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Chemical relaxation time of pions in hot hadronic matter

Chungsik Song and Volker Koch
Nuclear Science Division, MS70A-3307, Lawrence Berkeley National Laboratory, Berkeley, California 94720

~Received 18 November 1996!

We calculate characteristic time scales for the chemical equilibration of pions in hot hadronic matter using
an effective chiral Lagrangian. We find that inelastic processes involving vector and axial vector mesons
reduce the chemical equilibration time by a factor of;10 compared to the result previously calculated in chiral
perturbation theory. For a temperature ofT;160 MeV we obtain a chemical relaxation time oftch.7
fm/c, which is comparable with typical time scales for a hadronic system generated in SPS-energy heavy-ion
collisions. The effect of baryons is also estimated and found to be negligible for SPS energies but might be
important for AGS energies. We predict that chemical freeze-out should take place at considerably higher
temperaturesDT.40 MeV than thermal freeze-out and that the hadronic phase would not sustain a pion
chemical potential larger than 50 MeV.@S0556-2813~97!04406-3#

PACS number~s!: 25.75.2q, 12.39.Fe, 14.40.Aq, 12.38.Mh
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I. INTRODUCTION

High-energy nucleus-nucleus collisions offer a unique
portunity to explore the large-scale properties of quant
chromodynamics, in particular its phase structure at h
temperatures and densities@1#. For sufficiently high collision
energy, we expect a phase transition into a locally therm
zed, deconfined plasma of quarks and gluons, the so-ca
quark-gluon plasma~QGP! @2#. There may be two differen
phase transitions, deconfinement and chiral phase trans
in QCD at high temperature and/or density. The nature
order of the phase transition have been studied as we
possible signatures for the new phase of hadronic matte

Certainly the system produced in these collisions is
immediately in thermal and chemical equilibrium. Second
interactions among the produced particles are necessa
achieve equilibrium. If equilibrium is reached, global obse
ables such as transverse energy production can be relat
thermodynamic variables, such as energy and entropy
sity, commonly used to characterize these collisions. O
can also use the hydrodynamic equations to study the ev
tion of the hadronic system at finite temperature and/or d
sity. These conditions considerably facilitate the calculat
of certain quark-gluon plasma signals, such as the yield
photons, lepton pairs, strangeness, and hadrons conta
heavy quarks. However, even if the heavy-ion collision
energetic enough to fully equilibrate the system at early tim
e.g., in the quark-gluon plasma phase, the system will
necessarily remain equilibrated as it expands. Only when
collision rate is greater than the expansion rate will equi
rium be maintained. It is therefore crucial to understand
following questions: How does the system approach equ
rium? What are the time scales for thermal and chem
equilibration, and to which extent is equilibrium maintain
in the hadronic phase before the system breaks up into
final state hadrons?

Recently the question of thermodynamic equilibration
the early stages of collisions at RHIC and LHC has be
studied in the parton model@3–5#. In the partonic system
created early in the collisions, gluons are the dominant co
550556-2813/97/55~6!/3026~12!/$10.00
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ponents of the system. They reach thermal equilibrium
the time scale 0.3–0.5 fm/c after collision with an undersatu
rated gluon density. The thermalization of quarks follow
that of gluons with the time scale 1 fm/c and reaches chemi
cal equilibrium later since the quark pair production by glu
fusion and the decay of gluons occur at a somewhat sma
rate. These thermodynamic equilibration conditions wo
be observed in open charm, photon, dilepton, andJ/c pro-
duction.

The question of equilibration in the hadronic phase, on
other hand, has been addressed by analyzing the obse
hadron abundances and spectral distributions@6–11#. The
prevailing view requires first a chemical freeze-out, fro
which particle abundances are preserved, followed by a t
mal freeze-out, after which all interactions between the p
duced particles have ceased. Since the system remain
local thermal equilibrium, the state can be characterized b
maximum of the entropy consistent with the conservat
laws for energy and momentum and of the relevant part
number. Neglecting dissipative processes, the correspon
continuity equations then imply that entropy is conserv
i.e., the expansion is an adiabatic process. If so, the hadr
system is described by two parameters, temperatureT(x)
and a ‘‘chemical potential’’1 m i(x) for each species. Assum
ing such a partial equilibrium, i.e., thermal but not chemic
the observed hadronic abundance can be well described

As far as strange degrees of freedom are concerned,
expects only a partial saturation since the time scale
strangeness saturation is normally larger than the collis
time scale. The chemical properties of strange particles
freeze-out are regarded as an important ingredient to un
stand strangeness production in high-energy nucleus-nuc
collisions @12#.

Naturally, hadronic observables can only tell us som
thing about the conditions at freeze-out. In this paper, we
interested in the thermal and chemical equilibrium conditio

1A detailed discussion of the meaning of the ‘‘chemical potentia
will be given at the beginning of Sec. II B.
3026 © 1997 The American Physical Society
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55 3027CHEMICAL RELAXATION TIME OF PIONS IN HOT . . .
of pions in hot hadronic matter at temperatures higher t
the freeze-out temperature in order to see if the obser
freeze-out conditions can be understood within a pure h
ronic model. We use an effective chiral Lagrangian with ve
tor and axial vector mesons to describe the interaction
pions in hadronic matter. In Sec. II, we first consider t
processes that lead to thermal equilibrium for pions in
hadronic matter. Elastic pion collisionsp1p→p1p turn
out to be the principal thermalizing process. Second,
clarify the meaning of chemical equilibrium and chemic
potential of pions in hot matter produced in high-ener
nucleus-nucleus collisions. Third, we estimate the charac
istic time scale for chemical equilibrium of pions in hadron
matter, first with pions, and then later including resonanc
Finally, we also explore the effect of baryons on the che
cal equilibrium conditions of pions in hot hadronic matter.
Sec. III, the time scales for the chemical equilibrium of pio
are studied, assuming a finite pion chemical potential.

