
PHYSICAL REVIEW C JANUARY 1997VOLUME 55, NUMBER 1
Analysis of recentp1p low-energy differential cross-section measurements

N. Fettes and E. Matsinos*
Institute for Particle Physics, ETH Zurich, CH-5232 Villigen PSI, Switzerland

~Received 5 March 1996!

The recentp1p differential cross-section measurements between 20 and 100 MeV~pion lab kinetic energy!
have been analyzed in the context of an extended threshold expansion of theK matrix. The analysis shows that
the bulk of the database is self-consistent. Our results in theS31 channel disagree with the ones obtained in the
Karlsruhe phase-shift analyses~which have been based exclusively on the oldpN database!; we report
differences of~approximately! one degree in the corresponding phase-shift values and of almost 25% in the
s-wave scattering lengtha3 ~our value:a3520.07760.003mp

21). These differences reflect the extent of the
discrepancy between the old and the new low-energyp1p database; they cannot be attributed to the method
of the analysis. A comparison of the present result for thea3 with the values of thepN scattering lengths,
recently obtained from measurements of the 1s energy-level shift and width in pionic hydrogen and deuterium,
leads to the conclusion that, within the present~experimental and theoretical! accuracies, the various results are
not incompatible with the isospin symmetry of the strong interaction.@S0556-2813~97!05901-3#

PACS number~s!: 13.75.Gx, 25.80.Dj
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I. INTRODUCTION

Thanks to the construction of the three meson facto
~LAMPF, PSI, and TRIUMF!, the pion-nucleon (pN) inter-
action has been subjected to a considerable experimenta
vey during the past two decades. The existence of these h
quality measurements allows one, for the first time, to en
the question of the violation of fundamental symmetries
the underlying theory~isospin symmetry and chiral symme
try! quantitatively. At low energies, the theory describing t
interaction—the quantum chromodynamics~QCD!–is highly
nonperturbative. Due to this reason, an effective-field
proach ~respecting the properties of the QCD Lagrangia!
has been put forward~for a recent review, see Ref.@1#! to
account for the low-energy hadronic phenomena: the ch
perturbation theory (xPT!. This approach, which is a pow
erful tool in the hands of theoretical physics, has recen
achieved predictions for the isovectorpN scattering length
b1 @2#.

The interest in the field of pion physics has gradua
shifted to the low-energy domain. This is due to several r
sons. First of all, the lower the energy is, the betterxPT is
expected to work~the effective Lagrangian is expanded in
Taylor series in the momenta involved!. Additionally, the
lower the energy is, the more important the isospin-break
effects are expected to become; this is due to the fact tha
~kinetic! energies, associated with the interaction, beco
then comparable to theu and d quark-mass difference
~which is the source of the isospin violation!. The amount of
the breaking of isospin in thepN system, along with a com
parison with chiral-symmetry predictions, will eventual
lead to the determination of theu andd quark masses@1#. It
is evident that the lower~in energy! the experimental data
extend, the higher the precision of such a determination
be.

The Karlsruhe analyses~KH80 @3# and KA85 @4#!, the

*Electronic address: matsinos@psi.ch
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results of which have traditionally been used in several
plications, are exclusively based on measurements condu
before 1980. With two exceptions~i.e., the experimental data
of Bertin et al. @5# for the p1p reaction down to pion lab
kinetic energyTp520.8 MeV and those of Busseyet al. @6#
for both elastic processes down to 88.5 MeV!, the input data
~to these analyses! came from energies above 100 MeV. U
ing the techniques of the dispersion analysis and theore
constraints, predictions for the low-energy region~below
100 MeV! have been obtained. It was quite surprising
discover~in the early eighties! that these predictions do no
match the results of the meson-factory low-energy exp
ments. This mismatch implied a significant disagreement
tween the old~essentially meaning the measurements of R
@5#, which, apart from one exception, are well reproduced
the Karlsruhe analyses! and the new low-energy databas
although the subject has been brought forward many tim
~e.g., in contributions to thepN Newsletter@7#!, the discus-
sion about the source of the disagreement does not see
be particularly constructive@8#. It is quite unfortunate that
despite the abundance and the quality of the recently
tained low-energy experimental data, no analysis of th
measurements exclusively, in terms of phase shifts and
scattering lengths and volumes, has so far been perform

The investigation of the question of the isospin-symme
breaking in thepN system necessitates the separate anal
of the three possible low-energy experimentally-access
reactions, i.e., of the two elastic processesp6p and of the
single-charge-exchange~SCX! reactionp2p→p0n. As a
first step, in the present work, we analyze the recentp1p
low-energy differential cross sections@9–15#. The self-
consistency of the experimental data is investigated. N
phase-shift values will be extracted exclusively on the ba
of these measurements and a news-wave scattering length
a3 will be deduced. Our results will be compared with th
ones obtained in Refs.@3# and @4#.

