eV
dashed lines are obtained from the Borie-Leon model with(top), 1.0 eV(middie), and 2.0 eV(bottom. The points with error
ksti=1.0 (top), 1.5 (middle), and 2.0(bottom). The initial kinetic ~ Pars are the experimental results from R¢19,20,22-24

energy is fixed al=1.0 eV. . .
ay mental errors of them. However, since hox ray is ob-

but L isld little affected: th h | served, we have no information on the nuclear absorption
utL x-ray yields are litlie afiected, these changes are alSQiqth of 2p statel'1Y“*® We regard it as another unknown
negligible compared to those by the initial kinetic energy. P 2p :

c. Molecular dissociation cross sectioR™ is conven-
tionally taken to be the size of the hadronic atom with a

parameter.

2
classical Bohr radius as in E€l). To evaluate the ambiguity B 3 ,,,‘1: AU T
caused by this simple assumption, the calculations are per- g R
formed with changing the cross section by a factor of 0.5 and z ol - E
2.0. The resultant changes are also about 10% at the maxi- > : ]
mum, which is smaller than the ambiguity due to initial ki- P L 2
netic energy. * S
E ]
B. Pionic hydrogen atoms S 1:;) _-zZIIIIITe
The experimental data on pionic hydrogen atoms is rather § 1
limited compared to antiprotonic hydrogen atoms because of z AN
their low binding energy. The crystal spectrometer enabled X 0E RNNNE
us to determine the shift and width ofsistate of pionic A Y .
hydrogen atoms by the measurements Kf(2p— 1s) 0 A R A A B
[19,20 and recentlyK 5(3p—1s) [21,29 x-rays. We have S 3
used the latest valug¢g2] which are consistent with the pre- ot
ceding experimenit21] % 10 ~
R65E13= Eggcleaq_ e\fgcuum polarizatioq_ Eflir;ite size (57) :E ° I
fo-2 fo'll - 10!) - 10'1 - 1‘0!2 TS
=7.13 attractive +3.23—-0.1=10.3 eV, (58 Pae

FIG. 15. Density dependence Kf x-ray yields for pionic hy-
IMSE o= rggc'eayzz 0.49 eV. (59) drogen atoms. The solid lines are the present results and the dashed
lines are obtained from the Borie-Leon model witi«= 1.0 (top),
1.5 (middle), and 2.0(bottom. In both models,T=1.0 eV and
The resultant x-ray yields are little affected by the experi-FQ‘;C'ean meV.
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1. Initial kinetic energy dependence P R : ST | N
We first evaluate the initial kinetic energy dependence of - ]
the x-ray yields withl'35"** set at zero. The initial kinetic >
energy is taken to b&=0.5 eV, 1.0 eV, and 2.0 eV. The 2 :
results are shown in Fig. 14 together with the experimental 5 .
data on theK x-ray yields. Note that increasin]j'z“rj,c'ear I :
makes the x-ray yields much smaller as we will see later.
2. Comparison with Borie-Leon model 8
We again compare the results with those obtained using §
the original code of Borie and Ledd]. We variedkstk as g
1.0, 1.5, and 2.0, witT=1.0 eV andl'3;"**=0 meV. The 0
results are shown in Fig. 15 where the difference between the
present result anklstx=1.0 is not so large as in the antipro-
tonic hydrogen case, but still the present model always re- =
sults in lower x-ray yields than the Borie-Leon model with 5
kSTK: 10 i
3. Influence of introducingl"ggc'ear *

We have ignored"g“jc'earjust because there exists no data
on it. But some of the fraction ip state may well be cap-
tured to the nucleus, and hence thestate has a finite ab-
sorption width. FIG. 16. Density dependence Kf x-ray yields for pionic hy-

We here regard‘nuc'earas a parameter and its effect on the drogen atoms. The solid lines are the results witﬂtﬂgf'ea'and the

2p ; ; uclear, ;
results is shown in Fig. 16. Although ambiguity due to thedashed lines are obtained wiff},"**=0.05(top), 0.1(middle), and
initial kinetic energy existsfguc'earis estimated roughly not 0.5 meV (bottom). In all cases, the initial kinetic energly is fixed

to be larger than 0.1 meV arﬂggdeaf: 0.5 meV is highly at1.0ev.
improbable.

