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Quasielastic knockout of alpha clusters by intermediate energy protons:
Signatures of virtually excited states
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The long-standing problem of experimental signatures for clustering effects in light nuclei is discussed for
the conditions corresponding to a recent experiment. The specific reaction12C(p,p8a)8Be at incident proton
energy 300 MeV and fixed proton and alpha-particle angles near the quasielastic peak is discussed. The
Glauber approximation with a simple parametrization of the elementary nucleon-nucleon amplitude is used for
calculating the cross section. The main emphasis is on the existence of virtually excited cluster configurations
and their manifestation in experimental observables. The shell model wave function of the12C ground state is
used to extract the weights of excited cluster components and to calculate their contributions to the cross
section. The presence of several excited components and their complicated interference influence the shape and
the height of the quasielastic peak; the change can reach an order of magnitude. It is shown that the cross
section for cluster emission with the excitation of8Be into the first excited 21 state is small as compared to the
process leaving8Be in its ground state.@S0556-2813~97!02701-5#

PACS number~s!: 21.60.Gx, 24.10.Eq, 25.40.Ep
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I. INTRODUCTION

Experimental studies of quasielastic cluster knockout
actions using coincidence methods have been condu
since the 1960’s@1–3#. Such investigations are usually mo
tivated by the following considerations.

At sufficiently high energies the experimental data rev
a direct reaction mechanism in which the incident parti
interacts mainly with the knocked out cluster and the resid
nucleus is simply a spectator. Thus it is hoped that from s
investigations it is possible to extract information abo
spectroscopic factors of clusters in nuclei. The spectrosc
factor is simply the probability of finding the cluster insid
the nucleus.

Along with the spectroscopic information, it is possible
deduce the momentum distribution of the knocked out cl
ter in the target nucleus, due to the relative simplicity of t
reaction mechanism.

The last statement assumes that the theoretical interp
tion of the experimental data allows us to separate effect
the reaction mechanism and nuclear structure on the c
section.

In the early stages the experimental data were analyze
the framework of the plane-wave impulse approximat
~PWIA! @4#. This very simple but efficient approach perm
us to single out the ‘‘structure’’ factor in the triple knocko
cross section. This factor can be calculated with one of
standard nuclear models. For the light nuclei it is natura
employ different variants of the shell-model description.
early as 1960, Balashov, Boyarkina, and Rotter predicted
a-particle momentum distributions in12C and 16O nuclei,
using the usual fractional parentage techniques@5#. At nearly
550556-2813/97/55~1!/302~16!/$10.00
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the same time Beregiet al. @6# calculated the ‘‘effective
numbers’’ of a clusters in various nuclei using fractiona
parentage coefficients~fpc’s! in the translationally invariant
shell model~TISM!. Nevertheless, direct comparisons of t
theoretical predictions with experimental data revealed
inadequacy of the PWIA scheme even at rather high ener
~the most impressive test was made in@7#!. Therefore in
most cases the experimental data have been analyzed i
framework of the distorted-wave impulse approximati
~DWIA ! @8,9#.

There is no doubt that the DWIA method as a subsidi
tool for the classification and ordering of experimental kno
out data is more appropriate than the PWIA@7,10–13#. It
also possesses predictive power and may be used as a g
post in designing subsequent experiments. However the
rect extraction of spectroscopic information and moment
distributions of knocked out clusters from experimental d
even within the DWIA framework is not completely just
fied. The reasons for this conclusion are the following.

~1! There are several fairly severe approximations ev
in the most refined DWIA variants@9#. They relate mainly to
obtaining a factorized form of the reaction cross section. T
simple factorized form of the cross section used, as a rule
extracting spectroscopic information from experimental d
imposes strong restrictions on the states of the knocked
cluster inside the target nucleus. Almost all standard DW
calculations are based on the assumption that the clust
already preformed inside the target in its ground state. Th
reasonable at relatively small projectile energies when
scattering of the incident particle off the cluster takes pla
in the surface region of the target. As the energy of
projectile increases, the probability of scattering by clust
deep inside the target nucleus increases too. There is no
302 © 1997 The American Physical Society
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55 303QUASIELASTIC KNOCKOUT OF ALPHA CLUSTERS BY . . .
son to expect that a cluster knocked out from deep inside
target nucleus has the same internal state as a free clu
The only justification for such an assumption is the desire
simplify the theoretical calculations.

~2! As a result of the quasielastic knockout reaction
have in the final state three or more interacting partic
Thus it is necessary to solve at least a three-body proble
order to correctly take into account the final-state inter
tions. The rigorous solution of the three-body problem
possible in principle, for example, in the framework of t
Faddeev orK-harmonic approaches. But such a solution a
pears so complicated and cumbersome that the possibilit
obtaining spectroscopic information from experimental d
is questionable. Instead of the strict solution of the thr
body problem, most versions of the DWIA use the so-cal
‘‘pair approximation’’ replacing the true many-body intera
tions by pairwise interactions. Each pair of interactions m
then be described in an optical-model approximation. Ho
ever for some particular cases this approximation is hard
justify. For example, for the quasielastic knockout react
12C(p,p8a)8Be, the replacement of the true three-bo
strong interaction by three two-body strongly interacti
subsystems~p-a, p-8Be, anda-8Be! seems questionable. A
is known, 8Be is a radioactive nucleus and has a very sh
lifetime, disintegrating into twoa particles during a time
comparable to characteristic reaction times. Thus a fo
body final state results.

~3! The optical-model description of nuclear pairwise i
teractions in the initial and final states requires the kno
edge of the corresponding optical potentials. They may
deduced from elastic scattering data for stable nuclei, but
for such systems asa-8Be andp-8Be. The only source for
such potentials is DWIA calculations for different transf
reactions. For example, for the above-mentioneda-8Be sys-
tem one can consider the reaction11B(p,a)8Be and obtain
the optical potential in the final state by fitting the expe
mental reaction cross sections. However such methods in
duce additional uncertainties into the interpretation of kno
out data.

Despite the limitations of the DWIA method, it remain
the most flexible tool for interpretation of experiment
knockout data. It is worthwhile to attempt to improve it, wi
a view to eliminating at least some shortcomings of t
method. This paper pursues the goal of removing the res
tion of the standard DWIA method to a definite choice of t
state of the cluster in the target nucleus. At the same time
purpose of this work is to try to find signatures of the s
called ‘‘virtually excited’’ @14–16# clusters in relatively low-
energy quasielastic knockout reactions.

As the first attempt of this kind, our approach lacks co
plete rigor. Until now the theoretical treatment of simil
reactions was undertaken mostly at high energies of the
cident proton and at very large momentum transfer@15,16#.
Then it is natural to apply a relatively simple Glauber d
scription @17# of the reaction mechanism. Moreover, in th
case, contrary to the low-energy region, one may use
unique parametrization of the elementary nucleon-nucl
scattering amplitudes@18# significantly simplifying the con-
sideration. A particular12C(p,p8a)8Be quasielastic knock
out reaction was the most thoroughly analyzed in this w
@15#. Unfortunately, up to now experimental investigatio
e
ter.
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of this and other quasielastic knockout reactions at high
ergies have not been carried out. Recently measurem
with polarized protons at comparatively low incident energ
Ep5296 MeV, on the targets6Li, 7Li, 9Be, and12C, and at
different proton scattering angles,up535°, 45°, and 55°,
were performed in Osaka@19#. The analysis of the results i
under progress. The present work is an attempt to estim
the role of structure effects, including those of virtually e
cited clusters, for those experimental conditions. We lim
ourselves to consideration of the reaction12C(p,p8a)8Be.