The choice of the elasticp1p process has been made o
the following basis.~1! The interaction is simpler since i
involves only the isospinI53/2 amplitudes.~2! Most of the
464 © 1997 The American Physical Society



th
to
en
r
r

in

th
ex

th

ns

ve

g

d

-

y

if

he
i

th

e

o

as

he

nt

e
a

po-

and

ined

ding

-
s of
se

con-

he
m-

t-
e

55 465ANALYSIS OF RECENTp1p LOW-ENERGY . . .
discrepancy in the low-energy region is associated with
p1p channel.~3! The scattering lengths, corresponding
the elasticp2p and the SCX reaction, have recently be
obtained experimentally@16#, as has the scattering length fo
the elasticp2d reaction ~which is related to the isoscala
pN scattering lengthb0) @17#. It will be interesting to com-
bine these results with ours in order to check the isosp
symmetry conservation in thepN system at threshold.

There are good reasons to perform the analysis of
p1p elastic-scattering reaction with the low-energy data
clusively. Above 100 MeV~e.g., in theD33-resonance re-
gion!, thep wave dominates over thes wave. Extending the
database to this region could diminish the sensitivity of
isospin-symmetry test at threshold. Moreover, thepN inter-
action is simpler in the low-energy region; the contributio
of the higher resonances~other than theD33) are small@18#,
the inelasticities are negligible and the higher partial wa
~i.e., other thans andp) are tiny.

II. THE METHOD

The relation between theK matrix and the correspondin
center-of-mass~c.m.! pN partial-wave amplitude reads as

Fa~e!5
Ka~e!

12 ikKa~e!
, ~1!

where the indexa stands for the total isospin, orbital an
total angular momentum of the particular channel@e.g., see
Eq. ~3.13! in Ref. @18# #; k and e denote the pion c.m. mo
mentum and kinetic energy, respectively.

For elastic scattering~which is the case for the energ
interval considered in the present analysis!, the partial-wave
amplitudeFa(e) is related to the corresponding phase sh
da(e) via the formula

Fa~e!5
e2ida~e!21

2ik
. ~2!

Combining Eqs.~1! and ~2!, we deduce the relation

kcot@da~e!#5Ka
21~e!. ~3!

The p1p interaction proceeds exclusively through t
isospin I53/2 channels. In the energy region concerned
the present work, only thes andp waves are of importance.1

Thus, only three partial-wave amplitudes are relevant:
ones corresponding to the channelsS31, P33, andP31 @the
first subscript denotes the isospin (2I ) and the second on
stands for the total angular momentum (2J) of the p1p
system#.

In the S31 channel, the standard threshold expansion
Ka

21(e) contains constant and linear terms ine ~effective-
range expansion!. In the present work, a quadratic term h
also been considered. Thus,

1The values of the small phase shifts in thed and f channels have
been fixed from Ref.@4#.
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KS31
21~e![

1

a
1be1ce2. ~4!

In the previous expression, the parametera is the scattering
length. The scattering length, corresponding to theS31 chan-
nel, is usually denoted bya3.

In the P31 channel, a smooth dependence of t
K-matrix element one has been assumed:

KP31~e![de1ee2. ~5!

In the P33 channel, the existence of theD-isobar reso-
nance ate5127 MeV suggests the inclusion of a resona
piece in theK matrix; a Breit-Wigner formula with an
energy-dependent width@19# has been added on top of th
background term@described by the sum of a linear and
quadratic term ine in the form of Eq.~5!#. The resonant
piece is given by the formula

@KP33~e!# res5G
MD

2

kD
3W

k2

MD
22W2 , ~6!

whereG is the width of the resonance at the resonance
sition,MD stands for the mass of theD resonance~constant!,
kD is the pion c.m. momentum at the resonance position,
W denotes the total c.m. energy of thep1p system. Note
that the resonant piece@KP33(e)# res does not introduce any
free parameters.

The values of the physical constants have been obta
from Ref. @20#; mp was fixed to the charged-pion mass.

The electromagnetic effects have been treated accor
to the NORDITA algorithm@21#. The corrections to the
phase shifts and the~very small! inelasticities due to brems
strahlung have been obtained from the tabulated value
Ref. @21# via simple interpolations. The pure hadronic pha
shifts ~in theS31, P33, andP31 channels! are obtained from
the correspondingK-matrix elements via Eq.~3! and are sub-
sequently corrected, thus leading to the~so-called! nuclear
phase shifts. The nuclear phase shifts are then used to
struct the~partial-wave! nuclear amplitudes~the Coulomb
phase shifts are also taken into account!. Finally, the spin-
non-flip and the spin-flip amplitudes are obtained~after the
pure Coulomb contributions are added!, from which the dif-
ferential cross section can be determined~e.g., see Appendix
A in Ref. @18#!.

