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Structure of the helium isotopes 4He– 8He

Jürgen Wurzer* and Hartmut M. Hofmann
Institut für Theoretische Physik III, Staudtstrabe 7, Universita¨t Erlangen-Nu¨rnberg, D-91058 Erlangen, Germany

~Received 12 June 1996!

Ground state wave functions of the halo nuclei6He and8He have been determined by a genetic algorithm
in the framework of the refined resonating group model. The genetic algorithm allows one to apply the
underlying variational principle to very complex wave functions and to extract their most important structures
in order to give a physical interpretation. The spectrum of the particle unstable isotopesA11HeN11 has been
determined from the phase shifts of neutron scattering on the particle stable nucleiAHeN . Stepwise going on,
using the sameNN potential in the refined resonating group method bound state and scattering calculation,
yielded a consistent description of the nuclei4,5,6,7,8He. @S0556-2813~97!04601-3#

PACS number~s!: 21.60.Gx, 21.45.1v, 27.20.1n
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I. INTRODUCTION

Since it had been realized that the nucleus6He has a halo
character like, e.g.,11Li a lot of theoretical investigations
have been performed on it, e.g.,@1–9#. This is on the one
hand due to the obviously simple structure, a strongly bo
a core interacting with two weakly bound neutrons@10# and
on the other hand due to the importance of thenn pairing for
the binding of the6He nucleus. This means that6He seems
to be a perfect candidate for a three particle calculation,
pecially because the effectivea n interaction is much bette
known than the very ambiguous9Li n interaction which is
needed for calculations on11Li. And indeed most investiga
tions on this nucleus are using a macroscopic three par
model @1,3,4,6,7#.

These calculations are able to reproduce most gro
state properties of6He very well, but it turned out that the
all lack binding energy by about 0.5 MeV. This might be d
to the missing triton-triton structure which can cure this u
derbinding in microscopic multichannel cluster model calc
lations @8#. Recently, the Greens Function Monte Carlo a
proach was used to studyA56 nuclei @9#.

Only a little attention was paid to8He ~e.g.,@11#! which
can no more be regarded as a6He-n-n three body system
due to the weak binding of6He. A proper description of
8He seems only possible in the framework of a microsco
cluster model.

In this work we present a first attempt to describe
particle stable nuclei4,6,8He and the particle unstable sy
tems 5,7He on the same footing. An effectiveNN potential
fitted to the most importantNN phase shifts and not adjuste
to the different systems was used in a microscopic clu
model, the refined resonating group method~RRGM! @13#.

The realization of the very time consuming underlyi
variational calculation for nonlinear parameters, especi
for 8He, was only possible by using a newly developed n
merical method based on a genetic algorithm@14#.

The paper is organized in the following way: in Sec. II w
give a brief survey of the RRGM and a few remarks on

*Electronic address: jwurzer@theorie3.physik.uni-erlangen.de
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NN potential used. In Secs. III to VII we describe details
the calculations and their results for the systems4He to
8He. Finally, Sec. VIII contains a discussion and an outlo

II. THE METHOD

In the following we present a brief summary of the form
basics of the refined resonating group method. Details
given in @13,15#. The Schro¨dinger equation for the bound
states is solved by Ritz variational principle with the ansa

C5Af j , ~1!

f j5F (
l ,s,k

cl ,s,kwk
l JsG j , ~2!

which consists of spin-isospin functionsJs and orbital func-
tionswk

l . The spins and the orbital angular momentuml are
coupled toj . The sumk may run over different fragmenta
tions, different sets of orbital angular momenta, and differ
sets of width parameters~see below!. A denotes the tota
antisymmetrization operator. The orbital part consists o
product of cluster internal functionswk,a, int and cluster rela-
tive functionswk,b,rel

l

wk
l 5S )

a51

nc

wk,a, intD S )
b51

nc21

wk,b,rel
l D , ~3!

wk,a, int5expS 2
bk,a

na
(
i, j

na

~r i2r j !
2D , ~4!

wk,b,rel
l 5exp~2gk,bsk

2!Yl~sk!, ~5!

where nc is the number of clusters,na is the number of
nucleons in clustera, r i2r j are relative coordinates within
cluster;sk denotes the cluster relative coordinates in Jacob
form and Yl(x)5xlYlm( x̂) is a solid spherical harmonic
Clusters containing only one nucleon are described
688 © 1997 The American Physical Society
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55 689STRUCTURE OF THE HELIUM ISOTOPES4He–8He
wk,a, int51. The variational parameters are the coefficie
cl ,s,k and the width parametersbk,a andgk,b .

For the scattering problem the Kohn-Hulthe´n variational
procedure@15# is used with the ansatz

Cn5AH (
m

fm,1
j 1 fm,2

j 2
YLrel,m

Rrel
FdnmFm~Rrel!1anmG̃m~Rrel!

1(
l
blmnx lm~Rrel!G J , ~6!

whereFm and G̃m are the regular and regularized irregul
Coulomb functions andx lm are square integrable function
of Gaussian type.Rrel is the modulus of the relative vecto
between the two scattered fragments. The variational par
etersanm andblmn are determined by requiring that

d~^CnuH2EuCn&2 1
2ann!50. ~7!

The fm,i
j i describing the two fragments and assuming to

fixed during the scattering process are bound states of
form ~2! and determined before performing the actual sc
tering calculation.