II. DESCRIPTION OF THE FORMALISM

The formalism used for the description of quasielas
knockout reactions may be divided into parts relating to
nuclear structure and the reaction mechanism~as in the usual
DWIA method!. The nuclear structure part is the centr
point of this work, and we attempt to make as few appro
mations and restrictions as possible. All simplifications us
will be carefully examined and discussed. For the react
part we deliberately choose the Glauber eikonal appro
@17# for description of the proton-a cluster interaction, with a
view to simplify our calculations. The Glauber approxim
tion in the real experimental situation is somewhat doub
due to relatively small energy of the initial projectile, 29
MeV, and the large proton scattering angles, 35° and 4
Nevertheless we hope that the results of our treatment wil
reasonable, at least concerning the relative contribution
virtually excited clusters to the reaction cross section. In
dition, it is possible to introduce a number of correctio
@33,20–25# to the standard eikonal approximation, extendi
the bounds of its applicability.

A. Kinematics

We assume the kinematical conditions of the Osaka
periment. The initial proton beam energy is 296 MeV, t
knockout cross section is measured in coincidence for
coplanar laboratory geometries: the emission angles for fi
proton and alpha cluster, respectively, are~i! up535° and
ua565.75°; ~ii ! up545° and ua559.83°. The angles are
fixed in all our calculations~the polar axis corresponds to th
incident proton beam!. The coincidence cross section wa
measured as a function of the scattered proton energy. Fi
1 shows the geometry of the experiment and defines the
tations.

FIG. 1. Geometry of the experiment. The notations of the m
menta arep0 ~incident proton!, p08 ~scattered proton!, pa ~emitted
alpha particle!, 2q ~recoil 8Be nucleus!, p5p02p08 ~proton mo-
mentum transfer!; the anglesup andua correspond to the direction
of the final proton and alpha particle, respectively.
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304 55ALEXANDER A. SAKHARUK AND VLADIMIR ZELEVINSKY
We use a fully relativistic kinematic description in th
laboratory frame. This is quite necessary with respect to
incident and scattered proton, but less important for tha
cluster and especially for the residual8Be nucleus, at least in
the region of the quasielastic peak.

Energies of the emitteda cluster corresponding to differ
ent values of scattered proton kinetic energyEp at up535°
vary almost linearly from 80 MeV atEp5200 MeV to zero
at the kinematical boundary close toEp5278 MeV. In the
region of our main interest, the quasielastic peak, the typ
energies ofa clusters range from 7 to 40 MeV. The energ
of the residual8Be nucleus is shown in Fig. 2. The positio
of the quasielastic peak of the cross section is clearly see
the point where the momentum of the residual nucleus
zero. This corresponds to the energyEp5260 MeV of the
scattered proton. On the next picture~Fig. 3! one can see the
angle of flight of the residual nucleus. It is interesting that
the point corresponding to the quasielastic peak,;90°, this
quantity changes irregularly.

B. Reaction mechanism

The triple cross section for the12C(p,p8a)8Be knockout
reaction is computed in the usual way@26#:

ds

dE8dVp8dVa
5

mp

~2p!2
paEap08E8

p0
uTf i u2. ~1!

FIG. 2. Energy of the residual8Be nucleus vs energy of th
scattered proton forup535°. The quasielastic peak corresponds
Ep5260 MeV.

FIG. 3. The angle of the residual8Be nucleus vs energy of th
scattered proton forup535°.
e
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Here we introduce the following notations:pa , p08 , and
p0 are the momenta of the knocked outa cluster, scattered
proton, and incident proton, respectively;Ea andE8 are total
energies of thea cluster and scattered proton (Ea

5Apa
21ma

2); mp is the proton mass; andTf i52(2p/m)gf i
is the transition amplitude wherem is the proton-cluster re-
duced mass. The eikonal scattering amplitude is

gf i5
ip0
2p E dr exp~ ip•r!^C f uV̂uC i&. ~2!

Here p5p02p08 is the momentum transfer;r is the two-
dimensional impact parameter vector in the plane perp
dicular to the direction of proton motion;C i is the initial
wave function of the target nucleus; andC f is the final wave
function of the systema18Be.

The Glauber operatorV̂

V̂5(
j51

4

v̂ j2 (
15 j,k

4

v̂ j v̂k1 (
15 j,k, l

4

v̂ j v̂kv̂ l2)
j51

4

v̂ j

~3!

describes the scattering of the incident proton by the nu
ons of thea cluster, for all possible multiplicities. In terms o
the elementary scattering amplitudef ~p!, corresponding to
the scattering of the incident proton by the individual nuc
ons with the momentum transferp,

v̂ j5
1

2p ip0
E f j~pj !exp@2 ipj•~r2rj !#dpj . ~4!

For the sake of simplicity, we have omitted the formul
which take into account corrections@21,22# to the standard
Glauber approach. But our actual calculations were m
with these corrections.

C. The PWIA approximation

1. Initial wave function

Before using the DWIA scheme, let us examine the si
pler PWIA approach. It gives the nice possibility to intro
duce the refined nuclear structure consideration without c
plications connected with the reaction mechanism.

The initial shell-model wave function of the targe
nucleus is taken in the intermediate coupling scheme

C i5 (
$@ f #,L,S%

a@ f #LS
A,JT uA@ f #NLST:J,MJ ,MT&. ~5!

Here A512 is the target mass number, [f ] is the Young
scheme defining the spatial symmetry of the each compo
of the total wave function,N is the number of oscillator
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55 305QUASIELASTIC KNOCKOUT OF ALPHA CLUSTERS BY . . .
quanta for a given configuration, and the total angular m
mentum J5L1S. We have the following possible set o
components $[ f ],L,S%5$([44]00),([431]11),([422]00),
([422]22),([332]11)% @27#. In the Young schemes only th
p-shell parts are shown to avoid excessively complicated
tations. In Table I one can see the main components of
wave function of the12C ground state along with their cor
responding amplitudes.
ti
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-
o

-

-

o-
e

Each component of Eq.~5! possesses good quantum num
bers and may be presented as a superposition of produc
the wave functions for the internal states of the cluster~b
particles, N0 oscillator quanta! and the residual nucleu
~A2b particles,N1 quanta! and their relative motion with
n5N2N02N1 oscillator quanta and the relative orbital m
mentumL. Using the fractional parentage technique in t
TISM @14# we obtain
uA@ f #NLST:J,MJ ,MT&5( ^Aa@ f #NLSTuA2b@ f 1#N1L1S1T1 ;nL,b@ f 0#N0L0S0T0$L%&~21!L1L01 j1S0

3A~2J111!~2 j11!~2L11!~2S11!~2L11!~2J011!

3H L1 S1 J1

L S0 j

L S J
J H L L0 L

S0 j J0
J (
MT1

,MT0

~T1MT1
,T0MT0

uTMT!

