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Double beta decay of92Mo: Comparison of the shell model
and the quasiparticle random-phase approximation
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The two-neutrino double beta decay of92Mo to the ground state and excited states of92Zr is analyzed using
the shell-model approach and the quasiparticle random-phase approximation~QRPA!. Two different valence
spaces and three different Gamow-Teller operators are used in the shell-model analysis. The resulting double
beta matrix elements and half-lives are compared with the corresponding QRPA results.
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PACS number~s!: 23.40.Hc, 23.40.Bw, 21.60.Cs, 21.60.Jz
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I. INTRODUCTION

The nucleus provides a convenient laboratory for test
fundamental theories going beyond the standard model@1#.
This is achieved by the study of the neutrinoless double b
(0nbb) decay and the two-neutrino double beta (2nbb)
decay of nuclei in which the ordinary beta decay is energ
cally forbidden. The 2nbb decay mode provides an exce
lent testing ground for the nuclear models due to the sign
cant experimental progress made in the detection of
decay mode for transitions to the ground state and exc
states of the final nucleus@2,3#.

Since most of the 2nbb decaying nuclei are medium
heavy or heavy open-shell nuclei the nuclear shell mo
~SM! has been inapplicable for calculation of the associa
nuclear matrix elements. This is why the SM analysis h
been restricted to ground-state decay of48Ca in the past. At
present, there are some shell-model codes@4–7# which have
potential to treat, in a reasonably realistic way, some of
more heavy double-beta-decaying nuclei.

In the present article we apply the shell-model appro
to investigate the 2nbb decay of 92Mo to the ground state
and 21

1 and 01
1 excited states in92Zr. With few exceptions

~see, e.g., Haxton and Stephenson@8#!, most previous SM
studies of the doubleb decay have concentrated on groun
state transitions. However, the study of the excited-s
2nbb transitions has lately gained importance due to its
ture of complementing the nuclear-structure informat
coming from the ground-state transition. Extra motivati
for these studies is given by the rapid progress on the exp
mental side leading already to an experimental half-life va
for the 01

1 transition in 100Mo @9#. Several other projects ar
going on to measure such transitions in other double-b
decay candidates.

Of particular interest in our study is to examine the d
pendence of the 2nbb matrix elements on the configuratio
space used in the SM calculation. This is accomplished
550556-2813/97/55~2!/714~6!/$10.00
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considering two different models which have recently be
employed to study the Gamow-Teller decay of theN550
nuclei. In the first of these@10# the valence protons ar
placed in thep1/2 andg9/2 orbitals, while in the second@11#
the proton space is enlarged to include thep3/2 orbital. In
both cases the valence neutrons are distributed in the ne
boring orbitalsd5/2, s1/2, d3/2, andg7/2.

The dominant mechanism responsible for the 2nbb de-
cay of 92Mo is expressed by the bare Gamow-Teller ope
tor, which transforms a proton in theg9/2 orbital to ag7/2
neutron. However, most SM calculations in the ma
A.100 region @10–13# consider renormalized Gamow
Teller operators in order to account for the observed quen
ing of the beta-decay strength within theQEC window @14#.
This quenching may result from experimental deficienc
@13# or would indicate that some of the Gamow-Tell
strength is pushed above theQEC window, by means of con-
figuration mixing. Some of the effects of this mixing can b
taken into account by enlarging the space of the calcula
but others, like those which correspond to the breaking of
N550 core, are more conveniently described by introduc
effective Gamow-Teller operators@10–12#. This approach
has been used in the present article in the determinatio
the virtual Gamow-Teller transitions of the92Mo ground
state to the 11 states of92Nb and the following deexcitation
of the latter to the ground and excited 01

1 and 21
1 states of

92Zr. The resulting double Gamow-Teller~DGT! matrix el-
ements of the 2nbb decay are compared with the ones o
tained using the bare Gamow-Teller operator.