II. THERMODYNAMIC EQUILIBRATION OF PIONS

The thermodynamic equilibration in a hadronic system
driven by multiple collisions among particles in the syste
Generally the equilibration time is directly proportional
the collision rate. In an expanding system, therefore, the
lision rate should be much larger than the expansion rat
the system in order to maintain thermodynamic equilibriu
As long as the expansion velocity of the system does
exceed the most probable velocity of the thermal particle
the system, this condition is satisfied if the mean free path
a particle is shorter than the size of the system. In the
lowing we determine the thermal and chemical relaxat
time of pions, assuming that the system is slightly devia
from the equilibrium state, i.e., in the relaxation time a
proximation.

A. Thermal equilibrium

At low temperatures hadronic matter, which mainly co
sists of pions, can be analyzed systematically in the fra
work of chiral perturbation theory at finite temperature. T
low-energy theorems, which are obtained from current al
bra and partial conservation of axial vector current~PCAC!,
can be translated into a corresponding set of exact statem
concerning the coefficients of the low-temperature exp
sion. Since typical pion energies are of the orderE;T at
finite T, interactions among pions generate power corr
tions, controlled by the expansion parameterT2/ f p

2 , where
f p593 MeV is the pion decay constant@13#. It is therefore
possible to treat the interaction in low-temperature pion
as a perturbation.

The thermal equilibration of pions at low temperatur
will be governed by elastic two-body collisions
p1p→p1p, since inelastic processes contribute in t
next leading order in the low-energy expansion. As long
we consider elastic two-body collisions, the thermal rela
ation timet th is given by@14#
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t th
5
1

2
~12e2bEa!

1

2Ea
E d3p2

~2p!32E2

d3p3
~2p!32E3

3
d3p4

~2p!32E4
~2p!4d4~pa1p22p32p4!

3 (
2,3,4

uM~pap2→p3p4!u2f 2~11 f 3!~11 f 4!,

~2.1!

where f i ’s are Bose-Einstein distribution functions. The fa
tor of 1/2 comes from the identity of particles at the fin
state and the sum is over the spin and isospin degenerac
particles 2, 3, and 4. The second term (;e2bE) indicates the
contribution from the inverse reaction. Note that this resul
obtained in the relaxation time approximation. In the clas
cal limit where Bose-Einstein or Fermi-Dirac quantum s
tistics is approximated by Boltzmann statistics, this can
written as

1

t th
5~12e2bEa!E d3p2

~2p!3(2 s~a2→34!va2e
2E2 /T,

~2.2!

wheres is the cross section corresponding to the relev
reaction andva2 is the relative velocity.

The mean relaxation time is defined as

t̄ th5
1

*d3paf a~pa!
E d3pat th~pa! f a~pa!. ~2.3!

To a good approximation, the result for the thermal rela
ation time is given by@14#

t̄ th'
12f p

4

T5
. ~2.4!

At T5150 MeV the relaxation time turns out to be about
fm/c. Since the mean free pathl'ct in the relativistic limit,
the result can be compared to the size of the system. Her
assume that the radius of the hot matter would be 5–10
This implies that pions are in thermal equilibrium in ha
ronic matter, mainly due to the two-body elastic collision

At temperatures close to the phase transition, other he
mesons like kaons, vector mesons, etc., become increas
abundant and reduce the thermalization time even furt
Thus, we conclude that pions can maintain thermal equi
rium in hot hadronic matter even at comparatively low te
peratures. From formula~2.4! we expect a freeze-out tem
perature<130 MeV for a small system such as S1S or
S1Au. This is somewhat lower than the values extrac
from experiment, which are; 150 MeV. The reason for this
slight discrepancy is most likely due to the flow generated
the reaction, which reduces the effective system size.

We also expect that light vector mesonsr, v, andf reach
thermal equilibrium in hot hadronic matter. Forr andv the
dominant reactions will be the collisions with thermal pio
through heavy resonances such asp1r→a1→p1r and
p1v→b1→p1v; see Ref.@15#. In this reference it has
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3028 55CHUNGSIK SONG AND VOLKER KOCH
also been shown that the various collisions in hot hadro
matter make it possible for phi mesons to be in thermal eq
librium.

B. Chemical potential of pions in hot hadronic matter

Before we embark on the discussion of chemical equi
rium we should first clarify what we mean when we ta
about a ‘‘chemical potential’’ in the subsequent paragrap
Strictly speaking, a chemical potential is associated wit
conserved quantity. In the case of pions, the conserved q
tity would be the charge and, therefore, the only rigorou
defined chemical potential would be associated with
charge of the pions~and all other particles involved in th
system for that matter!. This chemical potential, let us call
mcharge, enters with opposite signs in the Bose-Einstein d
tribution functions forp1 andp2. In the following discus-
sion we will always consider a charge-neutral system a
therefore,mcharge50.

The pion number is not conserved because of poss
particle and antiparticle production~or annihilation! due to
the electromagnetic or weak processes. However, the
time of a system created in a relativistic heavy-ion collisio
is too short in order for the electromagnetic and weak p
cesses to be relevant, so that we can safely ignore them
now on. Let us also assume, for a moment, that the t
scale for the strong number-changing processes are
compared to the lifetime of the system, whereas the ela
processes, which are responsible for kinetic equilibration,
fast. In this case, the number of pions does not change,
after kinetic equilibrium has been established, the pions
distributed according to a Bose-Einstein distribution

n~E!5
1

e~E2m!/T21
, ~2.5!

wherem is now the chemical potential associated with t
conserved pion number. Note thatm enters with the same
sign for all charge states of the pions. In the literature,
factorem/T is often called a ‘‘fugacity.’’ Of course in the true
thermodynamic limit where the system has an infin
amount of time to change the number of particles,m50.
Therefore, a nonvanishing fugacity parametermÞ0 is often
referred to as an indication of chemical nonequilibrium. T
concept can lead to some confusion, as we shall outline n

First of all, let us stress the difference between what
shall call true number-changing processes, such as

pp
pppp, ~2.6!

andapparentnumber-changing processes, such as

pp
r. ~2.7!