3 (
ML0

,MS0
,MJ0

,ML ,mj ,MJ1

~L0ML0
,S0MS0

uJ0MJ0
!~J1MJ1

, jmj uJMJ!

3~LML ,J0MJ0
u jmj !unLML&uA2b@ f 1#N1L1S1T1 :J1MJ1

,MT1
&

3ub@ f 0#N0L0S0T0 :ML0
MS0

,MT0
&. ~6!
ns

to
-

ne
e-

-

The first sum is taken over possible quantum numbers [f 0],
N0 , L0 , S0 , T0 , J0 of the cluster, [f 1], N1 , L1 , S1 , T1 , J1 of
the residual nucleus, and the quantum numbers of rela
motion n, L. We use the following scheme of isospin an
angular momentum coupling:T11T05T, L01S05J0,
L1J05j , J11j5J. The first factor in Eq.~6! is the fpc in
TISM, and the others are the usual Clebsch-Gordan co
cients, and 6j and 9j symbols which, together with all alge
braic factors, appear as a result of conversion from the c
pling schemeT11T05T, S11S05S, L1L05L, L11L5L ,
L1S5J, for which the fpc in TISM are usually defined@14#,
to the one used above.

TABLE I. The components of the12C ground-state wave func
tion.

[ f ] L S a@ f #LS
12,00

@44# 0 0 0.84
@431# 1 1 0.492
@422# 0 0 0.064
@422# 2 2 20.2
@332# 1 1 0.086
ve

fi-

u-

2. Final wave function

The final state wave function

C f
~2 !5Â@exp~ ipa•Ra!exp~2 iq•RA2b!

3C f
A2bu4@4#0000:000&] ~7!

is the antisymmetrized product of the internal wave functio
of the emitteda clusterub54[4]0000:000& and the residual
8Be nucleusC f

A2b, and the plane waves corresponding
their free motion. The vectorq defines the momentum dis
tribution of the virtually exciteda clusters in the12C target.
For the internal wave function of the residual nucleus o
can again use the shell-model wave function in the interm

TABLE II. The components of the8Be ground-state wave func
tion.

[ f f ] L f Sf a@ f f #L fSf

8,00

@4# 0 0 0.985
@31# 1 1 20.171
@22# 0 0 20.033
@22# 2 2 20.019

@211# 1 1 0.011
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306 55ALEXANDER A. SAKHARUK AND VLADIMIR ZELEVINSKY
diate coupling scheme. We consider here only the gro
stateJp501 and the first excited stateJp521 of 8Be with
the excitation energy 2.9 MeV which might not be resolv
in the real experiment. The amplitudes for these states,

C f
A2b5 (

$@ f f #L fSf %
a

@ f f #L fSf

A2b,JfTf

3uA2b@ f f #NfL fSfTf :Jf ,MJf
,MTf

&, ~8!

are shown in Tables II and III@27#, for the ground and the
first excited state, respectively.

The antisymmetrization operatorÂ may be removed due
to the antisymmetry of the initial- and final-state wave fun
d

-

tions and symmetry of the interaction operator. It produc
the usual combinatorial factor. The exponential factor in E
~7! may be rewritten as exp~2 ipa•Ra!exp~iq•RA2b!
5exp~2ip•Ra!exp~iq•R!, whereR5RA2b2Ra is the rela-
tive coordinate of the residual nucleus and the knocked oua
cluster.

3. Transition probability

Taking into account the explicit form for the relative mo
tion wave function unLML&5wnL(R)YLML

(R̂) and inte-
grating over angles of the relative coordinateR, we obtain
for the eikonal scattering amplitude~2!
gf i5
ip0
2p

4p (
$@ f #L,S%

a@ f #LS
A,JT (

$@ f f #L fSf %
a

@ f f #L fSf

A2b,JfTf3( ^Aa@ f #NLSTuA2ba1@ f 1#N1L1S1T1 ;nL,b@ f 0#N0L0S0T0$L%&

3~21!L1L01 j1S0A~2J111!~2 j11!~2L11!~2S11!~2L11!~2J011!H L1 S1 J1

L S0 j

L S J
J

3H L L0 L
S0 j J0

J (
MT1

,MT0

~T1MT1
,T0MT0

uTMT!iL (
ML0

,MS0
,MJ0

,ML ,mj ,MJ1

~L0ML0
,S0MS0

uJ0MJ0
!~J1MJ1

, jmj uJMJ!

3~LML ,J0MJ0
u jmj !WnLYLML

~ q̂!Bf i~p!^A2b@ f f #NfL fSfTf :Jf ,MJf
,MTf

uA2b@ f 1#N1L1S1T1 :J1MJ1
,MT1

&.

~9!
al
ha
f
-

ion

c-
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er-
rget

the
Here

WnL5E
0

`

R2 jL~qR!wnL~R!dR. ~10!

We have also introduced the factor

Bf i~p!5E dr exp@ ip•~r2Rb!#3^4@4#0000:000uV̂ub@ f 0#

3N0L0S0T0 :ML0
MS0

,MT0
& ~11!

TABLE III. The components of the 21 wave function in8Be.

[ f f ] L f Sf a@ f f #L fSf

8,00

@4# 2 0 0.985
@31# 1 1 0.096
@31# 2 1 20.126
@31# 3 1 20.063
@22# 0 2 0.01
@22# 2 0 0.013
@22# 2 2 0.015

@211# 1 1 0.009
that describes the scattering of the projectile on thea cluster
with the possible transition of the cluster from the initi
intrinsic state into the final state of the real emitted alp
particle. In the nondiagonal case~with respect to the state o
the a cluster, fÞ i ! we call this factor the deexcitation am
plitude.

Assuming unpolarized protons and nuclei, the express
for the transition probability, the square ofgf i averaged over
the projections of initial nuclei and summed over the proje
tion of final nuclei, takes the form

ugf i u2}( WnLWn8L8YLML
~ q̂!@YL8ML8

~ q̂!#*

3Bf i~p!@Bf i 8~p!#* . ~12!

Here theBf i 8(p) differs from theBf i(p) by the set of per-
missible cluster quantum numbers in the target nucleus. T
complicated expression contains all effects of the interf
ence between various virtual cluster states inside the ta
nucleus.

D. Deexcitation amplitudes

From the structure of the Glauber operator~3! we obtain
an expansion of the deexcitation amplitudes in terms of
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scattering multiplicity

Bf i~p!5Bf i
~1!1Bf i

~2!1Bf i
~3!1Bf i

~4! . ~13!

According to the experimental conditions, we consider
detail only the two lowest scattering multiplicities, since t
higher-order terms exponentially decrease with the mom
tum transfer.