The Hamiltonian contains a kinetic energy term and
extended version of the nucleon-nucleon interaction
Stöwe and Zahn@16#, which has been successfully applied
the description of some Li and Be isotopes@16–18# and vari-
ous reactions, e.g.,2H~d,g) 4He @19#. This potential was de-
signed by fitting the most importantNN phase shifts and
consists of a Coulomb, central, spin-orbit, and tensor co
ponent. However, it does not contain an odd contribution
the central component. Such a term was negligible for
nuclei, which had been studied before with the original v
sion of the potential, but it turned out that for neutron ha
nuclei, due to the many pairs of nucleons in relative o
states, an odd contribution in the central part, which
mainly repulsive, is no longer negligible@20# in order to
prevent an overbinding. Therefore, we added a singlet-
term to the original version. This term was determined
fitting the 1P1 NN phase shift from SAID@22#. Its radial
dependence is given by a sum of Gaussian functions:

Vc
12~r !5(

i51

4

Ac
12,iexp~2Bc

12,i r 2!. ~8!

The coefficentsAc
12,i andBc

12,i are given in Table I. The
extended version of the potential was successfully use
the description of the10Li system@23#.

TABLE I. Coefficients of the added singlet odd central pote
tial.

Ac
12,1 5 100.0 MeV Bc

12,1 5 4.8092 fm22

Ac
12,2 5 115.0 MeV Bc

12,2 5 0.6409 fm22

Ac
12,3 5 220.0 MeV Bc

12,3 5 0.4430 fm22

Ac
12,4 5 1.1 MeV Bc

12,4 5 0.0500 fm22
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In the discussion of our results for the scattering calcu
tions, we use the usual parametrization of the calculate
matrix

Skl~E!5hkl~E!e2idkl~E!, ~9!

in terms of phase shiftsdkl(E) and channel coupling strengt
hkl(E). In addition to the diagonal phase shiftsd l l (E), we
use the eigenphasesd̃ l(E) defined by

S̃kl~E!5(
i j

UkiSi j ~E!Ujl*5dkle
2i d̃ l ~E! ~10!

to study resonances.
To extract the resonant part of the eigenphases, we ca

lated also a~hard sphere! background phase shift

tand l
bg5

Fl~kR!

Gl~kR!
, ~11!

and subtracted it from the eigenphases. The value of the
sphere radiusR is discussed in Sec. VI.

For the particle stable systems we have calculated
r.m.s. matter̂ Cu r̂ 2uC&1/2 and charge radii and the matter

r~r !5^Cur̂~r !uC&, ~12!

r̂~r !5(
j51

N

d~r j2r !, ~13!

and charge density distributions.

III. THE NUCLEUS 4He

The 4He wave function in our model consists of a simp
Gaussian function in order to simplify the calculations f
the heavier isotopes, where we want to use it as ana core.
The width parameterb50.2793 fm22 determined by varia-
tion corresponds to a point nucleon matter radius of 1.42
which, if folded by a nucleon matter distribution o
^r 2&1/250.8 fm, agrees very well with the experimental val
of 1.6760.01 fm @24#, but the binding energy is only
221.18 MeV instead of the experimentally determin
228.296 MeV@25#. This remarkable lack of binding is not
real problem because we are interested only in threshold
excitation energies relative to bound state energies, and
the effect on the structure of the nuclei it is only importa
that the binding of thea cluster is large compared to th
interaction between other clusters and thea cluster.

The width of thea cluster in the particle stable helium
isotopes is not constrained to the width of the4He, but de-
termined by variation in order to take into account the effe
of the presence of the other nucleons.

A further justification for the use of such a simple wa
function consisting just of one Gaussian are the differen
cross sections for elastic proton4He scattering~Fig. 1!, cal-
culated by a Glauber model@26# on the basis of the4He

-
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690 55JÜRGEN WURZER AND HARTMUT M. HOFMANN
RRGM density distribution, which agree very well with th
experimentally measured cross sections@27–29#. For that
purpose the RRGM point nucleon density distribution w
folded by a nucleon matter distribution of^r 2&1/250.8 fm.

IV. THE 5He SYSTEM

5He is particle unstable with respect to neutron emiss
with 0.89 MeV @30#. A broad excitedJp51/22 state is situ-
ated 461 MeV above the 3/22 ground state. The secon
excited state lies at 16.75 MeV just above the second thr
old (3H1d). Obviously, the natural ground state structure
a-n in a relativeP wave. Therefore, we have performed
scattering calculation for elastic neutron scattering off
4He nucleus withL rel51 as a first test on the suitability o
our NN interaction on the helium isotopes. In Fig. 2 th
resulting phase shifts are shown in comparison with the
perimental ones@31#. The agreement with data is reasonab

FIG. 1. Differential cross sections for elastic proton4He scat-
tering versus squared four momentum transfer2t, calculated by a
Glauber model@26# on the base of the4He RRGM density distri-
bution ~line! compared with the data@27,28# ~dots! and @29#
~circles!.

FIG. 2. Calculated4He1n scattering phase shifts~full lines! in
comparison with data~circles! @31#.
s

n
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e
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as expected from other calculations with similar simple wa
functions@32#, but would be much better if one would, ad
ditionally, take into account the triton-deuteron channel. N
glecting higher partial waves and the inelastic reaction in
the triton-deuteron channel does not allow the reproducti
of the higher excited states. The too strong splitting betwe
the 3/22 and 1/22 phase shifts in Fig. 2 indicates that fo
the employed model space, the spin-orbit potential is t
strong.