III. THE ANALYSIS

We have used the standard MINUIT routines of t
CERN library. As a first step, we fitted for our seven para
eters ~three parameters in thes-wave part and two per
p-wave channel! to the experimental data of Ref.@5# which
dominated the low-energypN database until the early eigh
ies. The scattering lengtha3, thus extracted, is compatibl
with the Karlsruhe results@3,4#: to be specific, we obtain
a3520.09160.005mp

21 ~by using all the data of Ref.@5#!
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466 55N. FETTES AND E. MATSINOS
anda3520.09760.005mp
21 ~after excluding the discrepan

67.4 MeV measurements2!; the a3 values of Refs.@3#
(20.10160.004mp

21) and @4# (20.100mp
21) agree very

well with our result.
Using the same technique, we then fitted to the rec

differential cross-section measurements@9–15#. In this work,
only refereed articles have been taken into account; the
of Ref. @22# have been excluded because of their low sign
to-noise ratio. Some information about the experimen
comprising our database, is displayed in Table I. A disc
sion on the experiments is provided in Appendix A.

In order to examine the sensitivity of our results to t
different treatment of the statistical and systematic uncert
ties of the measurements, four methods have been use
analyze the data. The minimization function is defined as

x25
( i51
n wi@~yi2yi

exp!/s i #
2

( i51
n wi /n

, ~7!

where n is the total number of the measurements,yi and
yi
exp are ~respectively! the estimated and measured values
the differential cross section for thei th entry ~the former
being calculated from the fitted values of the phase shift
theS31, P33, andP31 channels! andwi is a weight assigned
to the i th measurement. The weightswi are assumed to b
the same for all entries in method I. In method II, the weig
wi are set equal to

wi5
sSi
2

sSi
2 1sRi

2 , ~8!

wheresSi andsRi denote, respectively, the systematic a
the statistical~random! uncertainties of thei th entry; in this
method, the contribution to thex2 from experiments with
small systematic errors is reduced@24# ~it could be argued
that the systematic errors, assigned to the measurement

2The 67.4 MeV measurements of Ref.@5# have also been exclude
in the Karlsruhe analyses.

TABLE I. Recent low-energy measurements of the differen
cross section for the elasticp1p reaction.Tp ~in MeV! denotes the
pion lab kinetic energy andu ~in degrees! stands for the c.m. scat
tering angle. The normalization uncertaintiesDz ~in %! are also
quoted. In order to treat all data sets on the same basis, the
vidual contributions to the normalization uncertainty in the cro
section measurements of Ref.@12# were summed quadratically@23#
~the linear combination leads to a normalization uncertainty of 6.
@12#!.

Experiment Tp u Dz Ref.

FRANK83 ~LAMPF! 29.4–89.6 47.0–154.0 3.7–20.3@9#

BRACK86 ~TRIUMF! 66.8–97.9 89.6–159.7 1.2–1.5@10#
BRACK88 ~TRIUMF! 66.8 101.4–147.1 2.1 @11#
WIEDNER89 ~PSI! 54.3 9.6–33.3 3.0 @12#
BRACK90 ~TRIUMF! 30.0–66.8 47.6–147.0 2.2–3.6@13#
BRACK95 ~TRIUMF! 87.1, 98.1 36.4–95.2 2.2, 2.0@14#
JORAM95 ~PSI! 32.2–68.6 11.8–132.4 3.3–4.4@15#
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not very reliable!. In method III, the role played by the two
uncertainties is reverted. In methods I–III, the uncertaint
s i , appearing in Eq.~7!, are defined by the relation

s i5AsSi
2 1sRi

2 . ~9!

The experimental data have also been analyzed after all
tematic uncertainties were neglected~method IV!; however,
the results of the fits with method IV were not taken in
account wherever averaging is performed in the pres
work.

IV. RESULTS AND DISCUSSION

Our results for the scattering lengtha3 are shown in Table
II ~first block!, along with thex2 values of the fits. Thex2

values, obtained with the first three methods, are reasona
in method IV, part of the error is neglected, this omissi
leading to the increase in thex2 value. Thex2 value with
method II is slightly lower; this is an indication that th
normalization uncertainties, assigned to the differen
cross-section measurements, may not be very reliable.
values of the scattering lengtha3 are very much compatible
among themselves and disagree with the corresponding
of Refs.@3# and @4#.

In order to investigate the stability of these results,
introduced ax2 criterion applying to the contribution of eac
individual data set~series of differential cross-section me
surements performed at fixed energy!; data sets with high
x2 contribution per entry~i.e., above the average plus on
standard deviation in the overallx2 distribution! were re-
moved. This cut eliminates four of the data sets~out of 20!
corresponding to 20% of the entries~for a discussion on the
excluded measurements, see Appendix A!. Thex2/NDF val-
ues ~NDF is the number of degrees of freedom!, obtained
after this cut is imposed, are very close to unity for metho
I–III ~see Table II, second block!. This fact leads to two
conclusions.~1! The bulk of the recentp1p data is self-
consistent.~2! The expansions of theK-matrix elements, as-
sumed in the present analysis, describe the interaction s
ciently well. Our a3 values are insensitive to this cut~see
Table II!.

