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Skyrme-Hartree-Fock treatment of L and LL hypernuclei with G-matrix motivated interactions
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Skyrme-like hyperon-nucleon potentials are derived fromG-matrix calculations and shown to reproduce
well theL single-particle spectra of hypernuclei measured at BNL and KEK. Previously known potentials are
reexamined systematically. The fit of the spectra can restrict the radii ofL orbits in hypernuclear ground states,
L well depth and effective mass in nuclear matter, and polarization of nuclear cores caused by hyperon rather
tightly. The implications of theLN spin-orbit force to the spectra are considered. Hartree-Fock calculations of
binding energies ofLL

13 B with density-dependentG-matrix LL potentials are presented, taking note of the
core-rearrangement effects induced byLN interactions.@S0556-2813~97!01205-3#

PACS number~s!: 21.80.1a, 21.10.Dr, 21.60.Jz, 27.20.1n
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I. INTRODUCTION

The Skyrme-Hartree-Fock~SHF! approach is known as
powerful and feasible tool for the prediction of gross pro
erties of nonstrange nuclei. Its extension toL hypernuclei
was performed by Rayet fifteen years ago@1#. However, the
reliability of this approach, which is essentially phenomen
logical, is related directly to the amount of hypernuclear d
available. Thus, the reasonableL-nucleon Skyrme-like po-
tentials appeared@2–4# subsequently to the first measur
ment of theL hypernuclear energy levels in medium-hea
systems~up to L

89Y! done at BNL@5#. The various sets of the
potential parameters, which are apparently different fr
each other, have been proposed and shown to reproduc
experimental spectra equally well. These potentials gener
involve aLNN three-body force or aLN density-dependen
~DD! one, but some of them are purely two body. They p
dict different values of well depthDL and effective mass
mL* of L in infinite nuclear matter.

Recently, the new measurement ofL hypernuclear spec
tra by the (p1,K1) reaction has been done at KEK@6# for a
wide range of nuclear mass numbers~up to L

208Pb!. The ex-
tended amount of data may be used for more tight constra
of the parameters and, more importantly, of the phys
quantities describing hyperon properties in the nuclear
dium.

The standard form for the two-bodyLN Skyrme-like po-
tential is

VLN~rL2rN!5t0~11x0Ps!d~rL2rN!1
1

2
t1@k82d~rL2rN!

1d~rL2rN!k2#1t2k8d~rL2rN!•k

1 iW0k8d~rL2rN!•~s3k! ~1!

in the conventional notation~see, e.g.,@1#!. The original
SHF approach@1# involves also aLNN force in the form

VLNN~rL ,rN1 ,rN2!5t3d~rL2rN1!d~rL2rN2!. ~2!
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The various parameter sets for Eqs.~1! and~2! have been
obtained hitherto purely phenomenologically. In this wo
we propose new parameter sets on the basis of theLN
G-matrix calculations with the SU~3!-invariant one-boson-
exchange~OBE! potentials, the usefulness of which was e
tablished in@7,8#. In our analysis the form of Eq.~2! was
found to be not so adequate for representing the density
pendence of theLN G matrices. We introduce here a mo
general form, namely, aLN force dependent on nuclear de
sity r instead of theLNN force ~2!:

VLN~rL ,rN ,r!5
3

8
t3~11x3Ps!d~rL2rN!rgS rL1rN

2 D .
~3!

The force~3!, wheng51 andx350, leads to Hartree-Fock
potentials similar~but not strictly identical@9#! to those of
the force~2!. In this work we takeg51/3, which is found to
be adequate to parametrize theG matrix result. Note that in
the spherical approach used commonly, the spin depend
in velocity-independent pieces (x0 andx3 terms! leads to a
trivial renormalization of the related amplitudest0 and t3
only.

In Sec. II theG-matrix calculation is briefly sketched an
the fitting procedure for the Skyrme parameters for Eqs.~1!
and~3! is described. Systematic calculations of hypernucl
spectra with new parameter sets as well as previously kn
ones are discussed in Sec. III. Comparison with the BNL a
KEK data shows that ourG-matrix motivated potentials re
produce the spectra better than the majority of the form
sets, though almost no phenomenological fitting is us
Since different parameters lead to similar spectra as us
we try to find constraints on the physical properties of h
pernuclei (DL , mL* , hypernuclear core polarization, hypero
orbit radii! rather than to search for unique values of t
parameters. We also incorporate nonzero spin-orbit~SO!
force amplitudeW0 and discuss related implications in vie
of possible indications of the experimental SO splitting
L single-particle levels@10#.
2330 © 1997 The American Physical Society
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55 2331SKYRME-HARTREE-FOCK TREATMENT OFL AND LL . . .
In Sec. IV, our SHF scheme is applied toLL hypernu-
clei, specifically, toLL

13 B. AsLL potentials, DD finite-range
ones are employed, which simulate the relevantLL
G-matrix interactions. The implicit relation is discussed b
tween theLL bond energies and the properties ofLN inter-
actions, especially thepolarizing property.

Finally, Sec. V includes our conclusions and some o
looks.

