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Neutrino oscillations and moments of electron spectra
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We show that the effects of neutrino oscillations on8B solar neutrinos are described well by the first two
moments~the average and the variance! of the energy distribution of scattered or recoil electrons. For the
SuperKamiokande and the Sudbury Neutrino Observatory experiments, the differences between the moments
calculated with oscillations and the standard, no-oscillation moments are greater than three standard deviations
for a significant fraction of the neutrino mass-mixing (Dm2,sin22u) parameter space.
@S0556-2813~97!03901-0#

PACS number~s!: 26.65.1t, 14.60.Pq, 13.15.1g
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I. INTRODUCTION

A full Monte Carlo simulation is necessary in order
understand in detail the results of complicated experime
and to estimate their uncertainties. Extensive simulati
will be especially important for the next generation of so
neutrino experiments@1# in which background effects
energy-dependent sensitivities, and crucial geometrical
tors will influence the measured rates. Experimentalists
have the time and patience to test a finite set of hypothe
against the results of their measurements and massive s
lations and will report the results to an eagerly-waiting co
munity of physicists and astronomers.

What additional information will be most useful to repor
We focus here on the crucial tests of theshapeof the

continuum neutrino spectrum, which are independent of
lar physics to a fractional accuracy ofO(1025) @2#. Distor-
tions of the energy spectra of neutrino-induced electr
could indicate neutrino oscillations.

We show in this paper that the first two moments of t
~recoil or scattering! electron energy distribution—the ave
age energy and the variance of the spectrum—can provi
compact and informative summary of the expected effect
neutrino oscillations on the continuum solar neutrino spec
It is more practical to report the first two moments of t
electron energy distribution and their uncertainties than
describe in detail the output of an extensive Monte Ca
simulation. Moreover, theorists can conveniently use
measured values of the average kinetic energy and its dis
sion, instead of a binned energy spectrum, to test diffe
models of neutrino interactions.

We calculate the changes in the first two spectrum m
ments, that are caused by vacuum neutrino oscillations
by matter-enhanced oscillations, in the two-flavor appro
mation. We illustrate our results by realistic numerical stu
ies of the SuperKamiokande@3# ~electron-neutrino scatter
ing! and the Sudbury Neutrino Observatory@4# ~SNO,
neutrino absorption! detectors.

The structure of our paper is the following. In Sec. II w
discuss the basic characteristics of the SuperKamiokande
SNO experiments, and present the standard~i.e., no oscilla-
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tion! expectations for the average kinetic energy,^T&, and
the variance of the energy distribution,s2. In Sec. III we
describe our calculation of the spectral moments in the p
ence of neutrino oscillations. In Sec. IV we show the resu
in the neutrino mass-mixing plane. In Sec. V we estim
realistic uncertainties. In Sec. VI we show how SuperKam
kande and SNO can discriminate new physics in represe
tive cases. We summarize our work in Sec. VII.

We recall that the SNO experiment will, in addition to th
electron spectrum shape meaurement, determine the rat
the charged-to-neutral current interactions of neutrinos
deuterium, which is a powerful indicator of neutrino oscill
tions @5#. This measurement has been investigated in sev
papers~see the recent works@6–8#! and is not considered
here.

II. BASICS AND STANDARD PREDICTIONS

In this section we discuss the basic characteristics of
SNO and SuperKamiokande experiments, and calculate
standard electron energy spectra1 expected in the absence o
oscillations. We also evaluate the standard values of the
two moments of the electron energy spectra for SNO a
SuperKamiokande. We discuss how well the two-mom
approximation can parametrize the deviations from the s
dard electron spectra.

A. Experimental characteristics

The SNO experiment@4# makes use of a 1 kt heavy-water
Cherenkov detector@9# to observe the charged current~CC!
neutrino-deuterium reaction:

ne1d→p1p1e2. ~1!

The electron kinetic energy,T, is distributed between 0
andEn2Q, whereEn is the neutrino energy andQ51.442
MeV. The differential cross section for this reaction has be

1The standard electron energy spectrum at SNO has also
discussed in detail in@8#.
494 © 1997 The American Physical Society
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TABLE I. Electron energy threshold and resolution parameters adopted in the analysis. Uncertain
at 1s.