As we will demonstrate in the following, the first proce
drives the fugacity parameterm to zero, leading to anabso-
lute chemical equilibrium. In the second process, on
other hand, the pions are simply ‘‘locked up’’ in ther me-
son, but never really disappear. This process ceases t
effective once 2mp5mr with mp not necessarily vanishing
Thus, pions andr mesons can be chemically equilibrate
with each other at any value ofmp . This condition we will
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refer to asrelative chemical equilibrium. Consequently, th
process and many others of that kind do not drive the sys
to absolutechemical equilibrium, i.e.,mp50.

Whenever in the following discussion we refer to
‘‘chemical potential’’ we actually talk about the fugacity pa
rameterm. Whenever we talk about chemical equilibrium
we mean theabsolutechemical equilibrium. When particle
such as ther meson and the pions are in chemical equil
rium with respect to each other, we will talk about arelative
chemical equilibrium. After these hopefully clarifying re
marks let us now turn to the calculation of the chemic
relaxation times.

C. Chemical relaxation time for pions

The characteristic time associated with chemical equi
rium is determined by a large number and variety of inelas
processes. The following processes are a subset of pos
reactions in hadronic matter which change the number
pions:

~a! p1p
p1p1p1p, ~2.8!

~b! p1p
r,

p1p1p
v,

p1r
a1 , ~2.9!

~c! p1p
r1r,

p1p
p1v,

p1p
p1a1 . ~2.10!

In order to estimate the characteristic time scales
chemical equilibrium we consider a system slightly out
equilibrium. For this case the distribution function in pha
space of the various particles takes the form

f ~p,x!5
1

exp@bn~pn2ln!#21
, ~2.11!

wherepn is the four-momentum of the particle.ln(x) and
bn(x) are four-vectors constructed from the local flow v
locity un(x), the local chemical potentialm(x), and the in-
verse local temperatureb(x)51/T(x):

ln~x!5m~x!un~x!, ~2.12!

bn~x!5b~x!un~x!. ~2.13!

As explained in the beginning, the nonvanishing chemi
potentialm is the parameter which measures to which ext
the system deviates fromabsolutechemical equilibrium.

For simplicity we consider hadronic matter in which a
thermodynamic variables depend only on time and are u
form in space. The change in particle density (n) is then
given by Boltzmann-type rate equations@16#

dn~ t !

dt
5dn~Rgain2Rloss!, ~2.14!
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55 3029CHEMICAL RELAXATION TIME OF PIONS IN HOT . . .
wheredn is the number of particles changed in the proc
andRgain andRlossare standard Boltzmann collision integra
for the production and annihilation rates, respectively.

1. Pion gas

To be specific, let us consider first hadronic matter at l
temperatures which mainly consists of pions. Since ch
symmetry suppresses the reaction rates for multipion sca
ing, we consider an inelastic reaction with the minimu
s.
n
a
f

an

g
n

te
s

l
r-

number of pions, i.e., the reactionp1p
p1p1p1p. In
this case the gain term, i.e., the term thatincreasesthe pion
number, is associated with the reactionp1p→p1p1p1p
and the loss term is related to the backwards process. U
the relation for the matrix elementM,

uM~pp→pppp!u25uM~pppp→pp!u2, ~2.15!

the rate of change for the pion number is given by
dnp~ t !

dt
52SE d3p1

~2p!32E1
E d3p2

~2p!32E2
•••E d3p6

~2p!32E6
~2p!4d~4!~p11p22p32•••2p6!

3 (
1,2, . . . ,5,6

uM~p1p2→p3•••p6!u2$ f 1~p1! f 2~p2!@11 f 3~p3!#•••@11 f 6~p6!#

2 f 3~p3!••• f 6~p6!@11 f 1~p1!#@11 f 2~p2!#%. ~2.16!
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Here, the pion densitynp(t) is the sum over all charge state
The statistical factorS for the initial and final states is give
by 1/2! 4! and the sum is over the isospin degeneracy of
participating particles. In the Maxwell-Boltzmann limit o
the Bose-Einstein quantum statistics, we have

dnp

dt
52~e2mp /T2e4mp /T!I 0~T!, ~2.17!

where

I 0~T!5SE d3p1
~2p!32E1

E d3p2
~2p!32E2

•••E d3p6
~2p!32E6

3~2p!4d~4!~p11p22p32•••2p6!

3 (
1,2, . . . ,5,6

uM~p1p2→p3•••p6!u2e2~E11E2!/T.

~2.18!

Notice that the number of pions ceases to change if
only if mp50. Thus, the processp1p
p1p1p1p
drives the system to anabsolutechemical equilibrium and,
therefore, is a true number-changing process accordin
our previous definition. If we assume that the system is o
slightly away from chemical equilibrium, i.e.,mp /T!1, we
may expand the exponentials to first order inmp /T. Also, in
this approximation, for fixed temperature,

np~ t !5np
0 S 11

mp~ t !

T D , ~2.19!

wherenp
0 stands for the equilibrium density. The above ra

equation~2.17! then reduces to

np
0 dmp

dt
524mpI 0~T!. ~2.20!

The solution is given by
ll

d

to
ly

mp~ t !5mp~0!exp~2t/tch!, ~2.21!

with

1

tch
5
4I 0~T!

np
0 . ~2.22!

The above approximations are nothing else but the w
known relaxation time approximation andtch is called the
chemical relaxation time.

For pion gas, the relaxation time has been calculated
estimated to be about 40 fm/c with T5180 MeV @17#. This
is very large compared to the size of the hot matter produ
in nucleus-nucleus collisions. This implies that the chemi
equilibrium in the reactionpp
pppp would not be
reached in the expanding hot hadronic matter consisting
pions only.

2. Resonance gas

In the presence of excited states, i.e., resonances,
number of pions is changed by the decay process of re
nances~and vice versa!, e.g.,r
pp, v
ppp, a1
pr,
and inelastic scattering such asrr
pp, pv
pp,
pa1
pp, etc.

(a) Resonance decays.First we consider resonance d
cays. In this case the relaxation time will be inversely p
portional to the decay width. Specifically, in the case
r
pp we have

dnp~ t !

dt
52~emr /T2e2mp /T!I 0~r
pp;T!. ~2.23!