II. SKYRME-TYPE PARAMETRIZATION BASED
ON THE G-MATRIX CALCULATION

First, theG-matrix interactions for aLN pair in nuclear
matter are derived from the SU(3)-invariant OBE potentials
where the coupling to aSN channel is renormalized into th
LN G matrix. The density dependence~DD! of the resultant
G matrix originates from not only the repulsive-core sing
larity and the tensor force, but also theLN-SN coupling.
The channel-coupled Bethe-Goldstone equation is written

GLN,LN5vLN,LN1(
Y

vLN,YN

QN

v2TY2TN2DYL
GYN,LN ,

~4!

whereY denotesL or S andDYL5mY2mL . Here the start-
ing energy is given byv5eL1eN , and the Pauli operato
QN acts on intermediate nucleon states. Adopting here
QTQ prescription for simplicity, we take only kinetic ene
gies TY and TN for intermediateY andN spectra. AnYN
relative state is specified by (T,L,S,J) with isospinT and
J5L1S, which is implicit in the above equation. The po
tential energy ofL in nuclear matter is obtained sel
consistently in terms of theG matrix as

UL~kL ;kF!5(
kN

^kLkNuGLN,LN@v5eL~kL!

1eN~kN!#ukLkN&, ~5!

wherekL is theL momentum. TheL single particle energy
is given by eL(kL)5\2kL

2 /2mL1UL(kL). Then, GLN,LN

and UL are calculated self-consistently for each value
nuclear densityr ~Fermi momentumkF).

In @7,8#, theG-matrix calculations were performed sy
tematically using the various OBE potentials. In order
reproduce the observed data ofL hypernuclei with the use o
the G-matrix interaction, it was indispensable fo
UL(kL50) to be about230 MeV at normal density
(kF51.35 fm21). In this work we adopt the Ju¨lich models
Ã ~JA! and B̃ ~JB! @11#, and the Nijmegen modelF ~NF!
@12# and the soft-core one~NS! @13#, the characters of which
are fairly different from each other. JA, JB, and NF lead
UL(kL50);230 MeV at kF51.35 fm21 under the QTQ
prescription. On the other hand, the corresponding value
NS is only223 MeV because of the too small contributio
in the 3S1 state. It was pointed out that the value of;230
MeV is obtained by taking the continuous intermediate sp
trum instead of the QTQ one@7,8,14#. However, possibly the
latter energy becomes close to the former one by treating
intermediate spectrum self-consistently up to very high m
menta@15#. Here we adopt another way of improving the N
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potential so thatUL(kL50)5230 MeV is obtained under
the QTQ. In the SU~3! representation, the strong$8a% poten-
tial of NS works repulsively ~attractively! on vLN,LN

(vLN,SN) in the 3S1 state, which results in the small contr
bution toUL in this state. Now we add an attractive corre
tion v0exp@2(r/r0)

2# with v052240 MeV andr 050.5 fm,
artificially to the $8a% part of NS. The corrected version i
denoted by NS8 in this paper.

In Table I the potential energiesUL(kL50) and the par-
tial wave contributions at some values ofkF are shown in the
cases using the above OBE models, where the essentia
gredients of the present analysis are included. The ‘‘exp
mental’’ value of about230 MeV atkF51.35 fm21 is now
reproduced fairly well in these cases within QTQ. Howev
the ratios of the1S0 and

3S1 contributions, relating to the
spin-spin interaction parts, are quite different among the
The experimental data, for instance the 01 and 11 splitting
of L

4 He (L
4 H!, support the NS8 result@8#. The weak odd-state

contributions, seen in Table I, were pointed out to be imp
tant for reproducing the mass dependence ofL binding en-
ergies @8#. This is the reason why we did not adopt th
Nijmegen model D in the present analysis. Now the con
butions toUL in the singlet-even (1S0) and triplet-even
(3S1) states are denoted byUL

se andUL
te , respectively. Then,

the even-state contribution is given byUL
even5UL

se1UL
te . The

odd-state oneUL
odd is defined similarly.

The Skyrme potential parameters (t0, x0, t1, t3, x3, and
g) in Eqs. ~1! and ~3! are determined so as to reprodu
UL
se(kF), UL

te(kF), andUL
even(kF). Additionally we use one

experimental valueBL(L
13C!511.69 MeV (L binding energy

in the ground state! for fine tuning the parameters. Hereaft
we takeg51/3 in all cases because the more precise cho
of g leads to no meaningful difference. Our fitting procedu
in the simple case ofx05x35W050 is as follows. For a
trial value oft1 two parameters (t0 andt3) are determined so
as to reproduceUL

even(kF), and then the SHF calculation fo

TABLE I. Even- and odd-state contributions toUL(kL50),
UL
even andUL

odd as functions ofkF for JA, JB, NF, and NS8 under
the QTQ approximation. The values in parentheses are the rat
the singlet-state contribution inUL

even.

kF ~fm21) 1.35 1.2 1.0 0.8

JA UL
even 230.8 225.5 217.6 210.6

~0.117! ~0.164! ~0.188! ~0.209!
UL
odd 1.8 0.78 0.17 0.00

JB UL
even 234.9 228.3 219.2 211.5

~0.014! ~0.063! ~0.083! ~0.096!
UL
odd 3.6 1.8 0.61 0.16

NF UL
even 230.7 227.4 220.5 213.1

~0.325! ~0.304! ~0.287! ~0.275!
UL
odd 20.96 20.89 20.57 20.26

NS8 UL
even 230.6 225.6 218.2 211.3

~0.482! ~0.440! ~0.397! ~0.364!
UL
odd 0.56 0.04 20.14 20.10
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TABLE II. Skyrme potential parameters derived from theG-matrix calculations, where sets I, II, III, an
IV are from JA, JB, NF, and NS8, respectively. Set V is obtained from NS8 with taking account of the
LS part.g is taken as 1/3 in all cases.