V. THE HALO NUCLEUS 6He

The nucleus6He is bound with 0.975 MeV with respect
to three particle break up into4He12n @30#. The fact that
each two of these three components are unbound shows
importance of the pairing of the dineutron system for th
binding of 6He. The quantum numbers of the ground sta
areJp501. The first excited state at 1.80 MeV is 21. The
3H1 3H threshold is situated 12.307 MeV above the groun
state.

Nowadays6He is called a halo nucleus@10,33#, but the
halo character of its structure has only been identified af
one recognized its similarity to11Li, one of the first nuclei
for which these exotic structures had been realized@34#. In
analogy with 11Li the ground state configuration of6He is
assumed to be a three particle system consisting of an alm
inerta core and a two neutron halo. Tanihataet al. @10#, e.g.,
supported this statement by showing that the relation

s22n~
6He!5s I~

6He!2s I~
4He! ~14!

for the two neutron removal cross sections22n and the in-
teraction cross sections I of the helium isotopes on a carbon
target at 800A MeV is satisfied within the experimental error
bars. This relation was deduced by Ogawaet al. @35# by
applying a Glauber model to a loosely bound system. The
fore, most theoretical investigations on6He are based on a
macroscopic three particle model. Ground state propert
like r.m.s. radii and matter densities are well described
these models, but they all miss about 0.5 MeV in bindin
energy. This indicates that4He12n is the most important
configuration, but there is at least one other important stru
ture.

There are two different sets of Jacobi coordinates in
macroscopic three particle model or a microscopic thr
cluster model. They are displayed in Fig. 3 and according
their appearance are called Y and T configuration@7# in the

FIG. 3. Representations of the two different sets of Jacobi c
ordinates for thea-n-n clustering and the triton-triton clustering.
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TABLE II. Binding energyEB , matter^rm
2 &1/2, and chargêr ch

2 &1/2 r.m.s. point nucleon radii and excita
tion energyE* to the 21 state for the6He wave functions compared with data.N is the number of nonlinear
variational parameters.Yl1l2

denotes theY configuration with relative angular momental 1 and l 2, analogous
is the meaning ofTl1l2, tt abbreviates the triton-triton clustering.

Configuration N EB ~MeV! ^rm
2 &1/2 ~fm! ^r ch

2 &1/2 ~fm! E* ~MeV!

wf1 Y11 9 unbound - - -
wf2 Y111Y00 9 0.17 2.48 1.78 0.91
wf3 Y111Y00 18 0.37 2.51 1.79 1.40
wf4 Y111Y001tt 23 1.02 2.38 1.80 1.98
wf5 Y111Y001tt 13 0.74 2.35 1.77 2.06
wf6 Y111Y001tt 13 0.85 2.38 1.80 2.02
wf7 Y111Y001tt1T001T11 23 1.12 2.36 1.79 2.16
exp. 0.975@30# 2.3360.04 @10# 1.7260.04 @10# 1.80 @30#
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following. In principle the variational spaces spanned by
Y and T configurations are equivalent, provided an infin
number of relative angular momental 1 and l 2 and width
parameters are allowed, but if one restricts the relative an
lar momenta, e.g., toS and P waves, and the number o
width parameters, like we did, they will in general span d
ferent variational spaces which overlap only partially. F
l 1,250,1 the variational space for theT configuration is
smaller because of the Pauli principle which forbids odd v
ues forl 2

T if S50 and even values forS51. This yields two
basis functions, i.e., possible angular momentum coupli
per set of width parameters instead of three as for theY
configuration.

Therefore, we started our investigations on6He with an
a-n-n three clusterY configuration withP waves only on
the relative coordinates, according to Table II calledwf1,
and following the notation of@11# specified byYl1l2

5 Y11.
Using up to four Gaussians on each relative coordinate,
not yield any binding. AddingS waves (wf2) leads to a
binding of 0.11 MeV for four Gaussians per relative coor
nate. Doubling the number of nonlinear variational para
eters by using two separate sets of width parame
(bk ,gk) for S andP waves~wf3! increases the binding to
0.37 MeV. Thea width in the parameter set for theP waves
turned out to be 0.3148 fm22, which means a small decreas
of thea cluster radius compared to the4He nucleus, but for
the S wave set, thea width decreased to 0.1415 fm22, a
value which means that thea cluster is about as large as th
whole nucleus, indicating that the clusteringa-n-n is not a
proper description or at least not the only one for the
nucleons in relativeSwaves. An alternative clustering woul
be a triton-triton configuration withl50 ~cf. Fig. 3!. The
addition of such a configuration with four Gaussians on
relative coordinate (wf4) increases the binding to a realist
value of 1.02 MeV. Obviously, the triton-triton configuratio
is very important for the binding. The triton cluster width
wf4 is determined to 0.2647 fm22 leading to a smaller ra
dius as for the free triton nucleus which has a width para
eter of 0.2077 fm22. The widths of thea clusters are 0.1571
fm22 and 0.3157 fm22 for theS- andP-wave sets. In order
to use the6He wave function as a core in8He or as a bound
state fragment in the7He scattering calculation, we tried t
simplify it by reducing the number of Gaussians per relat
coordinate. Only two Gaussians per coordinate (wf5) re-
e
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duces the binding energy to 0.74 MeV.
But the still very small value of thea width in theSwave