I 0(r
pp;T) can be related to the decay width of ther via

I 0~r
pp;T!5(
r
E d3pr

~2p!3
Er

mr
G~pr! f r~pr!'Ḡnr

0~T!,

~2.24!
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where the sum is over spin and isospin of vector meso
Ḡ r is the decay width of neutral vector mesons andnr

0 indi-
cates the equilibrium density summed over all spin and is
pin states.

Notice that from Eq.~2.23! the processr
pp ceases to
change the number of pions oncemr52mp . This may very
well happen at a finite valuemp . Consequently this proces
does not drive the system intoabsolutechemical equilib-
rium, as we have defined it. It rather ensures arelative
chemical equilibrium betweenr mesons and pions, which i
characterized by the conditionmr52mp . Following our
definitions, the processr
pp is an apparent number
changing one, since it only shuffles pions back and fo
from ther resonance. The fact that the pion chemical pot
tial can take on a finite value means nothing else than
conservation of the pion number in this type of process.

Expanding the distribution functions around therelative
chemical equilibrium , one can again derive a relaxation ti
tch
rel , which is a measure of how fast therelative chemical
equilibrium between pions andr mesons is reached. Follow
ing the steps of the previous section one finds

tch
rel5

1

Ḡ
S np

0

np
014nr

0D'1~0.4! fm/c, ~2.25!

at T5150(180) MeV. This is very short, and to a good a
proximation we can assume that pions andr meson are al-
ways in relative chemical equilibrium.

The same conclusion holds for the decaya1→pr since
Ga1→rp5400 MeV. Thus we havema1

5mp1mr53mp

where we usemr52mp . However, the decay rate for omeg
mesons into three pions is too small in order to reachrelative
chemical equilibrium.

(b) Inelastic scattering.Next, we consider the inelasti
collisions involving resonances such asp1p
r1r,
p1v
p1p, and p1a1
p1p. Again, the rate of
change of pion density is given by~here in case of
p1p
r1r)

dnp

dt
52~e2mr /T2e2mp /T!I 0~p1p
r1r;T!.

~2.26!

As long as the processr
pp is fast compared to the on
we are considering here, we can, to a good approxima
assume that pions andr mesons are inrelative chemical
equilibrium, i.e., mr52mp . With this replacement, the
above rate equation~2.26! becomes similar to Eq.~2.17! and,
hence, the chemical relaxation time is given by@see Eq.
~2.22!#

1

tch
5
4I 0~p1p
r1r;T!

np
0 . ~2.27!

The same arguments hold for the processp1a1
p1p,
whereas the approximation will be not valid in case
p1v
p1p. For the reactions involvingv mesons we
assumemv'0 to estimate the corresponding contribution
the chemical relaxation time of pions.
s.

s-

h
-
e

e

-

n

f

In order to evaluate the relevant collision integrals, ha
ronic cross sections have been calculated from an effec
chiral Lagrangian with vector and axial vector mesons. T
details are given in Appendix A. All processes included
the calculation are summarized and results for invariant a
plitudes are presented in Appendix B. To take into acco
the off-energy-shell effects we introduce form factors in t
calculation of the cross section. The standard way to acc
plish this is to insert a monopole form factor at each ver
in a t-channel diagram,

Fa5
L22ma

2

L22t
, ~2.28!

wherea indicates a species for the exchanged particle.
take a value ofL51.7 GeV forrpp vertices inr exchange
reactions @18# and of mr in pion exchange processe
L5ma1

and 1.7 GeV are taken fora1pr vertices and

vrp vertices, respectively.
In Fig. 1 we show the chemical relaxation times for ea

process as a function of temperature. For compari
the chemical relaxation time corresponding to the react
pppp
pp is also shown@17#. The total relaxation time
is determined by including all true pion-number-changi
processes p1p
r1r, p1p
p1a1 , and p1p

p1p1p1p. The result is given by the solid curve. As
result of the hadronic resonances, the resulting relaxa
time is almost an order of magnitude shorter than that pre
ously obtained within chiral perturbation theory@17#. We
find that the relaxation time is about 1.5 fm/c at T;180
MeV and increases to about 15 fm/c at T5150 MeV.

At a temperature ofT.160 MeV the total relaxation time
is about 7 fm/c, which is comparable to typical system siz
created in ultrarelativistic heavy-ion collisions involvin
heavy nuclei such as lead. However, the corresponding t
perature, for which the thermal relaxation time assumes
same value oft th57fm/c, is considerably low, namely
about 120 MeV. From these numbers we expect that e
with the inclusion of the resonance chemical freeze-out ta

FIG. 1. Chemical relaxation time of pions in hot hadronic m
ter. The reactionsrr↔pp ~dashed curve!, pv↔pp ~dot-dashed
curve!, pa1↔pp ~long-dashed curve!, andpppp↔pp ~dotted
curve! are considered. The solid curve represents the total re
ation time. These results are compared with the thermal relaxa
time t th obtained from Eq.~2.4!.
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55 3031CHEMICAL RELAXATION TIME OF PIONS IN HOT . . .
place before the thermal one. Moreover, the above estim
has assumed that the resonances are formed instantane
Thus, the chemical relaxation time may be slightly larg
once the formation of the resonances is taken into acco
properly.

3. Absorption on baryons

Next, we take into account the pion-number-chang
processes involving baryons. The dominant contributio
come from low-lying baryons, like nucleonsN(938) and
D(1236). Since theD resonance decays intoNp with width
GDNp5120 MeV, we expect that there will be arelative
chemical equilibrium with respect to the reactionD→Np
with mD5mB1mp . HeremB indicates the baryon chemica
potential, associated with the conservation of the bar
number.

There are also inelastic, i.e., true pion-number-chang
reactions including baryon resonances, such asND
NN.
To estimate the characteristic time scale for the bary
induced inelastic collisions we use a phenomenological
rametrization for the isospin-averagedND→NN cross sec-
tion @19#,

s~ND→NN!5~pf
2/pi

2! 18s~As!, ~2.29!

wherepf is the momentum in the finalNN channel and

s~As!5
203~As22.015!2

0.0151~As22.015!2
. ~2.30!