The various SM results~different valence spaces and di
ferent Gamow-Teller operators! are compared with the re
sults of the proton-neutron quasiparticle random-phase
proximation ~pnQRPA! which, since its first applications
@15,16#, has been used extensively to calculate 2nbb and
0nbb decay rates to the final ground state. This method w
extended in@17–19# to description of the excited-state tran
sitions. Here the method will be called the multipl
714 © 1997 The American Physical Society
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55 715DOUBLE BETA DECAY OF 92Mo: COMPARISON OF . . .
commutator method~MCM!, for short, and will be applied to
the analysis of the 2nbb decay of92Mo both to the ground
state and to the excited 21

1 and 01
1 states in92Zr.

II. FORMALISM

A. The DGT matrix elements and the decay half-life

The 2nbb-decay half-life is taken to be of the form@20#

@T1/2
2n ~01→Jf

1!#215uMGT
2n ~Jf

1!u2GGT
~a!~Jf

1! , ~1!
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whereGGT
(a)(Jf

1) denotes the phase-space factor, depend
on the final spinJf

1 . Herea denotes the various possib
decay modes, namely 2nKK capture, i.e., the double
K-electron capture, 2nb1K and 2nb1b1, with the obvious
notation @20#. Values of these phase-space factors
Jf

150 f
1 transitions are calculated using the method of R

@20#. As indicated in Eq.~1! the same nuclear matrix eleme
is used for different modesa.

The double Gamow-Teller matrix elements~DGT! are
given by
uMGT
~2n!~Jf

1!u5
1

As (
m,m8

~Jf
1i( is~ i !t1~ i !i1m8

1
!^1m8

1 u1m
1&~1m

1i( is~ i !t1~ i !i0i
1!

@~ 1
2Qbb~Jf
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1!2Mi !/me11#s
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where s5112dJf2, Qbb(Jf
1) denotes the 2nbb-decayQ

value taking into account the excitation energy of the fi
stateuJf

1&, andE(1m
1)2Mi is the energy difference betwee

the mth intermediate 11 state and the initial ground state
The overlap factor in Eq.~2! is trivial for the SM calculation,
i.e., ^1m8

1 u1m
1&5dm8m , but for the QRPA it represents match

ing of the two different sets of 11 states, one emerging from
the pnQRPA calculation for the initial nucleus (1m

1) and the
other coming from the calculation for the final nucle
(1m8

1 ).

B. The shell-model formalism

As discussed in Sec. I, the 2nbb decay of92Mo is stud-
ied in two different shell-model calculations. These tw
models, to be hereafter described as Model1 and Mod
differ in the definition of the model space but also in t
manner the effective interaction is determined.

In Model1 calculations38
88Sr is assumed as inert core an

the valence protons are placed in thep1/2 andg9/2 orbitals,
while the valence neutrons are distributed in the close-spa
orbitals d5/2, s1/2, d3/2, andg7/2. The matrix elements o
the effective interaction, appropriate for the Model1 spa
have been determined by fitting them to observed d
@10,21#. Here we use the sets JS1, JS4, and JS6 of Ref.@21#
for the proton-proton, proton-neutron, and neutron-neut
parts of the interaction, respectively.

Model2 calculations follow closely the procedure adop
in recent shell-model studies of the properties of
N550252 nuclei@11,22,23#. In these previous calculations
the double-magic50

100Sn state is assumed as core and
valence proton holes are placed in thep3/2, p1/2, andg9/2
orbitals, while the valence neutrons, like in the Model1 ca
are distributed in thed5/2, s1/2, d3/2, andg7/2 orbitals. The
effective two-body interaction has been determin
@11,22,23# by considering second-order corrections to t
Sussex matrix elements@24# while the single-particle ener
gies have been determined by fitting them to the obser
levels of theN550 @22# andN551 @23# nuclei.