No. t0 x0 t1 t2 t3 x3 W0

~MeV fm3) ~MeV fm5) ~MeV fm5) ~MeV fm313g) ~MeV fm5)

I 2476.0 20.0452 42.0 23.0 1514.1 20.280 0.0
II 2422.3 0.2678 98.0 70.0 1219.3 20.0836 0.0
III 2622.8 20.0172 116.0 230.0 1880.3 0.0679 0.0
IV 2542.5 20.1534 56.0 8.0 1387.9 0.1074 0.0
V 2542.2 20.1536 58.0 8.0 1383.3 0.1077 62.0
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13C is performed with this set. This procedure is repea
until finding the set to provideBL511.69 MeV. In order to
fix the values ofx0 andx3, we perform the fitting procedure
separately forUL

se(kF) andUL
te(kF). On the other hand, the

value oft2 is determined fromUL
odd(kF). The strengthW0 of

the SO part can be obtained also from theG-matrix result by
using the Scheerbaum approximation@16#

W0522p
1

q̄
E
0

`

r 3GLS
to ~r ! j 1~ q̄r !dr , ~6!

whereGLS
to (r ) is the SO component of the spatially repr

sentedG matrix in the triplet-odd state. We take he
q̄50.7 fm21, but the result is quite insensitive toq̄. For the
obtained value ofW0, the other parameters are determin
by the above procedure. Here the parameter search is
formed, instead of using the experimental value
BL(L

13C!, so that the value ofBL(L
17O! calculated with the SO

part is equalized to the one obtained with the correspond
set without the SO part.

In Table II we give the determined parameters. Here s
I, II, III, and IV are obtained from JA, JB, NF, and NS8,
respectively, without taking the SO part into account. Se
includes the SO part in the NS8 case. The SO parts in th
other cases, not involved here, are fairly smaller than tha
the NS8 case. The antisymmetric part@proportional to
L•(sL2sN)#, not considered here, has to reduce the va
of W0 effectively. It is worthwhile to say that theLS
(ALS) part in NS is the strongest~weakest! among those in
the above models, which is adequate to demonstrate the
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of the SO interaction in our approach. The quantitative tre
ment for theL level SO splitting in hypernuclei is beyon
the present work.

In the following section we use also the other sets, I8
and III9, obtained from NF, though their parameters are
given in Table II, in order to demonstrate the relation of t
UL
even(kF) andUL

odd(kF) to the resultant hypernuclear spe
tra: The set III8 was obtained by combiningUL

evenof NF with
UL
oddof JA, and the set III9 was done by multiplyingUL

evenby
0.91 with no change ofUL

odd. In both cases the total potentia
energies atkF51.35 fm21 become almost the same as th
for JA.

III. L HYPERNUCLEAR SPECTRA

In this section, we consider the hypernuclear propert
mainly energies ofL single-particle states, in a wide rang
of mass numberA in connection with the features ofLN
potentials. The adopted approach is the same as in@1#. Then,
theG-matrix-based potentials from Table II, as well as t
previously known parameter sets, are tested by compa
the resultant hypernuclear spectra with the experime
data.

Some earlier parameter sets are listed in Table III. All
them are known to reproduce the spectra measured at B
satisfactorily. It is notable from Tables II and III that wid
ranges of the parameters are allowed.

Before the comparison with the experimental data,
following point should be emphasized. The KEK data us
include the published@6# L binding energiesBL for the 1s
and 1p states as well as the unpublished ones@17# for the
nt
e,
TABLE III. Skyrme potential parameters. All the potentials are in the three-body form~2! except set 4
which is in DD form~3! with g51/3 andx350. In Ref.@3#, only t11t2 value was presented, and a gradie
term linear in (3t12t2) was ignored. It is equivalent to thet1 and t2 values as in this table. In this cas
t3 is in MeV fm4.

No. t0 x0 t1 t2 t3 Ref.
~MeV fm3) ~MeV fm5) ~MeV fm5) ~MeV fm6)

1 2349.0 20.108 67.61 37.39 2000 @2#

2 2391.8 20.085 56.95 48.05 3000 @2#

3 2265.7 20.216 92.17 12.83 0 @2#

4 2659.0 0 32.5 97.5 2200 @3#

5 2315.3 20.109 23.14 223.14 2000 @2#

6 2372.2 20.107 100.4 79.60 2000 @2#

SKSH1 2176.5 0 235.8 44.1 0 @4#
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FIG. 1. CalculatedL binding energies in the
1s, 1p, 1d, 1f , and 1g states~from top to bot-
tom! as functions ofA22/3, whereA is the mass
number of core nucleus, in comparison wi
KEK @6,17# (3) and BNL @5# (d) data. The
LN potentials are I~a!, II ~b!, III ~c!, and 1~d!
from Tables II and III.
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1d, 1f , and 1g states. The binding energies were evalua
@6,17# by fitting of experimental spectra with the simple
superposition of Gaussians. It means that the main serie
the states related to a single neutron hole~with the highest
angular momentum! was taken into account for each hype
nucleus, neglecting contributions of deeper holes. This p
scription avoids additional assumptions about non-major
ries, which are not justified sufficiently in their fittin
procedure. However, it may oversimplify the actual pictu
Related uncertainties may be substantial for the high-ly
states, and therefore the ‘‘experimental’’ values ofBL for the
1d, 1f , and 1g states should be regarded as only rough
timation. Thus, our argument is based primarily on the d
@6# for the 1s and 1p states. Then we incorporate also t
data on the high-lying states paying attention to possible
certainties.