Detector parameter Symbol SuperKamiokande SNO

Kinetic energy threshold Tmin 5 MeV 5 MeV
Resolution width at 10 MeV D10 1.6(160.01) MeV 1.1(160.10) MeV
Energy scale uncertainty d 6100 keV 6100 keV
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recently discussed in detail in@8#, to which the reader is
referred for specific results and additional references@10#.

The SuperKamiokande experiment@3# makes use of a 22
kt ~fiducial volume! water-Cherenkov detector@11# to ob-
serve neutrino-electron scattering. The basic reaction is

ne1e2→ne81e2, ~2!

in which both charged currents~CC! and neutral currents
~NC! contribute. The electron kinetic energyT is distributed
almost uniformly between 0 andEn /(112me /En). The
cross section is known to first order in the radiative corr
tions @12,10#.

If neutrino oscillationsne↔nx to an active neutrino oc
cur, the pure NC reactionnx-e also contributes to the Su
perKamiokande signal:

nx1e2→nx81e2 ~x5m,t!. ~3!

In the following, we assumex5m for definiteness.
If the SuperKamiokande and SNO detectors work as

pected, high signal-to-noise ratios will be achieved abov
threshold energyTmin.5 MeV. The background assessme
is one of the most difficult aspects of these experiments
the absence of reliable knowledge of the background,
make the optimistic assumption that there is no signific
background contamination above a nominal 5 MeV thresh
for both experiments. We also assume that the detection
ficiency is constant above threshold.

The electron kinetic energy~and direction! will be mea-
sured, in both experiments, by the Cherenkov light. The d
tribution of the measured kinetic energyT around thetrue
kinetic energyT8 can be described by an energy resoluti
function of the form

R~T,T8!5
1

DT8A2p
expF2

~T82T1d!2

2DT8
2 G . ~4!

In Eq. ~4!, the bias termd accounts for a possible unce
tainty in the absolute energy calibration, and the ener
dependent one-sigma widthDT8 scales asAT8 due to the
photon statistics:

TABLE II. Standard predictions for the average kinetic ener
^T&, and for the variance,s2, of the electron spectra at SuperK
miokande and SNO in the absence of oscillations.

Experiment ^T&0 ~MeV! s0
2 ~MeV2)

Super Kamiokande 7.296 3.42
SNO 7.658 3.04
-

x-
a
t
In
e
t
ld
f-

-

-

DT85D10AT8/~10 MeV!, ~5!

whereD10 is the energy resolution width at 10 MeV.
The reference parametersTmin , d, andD10 used in this

work for SuperKamiokande@13# and SNO@14# are given in
Table I. In SuperKamiokande, the energy resolution wid
D10 is expected to be measured with 1% accuracy by me
of a dedicated, high statistics calibration with a tunable lin
electron accelerator@13#.

B. Standard expectations

We have calculated the standard~i.e, no oscillation! elec-
tron spectra in SuperKamiokande and SNO, using the de
tor parameters given in Table I, the best-estimate cross
tions for the reactions in Eq.~1! @15,8# and Eq.~2! @12#, and
the standard8B neutrino spectrum@16#.

Table II gives the calculated values of the first two spe
tral moments of the standard distributions, the average e
tron kinetic ^T&0 and the variances0

2.
Figure 1 compares the normalized standard spect

~area5 1, solid line labeled STD! with three representative
spectra calculated assuming neutrino oscillations in vacu
@17# or oscillations enhanced by the Mikheyev-Smirno
Wolfenstein~MSW! effect @18# in the sun.2 The spectra with
oscillations refer to the values of the neutrino mass-mix
parametersDm2 and sin22u that best-fit@7# the small-angle
MSW ~SMA!, the large-angle MSW~LMA !, and the vacuum
oscillation ~VAC! solutions3 to the solar neutrino problem
given the published results of the four pioneering solar n
trino experiments@19–22#.

The LMA solution does not induce any appreciable d
ference from the standard spectrum, since the correspon
electron survival probability,P(En)5P(ne→neuEn), is al-
most constant forEn*5 MeV. Hence the LMA spectrum is
almost indistinguishable from the standard spectrum in F
1~a! and 1~b!. However, for the SMA and especially for th
VAC cases illustrated, there are significant spectral dis
tions with respect to the no-oscillation~STD! case. The de-
viations in the spectral moments,^T&2^T&0 ands22s0

2, are
discussed in Sec. IV.