In the present calculation we find it more convenient
use particle formalism instead of the particle-hole formali
l
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employed in Refs.@11,22,23#. Thus the Model2 calculations
have been performed assuming34

84Se as core. Single-particl
energies with respect to the new core were determined
removing, to first order, the effect of the additional 16 pr
tons of 50

100Sn. On the other hand, we have considered as
approximation, that the three-body effects which arise in
second-order determination of the effective interaction
negligible. In terms of this approximation, we use in t
present calculation the two-body interaction of Re
@11,22,23# except, of course, that we employ the Pandya
lation to transform particle-hole matrix elements to partic
particle ones.

As discussed above, Model1 and Model2 have been
viously employed to study the Gamow-Teller decay of t
N550 nuclei @10,11#. In addition, both these models hav
been found to give a very satisfactory description of the
served properties of the low-lying states of seve
N551,52 nuclei@21,23#.

As already mentioned, the 2nbb decay of92Mo proceeds
mainly through the Gamow-Teller transitionpg9/2→ng7/2.
However, there are other configurations, like those wh
describe the breaking of theN550 core or the presence of
proton in the g7/2 orbital, which also contribute to the
2nbb decay. These configurations are outside the mo
space considered in both Model1 and Model2 calculatio
However, the effects of such configurations can be taken
account, at least in lowest order of perturbation, by introd
ing effective Gamow-Teller operators. The manner in wh
these effective operators may be determined is demonstr
in Fig. 1.

The diagrams shown in Fig. 1 represent both one-bo
and two-body corrections. Due to the selectivity of t
Gamow-Teller operator, all one-body terms can only conn
a g9/2 proton to ag7/2 neutron. As has been demonstrated
previous shell-model studies of theN550 nuclei @10–12#,
consideration of diagrams~b! and ~c! leads to a drastic
quenching of the Gamow-Teller strength from that calcula
with only the bare operator@diagram~a!#. In a model space
consisting only of theg9/2 proton andg7/2 neutron orbitals,
the strong quenching produced by corrections~b! and ~c! is
partially cancelled by consideration of the two-body d
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FIG. 1. Diagrams considered
in the determination of the effec
tive Gamow-Teller operator. The
labelsp andn denote proton and
neutron, respectively. Diagram~f!
is only involved in the decay of
nuclei withN>51 and thus it does
not contribute in the decay o
92Mo.
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grams~d! and ~e! @10–12#. Generally, however, the role o
the two-body diagrams is more complicated since, as Fi
shows, they involve all orbitals of the model space.

C. The QRPA formalism

The reduced matrix elements needed in Eq.~2! can be
evaluated by using the usual commutation techniques of
random-phase approximation~RPA!. In these matrix ele-
ments the 11 states of the odd-odd nuclei are calculat
using the pnQRPA whereas the excited final sta
Jf

1501
1,21

1 are described within the charge-conservi
QRPA framework. This combination of the two formalism
is called the multiple-commutator method~MCM! and is de-
scribed extensively in@17–19#.

In the QRPA calculation the two-body matrix elemen
were obtained from the Bonn potential usingG-matrix tech-
niques. For both protons and neutrons the adopted vale
space consists of the nine single-particle orbitals in thep-f
and s-d-g oscillator shells, supplemented with the intrud
orbital 0h11/2 coming from the oscillator shell above. Th
single-particle energies were obtained from a Coulom
corrected Woods-Saxon potential@25# and a subsequent BC
calculation was performed for the initial (92Mo! and final
(92Zr! nuclei. The pairing-strength parameters were adjus
as described in@26#.

The proton-proton and neutron-neutron two-bo
G-matrix elements were scaled@17# using the experimenta
excitation energy of the first 21 state in 92Zr. The overall
scale of the proton-neutron particle-hole matrix elements
turn, was set by the Gamow-Teller giant-resonance data.
proton-neutron particle-particle interaction strength@26# gpp
is usually left as a free parameter to be determined fr
some experimental data. In this work the valuegpp50.90
was chosen to represent an upper limit for the physical
ues of the 2nbb matrix elements within the QRPA forma
ism.