In Figs. 1, 2, and 3, the calculated binding energiesBL of
L hyperons in 1l states (l5s,p,d, f ,g) are shown in com-
parison with the KEK and BNL data. As theNN potential,
the famous Sk3 set@18# is used. One can see that the agre
ment for the 1s and 1p states is good for our potentials
@Fig. 1~a!# and II @Fig. 1~b!#. The spectra predicted with th
new sets obtained from NS8 ~set IV, not shown in the figure!
and JA are quite similar to each other~noting that their dif-
ferent spin dependence is beyond the present considera!.
The above result indicates that the difference in the DD
tween NS8 and JA has only a minor effect on the hype
nuclear spectra, namely the gross hypernuclear propertie
not sensitive to the detail of the adopted OBE potentia
UL(kL50)'230 MeV is reproduced at normal densit
There appear characteristically the deviations of the ca
lated values ofBL(1s) from the experimental ones: Where
an overall agreement takes place, the ground state ofL

208Pb is
d
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e-
e-

.
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n
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underbound. Then, the potentials fitted to theL
13 C ground

state such as sets I, II, and IV lead to an overbinding of

L
16O ground state. These results are not dependent on
particular choice of the parameters.

Set III from the NF model gives the 1s and 1p binding
energies substantially higher than the experimental o
@Fig. 1~c!# due to highUL(kL50), as seen from Table I
This drawback can be cured either by changing thep wave
interaction~the set III8) or by reducing thes wave attraction
~the set III9!. In both of these ways, we obtain a reasona
agreement with the measured values for the 1s and 1p states.

For the high-lying 1d, 1f , and 1g states, sets I and IV
give similar spectra again. Set II with a higherp wave re-
pulsion predicts higher level spacing, whereas set III le
to, otherwise, small spacing. Evidently, the last feature
retained with set III9, but not with set III8, which indicates
that the attractivep-state interaction in set III9 ~the same as
in set III! is not adequate for higher level spacing. Thus,
high-lying spectra seems to support the almost vanish
~NS8) or slightly repulsive~JA! p-state interaction.

The spectra obtained with set 1@Fig. 1~d!# are similar to
those with sets I and IV, though the level spacing in this c
is slightly higher. Each of sets 2, 5, and 6, given in@2#
together with set 1, differs from set 1 in a single featu
Namely, set 2 offers a strongerLNN force, set 5 is local, and
set 6, otherwise, possesses a greater nonlocality. There
set 5@Fig. 2~a!# leads to smaller level spacing whereas se
@Fig. 2~b!# gives a greater one in comparison with sets 1
and IV, and likely the sets III and II, respectively. This
exhibited mainly in the high-lying states while the descr
tions for the 1s and 1p binding energies are equally good
Note, that results obtained with the SKSH2 set from@4# ~not
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FIG. 2. The same as in Fig. 1 for theLN
potentials 5~a!, 6 ~b!, 2 ~c!, and 4~d! from Table
III.
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shown here! are similar to those for set 5. The strongLNN
force @set 2, Fig. 2~c!# results in an underbinding ofL

208Pb
and L

139La. Though the fit for light and medium hypernucl
is adequate, the overall agreement is poorer.

Set 4 predicts evidently excessiveL binding in light hy-
pernuclei@Fig. 2~d!#. The same takes place for other nonloc
sets from@3#. It should be noted, however, that another a
proach, instead of the Hartree-Fock one, has been use
Ref. @3# for the parameter fitting.

Set 3~not shown! and SKSH1~Fig. 3! without three-body
LNN or DDLN forces give, first, too large level spacings
light hypernuclei and, secondly, an incorrectA dependence
of BL in the ground states. In particular,BL’s in the ground
states ofL

139La and L
208Pb are quite close to each other, co

trary to the data. Thus, it is shown that these sets are in
equate to reproduce the overall hypernuclear spectra.

We do not use here the quantitativex2 criterion for the
following reason. The experimental error bars are quite
ferent among the data, and the statistical weights of so
particular points are dominantly high. On the other hand,
approach should not be required to ensure the accurac
0.1–0.3 MeV achieved in the experiments. So thex2 values
can possibly misrepresent the picture of the overall fitting

For illustrative purposes, we show in Table IV the sum
of squared deviationsS25((BL

theor2BL
exp)2/(1 MeV)2 as-

suming no statistical weights. The KEK data were used
BL
exp except L

16O, L
40Ca, L

51V, and L
12Cg.s. for which the BNL

data were used. Though somewhat arbitrary, theS2 quantity
can be accepted as a reasonable guideline for the ov
fitting.

The first line in Table IV corresponds to the 1s and 1p
states only~16 points!. It is seen that the potentials I, II
III 8, III 9, IV as well as 1, 5, and 6 are the most reliable.
l
-
in

-
d-

f-
e
r
of

s

r

all

the second line, theS2 values for the full set of data~26
points! are presented. First of all, it is seen from the table
well as from Figs. 1–3 that the fit becomes poorer in all t
cases. The greatest contributions to theS2 are typically from
binding energies ofL

89Y(1 f ) and L
139La(1g), which are over-

bound in the calculations. Generally, the calculated le
splitting is too small. Therefore, the bestS2 is obtained for
sets II and 6. Sets I, 1, and, to a less extent, III8 and IV
appear to be satisfactory too, whereas sets III9 and 5 are
rejected by these data.

As mentioned above, however, it should be noted that
data for high-lying states may be more or less uncertain.
estimate the effect of these uncertainties, we consider

FIG. 3. The same as in Fig. 1 for theLN potential SKSH1 from
Table III.
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TABLE IV. Sums of the squared deviationsS25((BL
theor2BL

exp)2/(1 MeV)2 for various sets of data~see
text!.

