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Chemical relaxation time of pions in hot hadronic matter
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We calculate characteristic time scales for the chemical equilibration of pions in hot hadronic matter using
an effective chiral Lagrangian. We find that inelastic processes involving vector and axial vector mesons
reduce the chemical equilibration time by a factor-af0 compared to the result previously calculated in chiral
perturbation theory. For a temperature Bf-160 MeV we obtain a chemical relaxation time of,=7
fm/c, which is comparable with typical time scales for a hadronic system generated in SPS-energy heavy-ion
collisions. The effect of baryons is also estimated and found to be negligible for SPS energies but might be
important for AGS energies. We predict that chemical freeze-out should take place at considerably higher
temperaturesAT=40 MeV than thermal freeze-out and that the hadronic phase would not sustain a pion
chemical potential larger than 50 Me}50556-281®7)04406-3

PACS numbe(s): 25.75—q, 12.39.Fe, 14.40.Aq, 12.38.Mh

[. INTRODUCTION ponents of the system. They reach thermal equilibrium on
the time scale 0.3-0.5 fm/fter collision with an undersatu-
High-energy nucleus-nucleus collisions offer a unique op+ated gluon density. The thermalization of quarks follows
portunity to explore the large-scale properties of quantunthat of gluons with the time scale 1 fmand reaches chemi-
chromodynamics, in particular its phase structure at higkeal equilibrium later since the quark pair production by gluon
temperatures and densitigld. For sufficiently high collision ~ fusion and the decay of gluons occur at a somewhat smaller
energy, we expect a phase transition into a locally thermalirate. These thermodynamic equilibration conditions would
zed, deconfined plasma of quarks and gluons, the so-calldee observed in open charm, photon, dilepton, ahd pro-
quark-gluon plasm&QGP [2]. There may be two different duction.
phase transitions, deconfinement and chiral phase transition, The question of equilibration in the hadronic phase, on the
in QCD at high temperature and/or density. The nature an@ther hand, has been addressed by analyzing the observed
order of the phase transition have been studied as well dtadron abundances and spectral distributipis11]. The
possible signatures for the new phase of hadronic matter. prevailing view requires first a chemical freeze-out, from
Certainly the system produced in these collisions is nowhich particle abundances are preserved, followed by a ther-
immediately in thermal and chemical equilibrium. Secondarymal freeze-out, after which all interactions between the pro-
interactions among the produced particles are necessary eésiced particles have ceased. Since the system remains in
achieve equilibrium. If equilibrium is reached, global observ-local thermal equilibrium, the state can be characterized by a
ables such as transverse energy production can be relatedm@ximum of the entropy consistent with the conservation
thermodynamic variables, such as energy and entropy defaws for energy and momentum and of the relevant particle
sity, commonly used to characterize these collisions. On@umber. Neglecting dissipative processes, the corresponding
can also use the hydrodynamic equations to study the evolgontinuity equations then imply that entropy is conserved;
tion of the hadronic system at finite temperature and/or denke., the expansion is an adiabatic process. If so, the hadronic
sity. These conditions considerably facilitate the calculatiorsystem is described by two parameters, temperafifrg
of certain quark-gluon plasma signals, such as the yields afnd a “chemical potential” u;(x) for each species. Assum-
photons, lepton pairs, strangeness, and hadrons containiigg such a partial equilibrium, i.e., thermal but not chemical,
heavy quarks. However, even if the heavy-ion collision isthe observed hadronic abundance can be well described.
energetic enough to fully equilibrate the system at early time, As far as strange degrees of freedom are concerned, one
e.g., in the quark-gluon plasma phase, the system will nogxpects only a partial saturation since the time scale for
necessarily remain equilibrated as it expands. Only when thetrangeness saturation is normally larger than the collision
collision rate is greater than the expansion rate will equilib-time scale. The chemical properties of strange particles at
rium be maintained. It is therefore crucial to understand thdreeze-out are regarded as an important ingredient to under-
following guestions: How does the system approach equilibstand strangeness production in high-energy nucleus-nucleus
rium? What are the time scales for thermal and chemicatollisions[12].
equilibration, and to which extent is equilibrium maintained Naturally, hadronic observables can only tell us some-
in the hadronic phase before the system breaks up into thi@ing about the conditions at freeze-out. In this paper, we are
final state hadrons? interested in the thermal and chemical equilibrium conditions
Recently the question of thermodynamic equilibration in
the early stages of collisions at RHIC and LHC has been
studied in the parton mod¢B—5]. In the partonic system A detailed discussion of the meaning of the “chemical potential”
created early in the collisions, gluons are the dominant comwill be given at the beginning of Sec. Il B.
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of pions in hot hadronic matter at temperatures higher than 1 d°p, d3ps
the freeze-out temperature in order to see if the observed —= —(1—9_BEa)—J 3 3

= - Tih 2 2E.) (27)°2E, (2)°2E4
freeze-out conditions can be understood within a pure had-
ronic model. We use an effective chiral Lagrangian with vec- d3p, 4 gt
tor and axial vector mesons to describe the interaction of X(zw)3254(277) (Pat P2~ P3~Pa)
pions in hadronic matter. In Sec. Il, we first consider the
processes that lead to thermal equilibrium for pions in hot > M7 odr—s mramr )| 2F (14 F2) (1+ f
hadronic matter. Elastic pion collisions+ 7— 7+ 7 turn %4' (mama— wsma) | *Fa( 2 +)

out to be the principal thermalizing process. Second, we
clarify the meaning of chemical equilibrium and chemical
potential of pions in hot matter produced in high-energy, neref.'s are Bose-Einstein distribution functions. The fac-
nucleus-nucleus collisions. Third, we estimate the charactefy, of 1/2 comes from the identity of particles at the final
istic time scale for chemical equilibrium of pions in hadronic gi5te and the sum is over the spin and isospin degeneracy of
matter, first with pions, and then later including resonancespapticles 2, 3, and 4. The second termé#E) indicates the
Finally, we also explore the effect of baryons on the chemicontribution from the inverse reaction. Note that this result is
cal equilibrium conditions of pions in hot hadronic matter. In gbtained in the relaxation time approximation. In the classi-
Sec. Ill, the time scales for the chemical equilibrium of pionscal limit where Bose-Einstein or Fermi-Dirac quantum sta-

(2.1

are studied, assuming a finite pion chemical potential. tistics is approximated by Boltzmann statistics, this can be
written as
Il. THERMODYNAMIC EQUILIBRATION OF PIONS 1 d?
N —=(1-e"#F9) J P2> o(a2— 34 e T,
Tth (2m)°47
The thermodynamic equilibration in a hadronic system is (2.2

driven by multiple collisions among particles in the system.