For the first multiplicity we have, after integrating ove
the two-dimensional vectorsr andpj , the momentum trans
or

ly

to
b

n-

fer to the j th nucleon,

Bf i
~1!5

~2p!2

2p ip0
K fU(

j51

4

f j~pj !exp(ip•~rj2Rb!U i L , ~14!

where f and i refer to the final and initial cluster state, re
spectively. This matrix element is calculated with the use
the one-particle fractional parentage technique. Thus for
internal wave function we obtain the following expansion
u i &5u4@4#N0L0S0T0ML0
MS0

MT0
&

5 (
N2 ,L2 ,S2 ,T2 ,n2l2

^4@4#N0L0S0T0u3@3#N2L2S2T2 ,n2l 2& (
mt2

,MT2

S T2MT2
,
1

2
mt2UT0MT0D

3 (
ms2

,MS2

SS2MS2
,
1

2
ms2US0MS0D (

ml2
,ML2

~L2ML2
,l 2ml2

uL0ML0
!u3@3#N2L2S2T2ML2

MS2
MT2

&

3Un2l 2 12 1

2
ml2

ms2
mt2L . ~15!
eus.

i-
e

of
he

am-
tly
in

to

p-
Here ^4[4]N0L0S0T0u3[3]N2L2S2T2 ,n2l 2& is the one-

particle fpc in the TISM, un2l 2
1
2
1
2ml2

ms2
mt2

& is the wave
function of the fourth nucleon, and
u3@3#N2L2S2T2ML2

MS2
MT2

& is the wave function of the
three-nucleon system. As usual, it is necessary to transf
to a new set of internal Jacobi coordinates$xj % for the emit-
ted cluster. The new coordinate for thebth nucleon is con-
nected with the old one as

rb2Rb52
b21

b
xb21 .

After routine computations one obtains the relative
simple expression for theB(1),

B~1!52 i
2p1/2

p0
YL0ML0

~ p̂!@ f pp1 f pn#

3K 4@4#N0L000U3@3#00
1

2

1

2
,N0L0L

3 K 4@4#0000U3@3#00
1

2

1

2
,00L I N0L0~3p/4!,

~16!

where the radial integral is defined by

I nl~p!54p~2 i ! lE
0

`

R00~x! j l~px!Rnl~x!x2dx. ~17!

The first multiplicity transition is diagonal with respect
the spin-isospin cluster quantum numbers which are fixed
m

y

the corresponding quantum numbers of the residual nucl
For the lowest states of the rotational band 01, 21, 41 we
haveTBe50.

The radial integrals~17! may be easily calculated analyt
cally with the harmonic-oscillator wave functions. For th
oscillator radius we use the valuer 051.38 fm obtained from
the electron scattering data on4He @28#. Note that it is nec-
essary to recompute this value for the Jacobi coordinate
the fourth a cluster nucleon. Such recalculation gives t
value 1.6 fm for the oscillator radiusr 0 . The magnitudes of
the deexcitation amplitudes are very sensitive to this par
eter and the choice of an incorrect value may significan
distort the results. The one-particle fpc in the TISM used
our calculations are computed in Appendix A.

For thesecond multiplicity, Eqs.~3! and ~11! give

Bf i
~2!5

21

~2p ip0!
2 K fU (

15 j,k

4 E exp@ ir•~p2pj2pk!#dr

3E f j~pj ! f k~pk! exp~ ipj•rj1 ipk•rk

2 ip•Rb!dpjdpkU i L
5

2~2p!2

~2p ip0!
2 K fU (

15 j,k

4 E f j~pj ! f k~pk!exp~ ipj•rj

1 ipk•rk2 ip•Rb!d~p2pj2pk!dpjdpkU i L . ~18!

In order to calculate the remaining integral one needs
make the change of variablesQk5pk1pj , Qj51/2~pk2pj !
with the Jacobian of this transition equal to 1. Here we a
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Table IV. The two particle fpc in the TISM.

N0 L0 S2 T2 n2 l 2 N3 L3 Coefficient N0 L0 S2 T2 n2 l 2 N3 L3 Coefficient

0 0 0 1 0 0 0 0 21
A2

0 0 1 0 0 0 0 0 1
A2

2 0 0 1 2 0 0 0 21
A6

2 0 1 0 2 0 0 0 1
A6

2 0 0 1 0 0 2 0 21
A6

2 0 1 0 0 0 2 0 1
A6

2 2 0 1 2 2 0 0 21
A6

2 2 1 0 2 2 0 0 1
A6

2 2 0 1 0 0 2 2 21
A6

2 2 1 0 0 0 2 2 1
A6

4 0 0 1 4 0 0 0 21
A10

4 0 1 0 4 0 0 0 1
A10

4 0 0 1 2 0 2 0 21

3A2
4 0 1 0 2 0 2 0 1

3A2
4 0 0 1 2 2 2 2 22

3A15
4 0 1 0 2 2 2 2 2

3A15

4 2 0 1 4 2 0 0
A7

3A30
4 2 1 0 4 2 0 0 2A7

3A30

4 2 0 1 2 2 2 0 21
A10

4 2 1 0 2 2 2 0 1
A10

4 2 0 1 2 0 2 2
A7

3A30
4 2 1 0 2 0 2 2 2A7

3A30
4 4 0 1 4 4 0 0 21

A10
4 4 1 0 4 4 0 0 1

A10
4 4 0 1 2 2 2 2 1

A15
4 4 1 0 2 2 2 2 21

A15
an

i
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ou

/
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e
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n
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proach the significant point connected with the import
approximation used in standard Glauber calculations,

f j S 12 p6Qj D. f j S 12 pD .
This approximation assumes that the nucleon momenta
side the target nucleus are significantly less than the mom
tum transferred to the nucleons by the incident proton. In
case the momentum transfer as a function ofEp smoothly
changes in a narrow region between 460 and 475 MeVc.
Thus the above assertion seems to be too optimistic and
substantiated. As we mentioned, this approximation can
easily improved using, instead of the standard replacem
the expansion of the elementary nucleon-nucleon amplit
f j over the ratiouQj u/upu. We will use the simple standar
replacement in writing the formulas, for the sake of simpl
ity, but will allow for the possibility of their modification.

Now we can integrate overQj which leads to

Bf i
~2!5

2~2p!4

~2p ip0!
2 K fU (

15 j,k

4

f j S p2D f kS p2D d~rk2rj !

3expF ip•S rj1rk
2

2RbD GU i L . ~19!
t

n-
n-
r

n-
e
nt,
e

-

For the wave function of the virtually excited cluster w
can again use the fractional parentage expansion, but
with the two-particle fpc. They may be calculated by analo
with one-particle ones, see Appendix A. Table IV conta
all two-particle fpc’s needed for our purpose. The transf
mation to the set of the cluster Jacobi coordinates read
this case

x5rk2rj

and

X

2
52

rj1rk
2

2Rb ,

wherex is the intrinsic Jacobi coordinate of a two-nucleo
system andX is the relative motion coordinate of two
nucleon pairs.

After rather routine work one can find
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Bf i
~2!526

~2p!4

~2p ip0!
2 (
S2 ,T2 ,n2 ,l2 ,N3 ,L3 ,T3

^4@4#N0L00T0u2@2#00S2T2 ;n2l 2,2@2#N3L3S2T3$L0%&

3^4@4#0000u2@2#00S2T2 ;00,2@2#00S2T2$0%& (
MT3

,MT2

~T2MT2
,T3MT3

uT0MT0
!~21!T22MT2

1

A2T211

3 (
ml2

,ML3

~L3ML3
,l 2,ml2

uL0ML0
!F 14p G1/2Yl2ml2

~ p̂!I n2l2~p/2!K T22MT2U f j S p2D f kS p2D UT3MT3L
3^000ud~x!N3L3ML3

&. ~20!