Potential I II III III 8 III 9 IV 1 2 3 4 5 6 SKSH1

9 12 44 10 15 10 7 16 34 33 9 9 39
S2 32 24 127 46 88 45 22 32 49 72 62 19 51

14 20 82 21 46 19 12 22 43 46 27 26 57
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us
the other ‘‘experimental’’ values ofBL in the 1d, 1f , and
1g states~not shown in the figures!. These values were ob
tained@19# by the fitting of the same experimental spectra
more complicated curves, involving some theoretical sugg
tions about deeper hole state contributions. This alterna
fit is clearly more model dependent, nevertheless, it m
reflect some features of the true picture more completely
the case ofL

89Y(1 f ), for instance, the maing9/2
21 and minor

f 5/2
21 contributions make the peak double humped where
former~the latter! is of upper~lower! energy, as shown in the
DWIA calculation @20#. In @6,17# this possible double-
humped peak is fitted as a single peak. Because of su
situation, it is likely that the fitting in@6,17# underestimates
the level splitting, especially for the high-lying states.

TheS2 values for the binding energies of the high-lyin
states from@19# and for the same ones of the 1s and 1p
states as above are shown in the third line of Table IV. F
of all, it is seen that the agreement becomes better for all
potentials~except sets 6 and SKSH1! that supports the fitting
procedure@19#. So we may suggest that the latter set
BL’s is more reliable, though further more consistent ana
sis is, of course, necessary.

In this case, sets I and 1 are clearly the best, and se
and 6 may be considered as some ‘‘extreme’’ cases of
small and great spacing, which are nearly adequate too.
S2 value of set II is almost the same as that of set IV. It
noted here that the spectra obtained by the latter is simila
the one obtained by set I while set II leads to higher le
spacing as mentioned previously. We find also that the la
S2 value of set III~NF! can be improved more remarkably b
the readjustment of thep-state part than that of thes-state
one. Thus, it is demonstrated that the careful assignmen
the observed peaks is indispensable to test theLN parameter
sets and the underlyingG-matrix interactions in detail, espe
cially, to fix thep wave interaction amplitude.

Note that we do not treat set 2 as an adequate one in
of low S2 values for the full sets of the data due to t
evident qualitative disagreement for heavy hypernuclei.
the same time, this set may be approved for light and m
dium hypernuclei. It should be emphasized that, particula
in sets 2 and SKSH1, more or less successfully fitting dat
A,89, fail in the description ofL

208Pb and L
139La binding

energies. It shows that the KEK data in a wide range oA
can complement substantially our knowledge of theLN in-
teraction.

Summing up, it seems impossible now to extract una
biguously the potential parameters from theBL values ob-
tained by purely phenomenological fitting for the experime
tal spectra. In spite of this limitation ourG-matrix potentials
~excepting set III with too attractivep-state interaction! give
a reasonable agreement together with sets 1, 5, and 6. P
assignment of the states observed experimentally, for wh
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some theoretical input will be needed, is quite important
further progress.

The correlation between the values of potential para
eters and the quality of the spectra description is not obvio
Even sets I, IV, and 1, giving similar spectra, differ fro
each other evidently. The experimental data are not eno
to fix the potential parameters in detail, which are conside
to be determined rather accidentally in the phenomenolog
fitting. In other words, there are many parameter sets, wh
are almost equivalent for representing observable quanti
Hereafter, we try to obtain constraints on some physi
quantities which can be established independently from
seemingly different parameter values.

In Table V, theL binding energyDL and the effective
massmL* in nuclear matter are shown. Both quantities a
calculated at saturation density 0.145 fm23 (kF51.29
fm21) as given by the Sk3 potential.@DL is essentially the
same as2UL(kF) in Sec. II and deviates from those a
kF51.35 fm21 in Table I.# Next, we consider the polariza
tion of the nuclear core induced by theL presence@21,22#,
called here thepolarizing property. The core polarization is
exemplified by the relative contraction of the nuclear core
the L

16O ground statedR5(R2R0)/R0, whereR andR0 are
the rms radii of the core inL

16O and 15O, respectively. The
polarizing property is driven mainly by three-bodyLNN or
DD LN force and also by the nonlocality ofLN interaction.
For more details, see@23# and references therein. The tw
rightmost columns in Table V are the rms radiirL of L
orbits in theL

16O and L
208Pb ground states.

It is seen that the presented quantities are in remark

TABLE V. L hypernuclear properties calculated with vario
LN potentials from Tables II and III with the Sk3NN potential
(kF51.29 fm21).

LN DL mL* /mL dR(L
16O) rL(L

16O) rL(L
208Pb)

~MeV! ~%! ~fm! ~fm!

I 27.93 0.881 20.6 2.20 4.06
II 29.85 0.747 20.5 2.27 4.12
III 30.90 0.848 20.1 2.28 3.99
III 8 28.91 0.815 20.1 2.31 4.15
III 9 28.24 0.962 20.3 2.22 4.01
IV 28.56 0.882 20.5 2.22 4.04
1 28.32 0.821 20.3 2.25 4.10
2 26.94 0.821 10.1 2.31 4.25
3 30.62 0.821 21.2 2.12 3.86
4 28.01 0.787 20.2 2.28 4.36
5 27.48 1.000 20.5 2.14 3.96
6 28.81 0.728 20.2 2.31 4.19
SKSH1 25.34 0.983 21.5 1.99 3.96