Generally the equilibration time is directly proportional to where o is the cross section corresponding to the relevant
the collision rate. In an expanding system, therefore, the colreaction and ,, is the relative velocity.

lision rate should be much larger than the expansion rate of The mean relaxation time is defined as

the system in order to maintain thermodynamic equilibrium.

As long as the expansion velocity of the system does not — 1 3

exceed the most probable velocity of the thermal particles in Tth:mf d°Patin(Pa)fa(Pa). (2.3

the system, this condition is satisfied if the mean free path of

a partiCIe is shorter than the size of the System. In the fOI-TO a good approxima’[ion, the result for the thermal relax-
lowing we determine the thermal and chemical relaxationation time is given by 14]

time of pions, assuming that the system is slightly deviated

from the equilibrium state, i.e., in the relaxation time ap- _ 12f4

proximation. T~ Tsw. (2.9

At T=150 MeV the relaxation time turns out to be about 2
fm/c. Since the mean free pakh=c7 in the relativistic limit,

At low temperatures hadronic matter, which mainly con-the result can be compared to the size of the system. Here we

sists of pions, can be analyzed systematically in the frame2SSUMe that the radius of the hot matter would be 5-10 fm.

work of chiral perturbation theory at finite temperature. TheTh'_S implies tha’g pions are in thermal equmb_num |_n_had-
low-energy theorems, which are obtained from current algefon'c matter, mainly due to the two-body elastic collisions.
bra and partial conse,rvation of axial vector curr@PCAQ At temperatures close to the phase transition, other heavy
b . ) ' esons like kaons, vector mesons, etc., become increasingly
can be translated mtolalcorrespondmg set of exact stateme Bundant and reduce the thermalization time even further.
concerning the coefficients of the low-temperature eXpanTy s we conclude that pions can maintain thermal equilib-

sion. Since typical pion energies are of the oréerT at  jm in hot hadronic matter even at comparatively low tem-
finite T, interactions among pions generate power CoMeCheratures. From formulé2.4) we expect a freeze-out tem-
tions, controlled by the expansion parameTér‘ffT, where perature<130 MeV for a small system such as+S or
f,=93 MeV is the pion decay constafit3]. It is therefore ~ S+Au. This is somewhat lower than the values extracted
possible to treat the interaction in low-temperature pion gagrom experiment, which are- 150 MeV. The reason for this
as a perturbation. slight discrepancy is most likely due to the flow generated in
The thermal equilibration of pions at low temperaturesthe reaction, which reduces the effective system size.

will be governed by elastic two-body collisions, We also expect that light vector mesgnsw, and¢ reach
7+ 7— 7+, since inelastic processes contribute in thethermal equilibrium in hot hadronic matter. Ferand w the
next leading order in the low-energy expansion. As long aslominant reactions will be the collisions with thermal pions
we consider elastic two-body collisions, the thermal relax-through heavy resonances such @$p—a;—7+p and
ation time 7y, is given by[14] 7+ w—b;— 7+ w; see Ref[15]. In this reference it has

A. Thermal equilibrium
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also been shown that the various collisions in hot hadronicefer to asrelative chemical equilibrium. Consequently, this
matter make it possible for phi mesons to be in thermal equiprocess and many others of that kind do not drive the system

librium. to absolutechemical equilibrium, i.e.p.=0.
Whenever in the following discussion we refer to a
B. Chemical potential of pions in hot hadronic matter “chemical potential” we actually talk about the fugacity pa-

Bef bark on the di . f chemical _I_brameter,u. Whenever we talk about chemical equilibrium,
elore we embark on the diISCussIon or cheémical équilidy,o ean theabsolutechemical equilibrium. When particles

rlgm twe“srrw]oulq f'lrSt fla;'.f%,,wh?; we B1ean w?en we talrlf such as thep meson and the pions are in chemical equilib-
about a “chemical potential” In the subsequent paragrapnsy; ., ity respect to each other, we will talk aboutedative
Strictly speaking, a chemical potential is associated with

conserved quantity. In the case of pions, the conserved qu hemical equilibrium. After these hopefully clarifying re-

ap. . .
. . arks let us now turn to the calculation of the chemical
tity would be the charge and, therefore, the only “gorOUSIyrelaxation times

defined chemical potential would be associated with the
charge of the piongsand all other particles involved in the
system for that mattgrThis chemical potential, let us call it
Mcharge €NtErs with opposite signs in the Bose-Einstein dis- The characteristic time associated with chemical equilib-
tribution functions form" and«~. In the following discus- rium is determined by a large number and variety of inelastic
sion we will always consider a charge-neutral system andprocesses. The following processes are a subset of possible
therefore, wcparge= 0. reactions in hadronic matter which change the number of
The pion number is not conserved because of possiblpions:
particle and antiparticle productiofr annihilation) due to

C. Chemical relaxation time for pions

the electromagnetic or weak processes. However, the life- (@ wtr=wtrtamtm, (2.8
time of a system created in a relativistic heavy-ion collisions
is too short in order for the electromagnetic and weak pro- (b)  m+m=p,
cesses to be relevant, so that we can safely ignore them from
now on. Let us also assume, for a moment, that the time TrTtT=0,
scale for the strong number-changing processes are long
compared to the lifetime of the system, whereas the elastic mt+p=ay, (2.9
processes, which are responsible for kinetic equilibration, are
fast. In this case, the number of pions does not change, and () wm+m=ptp,
after kinetic equilibrium has been established, the pions are
distributed according to a Bose-Einstein distribution Ttr=nto,
1 T+am=m+a,. (2.10
n(E)=ge—mrm—1 (2.9