set of wf4 andwf5 calls for a better description of th
triton-triton structure. Using, therefore, two Gaussians
the triton clusters, as it is usually done for the description
the triton @36,37#, but only one for their relative coordinat
(wf6), i.e., without changing the size of the variation
space, improves the binding ofwf5 by more than 100 keV,
and increases the width of thea in theSwave set inwf6 to
0.2262 fm22. Omitting theS wave set inwf6 reduces the
binding by about only 200 keV, so that we can conclude t
the a-n-n clustering withl 1,251 and the triton-triton clus-
tering are the most important structures for the6He nucleus.

The T configuration withP waves only is unbound like
the Y one was.T, triton-triton, andY configurations with
relativeS andP waves and two Gaussians on each relat
coordinate~except for the triton-triton!, i.e.,wf6 with addi-
tional correspondingT configuration, yields a binding energ
of 1.12 MeV (wf7), but this increase in the binding com
pared towf6 is not an indication of the importance of th
T configuration, it rather reflects the increase of the dim
sion of the variational space for the nonlinear parame
from 13 to 23. Therefore, one better should compare
binding ofwf7 with the one ofwf4 which has a variationa
space of the same dimension~cf. Table II!. An important
reason for the 100 keV stronger binding ofwf7 compared to
wf4 might be the description of the triton by two Gaussia
in wf7. So we conclude that theT configuration can be
omitted if enough width parameters per coordinate are u
in the other configurations.

Table III shows the remaining binding energy forwf7 if
one omits each one of the configurations in order to de

TABLE III. Remaining binding energy forwf7 omitting each
one of the configurations.

Omitted component EB ~MeV!

none 1.12
Y00 0.95
Y11 unbound
tt 0.35
T00 0.93
T11 0.97
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692 55JÜRGEN WURZER AND HARTMUT M. HOFMANN
mine the importance of each configuration. WithoutY11 the
binding is lost. Omitting the triton-triton clustering decreas
the binding considerably. The other configurations contrib
hardly at all. These results are in agreement with Cso´tó @8#
who also identified theY11 and triton-triton configurations a
the most important ones in a microscopic description. In
calculations of Vargaet al. @11#, who consider a variationa
space containing onlyT00, Y00, andY11 configurations, the
Y11 is also the most important one, followed byT00 and then
Y00. Without taking into account a triton-triton clusterin
they got a binding energy of 1.016 MeV by adjusting t
exchange parameteru of their simpleNN potential, which
contains only a central nuclear force.

Comparing the values for the radii in Table II reveals th
the matter and charge radii for the wave functionswf4 to
wf7, the ones with realistic values for the binding ener
are almost identical and in good agreement with data,
also for the just weakly bound functionswf2 andwf3, the
radii are close to the experimental upper bound.

The excitation energyE* to the 21 state was determine
by calculating the lowest eigenvalue of the Hamiltonian
wave functions with the same width parameters as for
ground state, but with angular momentum couplings nec
sary forJp521. This procedure was necessary because e
this first excited state is unbound and, therefore, no varia
of the width parameters is possible. Performing a scatte
calculation like for5He in order to determine the phase shi
would, because of the three particle break up of the low
6He threshold, in principle requires the handling of a sc
tering wave function with three fragment asymptotics wh
is not yet possible in the RRGM. Again the excitation en
gies for the functionswf4 towf7 are almost identical and in
reasonable agreement with the experimental value.

Also, the density distributions shown in Fig. 4 do not va
for the functionswf4 to wf7 up to 8 fm. As one would
expect, the functionwf4 with the largest number of Gaus
ians per relative coordinate from this set of four functio
drops a bit slower than the others because of the bette
ymptotic description which is enabled by this larger freed
in the variational space. Forwf2 andwf3 the much weaker
binding yields a slower decrease in the density distributio

FIG. 4. Calculated matter and charge density distributions
the 6He wave functions.
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Using these densities, folded by the nucleon size of
fm, the differential cross sections for elastic proton scatter
off 6He have been calculated via a Glauber model@26#. They
are in good agreement with data. Figure 5 shows, e.g.,
calculated cross sections forwf6 compared with the experi
mental results of@27,28#. Using two width parameters in
stead of one for thea-cluster yields even better agreemen
especially in the range of large momentum transfer2t @28#.
For the 8He wave functions, twoa width parameters canno
be employed because of the huge amount of computing t
necessary. Therefore, we restrict ourselves in this work
onea width parameter in order to give a consistent descr
tion of the helium isotopes fromA54 to A58.