The average values of our seven parameters are give
Table III ~averages over methods I–III, with and without th
imposition of thex2 criterion!. No statistically significant
changes in the parameter values were observed for the
ferent methods of analysis or after applying thex2 criterion.

The phase shiftsd(S31), d(P33), andd(P31) are shown in
Fig. 1 as functions ofe. The solid curves represent our s
lution; they are based on the results of the fits to the m
surements of Refs.@9–15# ~average over methods I–III, with
and without the imposition of thex2 criterion!. The dotted
curves indicate the extent of the one-standard-deviation
certainty estimated with a Monte Carlo simulation, the
sults of the fits~parameter values, errors, and the full corr
lation matrix! having been taken into account. Th
correlation coefficients, corresponding to different chann
are negligibly small in all cases. With the exception of
small deviation~relative change! in the P33 channel above
e;50 MeV, thep-wave part of the interaction is compatib
with the Karlsruhe analyses. Radical changes are neces

l
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55 467ANALYSIS OF RECENTp1p LOW-ENERGY . . .
TABLE II. The x2 values and the scattering lengtha3 ~in mp
21) obtained with methods I–IV, with and

without the imposition of thex2 criterion ~see text!; NDF is the number of degrees of freedom. The avera
a3 ~methods I–III, with and without the imposition of thex2 criterion! is also given. The values, obtained b
the Karlsruhe analyses on the basis of the old measurements~Refs. @3# and @4#!, are also shown. The
uncertainty in oura3 values includes the corresponding scale factorAx2/NDF.

Method x2/NDF a3

I 426.7/(26627);1.65 20.076560.0034
II 398.3/(26627);1.54 20.075160.0034
III 448.4/(26627);1.73 20.077560.0033
IV 919.0/(26627);3.55 20.073760.0033

I, x2 criterion 196.4/(21227);0.96 20.077960.0028
II, x2 criterion 165.1/(21227);0.81 20.077060.0027
III, x2 criterion 221.8/(21227);1.08 20.078660.0028
IV, x2 criterion 443.8/(21227);2.16 20.074960.0028

Average 20.077160.0033

Fixed-t dispersion relations@3# 20.10160.004
Partial-wave relations@4# 20.100
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in the S31 channel~already presaged by the discrepancy
thea3 results shown in Table II!; the differences in the cor
responding phase shift are of the order of about one degre
the energy region considered in this analysis. No statistic
significant changes in the description of the (s- and
p-wave! phase shifts were observed for the different meth
of analysis or after applying thex2 criterion.

The values of the scattering lengtha3, obtained in the
present work~with and without the imposition of thex2

criterion!, are shown in Fig. 2, along with the correspondi
value of Ref.@4# and the ones extracted from the measu
ments of Ref.@5# with our method I3; the imposition of the
x2 criterion removes the 67.4 MeV data set of Ref.@5#. The
similar energy extent of the differential cross-section m
surements of Ref.@5# and those of Refs.@9–15# does not
leave room for an attribution of the differences to the meth
in which the electromagnetic effects are treated. Theref
the discrepancy can only represent the extent of the inc
sistency between the measurements of Ref.@5# and the ones
of Refs.@9–15#.

In Ref. @4#, the real part of the partial-wave amplitud
F01
3/2(e), corresponding to theS31 channel, is expanded in

powers ofk2:

ReF01
3/2

~e!5a01
3/2

1b01
3/2k21•••. ~10!

The parametera01
3/2 is our scattering lengtha3. b01

3/2 is the
s-wave effective-range parameter and is related to the
rameters in Eq.~4! according to the formula

b01
3/2

52a2
2mpa1b

2mp
. ~11!

Using the results of our fits,b01
3/2

520.04260.009mp
23 ; the

result of Ref.@4# is b01
3/2

520.052mp
23.

3The statistical and systematic uncertainties have not been g
separately in Ref.@5#.
in
ly

s

-

-

d
e,
n-

a-

The p-wave scattering volumes, obtained in the pres
work ~average over methods I–III, with and without the im
position of the x2 criterion!, are equal to
a3350.20560.004mp

23 anda31520.04660.007mp
23 ; the

corresponding values of Ref.@4# ~the uncertainties being
taken from Ref. @3#! are 0.21460.002 mp

23 and
20.04460.002mp

23.
Finally, it is worth mentioning that the effective-rang

expansion is often criticized. The objections are related
the existence of poles in theu and thet channel below~and
close to! threshold, the presence of which may affect t
~convergence of the! expansions and lead to a distortion
the scattering-length/scattering-volume values. To our op
ion, the correctness of our results is justified on the basis
the following reasoning.~a! Fits with the pN interaction
model of Ref. @18# to the data considered in the prese
analysis have led to results identical to the ones obtai
herein for the scattering lengtha3, scattering volumes, and
phase shifts@25#. ThispN model is the most general one fo
applications in the low-energy domain and represents a v
and complementary alternative to the traditionally us
scheme of dispersion analyses. It is evident that, with
model, the contributions from the singularities in the u
physical region are explicitly taken into account. The agr
ment between the results, obtained herein, and the ones

en

TABLE III. The average values of our parameters correspo
ing to methods I–III and being obtained with and without the im
position of thex2 criterion. The parameters in the same spin-par
channel are correlated. The parametera is the scattering length
a3.