In order to estimate the characteristic time scales for

where 1 is now the chemical potential associated with thechemical equilibrium we consider a system slightly out of
conserved pion number. Note that enters with the same equilibrium. For this case the distribution function in phase
sign for all charge states of the pions. In the literature, thePace of the various particles takes the form

factore*'T is often called a “fugacity.” Of course in the true 1

thermodynamic limit where the system has an infinite f(p,x)= —— ,
amount of time to change the number of particlgs=0. exg B, (p"—A")]-1
Therefore, a nonvanishing fugacity parametet 0 is often ) i
referred to as an indication of chemical nonequilibrium. This?erep, is the four-momentum of the particla.(x) and

concept can lead to some confusion, as we shall outline nowf»(X) aré four-vectors constructed from the local flow ve-
First of all, let us stress the difference between what wdOCity U.(X), the local chemical potentigk(x), and the in-

(2.1)

shall calltrue number-changing processes, such as verse local temperaturg(x) = 1/T(x):
TT= T, (2.6 A (X) = p(X)u,(X), (212
and apparentnumber-changing processes, such as Bo(X)= B(X)U,(X). (2.13
TIT=p. (2.7 As explained in the beginning, the nonvanishing chemical

potentialw is the parameter which measures to which extent
As we will demonstrate in the following, the first process the system deviates frombsolutechemical equilibrium.
drives the fugacity parameter to zero, leading to aabso- For simplicity we consider hadronic matter in which all
lute chemical equilibrium. In the second process, on thethermodynamic variables depend only on time and are uni-
other hand, the pions are simply “locked up” in theme- ~ form in space. The change in particle density) (s then
son, but never really disappear. This process ceases to igé&ven by Boltzmann-type rate equatiofis]
effective once 2 ,= u, with . not necessarily vanishing.
Thus, pions ang mesons can be chemically equilibrated dn(t) — on(Ryy— R (2.14
with each other at any value @f,.. This condition we will dt gain~ Rioss) '
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where én is the number of particles changed in the process\umber of pions, i.e., the reactiont+ m=nw+ 7+ 7+ 7. In
andRg,i, andRyssare standard Boltzmann collision integrals this case the gain term, i.e., the term tivatreaseshe pion

for the production and annihilation rates, respectively. number, is associated with the reaction r—7+a+7+7
and the loss term is related to the backwards process. Using
1. Pion gas the relation for the matrix elemeunit,

To be specific, let us consider first hadronic matter at low
temperatures which mainly consists of pions. Since chiral IM(rr—mrmrm)|?=|M(rrrr—am)|?, (2.19
symmetry suppresses the reaction rates for multipion scatter-
ing, we consider an inelastic reaction with the minimumthe rate of change for the pion number is given by

dnﬂ'(t) d3p d3p
at f(27'r)321E1 (277)3552 J_r(ZW)45{4)(pl+p2—p3—..._pe)

an  Mmm— e ~me) | 2{F1(p1) Fa(P2)[ 1+ Fa(pa)]- - - [1+fe(pe)]

—f3(pa)- - - fo(Pe)[1+ fa(p) I[1+fa(P2) 1} (2.16

Here, the pion density .(t) is the sum over all charge states. w(1)=pu, (0)exp( —t/rgp), (2.21
The statistical factos for the initial and final states is given

by 1/2! 41 and the sum is over the isospin degeneracy of allvith

participating particles. In the Maxwell-Boltzmann limit of

the Bose-Einstein quantum statistics, we have 1 4ly(T)
—= . (2.22
dn, Ton Ny
<t — T =2(e2#!T—e*ralTy| (T), (2.17)

The above approximations are nothing else but the well-
known relaxation time approximation andgy, is called the
chemical relaxation time.
For pion gas, the relaxation time has been calculated and
! 2 6 is very large compared to the size of the hot matter produced
X (2m) 48 (p1+pa—ps—- - —Pe) in nucleus-nucleus collisions. This implies that the chemical
equilibrium in the reactionmm=mmmm would not be
X D [ M(mymy— g - - mg)|2e ELTEDIT, re_ached in the expanding hot hadronic matter consisting of
pions only.

where

(2.18 2. Resonance gas

Notice that the number of pions ceases to change if and |n the presence of excited states, i.e., resonances, the
only if u,=0. Thus, the processr+m=m+m+7+7  number of pions is changed by the decay process of reso-
drives the system to aabsolutechemical equilibrium and, nances(and vice versp e.g.,p=1mm, o=nn7mT, a;="7p,
therefore, is a true number-changing process according tand inelastic scattering such asp=mm, Tw="mm,
our previous definition. If we assume that the system is onlyra, = 7, etc.

slightly away from chemical equilibrium, i.ex,/T<1, we (a) Resonance decaykirst we consider resonance de-
may expand the exponentials to first ordegin/T. Also, in  cays. In this case the relaxation time will be inversely pro-
this approximation, for fixed temperature, portional to the decay width. Specifically, in the case of
p=mm we have
0 Ma(t)
n(t)y=n_ 1+T , (2.19 dn_(t)
g - 2e Tt Mig(p=mmT). (223

wheren? stands for the equilibrium density. The above rate

equation(2.17) then reduces to lo(p=a;T) can be related to the decay width of thevia

0 drx
a gy = Aalo(T). (2.20

E
t lo(p=mm;T)= E f( T(p,)fy(p,)~TnY(T),

The solution is given by (2.249
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where the sum is over spin and isospin of vector mesons. 10000