VI. THE 7He SYSTEM

The nucleus7He is particle unstable with respect to ne
tron emission with 0.44 MeV@30,38#. The ground state
quantum numbers areJp53/22 (1p3/2). The corresponding
1p1/2 doublet partner or other excited states are not obser
until now @38#. To calculate the spectrum of this system, w
considered elastic neutron scattering off the6He ground state
and transitions into the first excited state up to a center
mass energy of 20 MeV. The energy spectrum is dedu
from a phase shift analysis. The other possible chann
4He13n, 5He12n, and 3He1 3H1n with thresholds 0.535,
1.43, and 11.867 MeV above the7He ground state are thre
or four particle break up reactions. In order to simplify th
calculation, we used the6He ground state wave functio
wf6 and the corresponding wave function for the6He 21

excited state and restricted the relative angular momentum
the neutron toL rel<2. This leads to the following numbe
n of coupled channels perJp value:

Jp 1
2

2 3
2

2 5
2

2 1
2

1 3
2

1 5
2

1 .

n 2 3 2 3 4 4

r FIG. 5. Differential cross sections for elastic proton6He scat-
tering versus squared four momentum transfer2t, calculated by a
Glauber model@26# on the base of the6He RRGM density distri-
bution forwf6 ~line! compared with data~dots! @27,28#.
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55 693STRUCTURE OF THE HELIUM ISOTOPES4He–8He
In the following all resonance energies are given with resp
to the 6He1n threshold. The 3/22 phase shifts in Fig. 6
show a narrow (G50.12 MeV! resonance atEres50.45 MeV
in the elastic2P3/2 channel in excellent agreement with da
@30# (Eres50.44 MeV,Gc.m.5160630 keV!. A very broad
1/22 resonance never reaching 90° due to a repulsive b
ground phase appears in the2P1/2 channel~Fig. 7!. To ex-
tract the resonant part of the phase shift, and so the reson
position, is a delicate task in this case. In order to get
estimate of the position of the hidden resonance, the ba
ground phase shift has to be approximately known. The o
reproducible way known to us is to use hard sphere ph
shifts, Eq.~11!, for a given channel radiusR, a procedure
adopted from the recent compilation of4He in @25#. Unfor-
tunately, the value of the hard sphere radius is essential
it is not known. But for values of 5 to 7 fm for the har
sphere channel radius, a region in accordance w
R-matrix analysis of similar light nuclei@25#, the resulting
resonance energies are situated between 2.75 and 4.25

FIG. 6. The3
2

2 6He-n and 6He* -n diagonal phase shifts.

FIG. 7. The 1
2

2 6He-n and 6He* -n diagonal phase shifts an
the corresponding resonant part of the eigenphase of the el
channel for a hard sphere radius of 5, 6, and 7 fm.
ct

k-

nce
n
k-
ly
se

ut

th

eV

~cf. Fig. 7!, an interval small compared to the correspondi
resonance widths

G52S ]d~E!

]E D 21U
E5Eres

~15!

between 3.6 and 5.4 MeV. Note that the resonance ener
in Table IV are relative to the calculated 3/22 ground state
energy, in contrast to the values given above which are r
tive to the 6He1n threshold.

A neutron in aP wave cannot be coupled toJp55/22

with the 6He ground state, but one can consider elas
P-wave neutron scattering off the first excited6He state. The
corresponding phase shifts are shown in Fig. 8, wher
broad resonance appears between 4.6 and 6.0 MeV in
4P5/2 channel with a width between 3.5 and 5.9 MeV whi
is again large compared to the uncertainty resulting from
unknown hard sphere radius.

The broad widths of the 1/22 and 5/22 resonances could
explain why they had not been observed experimentally u
now.

TABLE IV. Comparison of the resonance energies of excit
states of 7He determined in the present work for different ha
sphere radiiR with a shell model calculation. In order to facilitat
the comparison of the calculations, the energies in the table
given with respect to the calculated ground state energy of7He
contrary to the text. The shell model ground state is as in the pre
work 3/22.

Present work Shell model@39#

R ~fm! model space
Jp 5.0 6.0 7.0 ~011!\v ~012!\v

1
2

2 3.8 2.9 2.3 3.43 4.27
1
2

1 - - - - 4.55
5
2

2 5.5 4.7 4.1 5.03 5.38
3
2

2 - - - 7.47

tic
FIG. 8. The 5

2
2 6He-n and 6He* -n diagonal phase shifts an

the corresponding resonant part of the eigenphase of the4P5/2 chan-
nel for a hard sphere radius of 5, 6, and 7 fm.
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The phase shifts forL rel50 and 2 are without any reso
nant structures. Therefore, we renounce to show them ex
for the ones for the quantum numbers 1/21 in Fig. 9.

In Table IV we compare our results for the excited sta
with a shell model calculation@39#. Both in the ~011!\v
and the~012!\v model space agreement for the 1/22 and
5/22 states with the present work is obvious. The sh
model ground state is 3/22 as in our calculations, but in th
shell model calculation, a further excited state appears: ei
a second 3/22 in the ~011!\v space or a positive parity
state(1/21) in the ~012!\v space. In our phase shifts on
can indeed recognize a very slow rising phase in the4D1/2
channel~cf. Fig. 9! and similarly a weakly attractive phas
with the quantum numbers 3/22 besides the ground state~cf.
Fig. 6!, but both cannot be called a resonance due to t
weak energy dependence.

VII. THE HALO NUCLEUS 8He

The nucleus8He is bound with 2.137 MeV against thre
particle breakup into6He12n @30#. The n 1p3/2 shell is
completely filled in 8He which is the reason for its muc
stronger binding in comparison to6He. Other than the
ground state, one excited state at 3.59 MeV with a width
G50.80 MeV was recently identified as a 21 resonance
@38#.