S31 channel a ~GeV21) 20.55360.024
b 14.764.1

c ~GeV21) 263648
P33 channel d ~GeV22) 9.7060.39

e ~GeV23) 231.967.1
P31 channel d ~GeV22) 24.7060.67

e ~GeV23) 20612
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FIG. 1. The phase shiftsd(S31), d(P33), and
d(P31) as functions of the pion c.m. kinetic en
ergy e. The solid curves represent the results
the fits to the measurements of Refs.@9–15#
~methods I–III, with and without the imposition
of the x2 criterion! and their extent in energy
corresponds to the energy interval of the diffe
ential cross-section measurements considered
the present analysis. The dotted curves indic
the extent of the one-standard-deviation unc
tainty. The data shown correspond to KH80@3#
~plus signs! and KA85 @4# ~crosses!.
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tained with this model, implies that the singularities a
distant enough so that the effective-range expansion is a
approximation.~b! The s- and p-wave K-matrix elements,
corresponding to isospinI53/2 and obtained with thepN
model of Ref.@18# from low-energy elastic-scattering da
@25#, are shown in Fig. 3. The fits to these values with firs
second-, and third-order polynomials~in e), the results of
which are also shown in Fig. 3, demonstrate that the seco
order terms improve the description of the interaction sign
cantly and the contributions of terms above the second o
are indeed negligible. This point serves as an important
ditional verification of the validity of our choice concernin
the expansions of theK-matrix elements given in Eqs.~4!
and~5!. ~c! In order to investigate whether the experimen
data themselves suggest the inclusion of higher-order te
~in e) in the right-hand side of Eq.~4!, fits with all four
methods~with and without the imposition of thex2 criterion!
were performed after including thee3 term in the expansion
of KS31

21(e). The inclusion of this term does not lead to a
improvement; thex2 values become negligibly smaller, ye
the ratiox2/NDF ~slightly! increases. For the energy regio
considered in the present analysis, there is absolutely no
afe

,

d-
-
er
d-

l
s

n-

sitivity of the experimental data to any higher-order term
~which is also evident from Fig. 3!. ~d! The fit to the data of
Ref. @5# using the same expansions for theK-matrix ele-
ments yields results which agree with the Karlsruhe analy
thus identifying the source of the discrepancies: incon
tency between the measurements of Ref.@5# and the ones of
Refs.@9–15#.

The measurements of Busseyet al. @6# have not been in-
cluded in this analysis. Theirp1p data actually consist o
only three entries in the energy region considered herein
have been taken close~i.e., at 94.5 MeV! to the highest en-
ergy allowed in our work. Including these measurements
our small old database~that is, on top of the measuremen
of Ref. @5#!, which consists of 70 entries and extends do
to 20.8 MeV, cannot lead to changes in the correspond
a3 values~i.e., the ones denoted by the diamonds in Fig.!.

As far as the ‘‘partial-total’’ or integralp1p cross sec-
tions are concerned, the results of the present analysis
about 10% below the measurements recently reported in
pN Newsletter@26#. Although it is stated therein that thes
values are now in nearly final form, we would not like
draw conclusions before the corresponding articles appea
a refereed journal. Our predictions for the total nucle
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p1p cross section@see Eqs.~13! and~14! in the first of Refs.
@21## also lie about 10% below the measurements of R
@27#; since the lowest energy, considered in these exp
ments, was above 70 MeV, the inclusion of the correspo
ing six entries in our database could not have led to chan
in our a3 values.

Measurements of thep1p analyzing power at 98 MeV
have been reported in Ref.@28#. Our predictions, based o
the present analysis, lie below the experimental values
one standard deviation approximately. The results of
present work reproduce superbly the recent measuremen
thep1p analyzing power at 68.34 MeV@29#.

It is of great interest to compare the present result for
a3 with the values of thepN scattering lengths, recentl
obtained from measurements of the 1s energy-level shift and
width in pionic hydrogen@16# and deuterium@17#, in the
context of the isospin-symmetry breaking in the strong int
actions. If isospin symmetry holds, then thepN processes
can be described by two numbers at thepN threshold, e.g.,
the isoscalar (b0) and the isovector (b1) scattering lengths
Thep1p process provides~and is described by! the combi-
nationb01b1 (5a3), thep2p process yields the combina
tion b02b1 and the SCX is directly related to the isovect
scattering lengthb1. Additionally, thep2d scattering length
leads to the determination of the isoscalarpN scattering
length b0 after the application of a~large! correction term
@30# which has been assumed independent ofb1 @31#. In the
case that isospin is a good symmetry in thepN system, the
various solutions will have a common intersection on
(b1 ,b0) plot @32#. All these measurements are concisely co