', is the decay width of neutral vector mesons mﬁdndi—
cates the equilibrium density summed over all spin and isos-
pin states. 1000 ¢
Notice that from Eq(2.23 the procesp—= 7 ceases to
change the number of pions onpg=2u .. This may very
well happen at a finite valug .. Consequently this process
does not drive the system intbsolutechemical equilib-
rium, as we have defined it. It rather ensuresetative
chemical equilibrium between mesons and pions, which is
characterized by the conditiop,=2u . Following our
definitions, the procesp—=mm is an apparent number-
changing one, since it only shuffles pions back and forth Yoo 120 140 160 180
from thep resonance. The fact that the pion chemical poten- temperature ( MeV')
tial can take on a finite value means nothing else than the ) o o .
conservation of the pion number in this type of process. FIG. 1. Ch_emlcal relaxation time of pions in hot hadronic mat-
Expanding the distribution functions around treative  ter- The reactionpp— mm (dashed curjg mw— mm (dot-dashed
chemical equilibrium , one can again derive a relaxation tim&urve, ma,«» 7 (long-dashed curyg and mmmar— mar (dotted
TE%' which is a measure of how fast thelative chemical cu_rve) are considered. The solid curve represents the total rele_lx-
I - . ation time. These results are compared with the thermal relaxation
equilibrium between pions angimesons is reached. Follow- time 7, obtained from Eq(2.4)
. ) ; - th A4).
ing the steps of the previous section one finds
chiral Lagrangian with vector and axial vector mesons. The

0
7_relzi n""
T nd+4n)
details are given in Appendix A. All processes included in

at T=150(180) MeV. This is very short, and to a good ap—tr;_? zalculatlon are st.ugwmaArlzed ?jr.]d éesTuItst fEr |_n\;ar|ant amt-
proximation we can assume that pions gndieson are al- Fhl u f?s are preﬁeﬂ eff mt ppe.ntlxd ' ? a ef mto aqcc;lrj]n
ways inrelative chemical equilibrium. e off-energy-shell effects we introduce form factors in the

The same conclusion holds for the deay— 7p since Cﬁlchuﬁti'o? c;f t?ne c:f[)ssns;e::]tlon.l T?er;t?ndfrrd vtvay tcr)] ?/C‘itor;"
Tay.pz=400 MeV. Thus we haveun =, +u,=3u, plis s is to insert a monopole form factor at each verte

in at-channel diagram,
where we usg.,=2u ., . However, the decay rate for omega

100 -

T, (fm/c)

10 -

In order to evaluate the relevant collision integrals, had-

~1(0.4) fmic, (2.29 ronic cross sections have been calculated from an effective

mesons into three pions is too small in order to reathtive A2—m?
chemical equilibrium. Fazﬁ, (2.289

(b) Inelastic scatteringNext, we consider the inelastic
collisions involving resonances such as+w=p+p,
Ttow=mw+m, and w+a;=w+w. Again, the rate of
change of pion density is given byhere in case of

where « indicates a species for the exchanged particle. We
take a value o\ =1.7 GeV forpmm vertices inp exchange
reactions [18] and of m, in pion exchange processes.

+m=p+ ;
mtm=p+tp) Azma11 and 1.7 GeV are taken foa;mp vertices and
dn wp vertices, respectively.
d—:=2(e2“p”—e2“ﬂ”)lo(7-r+ m=p+p:T). In Fig. 1 we show the chemical relaxation times for each

process as a function of temperature. For comparison
the chemical relaxation time corresponding to the reaction

As long as the process— o is fast compared to the one 77T T=TT is also showr[{17]. The total relaxation time
9 P 3 P is determined by including all true pion-number-changing

we are considering here, we can, to a good approximatioi
; ) . X processes w+mw=p+p, wtwm=w+a,;, and wt+m
assume that pions ang mesons are irrelative chemical . :
I . . : =m+a+a+a. The result is given by the solid curve. As a
equilibrium, i.e., u,=2u,. With this replacement, the

. - result of the hadronic resonances, the resulting relaxation
above rate equatl(_)(m.za beco_mes .S'm'lfar 0 Eq2.17 and, time is almost an order of magnitude shorter than that previ-
hence, the chemical relaxation time is given [®ee Eq.

(2.22] ously obtained within chiral perturbation theof%7]. We

' find that the relaxation time is about 1.5 finat T~180
1 Alg(mtme—ptpT) MeV and increases to about 15 firdt T=150 MeV.
-0 e 2.27) At a temperature 0T =160 MeV the total relaxation time
Tch nz is about 7 fm¢, which is comparable to typical system sizes

created in ultrarelativistic heavy-ion collisions involving

The same arguments hold for the processa;=x+ 7,  heavy nuclei such as lead. However, the corresponding tem-
whereas the approximation will be not valid in case ofperature, for which the thermal relaxation time assumes the
7+ w=m+m. For the reactions involvingp mesons we same value ofry,=7fm/c, is considerably low, namely,
assumeu ,~0 to estimate the corresponding contribution toabout 120 MeV. From these numbers we expect that even
the chemical relaxation time of pions. with the inclusion of the resonance chemical freeze-out takes

(2.2
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place before the thermal one. Moreover, the above estimate 100000
has assumed that the resonances are formed instantaneously.
Thus, the chemical relaxation time may be slightly larger
once the formation of the resonances is taken into account
properly.

10000 ¢

1000 |
3. Absorption on baryons

T (fm/c)

Next, we take into account the pion-number-changing 100 ¢
processes involving baryons. The dominant contributions
come from low-lying baryons, like nucleons(938) and 0L
A(1236). Since thé\ resonance decays indb7 with width
I'any=120 MeV, we expect that there will be lative . . ‘
chemical equilibrium with respect to the reactidn—Nm 100 120 140 160 180
With u,=pug+u,. Hereug indicates the baryon chemical temperature (MeV)

potential, associated with the conservation of the baryon o _ _ )
number. FIG. 2. Contribution of baryon-involved reactions to the chemi-

: P : : | relaxation time of pions in hot hadronic matter. Results are
There are also inelastic, i.e., true plon—number—changlng‘?a : .
reactions including baryon resonances, suchNas—=NN. oPtained with yg=176 MeV (dotted curve, SPS 223 Mev
- L ’ (dashed curve, SBS278 MeV (long-dashed curve, SPSand
To estimate the characteristic time scale for the baryon-""" . )
induced inelastic collisions we use a phenomenological us=516 MeV (solid curve, AG$. The dot-dashed curve is ob-
induced n ' ISions we u p g P&ined with finite width ofA resonances witheg=516 MeV.
rametrization for the isospin-averagéth —NN cross sec-

tion [19],

finite delta width in case of AGS experiments by a dot-

2 21 dashed curve in Fig. 2. The effect is, however, too small to
a(NA—NN)=(pf/p})5o(\s), (229 change any conclusion.