hr
-
ic
em
he
ee

a
se
re

n
fo

u

a

,
.
id

nd
ve
r

a
m
h

n
in

o
Th
os

em
s of
igi-
l-
.
ain
sity

re
of
ns

f

k3
dis-

ore
lity.
ey
hese
es
e

le
vy

o
er
re-
-
ms.
V,

2336 55D. E. LANSKOY AND Y. YAMAMOTO
agreement with the spectra generated by them. The t
parameter sets~I, IV, and 1!, which reproduce the experi
mental spectra fairly well and similarly to each other, pred
the quantities very close to each other in spite of their se
ingly different parameter values. First of all, the radii of t
hyperon orbits appear to be restricted rather tightly. It is s
also in Fig. 4, where theA dependence ofrL in the ground
state is shown. Sets 3, 5, and SKSH1 give systematic
smaller rL’s, whereas sets 2, 4, and 6 predict, otherwi
larger ones. It should be noted that the former have no th
bodyLNN force ~set 3 and SKSH1! or nonlocality~set 5!.
On the other hand, set 2~sets 4 and 6! is with a stronger
LNN force ~the larger nonlocality! than the others. One ca
see that sets I, IV, and 1 envelope just a narrow band
rL’s in Fig. 4 ~solid lines! and sets 5 and 6~dot-dashed lines!
widen this band to some extent, whereas the potentials fo
to be inadequate give the radii~dashed lines! mainly beyond
these bands. OtherG-matrix potentials give the radii, which
are more or less close to these bands, though the III
III 8 sets lead to a more gradual raising ofrL with A. So we
obtain some reliable prediction forrL’s which can become
more accurate when more accurate spectra are available
gardless of a possible ambiguity in potential parameters
similar picture takes place for the other quantities cons
ered.

We restrict the consideration of the radii to the grou
states only, sincerL’s for near-threshold states are sensiti
to slight differences in the binding energies provided by va
ous interactions. Some speculations have been made@24# for
theA dependence ofrL based on various phenomenologic
L-nucleus potentials, which did not lead, however, to una
biguous predictions. OurrL’s in heavy hypernuclei are muc
larger than those predicted in Ref.@24#.

For the well depthDL , we obtain 27.5229.9 MeV~and a
more narrow range 27.9228.6 MeV, if sets I, IV, and 1 are
accepted only!. Also the polarizing property ofLN interac-
tion in these cases appears to induce a slight contractio
the core~about 0.5% in light hypernuclei and about 0.1%

L
208Pb!. Larger contractions connect with smallerrL’s and,
otherwise, nearly zero polarizations give largeL orbit radii.
And the nonlocality cannot be constrained substantially n
because of the uncertainty in the empirical level spacing.
assignment of the high-lying states affects this point m
crucially.

FIG. 4. rms radii ofL orbits in the ground states ofL
A11Z

hypernuclei as functions ofA1/3 for theLN potentials~labeled in
the figure! from Tables II and III.
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These constraints for the above physical quantities se
to be rather stable and to reflect true dynamical propertie
hypernuclear interactions. However, some uncertainty or
nates from choice of theNN potential. We repeated the ca
culations with the SkM* set @25# instead of the Sk3 one
This set is also used widely in nuclear calculations. Its m
differences from the Sk3 set are a higher saturation den
0.160 fm23 (kF51.33 fm21) and lower incompressibility.
Accordingly, the calculated rms radii of heavy nuclei a
somewhat smaller. Empirical radii and binding energies
some nuclei are more compatible with the Sk3 predictio
and others agree better with the SkM* calculations.

When the SkM* potential is employed, the quality o
overall fitting of hypernuclear spectra with variousLN in-
teractions does not change significantly from that in the S
case, though some specific binding energies are modified
tinctly. However, theDL , mL* , dR, andrL values are altered
substantially~Table VI!. ForDL , the range 28.5231.3 MeV
is obtained. The effective mass is slightly smaller. The c
polarization is enhanced due to the smaller incompressibi
The rL’s are nearly the same in light hypernuclei while th
are smaller in heavy ones. It should be emphasized that t
quantities with the reliable sets remain in narrow rang
which evidently differ from quantities predicted with th
other sets.

It is interesting that the pronounced raising ofDL ~by
about 1 MeV! for the SkM* set does not induce a noticeab
improvement in reproducing the binding energies of hea
hypernuclei. TheBL values in theL

208Pb ground state in-
crease by only 0.220.4 MeV. The reason is that due t
smallerL orbit radii, theL kinetic energy increases togeth
with the well depth, and a partial cancellation occurs. The
fore, the relation betweenL binding energies in heavy hy
pernuclei and in infinite matter is not as obvious as it see

Let us close this section by a brief discussion of set
which has a nonzero SOLN force. In Fig. 5, the calculated
binding energies are shown for both lower (j5 l11/2, solid
lines! and upper (j5 l21/2, dashed lines! members of the
SO doublets. Consistently with@20#, the 1f splitting of L

89Y
is the largest splitting throughout all the boundL states cal-
culated in this work together with the equal splitting of 1g

TABLE VI. The same as in Table V for the SkM* potential
(kF51.33 fm21).

LN DL mL* /mL dR(L
16O) rL(L

16O) rL(L
208Pb)

~MeV! ~%! ~fm! ~fm!

I 29.27 0.870 20.8 2.21 3.98
II 31.25 0.722 20.7 2.28 4.05
III 31.90 0.835 20.2 2.30 3.93
III 8 29.48 0.800 20.2 2.33 4.10
III 9 29.09 0.958 20.4 2.23 3.95
IV 29.80 0.812 20.7 2.23 3.96
1 29.16 0.806 20.5 2.26 4.04
2 26.74 0.806 10.1 2.32 4.23
3 33.50 0.806 21.8 2.11 3.76
4 28.24 0.770 20.3 2.28 4.32
5 28.51 1.000 20.7 2.15 3.89
6 29.50 0.708 20.4 2.32 4.14
SKSH1 27.94 0.981 22.4 1.93 3.84
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states in L
139La. It is seen also that prominent splitting

1p (1d) states can be searched for atA<40 (40<A<60).
Of course, it is a problem to compare the calculated sp

tra directly with the experimental ones, since the data sho
in Fig. 5 ~the same as in Figs. 1–3! were obtained without
supposing any SO splitting. Nevertheless, it is promising t
the data points are mostly enclosed by two correspond
lines.