C. Two-moment approximation

In this section we discuss the extent to which the dev
tions of the first two moments characterize the deformati
of the electron spectrum induced by neutrino oscillations

2The MSW regeneration ofne in the earth is not included in the
present work.
3The best-fit values (Dm2,sin22u) for the SMA, LMA, and VAC

cases are respectively (5.431026 eV2,7.931023),
(1.731025 eV2, 0.69), and (6.0310211 eV2,0.96) @7#.

,
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For the moderately small changes in the standard elec
spectrum expected on the basis of many oscillation s
narios, the difference between the spectrum with and with
oscillations@ fOSC(T) and f (T) respectively# can be approxi-
mated by a second order expansion inT to a good approxi-
mation. Definingj(T) as the difference between the spe
trum after oscillations and the standard spectrum,

j~T![ fOSC~T!2 f ~T!, ~6!

we can write

j~T!. j̄~T![ f ~T!S b
T2^T&0

^T&0
1g

T22^T&0
22s0

2

^T&0
2 D , ~7!

wherej̄(T) is the best quadratic approximation toj(T).
In Eq. ~7!, b and g are dimensionless parameters, a

^T&0 and s0
2 are the first two moments~average and vari-

FIG. 1. Standard spectrum of the electron kinetic energy~STD,
solid line! for SuperKamiokande~a! and SNO~b!. Also shown are
three representative spectra that apply if neutrino oscillations oc
small mixing angle MSW~SMA, dot-dashed!, large mixing angle
MSW ~LMA, dashed!, and vacuum oscillations~VAC, dotted!. All
spectra are normalized~area5 1!. The oscillation cases correspon
to best fits@7# to the results of the four pioneering solar neutri
experiments@19–22#.
on
e-
ut

-

ance! of the standard distributionf (T). The functional form
adopted in Eq.~7! ensures that*dTj̄(T)50 and therefore
preserves the normalization.

Within the O(T2) approximation, the spectral deforma
tions represent a two-parameter family of functions, wh
can be labeled either by the two parameters (b,g) or by the
deviationsand of the first two moments of the new distrib
tion from their standard values,^T&0 and s0

2, through the
correspondence

^T&2^T&0.E dT f~T!j̄~T;b,g!T, ~8!

s22s0
2.E dT f~T!j̄~T;b,g!T2. ~9!

It is preferable to determine the deviations of the spec
moments instead of fitting the (b,g) parameters, because th
moments are well defined independently of the functio
form of the shape deformation and of the order of its exp
sion in powers ofT. Additional experimental information~if
any! on the third or higher moments could in principle ove
constrain this determination, but is not essential in the tw
parameter approximation of Eq.~7!.

The MSW small mixing angle solution~SMA! represents
an important case in which two-moment approximation is
excellent approximation. We have checked numerically t
the deviationj(T)5 f SMA(T)2 f (T) between the the SMA
spectrumf SMA(T) and the STD spectrumf (T) ~see Fig. 1!
can be parametrized accurately as indicated in Eq.~7!. In the
entire SMA region allowed at 95% C.L.@7# by the four pio-
neering solar neutrino experiments, the residuals, divided
the maximum spectral value, are small:

uj~T!2 j̄~T!u
maxf ~T!

&H 1% ~SuperKamiokande!,

3% ~SNO!.
~10!

The large mixing angle~LMA ! MSW solution is well fit
by the quadratic approximation since, in any event, the LM
spectral distortions are very small~see Fig. 1!.

For the best-fit vacuum oscillation solution~VAC!, the
residual terms ofO(T3) or higher in the shape deviations a
as large as 10%~5%! of the maximum spectral value fo
SuperKamiokande~SNO!. The magnitude of the residual
can be made smaller, or larger, by varying the VAC solut
within the region allowed at 95% C.L. by the available da
@7#. When the residuals are large, the two-moment appro
mation may result in a loss of information. Fortunately, p
cision is not crucial in the cases in which the distortio
j(T) are large. In those cases, neutrino oscillations provid
distinctive signature even with an error of the order of 10
in the large distortions.