Due to the weak binding of the nucleus6He, one cannot
regard the8He as a mainly inert6He core surrounded by two
further neutrons, rather one has to expect that the6He wave
function is strongly modified, but the4He core should be

FIG. 9. The1
2

1 diagonal phase shifts for6He-n scattering.
pt

s

ll

er

ir

f

still existing inside 8He without large modifications. This
assumption is in agreement with the fact that the relat
corresponding to Eq.~14!

s22n~
8He!5s I~

8He!2s I~
6He! ~16!

does not hold for8He, but instead the equation

s22n~
8He!1s24n~

8He!5s I~
8He!2s I~

4He!, ~17!

which has also been derived by Ogawaet al. @35#, holds very
well @10#.

Therefore, a4He14n structure for the description of th
8He nucleus seems to be the proper choice. In order to s
plify the calculation, but still retain enough freedom in th
variation, we started with a function of the structure
6He-wf3, but only one Gaussian per relative coordinate
stead of four and added two further neutrons onS or P
waves, i.e., we used a superposition of the four structu
a-n-n-n-n, a-n-n-nn, a-nn-n-n, anda-nn-nn ~cf. Fig. 10!.
Herenn denotes dineutron clusters which are all in relati
S waves. All single neutrons are in relativeP waves. The
possible angular momentum couplings are given in Table
We convinced ourselves that in the five cluster compone
the part of the wave function with total spinS52 almost
does not contribute, hence, we omitted it as a further sim
fication of this still very complicated wave function, but eve
this simplified function (WF1) yields a binding of
ETh53.16 MeV with respect to the4He14n threshold~cf.
Table V!, i.e., relative to the binding energy of the4He func-

FIG. 10. Representation of the four clusteringsa-n-n-n-n,
a-n-n-nn, a-nn-n-n, anda-nn-nn used in the8He functions.
TABLE V. Threshold energiesETh and ETh8 ~see text for details! to the 4He14n breakup, matter
^rm

2 &1/2 and charge point nucleon̂r ch
2 &1/2 r.m.s. radii for the8He wave functions compared with data.

ETh ~MeV! ETh8 ~MeV! ^rm
2 &1/2 ~fm! ^r ch

2 &1/2 ~fm! ^rm
2 &1/2/^r ch

2 &1/2

WF1 3.16 2.43 2.06 1.55 1.32
WF2 3.77 3.02 2.14 1.55 1.38
WF3 3.11 3.23 2.11 1.56 1.35
WF4 2.99 3.29 2.19 1.56 1.40
exp. 3.112@30# 2.4960.04 @10# 1.7660.03 @10# 1.4160.04

0.05
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55 695STRUCTURE OF THE HELIUM ISOTOPES4He–8He
tion of Sec. III which consists of only one Gaussian. This
almost exactly the experimental value. The variational p
cedure yieldsa width parameters for WF1 of 0.3617 an
0.2937 fm22 for the a-n-n-n-n and a-n-n-nn structures,
which correspond to theP-wave set of the6He-wf3 core,
and surprisingly large values for thea-nn-n-n and
a-nn-nn structures, corresponding to theS-wave set of the
6He-wf3 core, of 0.2508 and 0.2941 fm22 in contrast to
0.1415 fm22 in 6He-wf3. In addition toETh , the binding
energy relative to the energy of the one Gaussian4He func-
tion of Sec. III, we calculated the binding energy relative
a 4He function consisting of four Gaussians with thea
widths determined for8He-WF1, calledETh8 in Table V. Due
to the stronger binding of the more complicated4He func-
tionWF1 is still lacking about 0.7 MeV of binding accord
ing to the value ofETh8 .

The radii ofWF1 ~cf. Table V! are much too small due to
two reasons. The first one is the insufficient description
the asymptotic behavior of the wave function by only o
Gaussian per relative coordinate. The second and much m
serious problem is the effectiveNN potential employed
which tends to lead to a too strong binding and too sm
radii for increasing mass number and number of clusters
relativeP waves@20#, but this is a common problem for a
effectiveNN interactions known to us, usually avoided b
adjusting some parameters of the potential. Since our in
action contains spin-orbit and tensor terms besides the
tral ones, it is not an easy task to adjust parameters of
potential for 8He without destroying the agreement for th
other isotopes completely. Our main goal is to find tho
configurations which determine the gross structure of8He.
For 8He the most interesting quantities are charge and ma
radii in comparison to the6He quantities. Since these rad
are strongly influenced by the separation energy, we pre
in the following results for model spaces which yield rough
the same binding energy, so that a comparison with dat
possible. This choice of model spaces to avoid overbind
can be, however, only a preliminary solution as long as
better effective interaction is accessible. Since the const
tion of such a potential, which is just in work, is rather d
ficult, we have to postpone its application to a followin
publication.