III. RESULTS AND DISCUSSION

In this section we compare the predictions of three diff
ent calculations on the 2nbb decay of92Mo. These calcula-
1
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tions differ not only in the adopted method, i.e., two follo
the shell-model approach while the third the QRPA a
proach, but also in the definition of the model space, as
scribed in Sec. II. The 11 matrix of 92Nb has dimension 11
in the Model1 space compared to 404 of the Model2 ca
The corresponding dimensions for the 21 state of92Zr are 77
and 4043. This drastic increase in dimensions clearly in
cates that it is practically impossible to include addition
orbitals into the model space of the SM calculations.

It is well known that, in the same model space, the QR
produces a considerably smaller number of states than
SM. Thus QRPA calculations can be performed in lar
model spaces, which cannot be handled in the SM appro
In the present application of the QRPA method the mo
space contains ten single-particle orbitals, i.e., the wh
f p and sdg shells with the addition of the 0h11/2 orbital,
which are available to both protons and neutrons. From
SM point of view, one expects that certain of these orbita
namely thef 7/2, f 5/2, and theh11/2, would have insignifi-
cant contribution to the 2nbb matrix elements studied here
There are two reasons for this expectation:~a! because these
three orbitals have large energy differences from the lead
orbitals of the calculation, i.e., the protong9/2 and the neu-
tron d5/2. Thus their presence in the wave functions of t
low-lying states of the initial92Mo and final 92Zr nuclei
cannot be but very small and~b! because of the selectivity o
the Gamow-Teller operator which does not connect the th
mentioned orbitals to any of the others in the model spa
From the remaining orbitals of the QRPA calculation, t
effects of the protond5/2, s1/2, d3/2, and g7/2 and of the
neutrong9/2, p1/2, andp3/2 are taken care in the SM calcu
lations by renormalizing, to first order, the Gamow-Tell
operator.

The results of the three calculations are summarized
Table I, which lists values of the total DGT matrix elemen
for the 2nbb decay of 92Mo to the ground state and th
21

1 and 01
1 excited states of92Zr. The 2nKK half-lives for

the Jf
1501 states, calculated according to Eq.~1!, are also

given in the table. The SM results in Table I have be
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TABLE I. The double Gamow-Teller matrix element corresponding to the transitions to the ground state and the first excited1 and
01 states. The corresponding 2nKK decay half-life is given whenever the phase-space factor is known. The SM calculation has
performed in the Model1 and Model2 basis with the bare, one-body corrected and one- and two-body corrected Gamow-Teller o

Model2 Model1
Quantity Bare one-body one1 two-body Bare one-body one1 two-body QRPA

MDGT~g.s.! 0.075 0.027 0.107 0.153 0.071 0.229 0.290
t1/2
(2n) (g.s.) @1022y# 44 325 21 10 48 4.6 3.1

MDGT(21
1) 20.0019 20.0007 20.0027 20.0015 20.0005 20.0019 20.0036

MDGT(01
1) 0.0337 0.0124 0.0366 0.0013 0.0147 0.0601 0.0149

t1/2
(2n)(01

1)@1028y# 4.6 34 3.9 3100 24 1.5 22
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obtained using the three different Gamow-Teller operat
discussed in Sec. II B. This helps to estimate the effects
the renormalization procedure on the DGT matrix eleme
On the other hand, the QRPA results have been obta
using only the bare Gamow-Teller operator. This is beca
the configurations leading to the renormalization are dire
included in the space of the QRPA calculation.