The spectral measurements in the SuperKamiokande
SNO experiment may initially involve relatively large unce
tainties. These errors will decrease as more events are a
mulated and as the systematic uncertainties are better un
stood. If the known uncertainties are not much smaller th
the changes in the spectrum, even a first-order approxima
@g.0 in Eq. ~7!# can be adequate to analyze the data. T
spectral deformations are then in one-to-one correspond
either withb ~see@23#!, or with the deviation of̂ T& from

r:
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the standard valuêT&0 ~deviation which is proportional to
b, see@8#!. The use of variations of̂T& to signal spectral
deformations was first emphasized in@6# ~see also Ref.@24#!;
the importance of the energy slope was first emphasize
@23#.

In summary, we see that the description of the spec
deformations in terms of two parameters~i.e., the deviations
of the first two moments! is a useful approach to the analys
of the SuperKamiokande and SNO measurements of
electron energy distribution. The loss of information is sm
for the SMA and LMA solutions. For the vacuum oscillatio
cases, the first two moments will also be an adequate
scription.

We shall show below how the neutrino oscillation para
eter space can be explored by using the deviations of the
two moments from their standard values.

III. SPECTRAL MOMENTS
WITH NEUTRINO OSCILLATIONS

The calculation of the electron spectra for dense grids
values of the usual neutrino mass-mixing parameters,Dm2

and sin22u, can be computer intensive. One has to calcu
the differential neutrino cross-section,ds/dT, smear it with
the energy resolution function, and integrate the results o
the 8B neutrino spectrum times thene survival probability
P. However, if one is interested in just the~first two! spectral
moments, only one numerical integration over the neutr
energy is needed, with weight functions that are calcula
once and for all. In this section we describe this fast meth
of calculation for the SNO and SuperKamiokande expe
ments. The application to vacuum and matter-enhanced
trino oscillations will be illustrated in Sec. IV.

A. Moments of the SNO electron spectrum

Consider a neutrino of energyEn that is absorbed by deu
terium, reaction~1!. The cross sectionŝCC(En) for produc-
ing an electron that has a measured kinetic energy gre
thanTmin is

ŝCC~En!5E
Tmin

dTE dT8R~T,T8!
dsCC~En ,T8!

dT8
, ~11!

whereds/dT8 is the differential cross section for the rea
tion ~1! @15,8#, and the energy resolution function is given
Eq. ~4!. The ‘‘hat’’ is intended to remind the reader th
ŝCC is a smeared and reduced cross section, i.e., the e
trons withmeasuredenergy belowTmin are not counted.

The average value of the measured electron kinetic en
above threshold is

T̂~En!5ŝCC
21~En!E

Tmin

dTTE dT8R~T,T8!
dsCC~En ,T8!

dT8
.

~12!

Analogously, the average value of the electron kinetic
ergy squared is

T̂2~En!5ŝCC
21~En!E

Tmin

dTT2E dT8R~T,T8!
dsCC~En ,T8!

dT8
.

~13!
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So far we have considered a neutrino of fixed ene
En . If we average the values ofT̂(En) and T̂

2(En) over the
8B neutrino spectrum,l(En), and thene survival probabil-
ity, P(En), we obtain

^T&5

E dEnl~En!P~En!ŝCC~En!T̂~En!

E dEnl~En!P~En!ŝCC~En!

, ~14!

^T2&5

E dEnl~En!P~En!ŝCC~En!T̂2~En!

E dEnl~En!P~En!ŝCC~En!

. ~15!

The variance of the measured electron spectrum is defi
as

s25^T2&2^T&2. ~16!

The subscript ‘‘0’’ denotes ‘‘standard’’~i.e., no oscilla-
tion! quantities:

^T&0[^T&uP51 , s0
2[s2uP51 . ~17!

B. Moments of the SuperKamiokande electron spectrum

The calculations of the spectral moments in SuperKam
kande are slightly more complicated than in SNO, since
neutrino arriving at the detector can be either ane or a nm ,
interacting with cross sectionsse andsm , respectively. The
probabilities of these two occurrences areP and 12P, re-
spectively, whereP is the electron neutrino survival prob
ability.

For a neutrino of energyEn , we need to calculate the
average cross section and the average electron kinetic en
for a5e,m:

ŝa~En!5E
Tmin

dTE dT8R~T,T8!
dsna ,e~En ,T8!

dT8
,

~18!

T̂a~En!5ŝa
21~En!E

Tmin

dTTE dT8R~T,T8!