We improved the asymptotic description ofWF1 by add-
ing a second Gaussian on the relative coordinate of the t
and two further Gaussians on the relative coordinate of
fourth neutron in the five cluster structure (WF2), but be-
cause of the very complicated structure of this function
WF2 is the most complicated8He function considered, cf
Table VI — it was no more possible to determine the wid
parameters by variation even with the genetic algorit
method. Therefore, we retained the one width fromWF1
unchanged and chose smaller values for the additio
widths. We chose the additional parameters about a facto
3 smaller, a factor found in the6He wave functions. There
fore, only the linear variation for the coefficientscl ,s,k was
carried out. This procedure yields a somewhat larger ma
radius and 0.6 MeV increase in binding energy, cf. Table

In a next step we further simplified the structure of t
wave functionWF1/WF2 in order to be able to apply
variational procedure even with some additional width p
-
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rameters. Therefore, we omitted the angular momentum c
plings with negligible contributions to the binding energ
Omitting 20 out of the original 29 couplings~cf. Table VI!
reduces the binding ofWF1 by about 0.9 MeV, but then
increasing the number of degrees of freedom for the6He
core by adding one Gaussian on each coordinate of the
of the simplified function (WF3), we were able to perform a
variation and got back the binding which was lost by redu
ing the number of couplings. In contrast toWF1 and
WF2, where thea width parameters range from 0.2508
0.3617 fm22, in WF3 all a core parameters are about 1
percent larger than the one determined for the free4He ~cf.
Chapter III!; therefore, the binding energy of a4He function
with these four Gaussians is lower than the binding energ
the simple one Gaussian function by about 0.1 MeV. The
fore, hereETh is 0.1 MeV smaller thanETh8 .

Repeating this process of omitting the unimportant str
tures on the one hand and increasing the degrees of free
of the variation by increasing the number of the width p
rameters for the remaining structures on the other hand,
ended up with only four couplings, and only two clusterin
(a-n-n-n-n anda-nn-n-n), but two Gaussians on each co
ordinate of the five cluster structure (WF4). In our model
the most important8He components are three momentu
couplings of thea-n-n-n-n five cluster structure~cf. Table
VI ! with each single neutron in a relativeP wave, followed
by the four cluster structurea-nn-n-n with annn cluster in
anSwave and the two neutrons in aP wave coupled to total
orbital angular momentumL51. This is in contradiction to
the results of Vargaet al. @11,12#, who also employedP
waves, but only on the first and second coordinate of
structuresa-n-n-n-n anda-n-n-nn. They found that these
two structures yield the highest binding energies for all in
vidual configurations, but omitting them from the total wa
function hardly affected the binding energy@12#. They con-
clude a purelyl50 description containing the clustering
a-n-n-n-n, a-nn-n-n, anda-nn-nn with all neutrons and
dineutron clusters in relativeSwaves is sufficient to describ
the nucleus8He. It seems that this is due to their pure
central potential which is adjusted to describe6He and
8He in a model space which mainly contains relative angu
momental50.

The resulting radii ofWF4 are still too small, but, more
over, our calculated radii for8He are even smaller than tha
for 6He, cf. Tables II and V, which indicates a missing r
pulsion in ourNN interaction.

This lack of repulsion is roughly a consequence of the s
core which is employed in all effectiveNN potentials in
order to get a reasonable binding for light nuclei even w
relative simple wave functions compared to the functio
necessary for realistic interactions. This inevitably leads
an overbinding and to too small values for the radii of t
nuclei at a certain number of nucleons due to the too h
saturation point for the nuclear matter density of the effect
potentials. The effect of the soft core increases with incre
ing number of nucleons, because of the increasing numbe
pair interactions, until finally the spatial volume occupied
a certain number of nucleons is smaller than the volu
occupied by fewer nucleons like in this work for8He com-
pared to 6He. The same problem appears in the work
Vargaet al. @11,12#.
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TABLE VI. Couplings of angular momenta for the8He wave functions according to the coupling schem
@@@ l 1l 2#

l12l 3#
l123l 4#

L and@@@s1s2#
s12s3#

s123s4#
S for the structurea-n-n-n-n and analogous for the other struc

tures. Couplings marked with a1 are used in the corresponding wave function. The numbers in paranth
are the numbers of nonlinear variational parameters. The number of basis functions, i.e., the num
coefficientscl ,s,k is given in braces.

WF1 WF2 WF3 WF4
a-n-n-n-n l12 l 123 L s12 s123 S ~5!$24% ~5!$144% ~7!$20% ~9!$28%

0 1 0 1 1/2 0 1 1

1 1 0 1 1/2 0 1 1 1 1

2 1 0 1 1/2 0 1 1

0 1 0 0 1/2 0 1 1 1

1 1 0 0 1/2 0 1 1

2 1 0 0 1/2 0 1 1 1

0 1 1 1 3/2 1 1 1

1 0 1 1 3/2 1 1 1 1 1

1 1 1 1 3/2 1 1 1

1 2 1 1 3/2 1 1 1

2 1 1 1 3/2 1 1 1

2 2 1 1 3/2 1 1 1

0 1 1 1 1/2 1 1 1

1 0 1 1 1/2 1 1 1

1 1 1 1 1/2 1 1 1

1 2 1 1 1/2 1 1 1 1 1

2 1 1 1 1/2 1 1 1

2 2 1 1 1/2 1 1 1

0 1 1 0 1/2 1 1 1

1 0 1 0 1/2 1 1 1

1 1 1 0 1/2 1 1 1

1 2 1 0 1/2 1 1 1

2 1 1 0 1/2 1 1 1

2 2 1 0 1/2 1 1 1

a-n-n-nn l12 L S ~5!$2% ~5!$2% ~7!$4%

0 0 0 1 1

1 1 1 1 1 1

a-nn-n-n l12 L S ~5!$2% ~5!$2% ~7!$8% ~5!$1%

1 0 0 1 1 1

1 1 1 1 1 1 1

a-nn-nn L S ~5!$1% ~5!$1% ~7!$4%

0 0 1 1 1
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If one considers the ratio of the r.m.s. matter to r.m
charge radii in Table V, a good agreement with data is fou
for the wave functionWF4, supporting the assumption th
the remaining difference of the calculated values of the ra
to the data is due to a lack of repulsion in theNN potentials
and might not be curable by a further improvement in
description of the cluster relative motion.