1. Initial kinetic energy dependence

C. Kaonic hydrogen atoms We again evaluate the initial kinetic energy dependence

At present, three experimental results are reported on thef the results witﬂ“ggdearset at zero for a while. The initial
measurement of the strong interaction shift and width ofkinetic energy is varied a¥=0.5 eV, 1.0 eV, and 2.0 eV.
K, x rays from kaonic hydrogen atoms, but all of them suf-The results are shown in Fig. 17 and Fig. 18 together with
fer from very poor statistici25—27. The results are incon- the experimental data df x-ray yields with liquid hydrogen
sistent with one another as shown in Table II. targets. Note that increasir‘l@;’g‘lﬁf'ear makes the x-ray yields

What is more confusing, the sign of the shifts is oppositemuch smaller as we will see later.
to that deduced from the extrapolation of scattering data to
the low energy limit with Deser’s formulg28,29 2. Comparison with Borie-Leon model

nuclear We compare the results with those obtained by the origi-
ghuclear 15_:2a3,u2a:412(eV/fm)a (60)  hal code of Borie and Leof#]. We variedkgry as 1.0, 1.5,
1s 2 ! H _ nuclear_
and 2.0, withT=1.0 eV andl’;,"""=0 meV. The results are

) _ ) . shown in Fig. 19 and Fig. 20. Again, the present model gives
wherea is the scattering length obtained from the analysis of,

; smaller x-ray yields than Borie-Leon model wikiar=2.0
low energy scattering dafs80—37. The results are almost at high density.
consistent except for Conbdy86] as shown in Table Ill,
which are within the range of 400 e\< 622°'ear< —300 eV 3. Influence of introducingI" 55"
and 500 e\ I']uc® 600 eV.

. W in intr nucleanyhich has n nm r
We have used the approximate central value ©aga troducd 'z, ch has not been measured

experimentally. Its effect on the results are shown in Fig. 21

ReSE, — ghuclear, vacuum polarization (61) and Fig. 22.
s C1s 1s
TABLE Il. The reported experimental data on shift and width of
= —350repulsivg +25= —325 eV, (62 1s state of kaonic hydrogen atoms.
IMSE 1 =T"u2=275 eV (63 Authors ehuclear @) phucear g\)
S S )

vacuum polarization ; ; i . Davieset al. [25] +40+60 Ot(z)so
where egg™"™ P is given in Ref. [4]. Changing |zycki et al.[26] +270=80 560+ 260
i hy +50 eV does not make any significant effect on gird et al. [27] 1£193+ 60 80" 220

the x-ray yields.
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TABLE Ill. The prediction on shift and width of 4 state of kaonic hydrogen atoms from the analyses of
scattering data.

Authors Scattering length (fm) ehuclear (gy) rjuctear gy
Kim [30] —-0.87+i0.70 —358 576
Martin and Ros$31] —0.91+i0.66 —-375 544
Chaoet al.[32] —-0.87+i0.70 —358 576
Kumar and Nogamj33] —0.76+i0.72 —313 594
Martin [34] —-0.67+i0.64 —276 528
Dalitz et al.[35] —-0.73+i0.64 —-301 528
Conboy[36] —0.42+i0.75 -171 614
Tanaka and SuzukiB7] —1.03+i0.75 —424 618

If we believe in the yields reported in three experimentsattributed to these physics which are not incorporated in the
with liquid hydrogen targets"5:** would be estimated to model.
be between 1.0 meV and 10.0 meV. But the preliminary We assumed a uniform distribution off 21 substates
experimental result with psrpgaseous hydrogen tard@8]  with a givenl, which corresponds to infinitAm=*1 tran-
by E228 group at KEK-P$39] suggests a rather smaller sition rates. But obviously this is not the case. If we consider
rggclearof about 0.5 meV to 1.0 meV. The experimental re-finite Am= =1 transition rates instead, population of the
sults with gaseous and liquid targets cannot be explained atgfates withm=0, from which nuclear absorption occurs, are

time with a single value ofggcleaf not fed so fast as in the uniform distribution assumption.
Thus the nuclear absorption rate at higlstates is expected
V. DISCUSSION to be somewhat decreased and the resultant x-ray yields are
increased.

We here point out some of the possibilities for a further Throughout this paper, we have assumed the initial ki-
refinement of the model. The disagreement between theetic energy of the hadronic hydrogen atom is represented by
present results and the experimental data, especially in the single avaraged energy of about 1 eV, which is expected
low density region for antiprotonic hydrogen atoms, may befrom the molecular dissociation process. But actually there is

a distribution of the energies. The shape of time-of-flight
spectra of neutrons from the reactian p— 7°n in a recent

102 gy measurement of the mass differemog- —m_o implies that
- i ] a half of the pionic atoms are distributed around 1 eV, but
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FIG. 17. Density dependence Kf x-ray yields for kaonic hy- I T T
drogen atoms. The lines are the numerical resultsTfel0.5 eV o~ 107! 10° 10! 102 103
(top at high density 1.0 eV (middle), and 2.0 eV(bottom. The pem

three data points at 798s7p (liquid targe) from Refs.[25—-27] are

slightly moved to the left-hand side to make it easy to see. A data FIG. 18. Density dependence bfx-ray yields for kaonic hy-
point with an error bar at pgrpis a preliminary result of KEK-PS  drogen atoms. The lines are the numerical resultsTfer0.5 eV
E228 experimeng38]. (top at high density 1.0 eV (middle), and 2.0 eV(bottom).
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FIG. 19. Density dependence Kf x-ray yields for kaonic hy- FIG. 21. Densitv d q i ields for kaonic h
drogen atoms. The solid lines are the present results and the dashgd et e_?ﬁ' Yy fg?n ence " x-ray lyle 'S orfleaaronlc(j: hy-
lines are obtained from the Borie-Leon model Wity = 1.0 (top), rogen atoms. The solid lines are the results witHgjff*"and the