HereAs is in GeV,s in mb. Then the time scaletch is given
by

1

tch
5

1

np
0 e

2mB /TI B~T!, ~2.31!

where we usemD5mB1mp and

I B~T!5E d3pN
~2p!3

E d3pD

~2p!3(1,2 s~ND→NN!v12e
2bEN2bED.

~2.32!

Here the sum is over the spin and isospin for the ini
particles.

Results are shown in Fig. 2. We usemB5176, 223, 278,
and 516 MeV for the baryon chemical potential which a
obtained from the analyses of SPS-energy data on stra
baryon and antibaryon production@8,11# and of AGS-energy
reactions@7#. The time scale turns out to be about;100 fm/
c even atT5180 MeV except for the AGS experiment
This is too large to change the number of pions in expand
hot hadronic matter. For AGS experiments withmB5516
MeV we find thattch;10 fm/c atT;160 MeV. This implies
that the baryon effect might be relevant for AGS experime
but negligible in case of SPS experiments. In the followi
we therefore ignore the corrections due to the presenc
baryons.

Including the finite width of delta resonance in the calc
lation of the cross section,s(ND→NN) @20#, the relaxation
time is slightly reduced. We show the correction due to
te
sly.
r
nt

g
s

n

g,

-
a-

l

ge

g

ts

of

-

a

finite delta width in case of AGS experiments by a do
dashed curve in Fig. 2. The effect is, however, too smal
change any conclusion.

III. CHEMICAL EQUILIBRIUM WITH FINITE PION
CHEMICAL POTENTIAL

So far we have considered the characteristic time scale
chemical equilibration of pions when the system is sligh
out of chemical equilibrium. This is the case either when
hadronic system evolves from a fully equilibrated qua
gluon plasma phase and hadronizes without any change
chemical properties or when the hadronic system directl
produced in thermodynamic equilibrium state. However,
the system is out of chemical equilibrium initially, the rea
tion rate for the pion-number-changing processes will be
fected by the finite pion chemical potential.

We therefore extend the previous definition for the chem
cal relaxation time to the case with finite chemical poten
and define

1

tch
[

21

@n~T,mp!2n0~T!#

dn~T,mp!

dt
, ~3.1!

which is the ratio of the pion-number-changing rate over
the excess~or lack! of pions as compared to equilibrium. I
the limit of vanishing chemical potential,mp→0, the result-
ing chemical relaxation time coincides with that derived
the previous section.

A. Chemical relaxation time of pions: Out of equilibrium

In the previous section we found that for a pure pion g
the chemical equilibration rate evaluated near chemical e
librium is too long to be effective. If the system is far awa
from chemical equilibrium, then the annihilation~produc-
tion! reaction rates depend on the value of the chemical
tential. For the reactionpppp→pp with a finite chemical
potential of pions, the chemical relaxation time, Eq.~3.1!, is
given by

FIG. 2. Contribution of baryon-involved reactions to the chem
cal relaxation time of pions in hot hadronic matter. Results
obtained with mB5176 MeV ~dotted curve, SPS!, 223 MeV
~dashed curve, SPS!, 278 MeV ~long-dashed curve, SPS!, and
mB5516 MeV ~solid curve, AGS!. The dot-dashed curve is ob
tained with finite width ofD resonances withmB5516 MeV.
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1

tch
p 52

2

np
0 ~T!

e2mp /T~12e2mp /T!

3I 0~pppp
pp;T!/~emp /T21!, ~3.2!

where we take the Boltzmann approximation for the dis
bution of pions. The calculated chemical relaxation time
shown as dotted line in Fig. 3 formp5100 MeV. When the
system is out of equilibrium the number-changing proc
becomes considerably faster — about a factor of 5
T5150 MeV — than in the previous case where the syst
was near equilibrium~note the different scale on they axis
of Fig. 3!. However, the reaction rate is still large compar
to the size of the system,tch

p ;10 fm/c at T5180 MeV.
Thus, in a hadronic system consisting of only pions,
number of pions ceases to change at the early stage o
expansion even if the system is out of equilibrium at t
beginning of the evolution.

Once we include resonances, additional processes he
change the pion number. Again we assume that decay
cesses such asr
pp anda1
pr are fast enough to main
tain the relative chemical equilibrium even if pions have
finite chemical potential. From Eq.~2.14! we can see that the
pion number is not changed by these reactions. The p
number will be changed, however, by reactions such
rr→pp andpa1→pp; these reactions actually mean th
four pions decay into two pions. The chemical relaxati
time for the corresponding reactions is given by

1

tch
p 52

2

np
0 ~T!

~e2mp /T2e2mr /T!

3I 0~rr
pp;T!/~emp /T21!, ~3.3!

with mr52mp . We also get a similar relation for th
pa1→pp,

FIG. 3. Chemical relaxation time of pions in hot hadronic mat
with finite pion chemical potential. The contributions from the r
action rr↔pp ~dashed curve!, pa1↔pp ~long-dashed curve!,
andpppp↔pp ~dotted curve! are shown. The solid curve is fo
the total relaxation time. The results are obtained withmp5100
MeV.
-
s

s
t

e
he

to
o-

n
s

1

tch
p 52

2

np
0 ~T!

~e2mp /T2e~mp1ma1
!/T!

3I 0~pa1
pp;T!/~emp /T21!, ~3.4!

wherema1
53mp .

We show the relaxation time withmp5100 MeV in Fig.
3. The total chemical relaxation time forpppp
pp is
given by the sum for all possible channels. With a fin
chemical potential of pions, the chemical relaxation time
pions now becomes short compared to the size of the sys
Thus the number of pions would be changed in hot hadro
matter even near the thermal freeze-out temperature.
oversaturated pion number will be reduced mainly by
reactionsrr→pp and pa1→pp. Especially axial vector
mesons very easily interact with pions and annihilate i
two pions. However, we should note that the thermal free
out temperature is also reduced when we include a finite p
chemical potential@14#.