A more detailed presentation of the results of our cal
lations is shown in Figs. 2–4. These figures present the
mulative contributions to the DGT matrix elements as fun
tions of the excitation energy~relative to the92Nb ground
state! of the 11 states in the intermediate odd-odd nucle
92Nb.
There are some general features which may be obse

in the results shown in Table I and Figs. 2–4. The first
that, despite differences in individual DGT matrix elemen
there is an overall agreement in the trend of the results
duced by the three calculations. This in turn implies an ov
all agreement in the description of the wave functions wh
enter in the determination of the DGT matrix elements. A
other general feature in Table I is that the QRPA results
closer to those obtained in the two SM calculations using
fully renormalized Gamow-Teller operator, i.e., the o
which includes both one- and two-body corrections. T
feature, which is discussed in more detail below, reflects
importance of certain orbitals, like those of the protond
shell, which are not directly included in the space of the S
calculations. Another observation that can be made in F
2–4 is that the SM distributions obtained with the bare a
the effective one-body Gamow-Teller operator have ident
patterns. This result is due to the fact, discussed in Sec.
that the one-body corrections, such as the bare operator
only connect ag9/2 proton to ag7/2 neutron. Finally, one
observes in Table I that the one- and two-body correcti
give opposite contributions to the values of the DGT mat
elements. Such a feature was also observed in the si
b1 decay of theN550 nuclei @10–12#. As discussed by
Towner @12#, one of the reasons for this behavior is due
the cancellation of the Pauli violating terms contained
both one-body and two-body terms.

Concerning the ground-state transition, as Fig. 2 sho
the two SM calculations predict a coherent contribution
the DGT matrix element from several 11 states of92Nb. The
number of such states and their spreading in the energy s
trum is larger in the Model2 case, due to the stronger c
figuration mixing involved in the latter calculation. Howeve
the two SM results agree that the 11 states, which contribute
significantly to the DGT value, appear only in the low
s
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energy part of the92Nb spectrum, i.e., up to about 2.2 Me
in the Model1 case, or to about 3.5 MeV in the Model2 on

The contribution of the low-lying 11 states of92Nb to the
ground-state transition is represented in the QRPA resul
a single state, at about 1 MeV of excitation. The mechan
which is mainly responsible for the contribution of this sta
is thepg9/2→ng7/2 transition which, as Fig. 2 shows, als

FIG. 2. Cumulative contribution, as a function of the energy
the 11 states in92Nb, to the double Gamow-Teller matrix eleme
for the transition to the ground state. In~a! the QRPA~dash-dotted
line! and the Model1 basis results for the SM are shown.~b! con-
tains the results for the SM calculation in the Model2 basis. In~a!
and ~b! the bare~dotted line!, one-body corrected~solid line! and
one- and two-body corrected~dashed line! Gamow-Teller operators
have been used.
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dominates in the SM results. If the QRPA and SM calcu
tions were performed in the same space and with the s
effective operators, one would expect the transition stren
provided by the QRPA state at 1 MeV to represent the c
troid of the SM transition strengths@27#.

The lowest 11 state provides about 80% of the total DG
value in the QRPA result. The final value is formed by t
contribution of two other 11 states which, as Fig. 2~a!
shows, appear at about 4.8 and 6.3 MeV of excitation in
spectrum of92Nb. The contribution of these two last stat
makes the strength distribution of the DGT element qu
different from that obtained from the shell-model resul
The explanation for this difference is easily obtained by
amining the wave functions of the two states at 4.8 and
MeV. It is found that they correspond to about 55 and 39
probability, respectively, of finding two quasiparticles in t
1d orbitals, i.e., the wave functions of these two states h
small projections onto the model space used by the SM
culations.

It is well known that the perturbation approach fails
reproduce the effects caused by the presence of intr
states@28#. Due to this fact, the approach adopted in our S
calculations of renormalizing the GT operator is unsuita
to reproduce the QRPA form of the strength distributio
even if higher order corrections were considered. To prod
a strength distribution resembling that of the QRPA, o
should clearly include directly into the space of the SM c
culations the proton 1d orbitals. However, it is interesting to

FIG. 3. The same as Fig. 2 for the double Gamow-Teller ma
element describing transition to the first 21 state of92Zr. The ma-
trix element has been multiplied by a factor of 1000.
-
e
th
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e

e
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e
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er

e
,
e
e
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observe in Fig. 2 that the renormalization of the opera
moves, in some average manner, the SM results into cl
agreement with the QRPA predictions.