For the splitting in theL
89Y 1 f state, the calculated valu

1.9 MeV is obtained which should be compared with t
experimental value 2.560.2 MeV reported by Nagae@10#,
though these data are not surely established. We estim
the contribution of the ALS term in the case of NS8 and
found the reduction of the above value by a factor 0.8.
the other hand, Motobaet al. analyzed recently the leve
splitting between@(p1/2)N

21(p1/2,p3/2)L#01,21 states ofL
16O

observed in emulsion, and found that the experimen
01221 splitting can be reproduced by multiplying by a fa
tor ;1.2 onGLS(r ) for NS8 without taking theALS term
into account@26#. This indication of the strongLS interac-
tion is quite consistent with the above data ofL

89Y, because
our calculated value 1.9 MeV becomes near to the exp
mental one by multiplying by a factor of 1.2.

IV. BINDING ENERGY OF LL
13 B

Recently, an interest inS522 hypernuclei has been re
vived due to the KEK experiments@27,28#. Particularly, a
newLL hypernucleus, assigned toLL

13 B, has been observe
@27,29,30#.

FIG. 5. The same as in Fig. 1 with theLN potential V offering
nonzero spin-orbit term. Solid~dashed! lines are for thej5 l11/2
( j5 l21/2) states.
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TheLL bond energy is defined byDBLL5BLL22BL ,
where theBLL is the separation energy of twoL ’s from a

LL
A12Z hypernucleus and theBL is theL separation energy
from the correspondingL

A11Z hypernucleus. It is known tha
DBLL is sensitive dramatically to theLN ~or L nucleus!
interaction and, particularly, torL @31#. Therefore, an appli-
cation of the newLN interactions is very interesting.

The SHF scheme forLL hypernuclei has been presente
in @32#. However, the purely phenomenological approa
with Skyrme-likeLL interaction presently encounters co
siderable uncertainties due to the lack of relevant empir
knowledge. Instead, we use here theLL G-matrix interac-
tions @8#, which are derived from theLL/JN sectors of the
Nijmegen OBE models as follows. TheLL-JN coupled
channelG-matrix equation for aLL pair in nuclear matter,
similar to Eq. ~4!, is solved for each nuclear density. Th
obtained density-dependentLL G matrix is represented spa
tially in a three-range Gaussian form:

VLL~r !5(
i51

3

~ai1bikF1cikF
2 !exp~2r 2/b i

2!. ~7!

The parameters in the1S0 channel are given in Table VII in
the cases of the Nijmegen model D~ND! and NS. Here the
hard-core radius~cutoff mass! of ND ~NS! is taken in the
same way as the one in the correspondingNN channel. It is
not so complicated to deal with the finite-rangeLL interac-
tions in our SHF scheme, since exchangeLL terms do not
appear for the ground states. We treat the DDLL interac-
tion in the local density approximation. The results appea
be rather insensitive to a specific form of this approximatio

The bond energiesDBLL calculated with variousLN and
LL interactions are listed in Table VIII. It is seen that th
LN potentials I, IV, and 1 give the bond energies remarka
close to each other. We checked also that the results
insensitive to the choice ofNN interaction for theseLN
potentials~but for not all the others!. At the same time, the
bond energy generally depends on the adoptedLN interac-
tions via differentrL’s and different core polarizations. It i
seen that the largest deviations from the above reliable
ues are obtained with the strongly polarizing potentials 3 a
SKSH1. However, this dependence is weaker for the
LL interactions than for the density-independent ones.

Considering the results of Table VIII with the use of o
reliableLN interactions, we see that the NS model clea
underestimates the experimental bond energy 4.960.7 @27#.
On the other hand, the ND model predicts much more r
sonable quantities. Then, it is easy in the case of ND
reproduce the data exactly by taking a smaller value of
hard-core radius. In the case of NS, however, such an ad
TABLE VII. Parameters of theLL G-matrix potentials in the1S0 state.

ND potential NS potential
i b i ai bi ci ai bi ci

~fm! ~MeV! ~MeV fm! ~MeV fm2) ~MeV! ~MeV fm! ~MeV fm2)

1 1.5 210.80 3.029 21.126 24.093 0.8137 20.342
2 0.9 2298.5 156.6 255.07 273.45 37.83 210.19
3 0.5 835.5 2252.7 122.7 75.65 48.54 12.19
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2338 55D. E. LANSKOY AND Y. YAMAMOTO
ment is difficult because the resultingLL attraction is not so
sensitive to the cutoff mass. The present result is simila
the previous three-body (11B1L1L) calculations @29,8#
with the density-independentLL interactions which are the
same as the DD ones, Eq.~7!, fixed atkF51.0 fm21. They
obtainedDBLL54.7 MeV with use of the Woods-Saxon
typeL-core interaction. For comparison, in Table VIII~the
second column for the ND model potential! the correspond-
ing results in the present scheme are shown, which are
culated with the same density-independent one. Both res
are found to be consistent. It should be pointed out, howe
that the valuekF51.0 fm21 is not so adequate as the ave
age Fermi-momentum (k̄F) felt by L ’s in the nucleus. We
can obtain this quantity in the present scheme as follo
The value ofk̄F is chosen so that the bond energy in the lo
density approximation is reproduced in the average den
~at k̄F) approximation for the specific hypernucleus. The
we obtainedk̄F'1.3 fm21 regardless of the choice of th
potentials, differently from the above value. This means t
theL ’s feel a relatively high density in the center of11B. Of
course, this quantity may vary from nucleus to nucleus.