3
dsna ,e~En ,T8!

dT8
. ~19!

The expression forT̂a
2(En) is analogous to Eq.~19! with the

substitutionT̂a(En)→T̂a
2(En).

AveragingT over the neutrino spectrum, while taking int
account the probabilities ofne and nm interactions at the
detector, we obtain

^T&5

E dEnlPŝeT̂e1E dEnl~12P!ŝmT̂m

E dEnlPŝe1E dEnl~12P!ŝm

. ~20!
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For clarity, we have suppressed theEn dependences in Eq
~20!.

The calculation of̂ T2& is analogous to Eq.~20!, with the
substitutionT̂a→T̂a

2 The variances2 is defined as in Eq.
~16!.

IV. RESULTS IN THE MASS-MIXING PLANE
„Dm,sin22u 2

…

From the discussion of the previous section, it follow
that the calculation of the spectral moments in SNO a
SuperKamiokande requires integrating over energy vari
products of the following quantities:l(En) (8B neutrino
spectrum!; ŝCC(En), T̂(En), andT̂

2(En) ~SNO experiment!;
ŝe(En), T̂e(En), T̂e

2(En), ŝm(En), T̂m(En), andT̂m
2 (En) ~Su-

perKamiokande experiment!. These ingredients can be ca
culated at representative neutrino energies, given the dete
parameters~Table I!.

A numerical table of the above quantities can be found
@10#. The reader can find there also tables of the last ing
dient needed to calculatêT& ands2, namely the oscillation
probability P(En), for the best-fit cases SMA, LMA, VAC
shown in Fig. 1. Anyone wishing to evaluate the sensitiv
of SuperKamiokande or SNO to some neutrino model
considered in this paper~e.g., resonant magnetic transition
neutrino decay, violation of the equivalence principle, or e
otic transitions@25#! can use the data and software in@10#.

We have calculated the values of the spectral mome
^T& and s2 for continuous ranges of the neutrino mas
mixing parameters for two-flavor oscillations. In particula
we have considered the rectangle (sin22u,Dm2/eV2)
P@1024, 1# ^ @1029, 1023#, which is relevant to MSW os-
cillations, and the rectangle (sin22u,Dm2/eV2)
P@0.4, 1# ^ @3310211, 2310210#, which is relevant to
vacuum neutrino oscillations.

Figure 2 shows the calculated results for the SuperKam
kande experiment and Fig. 3 gives the results for the S
experiment.

Figures 2~a! and 2~b! show the fractional difference
(%) in the first two moments of the SuperKamiokande el
tron spectrum, (̂T&2^T&0)/^T&0 and (s22s0

2)/s0
2, for

MSW neutrino oscillations. Superposed are the regions
lowed at 95% C.L. by current fits to solar neutrino data@7#
~shaded!, with thick dots marking the best-fit points.

The deviations of the moments are larger in two char
teristic regions, corresponding to the adiabatic MSW bra
~horizontal region!, and nonadiabatic MSW branch~slanted
region!. In the adiabatic branch, there is a strong suppres
of the high-energy part of the8B neutrino spectrum. There
fore the mean value of the electron energy also decrea
until there are very few electrons above the experime
threshold energyTmin ~5 MeV nominal value!. The variance
is also reduced by the combination of the depletion of
high energies by oscillations and the threshold cut. The fr
tional spectral variations are so large that part of the a
batic branch is already excluded by the ‘‘low statistics’’ ele
tron spectrum measurements at Kamiokande@26#. For the
nonadiabatic branch~relevant for the small mixing angle so
lution! the low-energy part of the8B neutrino spectrum is
suppressed, so that botĥT& and s2 are shifted towards
d
s

tor

n
e-

t

-

ts
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-
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-
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-
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higher values. The changes in the electron spectrum are
cally smaller@27# than in the adiabatic region. In the larg
mixing angle region, the suppression of the8B neutrino
spectrum is almost uniform in the energy range of inter
and there are no significant deviations of the moments fr
their standard values.