With a nonzero pion chemical potential one also expe
an oversaturation of vector and axial vector mesons with
relationmr52mp andma1

53mp , respectively. The above

result, of course, implies that also the number of vector a
axial vector mesons changes as quickly as that of the pi

In Fig. 4 we show how the total chemical relaxation tim
is changed with pion chemical potential at fixed temperatu
Even atT5150 MeV, the pion relaxation time is comparab
to the size of the hot system as long as the pions have a fi
chemical potential,tch'7 fm/c atmp550 MeV. If the had-
ronic system is produced out of equilibrium, for examp
with mp5100 MeV, the excess of pions will be reduced b
the inelastic reactions involving vector and axial vector m
sons. These number-changing processes will lead to the
crease of the pion chemical potential and finally cease to
effective as the chemical potential is reduced below a cer
value. Therefore, given a freeze-out temperature of ab
150 MeV and 7 fm for the size of the system, we wou
expect the pion chemical potential not to exceed a value
mp.50 MeV.

r FIG. 4. Chemical relaxation time of pions in hot hadronic mat
as a function of pion chemical potential. We consider four differe
temperatures, from top,T5140, 150, 160, 170 MeV.
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B. Chemical relaxation time of pions: In equilibrium

In the previous section we have demonstrated that
chemical relaxation time depends on both the tempera
and the chemical potential. In order to give a realistic e
mate of the chemical relaxation time, one thus needs to kn
the chemical potential as a function of temperature. The c
rect treatment, of course, requires the complete solution
all kinetic equations including the expansion of the syste
This is best done in a transport approach and will be
dressed in a separate work. In order to give a rough estim
let us separate the problem into two pieces. First of all,
determine the chemical potential as a function of tempe
ture, assuming theabsenceof any number-changing pro
cesses. Given that, we can then evaluate the chemical r
ation time using our previous results.

In order to determine the chemical potential as a funct
of temperature, we assume that the system initially~after
hadronization! is in chemical equilibrium. We furthermor
ignore all true number changing processes. In this case
have only two possible reactions in the hadronic phase: e
tic pion scattering which maintains the thermal equilibriu
and the decay of the excited states, e.g.,r→pp and
a1→pr. The local configuration of pions is then describ
by temperature and a single chemical potentialm.

Since the system still remains in thermal equilibrium, t
state can be characterized by a maximum of the entropy
sistent with the conservation laws of energy and momen
and of relevant particle numbers. Since we neglect diss
tive, i.e., pion-number-changing, processes, this implies
entropy as well as the pion number is conserved in the
pansion. Thus one can assume that the ratio of the effec
pion number densityn̄p5np12nr13na11••• to entropy

densitys remains constant during the expansion after h
ronization until freeze-out,

s

n̄p

5const. ~3.5!

As a result of keepings/ n̄p constant, the chemical potentia
will rise. This is so because of the overpopulation of pion
states due to the decay of the resonances. It has been
mated that the pion chemical potential is about 86 MeV
the freeze-out temperatureTf5100 MeV @21#. To be spe-
cific, we assume that the particles are distributed accord
to

f i5
gi

exp~Ei2m i !/T21
, ~3.6!

wherei5p,r,a1 , . . . andgi is the spin and isospin degen
eracy factor andEi5Ap21mi

2. The entropy density is given
by

s5
]P

]TU
m5const

, ~3.7!

where the pressure is

P52T(
i
giE d3p

~2p!3
lnH 12expS m i2Ei

T D J . ~3.8!
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Assuming that the ratio of entropy density of the syste
to effective pion number density is constant throughout
pansion, we can obtain the temperature dependence o
pion chemical potential as shown in Fig. 5@21#. Here we
take two different initial ~hadronization! temperatures
Th5180 and 200 MeV, where the chemical potential is a
sumed to be zero,mp50.

With the temperature dependence of the pion chem
potential we can calculate the total chemical relaxation ti
based on the reactionspppp→pp, rr→pp, and
a1p→pp. We show the result in Fig. 6. At the initial tem
perature we, of course, have the same value for the chem
relaxation time as that obtained in the limitmp→0. As the
system expands and pions develop the chemical potentia
relaxation time become shorter than that obtained near e
librium ~as shown by dotted line!. We find that thetch is
reduced by half atT5150 MeV (tch;7 fm/c! due to the
pion chemical potential. However, even with the induc
pion chemical potential the chemical relaxation time is co
siderably larger than the thermal relaxation time at the sa
temperature.

FIG. 5. Temperature dependence of the pion chemical poten
We assume two different initial~hadronization! temperaturesTh
5180 ~lower curve! and 200 MeV~upper curve!.

FIG. 6. Chemical relaxation time of pions~solid curve! with
pion chemical potential shown in Fig. 3. Here we assume t
Th5180 MeV. The result is compared with the one obtained w
mp50 ~dotted curve!.
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IV. SUMMARY

We have studied the thermal and chemical relaxation t
scales of pions in hot hadronic matter with an effective ch
Lagrangian. From the explicit calculation we show that pio
in hot hadronic matter are in a phase where elastic collisi
rates are very fast compared to typical expansion rates o
system. For chemical equilibration the dominant contribut
comes from the inelastic collision involvinga1 mesons.
Comparing with previous calculations@17# based on chiral
perturbation theory, the inclusion of the resonances has
duced the chemical relaxation time by about a factor of
When we neglect the formation time of these resonances
resulting chemical relaxation time of pions is 7 fm/c at
T5160 MeV. This value is comparable to the size of the h
system produced by the collision of large nuclei.

Given a system size of 5–10 fm we obtain a therm
freeze-out temperature which is small compared to those
tracted from experiments@6,11#. This might be due to flow
effects which lead to smaller effective system sizes. If
take the thermal freeze-out temperature to be about
MeV, then the freeze-out size of the system would be 2
fm. On the other hand, the chemical freeze-out tempera
for a system of this size would beT5180 MeV. This implies
that chemical freeze-out of pions happens at consider
higher temperatures than thermal freeze-out. This resu
somewhat at variance with the findings of@8,9#, where pion
spectra and particle abundances could be reproduced, as
ing the same freeze-out conditions. In order to properly
sess the magnitude and importance of this discrepanc
detailed transport calculation including all the numb
changing processes presented here is needed.