FIG. 2. The values of the scattering lengtha3 obtained in the
present work~with and without the imposition of thex2 criterion!.
The vertical dash-dotted line corresponds to thea3 value of Ref.
@4#, the uncertainty of which is indicated by the dotted lines and
been taken from Ref.@3#. Thea3 values, extracted from the data o
Ref. @5# with method I~diamonds!, are also shown.
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tained in Fig. 4, from which we conclude that, at the pres
moment, the various experimental results are not incom
ible with isospin-symmetry conservation.4 It is also evident
from Fig. 4 that the KA85 solution~represented by the rect
angle! is in contradiction with two of the bands shown. As
final remark concerning the interpretation of Fig. 4, we fe
that three issues are of crucial importance.~1! To know
whether the electromagnetic corrections, applied to
p6p scattering data, are reliable and compatible with
corresponding corrections applied at threshold. A redeter
nation of the whole problem had actually been proposed
the past~e.g., see Ref.@34#! and plans for a new evaluatio
are under way@35#. ~2! Concerning the extraction of th
isoscalarpN scattering lengthb0 from the measured 1s
energy-level shift in pionic deuterium, two points are ve
much worth additional investigation: the electromagne
corrections and the association of thep2d scattering length
andb0. ~3! The value ofb1, extracted from the measureme
of the width of the 1s state in pionic hydrogen, introduce
the largest uncertainty to the problem. At present, the ev
ation of an improved experiment, together with an investig
tion of the systematic uncertainties~which are due to the
Doppler shift!, is in progress@36#. It is evident from Fig. 4
that theb1 value plays a decisive role on the question of t
isospin-symmetry conservation in thepN interaction.

Let us finally comment on other recentpN analyses.
~a! Arndt and collaborators published the results of th

analysis ofpN data using fixed-t dispersion relations@37#.
Their database comprises the measurements in all thre
action channels and extends to energies of 2 GeV. The
thors varied thepNN coupling constantgpNN and the isos-
calar scattering lengthb0 ~denoted asa(1) in their paper!
seeking for the minimization of ax2 function; several fits
were performed withb0 fixed at three values. However, the
interval of b0 variation is incompatible with the recen
pionic-deuterium result@17#. Although it is clearly stated in
their paper that the results are not very sensitive to theb0
value, one does not possess sufficient information to ju
whether one can obtain an equally good description of
data for other values ofb0, e.g., for the value extracted o
the basis of the measurement of Ref.@17#. In their analysis,
the authors obtain an ‘‘optimal’’ solution corresponding
b0;20.010mp

21 andb1;20.088mp
21 ~it is not clear what

should be used as uncertainty in the values of the scatte
lengths of Ref.@37#!.

~b! Siegel and Gibbs@38# extracted ab1 value from low-
energy SCX data using a coupled-channel approach w
nonlocal potentials. Their value (3b1520.29060.008
mp

21) is compatible with the one recently extracted from t
width of the 1s state in pionic hydrogen@16# and its uncer-
tainty is smaller. However, the authors have assumed a
ticular form for the~real part of the! pN scattering amplitude
in order to perform the extrapolation to thepN threshold
~from the energy corresponding to the experimental da!;
thep-wave component of their amplitude is considered to

4Notice that a large isospin-breaking effect has been reported@33#
aroundTp;40 MeV.
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FIG. 3. The energy dependence of thes- and
p-waveK-matrix elements corresponding to iso
pin I53/2 and being obtained with thepN model
of Ref. @18# from low-energy elastic-scattering
data @25#. The results of the fits to these value
with first-, second-, and third-order polynomia
~in e) are also shown; the second-order polyn
mials represent the expansions considered in
present analysis. The results of the fits with up
linear terms ine are denoted by the dashed line
the ones with up to quadratic terms@i.e., Eqs.~4!
and ~5!# by the solid lines and the ones with th
cubic terms included@on top of the terms shown
in Eqs.~4! and~5!# by the dotted lines; the dotted
lines are hardly discernible, almost coincidin
with the solid lines at all energies. Notice that th
resonant term of Eq.~6! has been included in the
P33 channel.
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proportional to k2cos(u), u denoting the c.m. scatterin
angle. In the terminology of Ref.@18#, this is equivalent to
assuming that the coefficientc1 of thepN scattering ampli-
tude is a constant in the low-energy region~e.g., below 50
MeV!. As deduced from Fig. 4 of Ref.@18#, this may not be
a safe assumption.

~c! Arndt and collaborators@39# produced a new phase
shift solution ~SM95! using forward and fixed-t dispersion
relations. Their database comprisesboth the old and the new
data. Their value fora3 is 20.091mp

21; at the moment, it is
not possible to attribute a meaningful uncertainty to t
value @40#. The SM95 solution~which is accessible via the
SAID on-line system! lies in between our results and th
Karlsruhe phase-shift values in theS31 channel; it agrees
very well with our results in theP33 andP31 channels.