Further simplifications result from the fact thatx is a two-dimensional vector which lies in the plane perpendicular to
proton direction. The transformation matrixC(nlm;n0mnz) from spherical wave functions to cylindrical ones, which
necessary for calculatinĝ000ud~x!uN3L3ML3&, is derived in Appendix B, and the values of the matrix elements are place
Table V.

After lengthy calculations one may obtain an expression for the deexcitation amplitudes of the second multiplicity

B~2!5
12~p!1/2

~p0x0!
2 (

n2 ,l2 ,N3 ,L3
Yl2ML0

~ p̂!C~N3L30;N300!~L30,l 2ML0
uL0ML0

!I n2l2~p/2!

3S ~ f pp1 f pn!
2

4
^4@4#N0L000u2@2#0010;n2l 2,2@2#N3L310$L0%&^4@4#0000u2@2#0010;00,2@2#0010$0%&

1
f pp
2 1 f pn

2

6
^4@4#N0L000u2@2#0001;n2l 22@2#N3L301$L0%&^4@4#0000u2@2#0001;00,2@2#0001$0%& D . ~21!
o
e

o-
.
io
er

rst
pli-

ber
of
r-
in
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dal
Now it is possible to evaluate the relative contribution
the processes of first and second multiplicities. A rough
timation of the ratiog215B f i

(2)/B f i
(1) gives the following re-

sult: the estimated ratio depends upon the valuef ~p!/p0 ; in
real experimental conditions~at fixed initial kinetic energy of
the incident proton of 296 MeV, and at relatively small m
mentum transfer 460–475 MeV/c! g21 does not exceed 1%
The same is approximately true for all consecutive rat
gn11,n. Therefore it is possible to exclude from the furth

TABLE V. The elements of the transition matrix from spheric
to cylindrical coordinates.

N3 L3 C(N3L30;N300)

0 0 1

2 0 A2

3

2 2
1

A3

4 0 A 8

15

4 2 A 8

21

4 4 A 3
35
f
s-

s

consideration all scattering multiplicities higher than the fi
one. In this case the theoretical treatment is greatly sim
fied.

E. The first multiplicity amplitude in the PWIA

Here we present the final expressions for the Glau
transition amplitudes taking into account only processes
the first multiplicity. In this case one can sum explicitly ove
all angular-momentum projections and obtain the result
terms of the Legendre polynomials of the angle between
momentum transfer and the recoil momentum of the resid
nucleus. If the residual8Be nucleus is detected in its groun
state, we immediately find

gf i5
f pp1 f pn

2Ap
(

$@ f #,L,L%
a@ f #,L,L
12,00 (

$@ f1#,L1 ,L%
a@ f1#,L1 ,L
8,00

3 (
N0 ,L0

^12@ f #8LL0u8@ f 1#4L1L0;

42N0L0,4@4#N0L000$0%&~21!L1L1

3~2 i !L0A2L011K 4@4#N0L000U3@3#00
1

2

1

2
,N0L0L

3PL0
„cos~q,p̂!…I N0L0~3p/4!E

0

`

R2 j L0~qR!

3R42N0L0
~R!dR. ~22!

Table VI collects thea-particle fpc in the TISM.
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TABLE VI. The a-particle fpc in the TISM.

[ f ] L [ f 1] L1 L N0 L0 L Coefficient [f ] L [ f 1] L1 L N0 L0 L Coefficient

@44# 0 @4# 0 0 0 0 0
2A3
10A22

@431# 1 @31# 1 2 3 3 1
2A7
15A110

@44# 0 @4# 0 0 2 0 0
21

3A165
@431# 1 @31# 1 2 4 2 0

A7
6A165

@44# 0 @4# 0 0 2 2 2
22

15A33
@431# 1 @31# 3 2 0 0 2

23A3
80A22

@44# 0 @4# 0 0 3 1 1
2A2
15A33

@431# 1 @31# 3 2 2 0 2
2A7
40A66

@44# 0 @4# 0 0 4 0 0
2A2
3A165

@431# 1 @31# 3 2 2 2 0
2A7
40A66

@44# 0 @4# 2 2 0 0 2
A3

4A110
@431# 1 @31# 3 2 2 2 2

21

20A66

@44# 0 @4# 2 2 2 0 2
A7

6A330
@431# 1 @31# 3 2 3 1 1

A7
20A165

@44# 0 @4# 2 2 2 2 0
A7

6A330
@431# 1 @31# 3 2 3 3 1

1

20A55

@44# 0 @4# 2 2 2 2 2
1

3A330
@431# 1 @31# 3 2 4 2 0

21

4A330

@44# 0 @4# 2 2 3 1 1
2A7
15A33

@431# 1 @31# 3 4 0 0 4
29

80A11

@44# 0 @4# 2 2 3 3 1
21

15A11
@431# 1 @31# 3 4 4 4 0

21

4A55

@44# 0 @4# 2 2 4 2 0
1

3A66
@431# 1 @31# 3 4 2 2 2

3

20A22

@431# 1 @31# 1 0 0 0 0
A3

20A22
@431# 1 @31# 3 4 3 3 1

1

10A11

@431# 1 @31# 1 0 2 0 0
1

6A165
@422# 0 @22# 0 0 0 0 0

2A3
16A22

@431# 1 @31# 1 0 2 2 2
1

15A33
@422# 0 @22# 0 0 2 0 0

2A5
24A33

@431# 1 @31# 1 0 3 1 1
A2

15A33
@422# 0 @22# 0 0 2 2 2

21

12A33

@431# 1 @31# 1 0 4 0 0
1

3A330
@422# 0 @22# 0 0 3 1 1

1

6A66

@431# 1 @31# 1 2 0 0 2
A21
40A11

@422# 0 @22# 0 0 4 0 0
2A5
12A66

@431# 1 @31# 1 2 2 0 2
7

60A33
@422# 2 @22# 2 0 0 0 0

2A3
40A22

@431# 1 @31# 1 2 2 2 0
7

60A33
@422# 2 @22# 2 0 2 0 0

21

12A165

@431# 1 @31# 1 2 2 2 2
A7

30A33
@422# 2 @22# 2 0 2 2 2

21

30A33

@431# 1 @31# 1 2 3 1 1
27

15A330
@422# 2 @22# 2 0 3 1 1

1

15A66
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For the transition accompanied by the excitation of the lowest excited level 21 of the residual8Be nucleus we have a mor
complicated expression:

gf i5
2Ap

A5
~ f pp1 f pn! (

$@ f #,L,L%
a@ f #,L,L
12,00 (

$@ f1#,L1 ,L%
a@ f1#,L1 ,L
8,00 (

N0 ,L0 ,L
^12@ f #8LL0u8@ f 1#4L1L0;42N0L,4@4#N0L000$2%&

3~21!L1L1iLK 4@4#N0L000U3@3#00
1

2

1

2
,N0L0L I N0L0~3p/4!E

0

`

R2 jL~qR!R42N0L~R!dR

3 (
ML0

,ML

~21!M2~LML ,L0ML0
u22M2!YLML

~ q̂!YL0ML0
~ p̂!. ~23!

TABLE VI. (Continued).