As seen from Table I, the magnitude of the DGT mat
element for the 21

1 transition is quite small in both the SM
and the QRPA results. This is in accordance with the ear
results of Refs.@18,19,29# and does not support the ver
large 21

1 DGT matrix elements obtained in Ref.@30#. As Fig.
3 shows, the two SM calculations do not predict a coher
contribution for the 21

1 transition. Thus at some point be
yond 2 MeV of excitation, part of the cumulative contribu
tion is cancelled and the magnitude of the 21

1 matrix element
reduced. This cancellation is much more modest for
QRPA. Thus for the QRPA the magnitude of the 21

1 DGT
matrix element is almost solely determined by the virtu
transitions via the first intermediate 11 state. In this case the
second-branch virtual transition@Nb→ Zr(21

1)# contains, in
addition to thepg9/2→ng7/2 single-particle transition, strong
transitions between the 1d single-particle states. This featur
partly explains the difference between the SM and the QR
results.

As indicated by Table I and already noticed in@29#, the
DGT matrix element for the 01

1 transition is much larger, in
magnitude, than for the 21

1 transition. Such a feature wa
also detected in the case of the 2nb2b2 decays, although
there it was more pronounced than in the present case@29#.
In the SM the cumulative contributions to the 01

1 matrix

x

FIG. 4. The same as Fig. 2 for the transition to the first exci
01 state of92Zr, except that the QRPA result~dash-dotted line! is
shown together with the Model2 results in~b!.
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element behave more irregularly than in the case of
ground-state and 21

1 transitions. As seen in Fig. 4, there is
large interference between the low-energy contributions
all types of Gamow-Teller operators used in the SM cal
lation. As a result of this there is even a sign change of
cumulative DGT matrix element around 2 MeV of interm
diate excitation in the Model1@Fig. 4~a!#. For the bare
Gamow-Teller operator this leads to an almost complete c
cellation of the 01

1 DGT matrix element. For the Model2 th
cancellations affect less the magnitude of the DGT ma
element and no sign change results. In the QRPA the
intermediate 11 state almost exhausts the value of the1

1

DGT matrix element. In this case the second branch of
virtual transitions is dominated by thepg9/2→ng7/2 transi-
tion and thus the SM and the QRPA DGT matrix eleme
are in this case more similar than in the case of the1

1

transition.

IV. CONCLUSIONS

In this paper we studied the 2nbb decay of92Mo leading
to the ground state and the first excited 01 and 21 states of
92Zr. In this study we employed both the SM and the QRP
methods and compared their predictions. In the following
present certain conclusions that may be drawn from
comparison.~i! There is an overall agreement in the trend
results produced by the SM and QRPA calculations. A si
les

e

ca
-
,
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Re
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d,
R.
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r
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e
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x
st

e

s

e
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lar conclusion was drawn by Civitareseet al. @27# who com-
pared the SM and QRPA predictions on the singleb1 decay
of 26Mg. In fact the conclusion of Ref.@27# is more definite
than ours since their SM and QRPA calculations were p
formed in the same model space and using the same effe
interaction.~ii ! The differences in the values of individua
DGT matrix elements obtained from the SM and QRPA c
culations could be attributed to the different model spa
and to the different treatment of effective operators used
the two methods. However, an equally important factor m
be considered to be the more detailed structure containe
the SM wave functions. This is evident from the distributio
of the DGT strength shown in Figs. 2–4. The same conc
sion may also be reached by comparing the results of the
shell-model calculations. It is to be noted that the QRP
results are generally closer to the predictions of the Mod
calculation which involves a smaller number of configur
tions than Model2.~iii ! Certain orbitals included in the
QRPA space but not in that of the SM, such as the pro
1d orbitals, produce significant contributions to the DG
matrix elements. The effects of these orbitals is taken car
the SM approach by means of renormalizing the Gamo
Teller operator. However, in view of the significance of the
orbitals, their treatment in terms of perturbation appears
be questionable and can only be justified by the inability
shell-model calculations to include these orbitals directly
the model space.
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