wherep; is the momentum in the findlN channel and lll. CHEMICAL EQUILIBRIUM WITH FINITE PION

20 (y/5—2.0152 CHEMICAL POTENTIAL

o Vs)= 0.015+ (\/s—2.0152" (2.30 So far we have considered the characteristic time scale for
' ' chemical equilibration of pions when the system is slightly
out of chemical equilibrium. This is the case either when the

Here s is in GeV, o in mb. Then the time scale, is given

by hadronic system evolves from a fully equilibrated quark-
gluon plasma phase and hadronizes without any changes in

1 1 chemical properties or when the hadronic system directly is

—= —OeZ“B’TIB(T), (2.31) produced in thermodynamic equilibrium state. However, if

Teh Nz the system is out of chemical equilibrium initially, the reac-

tion rate for the pion-number-changing processes will be af-

where we usquy= g+ 1 and fected by the finite pion chemical potential.

e d3p We therefore extend the previous definition for the chemi-
lg(T)= J _Ng _Ag o(NA—NN)p .6 BENTBEs, cal relaxation time to the case with finite chemical potential
(2m)°) (2m)°12 and define
(2.32
1 -1 an(T,u,)
Here the sum is over the spin and isospin for the initial (3.1

= — .0 ,
particles. Ten [N(T,u,)—n*(T)]  dt

Results are shown in Fig. 2. We ugg=176, 223, 278,
and 516 MeV for the baryon chemical potential which are
obtained from the analyses of SPS-energy data on stran
baryon and antibaryon producti¢8,11] and of AGS-energy
reactiong7]. The time scale turns out to be abeufl00 fm/

c even atT=180 MeV except for the AGS experiments.
This is too large to change the number of pions in expanding
hot hadronic matter. For AGS experiments wijiiy=516
MeV we find thatr,~ 10 fm/c at T~ 160 MeV. This implies In the previous section we found that for a pure pion gas
that the baryon effect might be relevant for AGS experimentghe chemical equilibration rate evaluated near chemical equi-
but negligible in case of SPS experiments. In the followinglibrium is too long to be effective. If the system is far away
we therefore ignore the corrections due to the presence dfom chemical equilibrium, then the annihilatidiproduc-
baryons. tion) reaction rates depend on the value of the chemical po-

Including the finite width of delta resonance in the calcu-tential. For the reactionr 77 m— 7 with a finite chemical
lation of the cross sectiom;(NA— NN) [20], the relaxation potential of pions, the chemical relaxation time, E81), is
time is slightly reduced. We show the correction due to agiven by

which is the ratio of the pion-number-changing rate over the
the excesgor lack) of pions as compared to equilibrium. In
9fe limit of vanishing chemical potentigl,,— 0, the result-
ing chemical relaxation time coincides with that derived in
the previous section.

A. Chemical relaxation time of pions: Out of equilibrium
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1000.0 —— . ‘ : 20.0 .
B S T = 140 MeV
---- T=150 MeV
——- T=160 MeV
—— T =170 MeV
100.0 F 15.0 r oMV,

100 b \; s 100 +

1, (fm/c)
T ( fmic)

0.1

100 120 140 160 180 0.0 50.0 100.0 150.0
temperature ( MeV ) u.(MeV)

_FIG. 3. Chemical relaxation time of pions in hot hadronic matter  FIG. 4. Chemical relaxation time of pions in hot hadronic matter
with finite pion chemical potential. The contributions from the re- a5 a function of pion chemical potential. We consider four different

action pp— mw (dashed curyg ma;«<wm (long-dashed curye  temperatures, from tof¥,= 140, 150, 160, 170 MeV.
and mwwm— ma (dotted curve are shown. The solid curve is for

the total relaxation time. The results are obtained with=100

MeV. 1
T_” = 0 (T)(eZMﬂ/T_ e(,uwtual)/T)
ch T
i:_ 2 ezﬂw/T(l_ezﬂﬁ/T) Xlg(ma;= ww;T)/(eMw’T—l), (3.4
Tgh nﬂ'(T)
Xlo(mrma=mmT)/(e!='T—1), (3.2

Where,ua1=3,u,r.

We show the relaxation time with ,=100 MeV in Fig.
where we take the Boltzmann approximation for the distri-3. The total chemical relaxation time farmmm=mm is
bution of pions. The calculated chemical relaxation time isgiven by the sum for all possible channels. With a finite
shown as dotted line in Fig. 3 fqr .= 100 MeV. When the  chemical potential of pions, the chemical relaxation time of
system is out of equilibrium the number-changing procesgions now becomes short compared to the size of the system.
becomes considerably faster — about a factor of 5 afrpys the number of pions would be changed in hot hadronic
T=150 MeV — than in the previous case where the systemMnatter even near the thermal freeze-out temperature. The
was near equilibriuninote the different scale on theaxis  oyersaturated pion number will be reduced mainly by the
of Fig. 3).. However, the reaction rate is still large ComparedreactionSppﬂ 7 and wa,— 7. Especially axial vector
to the size of the systemyg,~10 fm/c at T=180 MeV.  oqons very easily interact with pions and annihilate into
Thus, in a hadronic system consisting of only pions, the,,q hions. However, we should note that the thermal freeze-
: . . g Q)%t temperature is also reduced when we include a finite pion
expansion even if the system is out of equilibrium at thechemical potential 14].