[ f ] L [ f 1] L1 L N0 L0 L Coefficient [f ] L [ f 1] L1 L N0 L0 L Coefficient

@422# 2 @22# 2 0 4 0 0
21

6A330
@422# 2 @22# 2 4 2 2 2

23A3
40A11

@422# 2 @22# 2 2 0 0 2
2A3
16A55

@422# 2 @22# 2 4 3 3 1
2A3
10A22

@422# 2 @22# 2 2 2 0 2
2A7
24A165

@422# 2 @22# 0 2 0 0 2
2A21
32A55

@422# 2 @22# 2 2 2 2 0
2A7
24A165

@422# 2 @22# 0 2 2 0 2
27

48A165

@422# 2 @22# 2 2 2 2 2
21

12A165
@422# 2 @22# 0 2 2 2 0

27

48A165

@422# 2 @22# 2 2 3 1 1
A7

30A66
@422# 2 @22# 0 2 2 2 2

2A7
24A165

@422# 2 @22# 2 2 3 3 1
1

30A22
@422# 2 @22# 0 2 3 1 1

7

60A66

@422# 2 @22# 2 2 4 2 0
1

12A33
@422# 2 @22# 0 2 3 3 1

A7

60A22

@422# 2 @22# 2 4 0 0 4
29A3
80A22

@422# 2 @22# 0 2 4 2 0
2A7
24A33

@422# 2 @22# 2 4 4 4 0
A3

4A110
of
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HereM2 is the projection of the final angular momenta
the 8Be nucleus. This expression may be transformed int
more suitable one, taking into account that the cross sec
depends upon the square of the absolute value ofgf i .

F. The first multiplicity amplitude in the DWIA

Direct comparison of the PWIA calculations with the e
perimental data is not quite reasonable, due to the large
sorption under experimental conditions. For the reasons
a
on

b-
is-

cussed in the Introduction one needs to account for
distortions. For the sake of simplicity, we consider here o
the distortions in the final state due to thea-8Be interaction.
This seems reasonable keeping in mind the relatively
energy ofa-8Be mutual motion~about 20 MeV near the
quasielastic peak!. The interaction between the initial proto
and the12C nucleus, as well as between the scattered pro
and the residual8Be nucleus, may be taken into account
the same way. Because of the higher energy of relative
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tion in those last pairs compared to thea-8Be pair, we ne-
glect these distortions in the first approximation.

We will consider distortions in the framework of the usu
DWIA procedure by introducing the optical potentials, wi
their real and imaginary parts, and solving the correspond

FIG. 4. The triple-differential cross section of th
12C(p,p8a)8Be reaction atup535° calculated in the PWIA. The
dashed line shows the contribution of the diagonal, with respec
the states of the knockedouta cluster, transitions. The solid line
corresponds to all possible transitions from virtually excited sta
of thea cluster inside the target nucleus.
t

o
r
hi
r

t

of
ar
c
a

l

g

two-body Schro¨dinger equations. We postpone the discu
sion of which optical potentials were used until the ne
section.

The wave function of the final state in this case may
written, instead of Eq.~7!, as

C f
~2 !5exp@ i ~pa2q!•RA#Â

3@x~2 !~k,R!C f
A2bu4@4#0000:000&]. ~24!

Herek is the momentum of relative motion of the emitteda
cluster and the residual8Be nucleus,RA is the center-of-
mass vector of the target nucleus.

The distorted wavex~2!~k,R! may be expressed as th
partial-wave expansion,

x~2 !* ~k,R!54p(
l50

`

(
ml52 l

l

~2 i ! lx l* ~k,R!

3@Ylml
~R̂!#*Ylml

~ k̂!. ~25!

Using standard geometrical transformations one can ob
the final expression for the Glauber transition amplitude. W
write it only for the transition to the ground state of th
residual nucleus, because the difference between this tra
tion and transitions to the excited states of8Be is merely
technical:

to

s

gf i5A55

p
~ f pp1 f pn! (

$@ f #,L,L%
a@ f #,L,L
12,00 (

$@ f1#,L21,L%
a@ f1#,L1 ,L
8,00 (

N0 ,L0
^12[f ]8LL0u8[ f 1]4L1L0;

42N0L0,4[4]N0L000$0%&(21)L11LK 4[4]N0L000U3[3] 12 1

2
,N0L0L I N0L0(3p/4)

3 (
l ,l150

`

(2 i ) l1 l1(21)2 l(2l 111)A2l11(L00,l 10u l0)(l 10,l0uL00)

3Pl [cos(k,p̂)] E
0

`

R2 j l1S 23 pRDx l* (k,R)R42N0L0
(R)dR. ~26!
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The argument of the Bessel function in the last line is due
the relative motion part of exp~2 2

3 ip•r !.

III. RESULTS AND DISCUSSION

Now we discuss the possibility of observing evidence
virtually excited clusters in the quasielastic knockout expe
ments. We restrict ourselves to the typical reaction of t
class 12C(p,p8a)8Be. It is reasonable to expect that fo
other quasielastic knockout reactions9Be(p,p8a)5He,
7Li( p,p8a)3H, and 6Li( p,p8a)2H the situation does no
change dramatically.

First of all we examine this reaction in the framework
the Glauber PWIA approximation. The reasons for this
~i! the PWIA approach is simple and transparent, so one
hope that the effects of nuclear structure can be more cle
o

f
i-
s

e
an
rly

seen;~ii ! the optical potentials used in the DWIA to accou
for distortions have various uncertainties which obscure
treatment;~iii ! it is known that the main qualitative feature
of the energy dependence of the cross section~but not the
absolute normalization! can be sufficiently well reproduce
in the PWIA scheme@4#.

Figure 4 shows the triple differential cross section of t
reaction as a function of the scattered proton energy
up535°. The actual calculations were carried out with t
parametrization of the elementary nucleon-nucleon am
tude taken from@30#,

f ~p!5
p0s

4p
@ i exp~2b2p2/2!1j exp~2b82p2/2!#,

~27!
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with the values of the parameters indicated in Table VII. T
maximum of the cross section is situated precisely in
quasifree scattering region where the momentum of the
sidual 8Be nucleus vanishes. The contribution from the
agonal transition with respect to the states of the emittea
cluster is shown by the dashed line. This part is determi
mainly by the two largest components of the wave funct
of target 12C and residual8Be nuclei with quantum number
[ f ]5[44], [ f 1]5[4], L5L15S5S150 and [f ]5[431],
[ f 1]5[31], L5L15S5S151, respectively. The other com
ponents are substantially smaller and they manifest th
selves mainly through the interference with the main com
nents. The full contribution from all possible transitions
shown by the solid line. In this case a number of possi
transitions are determined by a number of possiblea cluster
states inside the target nucleus. The knocked outa cluster
may possess the following sets of quantum numbers in
standard shell-model scheme:~1! N050, L050, usuala par-
ticle ground state;~2! N052, L050; ~3! N052, L052; ~4!
N053, L051; ~5! N053, L053; ~6! N054, L050; ~7!
N054, L052; and ~8! N054, L054. Taking into account
this classification and the shell-model structure of the w
functions~Tables I and II! one can easily find the number o
permissible transitions.