Figures 2~c! and 2~d! show the fractional differences in
the first two moments of the SuperKamiokande elect
spectrum for vacuum neutrino oscillations. Also in this ca
there are two regions where the moments are positively
negatively shifted, corresponding to the suppression of lo
energy and high-energy8B neutrinos. In passing from on
region to another, there are also cases in which the two
ment deviations have opposite sign. These intermediate c
correspond roughly to a strong suppression of the peak of
8B neutrino spectrum, and thus a secondary signature sh
be a low rate of events. The variations of the moments can
very strong for large values of the mixing angles. Asympto
cally, they become zero forDm2→` ~averaged fast oscilla
tions, uniform suppression!, and forDm2→0 or sin22u→0
~no oscillation!.

Figures 3~a!–3~c! are analogous to Figs. 2~a!–2~c!, but
refer to the SNO experiment. In general, the deviations of
moments are larger than in SuperKamiokande, since the
state electrons fromn-d absorption are more closely corre
lated with the original neutrino energies than the electro
from n-e scattering, and thus are more sensitive to osci
tions of the parent neutrinos. We will recall this point in Se
VI.

Figures analogous to Figs. 2~a! and 3~a! were first re-
ported in@6#. In @6#, the energy resolution function was no
included, and the electron energy spectrum inn-d absorption
processes was approximated by a Dirac delta at any g
neutrino energy~which is not a sufficient approximation, se
the discussion in@8#!. Alternative methods for analyzing
electron spectra have been proposed in@23,28#.

V. ERROR EVALUATION

In order to test the null hypothesis of no oscillations, w
need to compare the theoretical spectral moment deviat
shown in Figs. 2 and 3 with realistic error estimates
^T&0 ands0

2.
Table II lists the standard values of the first two momen

^T&0 ands0
2. We will now estimate the errors affecting thes

values by varying the input ingredients of our calculations
more realistic assessment of the uncertainties will be p
sible after the SuperKamiokande and SNO experiments h
reported on detector performances.

Table III shows a preliminary assessment of the er
budget for SuperKamiokande and SNO. In Table III, the
rors due to the energy resolution width and energy scale
obtained by varying the parametersD10 and d within the
1s limits given in Table I. The error due to the8B neutrino
spectrum is obtained by repeating the calculation with
63s 8B spectra,l1 and l2 @16#, and dividing the total
spread by six. The cross section uncertainty for the S
predictions has been estimated by comparing the values
tained with the Kubodera-Nozawa cross section@15# ~de-
fault! and with the Ellis-Bahcall@29,8# cross section for the
n-d CC reaction. For SuperKamiokande, then-e cross sec-
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FIG. 2. SuperKamiokande experiment: fractional deviations~%! of the moments of the electron energy spectrum caused by two-flavo
neutrino oscillations. The results are shown in the mass-mixing plane (sin22u,Dm2). The shaded regions are favored by current solar neutrino
experiments at 95% C.L.@7#, with best-fit points marked by a dot.~a! Deviation of ^T&, MSW oscillations.~b! Deviation ofs2, MSW
oscillations.~c! Deviation of^T&, vacuum oscillations.~d! Deviation ofs2, vacuum oscillations.
s
or
r

rors

ion,
tion is known to first order in the radiative corrections@12#.
The first order contributions~included by default! alter ^T&
ands2 by 0.1% and 0.4% with respect to the tree-level cro
section@30#. The contributions due to second and higher
der corrections are expected to be smaller by a facto
s
-
of

order 1/137 and can thus be neglected. The statistical er
are calculated for a representative case ofN55000 collected
events, which corresponds roughly to 1–2 years of operat
depending on the absolute8B neutrino flux and the oscilla-
tion scenario. The error of^T& is given byAs2/N. The error
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FIG. 3. SNO experiment: fractional deviations~%! of the moments of the electron energy spectrum caused by two-flavor neutrin
oscillations. The results are shown in the mass-mixing plane (sin22u,Dm2). The shaded regions are favored by current solar neutrino
experiments at 95% C.L.@7#, with best-fit points marked by a dot.~a! Deviation of ^T&, MSW oscillations.~b! Deviation ofs2, MSW
oscillations.~c! Deviation of^T&, vacuum oscillations.~d! Deviation ofs2, vacuum oscillations.
c

he

the

d

of s2 is given byA@m42(s2)2#/N @31#, wherem4 is the
fourth moment of the spectrum,m45^(T2^T&)4&. As stated
earlier, we have not included uncertainties due to the ba
grounds; these uncertainties may be important.