V. SUMMARY

The recentp1p low-energy differential cross-sectio
measurements have been analyzed. An expansion of thK
matrix containing a quadratic term in the pion c.m. kine
energy~on top of the standard threshold expansion! has been
found to describe theS31 andP31 channels very well; for the
s

description of the resonantP33 channel, a Breit-Wigner for-
mula with an energy-dependent width has been added on
of the background term.

The description of the experimental data is satisfacto
Thex2/NDF values obtained are reasonable; with small
ceptions, the recentp1p data seem to be consistent amo
themselves.

Our results in theS31 channel disagree with those of th
Karlsruhe analyses~which have been based on the old da
base, i.e., on experiments conducted before 1980!. We report
values of the phase shiftd(S31) lying about one degree
above the phase-shift solutions KH80 and KA85. The sc
tering length a3, obtained in the present work, i
20.07760.003 mp

21; it is also in disagreement with th
Karlsruhe values.

The p waves, obtained in the present work, are comp
ible with the KH80 and the KA85 solutions belowe;50
MeV. Above this energy, the tendency in theP33 channel is
towards slightly smaller values~by about one degree!.

Using the same expansion of theK matrix, we have di-
rectly fitted to the Bertinet al. data which dominated the
low-energy database in the pre-meson-factory era. We t
agree with the Karlsruhe values for the scattering len
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a3. Therefore, the aforementioned discrepancies can o
manifest differences between the old and the new scatte
data; they cannot be attributed to the method of the analy

A comparison of the present result for thea3 with the
values of thepN scattering lengths, recently obtained fro
measurements of the 1s energy-level shift and width in pi-
onic hydrogen and deuterium, leads to the conclusion t
within the present~experimental and theoretical! accuracies,
the various experimental results are not incompatible w
the isospin symmetry of the strong interaction.

Note added in proof:The measurements of Ref.@42# are
in very good agreement with the results reported herein.
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APPENDIX

Given here are some additional details about the rec
p1p database of the differential cross-section measu
ments. We feel that such a discussion might be useful as
as future plans, relating to experimental activities, are c
cerned. In part~a! of the Appendix, we investigate the inte
nal consistency of thep1p measurements taken at each m
son factory. In part~b!, we deal with the question o
compatibility of thep1p measurements taken at differe

FIG. 4. The various constraints on a (b1 ,b0) plot. The bands
correspond to~a! the 1s energy-level shift in pionic hydrogen@16#,
~b! the width of the 1s state in pionic hydrogen@16#, ~c! the 1s
energy-level shift in pionic deuterium@17# assuming a constant cor
rection factor @30,31#, ~d! the value of thea3 extracted in the
present analysis, and~e! the KA85 solution@4# ~the uncertainties
have been taken from Ref.@3#!.
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meson factories. In parts~c! and~d!, we discuss some specia
aspects concerning the analysis of the data, e.g., comme
on the data sets which are removed after the imposition
our x2 criterion, in relation to parts~a! and ~b!. In part ~e!,
each of thep1p data sets is compared with the solutio
describing the bulk of the data. Finally, in part~f!, we inves-
tigate effects of the absolute normalization of the individu
data sets.

a. Internal consistency of thep1p differential cross-
section measurements.Separate fits were performed to th
measurements obtained at the three meson factories@9–15#;
the data were analyzed with methods I–III. From this ana
sis, we drew the following conclusions.

The data taken at LAMPF@9# are internally consistent.
The data taken at PSI~Refs.@12# and @15#! are not inter-

nally consistent; the fits to these measurements~85 entries!
gives ax2/NDF between 1.67 and 2.10 depending on t
method of analysis. The source of the problem is
JORAM95 32.7 MeV@15# data.

The data taken at TRIUMF~Refs. @10, 11, 13, and 14#!
are internally consistent.

b. Consistency ofp1p differential cross-section measure
ments taken at different meson factories.We considered the
combinations PSI1TRIUMF, LAMPF1TRIUMF, and
LAMPF1PSI. We came to the following conclusions.

The worst results correspond to the combination of
PSI and the TRIUMF measurements. The reason is that
simultaneous description of the BRACK90 66.8 MeV@13#
and the JORAM95 68.6 MeV data is impossible; these m
surements contradict one another in the shape of the ang
distribution of thep1p differential cross section.

The LAMPF and the TRIUMF data are not inconsisten
The LAMPF and the PSI data become consistent after

removes the JORAM95 32.7 and 68.6 MeV measuremen
c. Combined fits, nox22criterion. As the next step, we

decided to attempt the global description of all recentp1p
low-energy measurements. To comply with the standards
by the Particle Data Group~see Ref.@20#, p. 9!, we excluded
the four RITCHIE83 data sets@22#.5 We were rather sur-
prised to find that the description of the data was rather
isfactory ~Table II, first block!.

d. Combined fits,x2 criterion.We then decided to inves
tigate the possibility of a bias~in our results! introduced by
some of the measurements~the JORAM95 32.7 MeV data
set and the inconsistency of the measurements around
MeV being always in mind!. To this end, we applied ax2

criterion to the contribution of each individual data set,
practice excluding all data sets with ax2 contribution ~per
entry! above the mean plus one standard deviation in
overall x2 distribution. To our satisfaction, this simple cu
removed the JORAM95 32.7 MeV data set and the two m