We do not consider here possiblea-cluster states with
spin-isospin excitations because the lowest states of the
sidual nucleus automatically select the cluster states with
such excitation. But this conclusion is valid only for cro
sections summed over all spin projections. An experim
with polarized protons is, in principle, capable of probi
spin-isospin excitations as well if the final polarization ch
acteristics are measured. In this case one needs to expl
introduce the spin-isospin dependence of the elemen
nucleon-nucleon amplitudes. The situation is similar a
complementary to that in the electron knockout experim
@29#.

Each of the nondiagonal transitions by itself is rath

FIG. 5. The same as Fig. 4 but forup545°.

TABLE VII. The parametrization of the elementary nucleo
nucleon amplitudes.

p-N s ~mb! b2 ~GeV/c!22 b82 ~GeV/c!22 j

p-p 25.0 13.6 24.2 1.22
p-n 47.7 17.9 25.0 0.84
e
e
e-
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d
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-
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e
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weak, but the combined contribution via their interferen
with diagonal counterparts becomes noticeable. The ratio
the values between the two curves in the region of quasi
scattering reaches 2. This demonstrates the importance o
effect of virtually excited clusters and makes a more accu
treatment desirable. Remember that we use a rather ro
Glauber approach, which is based on an empirical param
zation of elementary nucleon-nucleon amplitudes@30# for
high energies and small scattering angles, at relatively sm
energies and scattering angles which are too large for
approach. Therefore our results can be considered as a
evidence only.

Figure 5 shows the same cross section as Fig. 4 but
another proton scattering angle,up545°. We obtain qualita-
tively the same picture as earlier but with a significan
lowered magnitude. This may be a consequence of the
rametrization of elementary nucleon-nucleon amplitudes,
~27!, which is hardly justified at scattering angles too lar
for the Glauber approach.

Figure 6 shows the knockout reaction cross section at
same kinematic conditions as Fig. 4 but for the events w
the residual nucleus appears in the lowest excited state1

with excitation energy 2.9 MeV. It is expected that the cro
section for such events is much lower than that for the tr
sition to the ground state. Figure 7 is analogous to Fig. 6
demonstrates the cross section forup545°. The ratio of the
maxima of the cross sections corresponding to transition
the excited and ground state of8Be does not exceed 3%

FIG. 6. The same as Fig. 4 but for the transition into the fi
excited 21 state of the residual nucleus.

FIG. 7. The same as Fig. 6 but forup545°.
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This is important because, if the final states of the resid
nucleus are not experimentally resolved, one needs to k
the relative fraction of different transitions.

In Figs. 8 and 9, the integral cross sections for two diff
ent proton scattering angles are shown. They are the sum
the cross sections for the transitions to the ground and
excited states of the residual nucleus. The notations are
same as in previous figures.

Finally, in Figs. 10 and 11, again forup535° and 45°,
respectively, we present the calculations of the quasiela
knockout cross section taking into account the final-state
teraction between the emitteda particle and the residua
8Be nucleus. Here we have taken into account only the tr
sition into the ground state of the residual nucleus. We
the essential distortion effects in the redistribution of t
reaction strength. The quasielastic peak is much more
nounced as compared to the secondary maxima. It is m
narrow and slightly shifted to high energies. The comparis
with the PWIA calculations, Figs. 4 and 5, shows that t
main result of distortion is revealed through the interferen
of different excitation amplitudes which turns out to be d
structive in the region of the secondary peak. In the region
energies below the quasifree peak, the excited cluster
figurations in the target increase the observed cross se
by order of magnitude.

The shortcoming of the whole approach is associated w
the lack of information concerning the final-state optical p
tential. In the calculation we used the optical potential tak
from @10# and corrected according to the standard presc
tions: the strength of the real part of the optical-model p

FIG. 8. The sum of the cross sections, depicted in Figs. 4 an

FIG. 9. The sum of the cross sections, depicted in Figs. 5 an
al
w

-
of
st
he
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e
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th
-
n
-
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tential decreases logarithmically with energy@31,32# and the
imaginary part slightly increases@33#. Instead of the value
289.9 MeV for the real part of the optical potential@10# we
have introduced the energy dependence in the form
V0(E)5V0~12h ln E! and selected the value of the param
eterh50.035 if energy is measured in MeV. The strength
the imaginary part of the optical potential in the region of t
quasifree peak was nearly22.5 MeV. Unfortunately, there
exists no justified optical model potential for thea-8Be sys-
tem; the use of the correcteda-9Be potential@10# implies
unknown uncertainties because the structure of the two
isotopes is very different.

IV. CONCLUSIONS

We performed calculations for the quasielastic knock
of the alpha cluster from the typical shell-model nucle
12C. Our major interest was focused on the nuclear struc
questions related to the problem of the existence of exc
cluster configurations. Relevant spectroscopic informat
cannot be extracted without a reasonable description of
reaction mechanism. The usual theoretical approaches,
as the Glauber method, have their limitations, especially
not very high energies and relatively large scattering ang
The lack of information concerning the optical potential b
tween the emitted cluster and the residual nucleus is ano
source of uncertainties. Nevertheless some preliminary c

6.

7.

FIG. 10. The results of DWIA calculations for the transition in
the ground state of the8Be nucleus andup535°. The notations are
the same as in Fig. 4.

FIG. 11. The results of DWIA calculations for the transition in
the ground state of the8Be nucleus andup545°. The notations are
the same as in Fig. 5.
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clusions can be drawn already at this stage.
The traces of virtually excited clusters are present eve

relatively small scattering energies.
The contribution of deexcitation amplitudes in a total r

action cross section, taking into account all virtual chann
and their interference, strongly depends upon momen
transfer and energy of the incident particle. At sufficien
large energies when the different scattering multiplicities
getting more important, the effects of virtually excited clu
ters are expected to be more pronounced and appar
more observable due to the interplay of a greater numbe
harmonics associated with different permissible states of
emitted cluster.

In the energy sharing experiments the difference betw
diagonal and nondiagonal~with respect to the states of th
emitted cluster! transitions and therefore cross sections
mainly quantitative. An angular distribution experime
seems to be more efficient to display the signatures of
virtual cluster states. It is possible to chose such kinemat
conditions that the deexcitation amplitudes may have m
mum values when the diagonal ones have minimum valu

It is reasonable to look for the presence of virtually e
cited nucleon configurations in polarization experiments. T
electron-scattering experiments made in parallel would
very useful to clarify the situation.

The contribution of the first excited state of the residu
nucleus,8Be in the considered case, is suppressed at not
high energies compared to the contribution of the grou
state. This can be useful for the interpretation of experime
with limited resolution.

ACKNOWLEDGMENTS

The authors are extremely grateful to Professor R.
Warner who initiated this work and made an important i
pact by numerous discussions, criticism and reading
manuscript. We thank Professor A. Nadasen for helpful d
cussions and providing his optical potential data. One of
~A.A.S.! wishes to thank R. E. Warner for his kind invitatio
and the National Superconducting Cyclotron Laborat
~NSCL!, where the work was done, for generous hospital
he also thanks Professor V. G. Neudatchin for stimulat
discussions. This work was supported by the National S
ence Foundation, through Grant Nos. 94-03666 and
12831, and by the Longman Chair of Natural Science
Oberlin College.

APPENDIX A: ONE-PARTICLE FRACTIONAL
PARENTAGE COEFFICIENTS IN TISM

We need the following one-particle fractional parenta
coefficients for the calculation of first scattering multiplici
deexcitation amplitudes:

ANL5 K 4@4#NL00U3@3#00
1

2

1

2
,NLL .