Apart from this a further improvement of the wave fun
tion seems not possible at the moment because of the
siderable amount of computing time required in perform
the variational procedure. Only the application of a new
developed stochastic method of minimizing the ground s
energy in variational calculations allowed us to perform
present work on8He at all. The only possible way until now
to calculate a8He wave function in a microscopic model wa
to employ a very simpleNN interaction. Vargaet al. @11,12#,
.
d

ii

e

n-

te
e

e.g., used a simple central nuclear force without spin-orbi
tensor component, also the Coulomb force was omitt
There are two important features of this genetic algorit
method which makes it superior to other search algorith
~like, e.g., the stochastic variational method discussed
@21#!. Firstly, it is intrinsically parallel and can be used o
parallel computers with any numbers of processors with
any change, but contrary to other stochastic methods wh
are also working in a parallel way on a large number
processors, in the genetic algorithm the processors do
work independently from each other, rather they commu
cate after each function evaluation with each other. T
leads to a kind of scaling behavior of the algorithm, i.
increasing the number of processors by a factorx reduces the
required real time for the variation also by a factorx. In
usual stochastic methods, an increasing of the numbe
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55 697STRUCTURE OF THE HELIUM ISOTOPES4He–8He
processors only improves the statistics of the solutions
does not allow one to reduce the real time. Secondly,
variational space is not spanned by the variational par
eters themselves, but by a bit representation of them, re
ing strongly the possibility of getting trapped into a loc
minimum compared to other methods. For details see@14#.

To get an idea of the effort necessary for the variatio
process, we give in Table VI in braces the number of ba
functions, i.e., the dimension of the Hamiltonian matric
which have to be evaluated about a few 1000 times for e
variation in order to determine reliably the nonlinear var
tional parameters the numbers of which are also given
parentheses. We emphasize that each element of these m
ces has the structurêCnuHuCm& whereCn is a complex
eight particle wave function.

The first excited state of the8He nucleus is unbound and
therefore, a determination of its wave function by a var
tional procedure for the width parameters is again not p
sible. An attempt to describe this 21 state anologous to
6He by the same Gaussian functions, but with different c
plings failed completely for8He. The resulting excitation
energies are about 10 MeV, far beyond the data, indica
that the 8He 21 structure differs much more from the8He
ground state than the6He 21 from the 6He ground state.
The variational space for the linear parameterscl ,s,k which is
determined by the simplified ground state8He wave func-
tions is too small to describe the excited state properly
might also be an indication for some deficiencies of the
tential.

The calculated density distributions in Fig. 11 demo
strate that the larger the number of Gaussians describing
relative motion, the slower the decrease of the correspon
wave function at larger distances. Especially the mu
slower decrease forWF2 andWF4 compared toWF1 and
WF3 emphasizes the importance of an adequate descrip
for the relative motion of the last two neutrons.

In Fig. 12 the experimentally determined cross sectio
for elastic proton scattering at8He @27,28# are compared
with the cross sections calculated on the basis of our den
distribution for WF4, folded by the nucleon size, in
Glauber model@26#. The agreement is not so good as it w

FIG. 11. Calculated matter and charge density distributions
the 8He wave functions.
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the case for6He. However, it is better than forWF1 and
WF3, reflecting again the still not sufficient quality in th
asymptotic description of the8He wave functions.

VIII. CONCLUSION

We have presented a first attempt to a unified microsco
description of the particle stable isotopes4,6,8He and the par-
ticle unstable systems5,7He using one effective paramete
freeNN interaction not adapted to the different systems.

Using a newly developed genetic algorithm@14#, it was
possible to vary the nonlinear parameters of8He wave func-
tions containing up to five clusters even for a complexNN
interaction.

The ground state root mean square matter and charg
dii, binding energy, and density distributions of the partic
stable systems are in good agreement with data. For
8He nucleus, though the absolute values of the radii are
small due to a lack of repulsion in the effectiveNN interac-
tion, the ratio of matter and charge radii agrees within
error bars with data, i.e., the halo structure is well rep
duced.

For the 7He system apart from the very well-reproduc
ground state, two broad excited states, not observed u
now, are predicted.

To deduce the spectrum of9He in a scattering calculation
of neutrons off the8He bound state and the first excited sta
in analogy to the way we proceeded for5He and7He in this
work, it is necessary to improve the description of the grou
state and especially the first excited state in order to rep
duce its experimental excitation energy. The presented w
demonstrates that for the goal one has to modify the effec
NN interaction so that it becomes also suitable for nuc
containing a large number of neutrons. Work in this directi
is under way.
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r FIG. 12. Differential cross sections for elastic proton8He scat-
tering versus squared four momentum transfer2t, calculated by a
Glauber model@26# on the base of the8He RRGM density distri-
bution forWF4 ~line! compared with data~dots! @27,28#.
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