H H uclear_
1.5 (middle), and 2.0(bottom. In both modelsT=1.0 eV and dashed lines are obtained Wil =0.05,0.1,05, 1.0, 5.0, and
riueieat g mey/ 10.0 meV(downwards. In all cases, the initial kinetic enerdy is
D .

fixed at 1.0 eV.

the rest extends up to about 70 40—-42. The most likely

candidate for the origin of this higher energy component isatom is accelerated by the energy released with the transi-
Coulomb deexcitation process, or in other words, Stark trantions. In this point of view, the initial kinetic energy distri-
sition to the states with lower [43]; the hadronic hydrogen bution may depend on the target density and thus the higher
kinetic energy component is increased with the target den-
sity. But the quantitative estimation of this effect remains a
complicated problem.

For antiprotonic hydrogen atoms, we have used the ex-
perimental value org;;deaf which is spin-averaged. In the
original paper of Borie and Leop4], comparison between
the two cases are made in which the spin averaging is done
before and after cascade calculation: cascade calculations are
made with spin-averaged absorption width in the former and
cascade calculations with differeﬂﬁggc'ea’ for spin-triplet
and spin-singlet are separately made and the x-ray yields are
averaged in the latter. These two cases result in a difference
of L x-ray yields by a factor of about 2, and the latter seems
to be more appropriate because the cascade time is too short
to allow any significant singlet-triplet transitions.

10!

X-ray yield (%)

EEERT- TR

X-ray yield (%)

V. CONCLUSIONS

1.0
0.5

X-ray yield (%)

We extended the Leon-Bethe model to formulate Stark
cenad vl vl ] mixing rates in hadronic hydrogen atoms and its suppression
Tt b a0t a0 due to nuclear interaction anstates. In the fixed field model
with the impact parameter method, the full incorporation of
FIG. 20. Density dependence bfx-ray yields for kaonic hy- |, Al, andm with the initial kinetic energyT ~1 eV makes it
drogen atoms. The solid lines are the present results and the dashe@ssible to reproduce the reported x-ray intensities of pionic
lines are obtained from the Borie-Leon model whity, = 1.0 (top), ~ hydrogen atoms, but for antiprotonic hydrogen atoms, the
1.5 (middle), and 2.0(bottom. In both modelsT=1.0 eV and agreement is less satisfactory especially in the low density
I3e*=0 meV. region.
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rates. Our x-ray intensity results correspond to those ob-
tained from the Borie-Leon model wittgtx=1.5—-2.0 in the
case of pionic hydrogen atoms, while our intensities are gen-
erally lower in the case of antiprotonic hydrogen atoms. The
detailed aspects of our x-ray intensity results cannot be re-
produced by merely changing the single paramktgy .

The ambiguity due to the change of the initial population
distribution, the molecular dissociation cross section and the
absorbtion widths within the experimental errors were con-
firmed for antiprotonic hydrogen atoms.

In pionic and kaonic hydrogen atoms, the results were
shown to be very sensitive to the rate of nuclear absorption
from p states. Since we do not have established data on it
experimentally or theoretically, it prevents us from determin-
ing x-ray yields with only one parameter of initial kinetic
energyT. But conversely, we can roughly estimate the order
of rggC'ea' from K x-ray yields without thelL x-ray data
which are much more difficult to obtain because of the low
energy. As for pionic hydrogen ato n;jc'ef’”is estimated to
3 be not larger than about 0.1 meV. The reportedx-ray

T I T yields from kaonic hydrogen atoms with liquid hydrogen tar-
0% 107t 100 pot 10?108 gets seem to imply thdt3:"**'is between 1.0 meV and 10.0
meV, but it is inconsistent with the preliminary result with
gaseous hydrogen target which suggests a snﬁ@gﬂea'of
about 0.5 meV to 1.0 meV.

X-ray yield (%)

X-ray yield (%)

X-ray yield (%)

FIG. 22. Density dependence bfx-ray yields for kaonic hy-
drogen atoms. The solid lines are the results witﬂtﬂgf'earand the
dashed lines are obtained WIIE‘;C'%": 0.05, 0.1, 0.5, 1.0, 5.0, and
10.0 meV(downwards. In all cases, the initial kinetic energdly is
fixed at 1.0 eV.
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