Thus, we argue that the DD ofLL interaction should not
be neglected. The bond energy of two hyperons depe
meaningfully on the core central density. Further knowled
on this point can be obtained when otherLL hypernuclei
with different cores~and core central densities! will be ob-
served.

V. SUMMARY AND OUTLOOK

We presented a systematic study of theL hypernuclear
binding energies in the framework of the Skyrme-Hartre
Fock approach. It was known previously@2,4# that this ap-
proach is able to reproduce general properties of singlL
hypernuclear spectra. The recent KEK experiment@6# en-
hanced the base for a phenomenological treatment ofL hy-
pernuclei and allowed us to perform a more accurate an
sis.

The hyperon-nucleon interactions suggested here are
purely phenomenological. It appears thatG-matrix-

TABLE VIII. LL bond energiesDBLL ~in MeV! in LL
13 B cal-

culated with various combinations of theLL andLN potentials.

LN ND potential NS potential
DD version density-independent version

I 3.8 4.3 1.2
II 3.5 4.0 1.2
III 3.4 3.8 1.1
III 8 3.4 3.8 1.1
III 9 3.7 4.1 1.2
IV 3.7 4.3 1.2
1 3.6 4.0 1.2
2 3.5 3.9 1.2
3 4.4 5.1 1.6
4 3.5 4.0 1.1
5 4.0 4.5 1.2
6 3.4 3.8 1.1
SKSH1 6.1 7.2 2.7
to

al-
lts
r,

s.
l
ty
,

t

ds
e

-

y-

ot

motivated parametrization of Skyrme-likeLN potentials
provides a rather good description of the single-L spectra
when the potential is fitted to two empirical quantities (L
binding energies in a light hypernucleus and atA→`) only.
It may even seem surprising since the freeLN potentials
used are different in their footings and also may be not
accurate due to lack of data on freeLN interaction. Never-
theless, such a semiphenomenological way appears to
successful. We remark also that it is enough to take acco
of medium effects via theG-matrix density dependence o
the LN potential in order to reproduce the experimen
spectra, and a genuineLNN force is not needed. Only if the
condition ofUL

even;230 MeV is satisfied, is the quality o
fitting to the experimental spectra is insensitive to the
tailed density dependence ofUL

even. On the other hand, the
odd-state contribution is severely restricted due to our an
sis: The almost vanishing or the slightly repulsive ones
favorable.

Due to lack of data, seemingly different sets ofLN
Skyrme parameters happen to bring about similar results,
then it is not possible to argue some parameter set as
unique one. This uncertainty makes apparent comparison
ficult among various sets. Considering this situation, we
to fix directly some physical quantities. We found some
strictions onL properties in nuclear matter together withL
orbit radii and the core polarization size. Further analysis
the data, including consistent assignment of experime
peaks, can lead to more severe restrictions. There still
mains, however, some uncertainty due to ambiguities in c
radii and nuclear saturation density and also in nuclear
compressibility. For specific hypernuclei, it is possible
remove this uncertainty using empirical knowledge~though
such knowledge is not available for all relevant cores!. Spec-
tra of specific hypernuclei may be influenced, of course, a
by configuration mixing and some other effects which a
beyond our single-particle approach. Since our concern i
study the gross features of the hypernuclear spectra, we
not attempt to specify a nuclear model for each core.

The connection between the binding energies and o
hypernuclear features demonstrated here seems to be rem
able. The main obstacle to more definite quantitative conc
sions is the uncertainty in the binding energies of the hi
lying states. Our calculations provide some prelimina
support to the fitting procedure@19# with accounts of deepe
hole contributions. On the other hand, it should be emp
sized that the proper assignment of the high-lying states
theoretical rather than experimental task. Strictly speak
the consistent analysis should start from experimental spe
directly rather than fromBL’s, and should include calcula
tions of the related cross sections.

Further tests can be searched for in various hypernuc
production rate calculations. Probably, differential cross s
tions of (K̄,p), (p,K), and (e,eK) reactions are sensitive t
rL’s. Also, the nuclear absorption of stoppedK2 with
strongly peripheral nature should be inspected from t
point. Last, pionic weak decay rate is known to be stron
dependent onL orbit radii @33#.

We examined also the spin-orbit term in the Skyrm
LN potential. Its amplitude obtained from the Nijmege
soft-core model gives a fairly smaller value compared to
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recent preliminary experimental indication@10#, when both
of theLS andALS terms are taken into account. For furth
progress, definite experimental conclusions are needed
principle, if the states observed now are unresolved s
orbit doublets, it can disturb the analysis of central inter
tions too.

We show that the density dependence of theLL
G-matrix interaction is not negligible inLL hypernuclear
binding energies. Quantitative treatment of theLL interac-
tion will be possible in the future when better data are av
able. On the other hand, the extraction of theLL potential
from relevant hypernuclear data is known to be condition
crucially by properties ofLN interactions and, particularly
by radii ofL orbits and polarizing property of aLN poten-
a-
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e
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tial ~for the most recent discussion see@32,34#!. So our study
of single-L hypernuclei is pertinent also forLL hypernuclei
andLL interaction problems, and it provides a reliable ba
for calculations of variousLL hypernuclei.
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