beginning of the evolution. . ; . .
Once we include resonances, additional processes help to With a nonzero pion chemical potential one also expects

change the pion number. Again we assume that decay pr@-n oyersaturation of vector and axial vec_tor mesons with the
cesses such gs—m anda,— mp are fast enough to main- '1alioN w, =24, and ua, =3, respectively. The above
tain therelative chemical equilibrium even if pions have a result, of course, implies that also the number of vector and
finite chemical potential. From E¢2.14 we can see that the axial vector mesons changes as quickly as that of the pions.
pion number is not changed by these reactions. The pion In Fig. 4 we show how the total chemical relaxation time
number will be changed, however, by reactions such as changed with pion chemical potential at fixed temperature.
pp— m and wa;— mr; these reactions actually mean that Even atT =150 MeV, the pion relaxation time is comparable
four pions decay into two pions. The chemical relaxationto the size of the hot system as long as the pions have a finite
time for the corresponding reactions is given by chemical potentialy~7 fm/c at u,=50 MeV. If the had-
ronic system is produced out of equilibrium, for example,
with =100 MeV, the excess of pions will be reduced by
the inelastic reactions involving vector and axial vector me-
sons. These number-changing processes will lead to the de-
crease of the pion chemical potential and finally cease to be
X1o(pp=mm T)l(et=T—1), (3.3  effective as the chemical potential is reduced below a certain

value. Therefore, given a freeze-out temperature of about

150 MeV and 7 fm for the size of the system, we would
with w,=2u,. We also get a similar relation for the expect the pion chemical potential not to exceed a value of
Ta,— T, Mm-=50 MeV.

1 —
eh no(T)

ko

(eZ,u,,,/T_ e2,up /T)
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B. Chemical relaxation time of pions: In equilibrium 150.0

In the previous section we have demonstrated that the
chemical relaxation time depends on both the temperature
and the chemical potential. In order to give a realistic esti-
mate of the chemical relaxation time, one thus needs to know 1000 ¢
the chemical potential as a function of temperature. The cor-
rect treatment, of course, requires the complete solution of
all kinetic equations including the expansion of the system.
This is best done in a transport approach and will be ad-
dressed in a separate work. In order to give a rough estimate
let us separate the problem into two pieces. First of all, we
determine the chemical potential as a function of tempera-
ture, assuming the@bsenceof any number-changing pro- %
cesses. Given that, we can then evaluate the chemical relax-
ation time using our previous results.

In order to determine the chemical potential as a function FIG. 5. Temperature dependence of the pion chemical potential:
of temperature, we assume that the system initigdifter We assume two different initialhadronizatioh temperaturesTy,
hadronizatioh is in chemical equilibrium. We furthermore =180 (lower curvg and 200 MeV(upper curve.
ignore all true number changing processes. In this case we

have only two possible reactions in the hadronic phase: elas- Assuming that the ratio of entropy density of the system
tic pion Scatte“ng which maintains the thermal equ|l|br|umt0 effective pion number density is constant throughout ex-

and the decay of the excited states, eg-7m and  pansjon, we can obtain the temperature dependence of the
a;—mp. The local configuration of pions is then described ion chemical potential as shown in Fig.[81]. Here we

by temperature and a single chemical potengial take two different initial (hadronization temperatures
Since the system still remains in thermal equilibrium, theT ~180 and 200 MeV, where the chemical potential is as-
state can be characterized by a maximum of the entropy CO%’Smed to be zerqu :d
+=0.

sistent with the conservation laws of energy and momentum With the temperature dependence of the pion chemical

?CS ci)fereleigﬁ?;uprﬁ{)tleil.ecr?:nm?ners. rsc;ggses\gse ?heiglﬁﬁt I?;S,'[ﬁ hotential we can calculate the total chemical relaxation time
€. P anging, proc ' P ased on the reactionsrmmm— ww, pp— 7w, and
entropy as well as the pion number is conserved in the ex:

pansion. Thus one can assume that the ratio of the effectival” 7™ We show the result in Fig. 6. At the initial tem-

) gt perature we, of course, have the same value for the chemical
pion number densityr ;=n;+2n,+3n, +--- 10 eNropy  rejaxation time as that obtained in the limit,—0. As the

density s remains constant during the expansion after hadsystem expands and pions develop the chemical potential the

Ty=200 MeV

Th=180 MeV

K, (MeV)

50.0

50 1(|)0 1.‘I':O 200
temperature (MeV)

ronization until freeze-out, relaxation time become shorter than that obtained near equi-
librium (as shown by dotted line We find that thery, is
2 const. (3.5 reduced by half af =150 MeV (ry~7 fmic) due to the
n, pion chemical potential. However, even with the induced

pion chemical potential the chemical relaxation time is con-
As a result of keeping/n_ﬂ constant, the chemical potential siderably larger than the thermal relaxation time at the same
will rise. This is so because of the overpopulation of pionictemperature.
states due to the decay of the resonances. It has been esti-
mated that the pion chemical potential is about 86 MeV at
the freeze-out temperatuig =100 MeV [21]. To be spe-
cific, we assume that the particles are distributed according

10000

to 1000 F
gi _
fi_exp(Ei—,ui)/T— 1’ 3.6 2
wherei=,p,a;, ... andg; is the spin and isospin degen- &

eracy factor andE;= \/p®+ m? . The entropy density is given
by

aP
S: —

) (3.7 100 120 140 160 180
= const temperature ( MeV )

where the pressure is

d*p mi—Ej
P=—TZi gif—g(zw) In[l—ex;{ T

FIG. 6. Chemical relaxation time of pion(solid curve with
pion chemical potential shown in Fig. 3. Here we assume that
)] (3.9 T,=180 MeV. The result is compared with the one obtained with
m-=0 (dotted curve
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IV. SUMMARY In conclusion, we predict a considerable difference be-

tween the chemical and thermal freeze-out temperatures. The

We have studied the thermal and chemical relaxation ime,, ot \which this is reflected in the data needs to be investi-

scales of pions in hot hadronic matter with an effective Ch'ralgated within a transport calculation. At the same time, a

Lagrangian. From the explicit calculation we show that pionsou”dup of a pion chemical potential larger than 100 MeV

in hot hadronic matter are in a phase where elastic collisiong;qyid be very difficult to understand in hot hadronic matter

rates are very fast compared to typical expansion rates of thgith a size of about 5-10 fm.

system. For chemical equilibration the dominant contribution  Fyture work will concentrate on a transport theoretical

comes from the inelastic collision involving; mesons. calculation of the chemical equilibration. We also plan to

Comparing with previous calculatiojd7] based on chiral extented the present study to include reactions involving

perturbation theory, the inclusion of the resonances has restrange particles.