We also have studied the effect of baryons on the che
cal relaxation time of pions. Since the effect of baryons
suppressed by their large mass, we consider only low-ly
baryonsN(938) andD(1236). To estimate the relaxatio
time we use the phenomenological cross section
NN
ND. The effect of baryons is very small and can
neglected in SPS experiments. However, it becomes im
tant in AGS experiments where the baryon chemical pot
tial is much larger than that in the SPS experiments.

We have extended the definition for the chemical rel
ation time to a system of pions out of equilibrium withmp

Þ0. At T5150 with mp550 MeV the relaxation time is
about 7 fm/c which is certainly comparable to the syste
size. Thus even atT5150 MeV it is possible that the numbe
of pions will be changed by the inelastic reactions involvi
vector and axial vector mesons as long asmp>50 MeV.

In order to make contact with reality, we have determin
the pion chemical potential as a function of temperature,
suming isentropic expansion, while ignoring numbe
changing processes. Based on this relation, we could gi
somewhat more realistic estimate of the actual chemical
laxation time. As the system expands and pions develop
chemical potential the relaxation time becomes shorter t
that obtained near equilibrium. If we take the size of t
system as about 5–10 fm, the inelastic reactions are effec
at T5140–180 MeV and reduce pion chemical potentia
We therefore expect that the chemical potential at freeze
will be smaller than the value which has been obtained w
out taking number-changing processes into account.
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In conclusion, we predict a considerable difference b
tween the chemical and thermal freeze-out temperatures.
extent which this is reflected in the data needs to be inve
gated within a transport calculation. At the same time
buildup of a pion chemical potential larger than 100 Me
would be very difficult to understand in hot hadronic mat
with a size of about 5–10 fm.

Future work will concentrate on a transport theoretic
calculation of the chemical equilibration. We also plan
extented the present study to include reactions involv
strange particles.
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APPENDIX A: EFFECTIVE CHIRAL LAGRANGIAN

We consider an effective chiral Lagrangian with vect
and axial vector meson fields which are introduced as m
sive Yang-Mills fields@22#,

L5 1
4 f p

2Tr@DmUD
mU†#1 1

4 f p
2TrM ~U1U†22!

2 1
2 Tr@Fmn

L FLmn1Fmn
R FRmn#1m0

2Tr@Am
LALm1Am

RARm#

2 i jTr@DmUDnU
†FLmn1DmU

†DnUF
Rmn#

1sTr@Fmn
L UFRmnU†#, ~A1!

whereU is related to the pseudoscalar fieldsf by

U5expF iA 2

f p
fG , f5 (

a51

3

fa

ta

A2
, ~A2!

andAm
L (Am

R) are left-~right-! handed vector fields. The cova
riant derivative acting onU is given by

DmU5]mU2 igAm
LU2 igUAm

R , ~A3!

andFmn
L (Fmn

R ) is the field tensor of left-~right-! handed vec-
tor fields. TheAm

L andAm
R can be written in terms of vecto

(Vm) and axial vector fields (Am) as

Am
L5 1

2 ~Vm2Am!, Am
R5 1

2 ~Vm1Am!. ~A4!

With parametersg510.3063, s50.3405, andj50.4473
@23# we can well describe the properties of vector and ax
vector mesons.

From the Lagrangian we have

LVff
~3! 5

ig

2
Tr]mf@Vm,f#1

igd

2mV
2Tr~]mVn2]nVm!]mf]nf,

LVVV~3! 5
ig

2
Tr~]mVn2]nVm!VmVn,



e
06

a-

th
al
c-
ns

le-
he
ive

icit
ion

by

nd

55 3035CHEMICAL RELAXATION TIME OF PIONS IN HOT . . .
LVAf
~3! 5

ig

2

1

f p
$h1Tr~]mVn2]nVm!@Am,]nf#

1h2Tr~]mAn2]nAm!@]mVn,f#%, ~A5!

where d, h1, and h2 are given by the parameters in th
Lagrangian and have the values 0.347, 0.279, and 0.
respectively.

For the four-point vertex we have

LVVff
~4! 52

1

8
g2Tr@Vm ,f#21

c1
f p
2Tr@~]mVn2]nVm!f

3~]mVn2]nVm!f2~]mVn2]nVm!2f2#

1
c2
f p
2Tr@~]mVn2]nVm!~]mf@Vn,f#

1@Vm,f#]nf!#1
c2
f p
2Tr@Vm ,Vn#]mf]nf,

~A6!

and also have

LAf3
~4!

5
d1
f p
TrAm~f2]mf22f]mff1]mff2!

1
d2
f p
3Tr@Am ,]nf#@]mf,]nf#1

d3
f p
3Tr~]mAn2]nAm!

3~]mf]nff2f]mf]nf!, ~A7!

wherec’s and d’s are given by the parameters in the L
grangian. With parameters given in Ref.@23# we have the
values 0.00497 and20.00408 forc1 and c2, respectively,
andd1522.08,d250.078, andd3520.0147.

We also include the gauged Wess-Zumino term in
effective Lagrangian to describe the non-Abelian anom
structure of QCD@24#, which leads to an anomalous intera
tion among a pseudoscalar meson and two vector meso

LVVP52
3g2

16A2p2f p

emnabTr~]mVn]aVbP!, ~A8!

where emnab is the antisymmetric Levi-Civita` tensor with
e012351. From Eq.~A8! we have

Lvpr52gvemnab]mvn]arb•p, ~A9!

with

FIG. 7. Diagrams for the reactionsp11p2→r11r2 and
p11p0→r11r0. Dashed line and solid line indicate the pion a
r meson, respectively.
0,

e
y

,

gv5S 3g2

16p2f p
D . ~A10!

APPENDIX B: INELASTIC CROSS SECTION

In this appendix we summarize the invariant matrix e
ment for each inelastic collision considered in Sec. II C. T
interaction for each process is obtained from the effect
Lagrangian.

1. p1p˜r1r

a. p11p2
˜r11r2, p11p0

˜r11r0

The related diagrams are shown in Fig. 7. The expl
expression for the invariant matrix element for each react
is given by

M~a!5 i F g

A2
S 12

d

2D G 2 4p1mp2n

~p12p3!
22mp

2 er
m~p3!er

n~p4!,

~B1!