Let us consider the error correlations in Table III. T
correlation between the errors on^T&0 ands0

2 induced by the
k-

uncertainties in the energy resolution widthD10 ~see Table I!
is equal to one in modulus, since both errors depend on
same parameter (D10). The sign of the correlation is1 be-
cause any small positive shift in̂T& tends to make the low-
energy part of the electron spectrum wider~above threshold!
and thus increasess2. For similar reasons, the errors induce
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TABLE III. Estimated 1s uncertainties (D) of the standard momentŝT&0 and s0
2, and their correlations (r). Possible background

effects are ignored.

SuperKamiokande SNO

D^T&0 Ds0
2 D^T&0 Ds0

2

1s uncertainties ~MeV! ~MeV2) r ~MeV! ~MeV2) r

Energy resolution width 0.004 0.02 11 0.024 0.10 11
Energy scale 0.025 0.06 11 0.052 0.08 11
8B neutrino spectrum 0.016 0.04 11 0.029 0.05 11
Cross section ;0 ;0 ;0 0.011 0.01 ;0
Statistics (N55000) 0.026 0.08 10.63 0.025 0.06 10.45
Total 1s error 0.040 0.11 10.80 0.070 0.15 10.83
Total fractional error 0.54% 3.2% 10.80 0.91% 4.9% 10.83
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by the energy scale uncertainty, as well as by the neut
spectrum uncertainties, have correlation11. The cross-
section errors are small~negligible for SuperKamiokande!
and their correlation can be ignored. The correlation of
statistical errors isr5m3 /@As2Am42(s2)2# @31#, where
m3 is the third moment of the electron energy spectrum.

VI. ISO-SIGMA CONTOURS FOR SUPERKAMIOKANDE
AND SNO

In this section we illustrate the diagnostic power of S
perKamiokande and SNO to reveal possible new physics
measuring electron energy spectra.

Figure 4 shows contours of equal standard deviati
(n-sigma ellipses!4 in the plane of thêT& ands2 deviations
that were obtained with the help of Table III. The contou
are centered around the standard expectations~STD!. Also
shown are the representative best-fit points VAC and SM
The point LMA is very close to STD and is not shown.

The cross centered at the SMA best-fit point indicates
solution space allowed at 95% C.L.@7# by the solar neutrino
data published so far@see Figs. 2~a!, 2~b!, 3~a!, and 3~b!#.
The deviations in̂T& ands2 for the SMA solution are con-
fined in a relatively small range. For vacuum oscillations,
range of deviations spanned by the whole region allowe
95% C.L. by present data@Figs. 2~c!, 2~d!, 3~c!, 3~d!# is
much larger and is not indicated in Fig. 4. The statisti
significance of the separation between the SMA and S
points in Fig. 4 is dominated by the fractional shift in^T& for
both SuperKamiokande and SNO. This is not surprisi
since the SMA neutrino survival probability increases alm
linearly with energy forEn*5 MeV; this increase induce
deformations of the electron spectra that are nearly linea
T and are well represented by a shift in^T&, as discussed in
Sec. II ~see also@8#!.

The best-fit small mixing angle solution is separated
*3s from the standard solution for both SuperKamiokan
and SNO~see Fig. 4!. The discriminatory power of the two
experiments appears to be comparable for the SMA solut
The estimated total fractional errors of^T& and s2 in Su-

4The ‘‘number of sigmas’’n is defined asn5Ax2. The probabil-
ity content of the error ellipses is given by thex2 distribution for
two degrees of freedom@32#.
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perKamiokande are about a factor of two smaller than
SNO ~see Table III!. However, the purely CC interaction i
SNO @Eq. ~1!# is a more sensitive probe of neutrino oscill
tions than a linear combination of CC and NC interactio

FIG. 4. Iso-sigma contours in the plane of the fractional dev
tions of the first two spectral moments. Labels are as in Fig. 1.~a!
SuperKamiokande experiment.~b! SNO experiment. The SMA so
lution can be distiguished at*3s from the standard~STD! case by
both experiments. The crosses allow for variations of the SM
solution within the region favored at 95% C.L. by the current e
periments. See the text for details.
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as observed in SuperKamiokande@Eqs.~2! and ~3!#.5 More-
over, the final electron energy in thene1d→p1p1e2 ab-
sorption interaction is more closely correlated with the init
neutrino energy than inn1e2→n81e2 scattering. The Su-
perKamiokande detector~according to the available informa
tion about the likely performances of the detectors! may
compensate a lower sensitivity to neutrino oscillations wit
more precise control of the systematics related to the elec
energy measurement.