duced the chemical relaxation time by about a factor of 10.
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effects which lead to smaller effective system sizes. If we

take the thermal freeze-out temperature to be about 150 APPENDIX A: EFFECTIVE CHIRAL LAGRANGIAN

MeV, then the freeze-out size of the system would be 2-3 . . . . .

fm. On the other hand, the chemical freeze-out temperature We pon5|der an effect_lve Ch'“'?" Lagrgnglan with vector

for a system of this size would Be= 180 MeV. This implies a_nd axial vector meson fields which are introduced as mas-

that chemical freeze-out of pions happens at considerabl?'ve Yang-Mills fields[22],

higher temperatures than thermal freeze-out. This result is =, , wt 1 F1 e 152 +

somewhat at variance with the findings[8£9], where pion L=3f7TD,UDAU ]+ 3f2TIM(U+UT=2)

;pectra and particle abundanc_e; could be reproduced, assum- _ ITHFL Fler4 R FRMV]_’_mgTr[ALAL#_’_ARARM]

ing the same freeze-out conditions. In order to properly as- my wy # r

sess the magnitude and importance of this discrepancy, a —i§Tr[DMUDVUTFL/”+ DMUTDVUFR“V]
detailed transport calculation including all the number- L -
changing processes presented here is needed. +oTrF, UFTUT], (A1)

We also have studied the effect of baryons on the chemi-
cal relaxation time of pions. Since the effect of baryons iswhereU is related to the pseudoscalar fielgsby
suppressed by their large mass, we consider only low-lying
baryonsN(938) andA(1236). To estimate the relaxation /2
time we use the phenomenological cross section for U=expi f—d?
NN=NA. The effect of baryons is very small and can be i
neglected in SPS experiments. However, it becomes impor-

L R : .
tant in AGS experiments where the baryon chemical poten@1dA.(A,) are left-(right-) handed vector fields. The cova-

3
Ta
, ¢—a§l %E, (A2)

tial is much larger than that in the SPS experiments. riant derivative acting ot is given by
We have extended the definition for the chemical relax- L ) R
ation time to a system of pions out of equilibrium with, D,U=d,U-1gA,U-IgUA,, (A3)

#0. At T=150 with ©,=50 MeV the relaxation time is LR ) )
about 7 fmé which is certainly comparable to the system andF,,(F,) is the field tensor of leftfright-) handed vec-
size. Thus even &t=150 MeV it is possible that the number tor fields. TheA';L andAﬁ can be written in terms of vector
of pions will be changed by the inelastic reactions involving(V,) and axial vector fields4,) as
vector and axial vector mesons as longigs=50 MeV.
In order to make contact with reality, we have determined A';L= %(VM—AM), A/Ff= %(V#+AM). (A4)
the pion chemical potential as a function of temperature, as-
suming isentropic expansion, while ignoring number-With parametersg=10.3063, 0=0.3405, and¢é=0.4473
changing processes. Based on this relation, we could give [23] we can well describe the properties of vector and axial
somewhat more realistic estimate of the actual chemical revector mesons.
laxation time. As the system expands and pions develop the From the Lagrangian we have
chemical potential the relaxation time becomes shorter than
that obtained near equilibrium. If we take the size of the . ig igd
system as about 5-10 fm, the inelastic reactions are effectiveC§/£¢=?Tf5M¢[V“, ]+ o2 9.V, =d,V,) 0" d" b,
at T=140-180 MeV and reduce pion chemical potentials. v
We therefore expect that the chemical potential at freeze-out _
will be smaller than the value which has been obtained with- E{,3\}V=ETr(a V,— .V, VAV,
out taking number-changing processes into account. 2 I
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(@ ® © (@) (b) ©

FIG. 7. Diagrams for the reactions™+x —p*+p~ and . F|GO- 8. ?am? as Fig. 7 for the reactions + 7~ — p°+ p® and
't + 7%= p*+ p°. Dashed line and solid line indicate the pionand 7 + 7 —p " Tp .
p meson, respectively.

_< 392_2 Al10
@ 191 o 9o~ 1627, )" (A10)
Lyas= 2 {mTr(9,V,—ad,V, ) [A*,d"¢]

T 7,TH( A~ 0, AV, S1}, (AB) APPENDIX B: INELASTIC CROSS SECTION

where 8, 7,, and 7, are given by the parameters in the In this appendix we summarize the invariant matrix ele-
Lagrang’ian ,and have the values 0.347. 0.279 and 0.0efnent for each inelastic collision considered in Sec. II C. The
respectively. ' ’ interaction for each process is obtained from the effective

For the four-point vertex we have Lagrangian.

£l LTV, 617+ S0V~ 3V Lmramete
Voo 89 r[ ;/,!d)] fi— r[( AR v ,u,)d) a 7T++77_—>p++p_,77++710—>p++p0

X (V"= p—(3,V,— N ) > $?] The related diagrams are shown in Fig. 7. The explicit
expression for the invariant matrix element for each reaction
Co ’ is given b
T3,V =0V, (7 GV, 6] Jwen By
m 2
Cyo M@= i(l— f) szzfﬂ(ps)g(pﬂ
+[V#=¢]ay¢)]+ f—zTr[V#,Vy](?“qSﬂ”d), \/E 2 (pl_pB)z_mﬂ' P P ,
™ (B1)
(A6) ,
and also have M= i) ! 2/1_ 52(p1+ pz)z)
V2) (pr+p)?—m2l " 2m?
dg —0)-(Dam _
CX‘;3=ETrAM(¢26“¢—2¢&”¢¢+ I b p?) X[(P1=P2) (P3=Pa)9uT 2P4,(P1,— P2,)
q q —2(P1u— P2,)P3,] €, (P3)€,(Pa), (B2
+ f—gTr[AM 0, b0, " ]+ f—sTr(&MAV— a,A,) . ‘. .,
M“):i(—) { 14457 Pg Pa= 27z (P1 Pat P2 P3) |G,
X(3"p" = b b ), (A7) V2 ” -
wherec’s andd’s are given by the parameters in the La- _42 +23 +
grangian. With parameters given in RE23] we have the fip““pgv fi(p“”pl" P2uPsy

values 0.00497 and-0.00408 forc, and c,, respectively,

andd;=—2.08,d,=0.078, andd;= —0.0147. —P1.P2sF P2uP )] €“(p3)€”(Pa) (B3)
We also include the gauged Wess-Zumino term in the Lufy T R2uLvI [ Bp T RS9I ot

effective Lagrangian to describe the non-Abelian anomaly . . _ .