5In order to check whether any of the conclusions, drawn in
present work, are affected by the exclusion of the RITCHIE83 d
fits were performed after these measurements were also includ
the database. No statistically significant changes, other than the
pected increase of thex2 values of the fit, were observed. Th
values of the important quantities~i.e., the scattering lengtha3 and
the phase shifts! are practically unaffected by the inclusion of the
data.



ta
of
e

de-
-
the

-

472 55N. FETTES AND E. MATSINOS
FIG. 5. Comparison between the four da
sets, which are excluded after the application
our x2 criterion, and the remaining data in th
form of relative deviation.u denotes the c.m.
scattering angle. The experimental values are
noted byyexp; y stands for the prediction repre
senting the bulk of the measurements used in
present work. Although they values correspond
to method II, our solutions with the other meth
ods yield very similar results.
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tually conflicting measurements around 67 MeV~the cut also
removing the FRANK83 89.6 MeV@9# measurements!. The
description of the remaining data became more than satis
tory ~see Table II, second block!. Fortunately, none of the
conclusions, drawn in the previous stage of the analysis,
to be modified; the values for all our important quantiti
were found to be insensitive to this cut.

e. Comments on thep1p measurements.Based on the
results of our fits, the following conclusions for the ind
vidual p1p data sets can be drawn.

The RITCHIE83 data lie above our solutions by rough
10%.

The FRANK83 89.6 MeV measurements lie below o
solutions by approximately 10%~see Fig. 5!; the other three
data sets of Ref.@9# are well reproduced, though the 49.5 a
the 69.6 MeV data are not decisive due to their large unc
tainty ~in the absolute normalization!. The FRANK83 low-
energy measurement plays an important role in the pre
analysis. This data set, being the most solid block of m
surements close to thepN threshold and spanning betwee
u547° and 154°, unavoidably exerts a large impact on
determination of the scattering lengtha3. In view of the im-
portance of the breaking of isospin symmetry, any exp
mental activity on thep1p reaction around~and below! 30
MeV is certainly anticipated with great interest.
c-
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e

i-

The BRACK86 @10# data are very well reproduced; th
66.8 MeV measurements are slightly~one standard devia
tion! below our solutions.

The BRACK88@11# data are very well reproduced.
The WIEDNER89@12# data are well reproduced, yet the

do not play a decisive role.
The BRACK90 66.8 MeV data set cannot be reproduc

by any means, not even after floating the absolute norm
ization of these measurements~see Fig. 5!; its shape is con-
tradicting the bulk of thep1p data. The remaining measure
ments of Ref.@13# are well reproduced in shape, yet they l
slightly above our solutions.

The BRACK95 @14# measurements are very well repr
duced.

The JORAM95 68.6 MeV data would have been cons
tent with our solutions, had they been floated to lower valu
by roughly 10%~see Fig. 5!. The 45.1 MeV data are wel
reproduced. The 32.7 MeV data have a peculiar shape w
is inconsistent with the bulk of the measurements~see Fig.
5!. Finally, the data taken in the Coulomb-interference
gion agree with our solutions, yet they are not decisive in
determination of the important quantities in this article.

f. Effect of the absolute normalization of the individu
data sets.Although floating the absolute normalization of a
experimental data set is orthogonal to our philosophy,
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have eventually decided to perform the analysis with
following minimization function:

x25(
j51

N H S zj21

Dzj
D 21(

i51

nj S yi2zjyi
exp

s i
D 2J .

N denotes the total number of data sets. The number of
differential cross-section measurements in the data setj is
denoted bynj . yi and yi

exp are ~respectively! the estimated
and measured values of the differential cross section for
i th entry of the data setj . Thes i do not include the normal
ization uncertainties. The parameterzj determines the
amount at which the particular data setj has to be floated in
order to match the bulk of the measurements; for meas
ments agreeing with the majority of the data, the parame
zj should be close to unity. The quantityDzj is the uncer-
tainty in the absolute normalization of the particular data
nt
A

A

F
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t

j . Evidently, the first term on the right-hand side of the p
vious equation is the penalty one has to pay for floating
absolute normalization of the measurements. The form
used here, is similar to the one introduced in Ref.@41#.

Two fits have been performed with this minimizatio
function. The first one was carried to all the measureme
@9–15#. For the second one, the four data sets describe
part ~d! of this Appendix were removed. None of the esse
tial values, reported in the present article, change beyond
uncertainties quoted. Our conclusions are also comple
unaffected. The x2/NDF values obtained are 451.8
(266227);1.89 ~fit to all data! and 267.2/(212223)
;1.41 @the four data sets, described in part~d! of this Ap-
pendix, being removed#. The correspondinga3 values are,
respectively, 20.07260.006 mp

21 and 20.07160.006
mp
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