How do the above results depend upon the energy thr
old? We have verified by detailed calculations that the s
tistical significance of the SMA deviations in Figs. 4~a! and
4~b! decreases by about 0.6s per 1 MeV increase in the
energy thresholdTmin . These results are valid for both th
SNO and the SuperKamiokande detectors and include ca
lations for thresholds of 5, 6, and 7 MeV.

Although SuperKamiokande and SNO are calculated
be about equally sensitive to the SMA solution, differe
new physics scenarios may be more easily tested by on
the other of the two experiments. For instance, the SNO
periment appears to be more sensitive than SuperKam
kande to the best-fit vacuum solution~VAC point in Fig. 4!.

When both the SuperKamiokande and the SNO elec
spectra have been measured, it will be important to estim
the correlation of their errors. In fact, the uncertanties affe
ing the spectra measured in these two different experim
are all independent of each other except for the uncertain
the shape of the input neutrino spectrum@16#, which is com-
mon to both experiments. The uncertainties in the neutr
spectrum will induce a correlation between the errors in
spectrum shapes measured by SNO and SuperKamioka
For the spectral moments and the detector parameters us
this work, the correlation matrix between the total errors
SuperKamiokande and SNO is shown in Table IV. The s
matrix that links SNO and SuperKamiokande quantities
relatively small entries,r50.12–0.17, indicating that the
‘‘cross talk’’ induced by the common neutrino spectrum sy

5In practice, the separation of CC and NC events in SNO will
affected by experimental uncertainties. We have ignored this m
dentification error as well as all the backgrounds.

TABLE IV. The correlation matrix of the total errors affectin
the measurements of^T&0 ands0

2 at SuperKamiokande~SK! and
SNO. The correlations between the SK and SNO entries arise f
the common uncertainty in the8B neutrino spectral shape.

^T&0 ~SK! s0
2 ~SK! ^T&0 ~SNO! s0

2 ~SNO!

^T&0 ~SK! 1.00 0.80 0.17 0.13
s0
2 ~SK! 1.00 0.15 0.12

^T&0 ~SNO! 1.00 0.83
s0
2 ~SNO! 1.00
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tematics is relatively unimportant. However, this relative
small error correlation may increase or decrease for m
realistic detector parameters and experimental uncertain
that will be determined after the experiments have been
erating for some time.

VII. SUMMARY

In this paper we propose that the electron energy spe
that will be measured in the SuperKamiokande and SN
experiments be characterized by their first two momen
namely the average electron kinetic energy^T& and the vari-
ance of the energy distributions2.

We have shown in Sec. II C that the two-moment a
proximation is accurate for the MSW solutions favored
the four pioneering solar neutrino experiments@19–22# and
is a good approximation to the distortions induced
vacuum oscillations except for those cases in which the d
tortion is very large and obvious.

We have presented in Tables II and III the standard v
ues, and estimated uncertainties, of^T& and s2 in the ab-
sence of oscillations. We have also presented in Figs. 2
3 the fractional deviations of the two spectral moments
duced by neutrino oscillations in the whole neutrino ma
mixing parameter space relevant to MSW or vacuum tw
flavor oscillations. The deviations from the standard valu
can be greater than 3s, as shown in Fig. 4, in a large regio
of the neutrino parameter space, part of which is curren
favored by the published results of the four pioneering so
neutrino experiments. The statistical significance of the SM
deviations for both SNO and SuperKamiokande decrease
about 0.6s per MeV for energy thresholds in the range b
tween 5 and 7 MeV.

Note added.After this paper was completed, H. Sob
suggested we investigate what would be the effect of red
ing the uncertainty in the energy scaled in the SuperKamio-
kande experiment from 100 keV to 50 keV. We find that
d is reduced to 50 keV the total uncertainty in both mome
is reduced by about 15%~5000 events assumed! and the
significance of the SMA signal is increased by about 0.5s ~to
about 3.5s). The uncertainty in the8B neutrino spectrum
would be the dominant systematic uncertainty~excluding
background effects! if the energy scale error were as small
50 keV.
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