structure of QCD24], which leads to an anomalous interac- Wherec, andc; are given in the previous section.

tion among a pseudoscalar meson and two vector mesons, The invariant scattering matrix element is then given by

the sum as
Lyyp=— 39° e*"FTr(a, V, 0,V gP), (A8)

BT 1ey2nt, e N
where **F is the antisymmetric Levi-Civitdensor with ... = \\
€"%=1. From Eq.(A8) we have @ ® ' ©

Lymp=—0,€""**3,0,0,p5 T, (A9) FIG. 9. Diagrams for the reactiomw— 7. Dashed line, solid

line, and double solid line indicate the pighmeson, and» meson,

with respectively.
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(a) (b) © (a) ) (©)

FIG. 10. Dlagrams for the reactions” +a%— %+ " and FIG. 11. Same as Fig. 10 for the reaction$ +aj — 7°+ «°
m*+a; — 7"+ 7 Dashed line, solid line, and double solid line andm " +aj —a"+x"
|nd|cate the pionp meson, andi; meson, respectively. 2wt mo Tt o
The related diagrams are shown in Fig. 9. The explicit

M(mr+a —=p +p ) =M(m"+ 70— pt+p0) expression for the invariant matrix element is

=M@+ MO+ MO, (B4) M(m+m—m+0)= M+ MO+ MO (BY)
where
b.wt+a7 —p°+p° 70+ n7'—pT+p~
The related diagrams are shown in Fig. 8. The explicit ~ , @_; ( 2)
expression for the invariant matrix element for each reaction SN 2 j(pl Pa)
is given by (Dist Do) )
« hvab Piat P3a pl,e p3ﬁ €2(P4)Pay
T sS\12 a4 (P1—P3)? mp
—1 9 P1.P2y
M= _( 1— _) e L €’ ' (B10)
2 -\/E 2 | (pl_p3)2_mi’ p(p3) p(p4)
(B5) _ g )
M(b)zlgwpwﬁ 1_W(p3_p2)2)
—ifaf, o\ 4pyp ( ) )
MO = _(1__) ALY eM(a) €Dy, wvap P3a™ P2s)(P1p— p4,3
2 -\/E 2 ] (p3_p2)2_mi p(p3) p(p4) XE (pl ) mp (p4)p4V'
B6
(B6) (B11
g\® c ¢ MO =i 9 (1= 2 (pytpy)?
. 1 2 — i P
M(C):I(E) 1447 P Py 12 (P1+P2)° |G 'Gopn 5| 17 gz (PrP2)
(P1a— Pza)(p15+ p2ﬁ)
Cq Cy v X nvapB
—4f—2p4ﬂpsv+2f—2p4upsy] ei(ps)ey(p).  (BT) T it PP
(B12)
The invariant scattering matrix element is given by 3. mta—ata
a.n++a2—>n°+n+, mt+ai—sat+a
M(mt+ 7 = p%+ p0) = M7+ 7= pT+p7) The related diagrams are shown in Fig. 10. The explicit
expression for the invariant matrix element for each reaction
=M@+ MO+ MO, (B8) is given by

ma=—| L 23 - /1— i (P1—P3)? |{[71P4- (P1—P3) — 72P2- (P1—P3)1(P1,+ Pau)
\/E fw(p1_p3)2_m§\ Zmi 1 3 71P4 1 3) ™ M2P2 1 3 1u 3u
~[71Pa- (P1+P3) = 72P2- (P1+P3)1(P1,— P3,)t €5 (P2), (B13
2
w9} 1 1 [,__% 2 . . -
M 2) T (p1+p2)2—m2\1 2m2(p1+p2) UL 71P1- (P1+P2) + 72P2- (P1+ P2) 1(P3,— Pay)
w o o

—[71P1-(P3—Pa)+ 72P2- (P~ Pa) 1(P3,+ Pay) €5 (P2), (B14)
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1
M(C):f—a‘{(Zdlffﬁ 2d,p3- Pa—2d3py- P3) P4 — (2d;F2—2d,p; - p3— 2d3p,- Pa) P

+[4d,f2—4d,p; - pa+2d3(p1—Pa) - P2l pé‘}egl( P2), (B15)

whered;’s are given by parameters in the Lagrangian. See Appendix A.
The invariant matrix element is given by

M(rt+a)— 7+ mH)=M(m+a; -7+ 7 )= M@+ M+ MO, (B16)

b.mt+a] >+ w7, mt+ai st +mt

The related diagrams are shown in Fig. 11. The explicit expression for the invariant matrix element for each reaction is
given by

wo (Q)L s
M \/5 f (pl_ps)z_mz\l 2m2(p1 P3)° [{[ 71P4- (P1—P3) — 72P2- (P1— P3) 1(P1,+ P3,)
w o o
—[71Pa- (P1+P3) = 72P2- (P1+P3)1(P1,— P3,)} €5, (P2), (B17)
2
w__[9] L 1 (1= % 2 (D=0 — Do (e —
M 7| T (pl—p4)2—m2\ 2m2(p1 P4)° {[ 71P3" (P1—Pa) — 72P2* (P1— Pa) 1(P1.t Pay)
w o 3

~[71P3- (P1+Pa) = 72P2- (P1+Pa) 1(P1,— Pay) €5 (P2), (B1y)

1
MO = {[40f7+4dp3- = 2d5(pa-+ P3)- P2IPS — (= 2017 +20,p; - pa—2dsps - p2)Ps

—(—2d;f%+2d,p; - ps—2dsps - p2) P4} €k (P2).- (B19)

The invariant scattering matrix element is given by

M(mt+a; — 7+ 70 =M(m"+a -7+ 7" )= M@+ MO+ MO, (B20)
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