These fpcs describe the separation of a nucleon from a f
symmetric spatial four-nucleon configuration with the an
symmetric spin-isospin part of the wave function. The nu
ber of oscillator quantaN and total orbital momentumL of
at

-
ls
m

e
-
tly
of
e

n

s

e
al
i-
s.
-
e
e

l
ry
d
ts

.
-
e
-
s

y
;
g
i-
5-
t

e

ly
-
-

the four-nucleon configuration are arbitrary and compati
with the Young scheme [f ]5[4], irrespective of the shell to
which the nucleons belong.

In our calculations we use the general prescription for
computation of the fpc in the TISM given in@34#. The
method is a modification for the TISM of Redmond’s fo
mula @35#.

Since@3#3@1#5@4#1@31#, we can choose

U3@3#00
1

2

1

2
,NL:L00L

as a parental state. In this case we automatically obta
correct result due to incompatibility of spatial symmetry@31#
and spin-isospin quantum numbersS50, T50. Operating
on the parental state with the antisymmetrization opera
we obtain

u4@4#NL00&5
1

Q H 12(
i51

3

Pi4J
3U3@3#00

1

2

1

2
,NL:L00L ,

wherePi4 is the permutation operator andQ is the normal-
ization factor.

Denoting for brevity

PNL[ K 3@3#00
1

2

1

2
,NL:L00UP3,4U3@3#00

1

2

1

2
,NL:L00L ,

we obtain

ANL5
A123PNL

2
.

Now we can calculate the matrix element of the permu
tion operatorP34 using again the one-particle fpc but for th
three-nucleon system. We can separate the third nucleo
the left and right sides of the matrix element. Then we m
transform to the new set of Jacobi coordinates with the h
of Talmi-Moshinsky-Smirnov coefficients and change the
der of momenta coupling. In this case

PNL5 (
S,T,L

K 3@3#00
1

2

1

2U2@2#00ST,00L
3 K 3@3#00

1

2

1

2U2@2#00ST,00L
3WS 12 S0

1

2
;
1

2

1

2DWS 12 T0
1

2
;
1

2

1

2D
3W~00LL;0L!W~00LL;0L!

3~21!S1T1L^NL,00:Lu1/8uNL,00:L&

5(
S,T

K 3@3#00
1

2

1

2U2@2#00ST,00L 2~21!S1T1L

3^NL,00:Lu1/8uNL,00:L&.

Here the ^NL,00:Lu1/8uNL,00:L& is a usual Talmi-
Moshinsky-Smirnov coefficient equal in our case to (1/9)N/2.



al
rt
th

is

rte

-

-

nal
the
te
a-

316 55ALEXANDER A. SAKHARUK AND VLADIMIR ZELEVINSKY
Taking into account that for the one-particle fpc we
ways have factorization into orbital and spin-isospin pa
and using the particular values of spin-isospin fpc and
standard notations@14#, we obtain

K 3@3#00
1

2

1

2U2@2#00ST,00L
5^3@3#0u2@2#0,1@1#0&K ~st!3@ 3̃#

1

2

1

2U~st!2@ 2̃#STL
5^3@3#0u2@2#0,1@1#0&K ~st!3@ 3̃#

1

2

1

2U~st!2@ 2̃#STL

35 A1

2
if T50 and S51,

2A1

2
if T51 and S50.

ThereforePNL5(21)L1132N, and, finally

ANL5
1

2
A12~21!L11312N.

APPENDIX B: TRANSITION MATRIX
TO CYLINDRICAL COORDINATES

In spherical coordinates the oscillator function
^r unlm&5Rnl(r )Ylm(u,w) where

Rnl~r !5
2l /211

p1/4r 0
3/2 expS 2

r 2

2r 0
2D (

k50

~n2 l !/2
~21!k

k!
r 2k1 l

3
A~n2 l !!! ~n1 l11!!!

~n2 l22k!!! ~2l12k11!!!
.

Omitting the common exponential factor exp(2r 2/2r 0
2)

and using the expansion of the spherical function in Ca
sian coordinates, the leading term in powers ofr is propor-
tional to
s.

F

ia
.

,

-
s
e

-

(
s50

~21!s
~2l22s!!

s! ~ l2s!! ~ l2m22s!!

3~x1 iy !mzl2m22sr n2 l12s.

Now one can use the binomial expansion

r n2 l12s5 (
t50

n2 l12s
@~n2 l12s!/2#!

t! @~n2 l12s!/22t#!
r2tzn2 l12s22t.

The main term in powers ofz in the expansion of the one
dimensional oscillator function isA2nz/nz!znz. Comparing
the powers of z, we have n2m22t5nz , and
t5(n2m2nz)/25(n02m)/2 which eliminates the corre
sponding sum.

We repeat the same procedure for the two-dimensio
remainder which is to be compared with the main term of
wave function in the two-dimensional polar coordina
frame. This gives the final result for the transformation m
trix defined in Sec. II D,

C~nlm;n0mnz!

522~ l1nz!/2~21!~nz2 l !/212m

3A~2l11!~n2 l !!! ~ l2m!!nz! @~1/2!~n01m!#!

~n1 l11!!! ~ l1m!! @~1/2!~n02m!#!

3
1

@~n2 l !/2#! (s ~21!s

3
~2l22s!! @~n2 l12s!/2#!

s! ~ l2s!! ~ l2m22s!! @~m2 l12s1nz!/2#!
.
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@23# J. Hüfner, Ann. Phys.~N.Y.! 115, 43 ~1978!.
@24# A. C. Williams, Ann. Phys.~N.Y.! 129, 22 ~1980!.
@25# K. M. Maung, J. Phys. G20, L99 ~1994!.
@26# C. J. Joachain,Quantum Collision Theory~North-Holland,

Amsterdam, 1975!.
@27# A. N. Boyarkina,Structure of 1p-Shell Nuclei~Moscow State

University, Moscow, 1973!.
@28# R. D. Lawson,Theory of the Nuclear Shell Model~Clarendon

Press, Oxford, 1980!.
@29# A. A. Sakharuk~unpublished!.
@30# A. G. Sitenko,Theory of Nuclear Reactions~World Scientific,

Singapore, 1990!.
@31# A. Nadasen, P. Schwandt, P. P. Singh, W. W. Jacob, A.

Bacher, P. T. Debevec, M. D. Kaitchuck, and J. T. Mee
Phys. Rev. C23, 1023~1981!.

@32# A. Nadasen, M. McMaster, M. Fingal, J. Tavormina,
Schwandt, J. S. Winfield, M. F. Mohar, F. D. Becchetti, J. W
Jänecke, and R. E. Warner, Phys. Rev. C39, 536 ~1989!.

@33# A. Shridhar, N. Lingappa, S. K. Gupta, and S. Kailas, Ph
Rev. C30, 1760~1984!.

@34# I. V. Kurdyumov, Yu. F. Smirnov, K. V. Shitikova, and S. Kh
El Samarai, Nucl. Phys.A145, 593 ~1970!.

@35# P. J. Redmond, Proc. R. Soc. London Ser. A222, 84 ~1954!.