M~b!5 i S g

A2D
2

1

~p11p2!
22mr

2S 12
d

2mr
2 ~p11p2!

2D
3@~p12p2!•~p32p4!gmn12p4m~p1n2p2n!

22~p1m2p2m!p3n#er
m~p3!er

n~p4!, ~B2!

M~c!5 i S g

A2D
2H F114

c1
f p
2 p3•p422

c2
f p
2 ~p1•p41p2•p3!Ggmn

24
c1
f p
2 p4mp3n12

c2
f p
2 ~p4mp1n1p2mp3n

2p1mp2n1p2mp1n!J er
m~p3!er

n~p4!, ~B3!

wherec1 andc2 are given in the previous section.
The invariant scattering matrix element is then given

the sum as

FIG. 8. Same as Fig. 7 for the reactionsp11p2→r01r0 and
p01p0→r11r2.

FIG. 9. Diagrams for the reactionpv→pp. Dashed line, solid
line, and double solid line indicate the pion,r meson, andv meson,
respectively.
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M~p11p2→r11r2!5M~p11p0→r11r0!

5M~a!1M~b!1M~c!. ~B4!

b. p11p2
˜r01r0, p01p0

˜r11r2

The related diagrams are shown in Fig. 8. The expl
expression for the invariant matrix element for each reac
is given by

M~a!5
2 i

2 F g

A2
S 12

d

2D G 2 4p1mp2n

~p12p3!
22mp

2 er
m~p3!er

n~p4!,

~B5!

M~b!5
2 i

2 F g

A2
S 12

d

2D G 2 4p2mp1n

~p32p2!
22mp

2 er
m~p3!er

n~p4!,

~B6!

M~c!5 i S g

A2D
2H F114

c1
f p
2 p3•p42

c2
f p
2 ~p11p2!

2Ggmn

24
c1
f p
2 p4mp3n12

c2
f p
2 p4mp3nJ er

m~p3!er
n~p4!. ~B7!

The invariant scattering matrix element is given by

M~p11p2→r01r0!5M~p01p0→r11r2!

5M~a!1M~b!1M~c!. ~B8!

FIG. 10. Diagrams for the reactionsp11a1
0→p01p1 and

p11a1
2→p11p2 Dashed line, solid line, and double solid lin

indicate the pion,r meson, anda1 meson, respectively.
it
n

2. p1p˜p1v

The related diagrams are shown in Fig. 9. The expl
expression for the invariant matrix element is

M~p1p→p1v!5M~a!1M~b!1M~c!, ~B9!

where

M~a!5 igvrp

g

A2S 12
d

2mr
2 ~p12p3!

2D
3emnab

~p1a1p3a!~p1b2p3b!

~p12p3!
22mr

2 em
v~p4!p4n ,

~B10!

M~b!5 igvrp

g

A2S 12
d

2mr
2 ~p32p2!

2D
3emnab

~p3a1p2a!~p1b2p4b!

~p12p4!
22mr

2 em
v~p4!p4n ,

~B11!

M~c!52 igvrp

g

A2S 12
d

2mr
2 ~p11p2!

2D
3emnab

~p1a2p2a!~p1b1p2b!

~p11p2!
22mr

2 em
v~p4!p4n .

~B12!

3. p1a1˜p1p

a. p11a1
0
˜p01p1, p11a1

2
˜p11p2

The related diagrams are shown in Fig. 10. The expl
expression for the invariant matrix element for each react
is given by

FIG. 11. Same as Fig. 10 for the reactionsp11a1
2→p01p0

andp11a1
1→p11p1.
M~a!52S g

A2D
2
1

f p

1

~p12p3!
22mr

2S 12
d

2mr
2 ~p12p3!

2D $@h1p4•~p12p3!2h2p2•~p12p3!#~p1m1p3m!

2@h1p4•~p11p3!2h2p2•~p11p3!#~p1m2p3m!%ea1
m ~p2!, ~B13!

M~b!52S g

A2D
2
1

f p

1

~p11p2!
22mr

2S 12
d

2mr
2 ~p11p2!

2D $@h1p1•~p11p2!1h2p2•~p11p2!#~p3m2p4m!

2@h1p1•~p32p4!1h2p2•~p32p4!#~p3m1p4m!%ea1
m ~p2!, ~B14!
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M~c!5
1

f p
3 $~2d1f p

212d2p3•p422d3p2•p3!p1
m2~2d1f p

222d2p1•p322d3p2•p3!p4
m

1@4d1f p
224d2p1•p412d3~p12p4!•p2#p3

m%ea1
m ~p2!, ~B15!

wheredi ’s are given by parameters in the Lagrangian. See Appendix A.
The invariant matrix element is given by

M~p11a1
0→p01p1!5M~p11a1

2→p11p2!5M~a!1M~b!1M~c!. ~B16!

b. p11a1
2
˜p01p0, p11a1

1
˜p11p1

The related diagrams are shown in Fig. 11. The explicit expression for the invariant matrix element for each rea
given by

M~a!52S g

A2D
2
1

f p

1

~p12p3!
22mr

2S 12
d

2mr
2 ~p12p3!

2D $@h1p4•~p12p3!2h2p2•~p12p3!#~p1m1p3m!

2@h1p4•~p11p3!2h2p2•~p11p3!#~p1m2p3m!%ea1
m ~p2!, ~B17!

M~b!52S g

A2D
2
1

f p

1

~p12p4!
22mr

2S 12
d

2mr
2 ~p12p4!

2D $@h1p3•~p12p4!2h2p2•~p12p4!#~p1m1p4m!

2@h1p3•~p11p4!2h2p2•~p11p4!#~p1m2p4m!%ea1
m ~p2!, ~B18!

M~c!5
1

f p
3 $@4d1f p

214d2p3•p422d3~p41p3!•p2#p1
m2~22d1f p

212d2p1•p422d3p1•p2!p3
m

2~22d1f p
212d2p1•p322d3p1•p2!p4

m%ea1
m ~p2!. ~B19!

The invariant scattering matrix element is given by

M~p11a1
2→p01p0!5M~p11a1

1→p11p1!5M~a!1M~b!1M~c!. ~B20!
.
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