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Study of several double-beta-decaying nuclei using the renormalized proton-neutron
guasiparticle random-phase approximation

J. Toivanen and J. Suhonen
Department of Physics, University of Jgkgla P.O. Box 35, FIN-40351, Jyskyla Finland
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The renormalized proton-neutron quasiparticle random-phase approximation (RQERIPA has been used
to calculate doublgs-decay matrix elements and associated transition half-lives for two-neutrino dguble
decay of parent nuclef®Ge, "®r, 82Se, %Zr, 1%%Cd, and **°Te to the ground state and excited one- and
two-phonon states of their daughter nuclei. The results are compared to ordinary proton-neutron QRPA and
experiments. In addition, the violation of the Ikeda sum rule in the RQRPA is examined and discussed.
[S0556-28187)00305-1

PACS numbes): 23.40.Hc, 23.40.Bw, 21.60.Jz, 27.5@, 27.60+]

[. INTRODUCTION one-body densities of the correlated QRPA ground state in
evaluating theA andB matrices of the RPA equations. This
The proton-neutron quasiparticle random-phase approxischeme of calculation we call the renormalized proton-
mation(pn QRPA) has proved to be a very powerful model, neutron QRPA, i.e., the RQRPA.
considering its simplicity, to describe nuclear matrix ele- In this article we use the RQRPA in connection with the
ments in ordinary8 decay and the more complex two- Multiple-commutator metho@MCM) of [9] to study double
neutrino (2»88) and neutrinoles$0v88) double 8 decays B decays of nuclef*Ge, *’Se, **Zr, and **Te and double
[1]. Historically, the long-lived problem of too fast theoreti- B /EC decays of nuclel®kr and *°°Cd to the ground state
cal doubleg-decay rates was solved usipg QRPA by the and excited one- and two-phonon states of their daughter

introduction of the particle-particle channel of the proton-nuc!e': We also .study how much the RQRI.DA y|olates, In a
neutron interaction in the RPA matricgg], making it pos- realistic calculation, the Ikeda sum rule which is conserved

sible to produce arbitrarily small double Gamow-Teller ma-" the ordinarypn QRPA.

trix elements(DGT). This dependence of the DGT matrix Our grucle IS ordere_d as f.OHOWS: in Sec. Il the_nec_essary
X ) . . theoretical framework is reviewed and then applied in Sec.
elements on particle-particle interaction strenggly, has

. . lIl, where the results are presented and analyzed. Finally, in
since then been reproduced also in the shell-model calcul P y y

%ec. IV, the conclusions are drawn.
tions[3] and is believed to be universal property of double- '

B-decay matrix elements in which thé states of the inter-

mediate odd-odd nucleus have explicitly been taken into

account. In the renormalizegpn QRPA treatment the creation and
However, one of the shortcomings of the ordingrg  annihilation operators of excited states are restricted to have

QRPA reveals itself with the increasing strength of theonly two-quasiparticle components and have the same struc-

proton-neutron interaction governed by thg, parameter. ture as in the ordinarpn QRPA:

Near a certain critical interaction strengthsually beyond
= 1) the backward-going RPA amplitud&s,, of the first T _ IMAt INK (e

g%ited T state becor?‘ne gverrated,pcausin%gn the calculated Q (m,JM)—% [XpnA" (P IM) = ¥orA(P; IM)].

doubleB-decay amplitudes to diverge. The reason for this 1)

Il. FORMALISM

. 2

overrating is an increasing violation of the Pauli exclusion
principle, or in other words, lack of feedback of the ground- The equations-of-motion meth@&OM) of [10] produces an
state correlations in the RPA equations. Therefore, ordinaritPA-like system of equations for the forward- and
RPA builds too strong ground-state correlations too earlybackward-going amplitudeX; and Yy
Sometimes this overrating has started already for quite weak
particle-particle interaction strengthg,, around 0.7-0.8 A BjxIm _ u o (XJm
making it difficult to reliably extract doubl@-decay infor- B A/\YM T g _y/lyIm
mation from the calculation.

Several attempts have been made in the past to shift tHEhe matricesA and B are derived from the commutator
collapse of thepn QRPA to higher values o, [4-7]. Al equations
these methods, however, disregard the main source of ~
ground-state instability, namely, the increasing violation of A(pnp'n’J)=(g.s|[A(pn;J M),H,AT(p'n";IM)]|g.s),
the Pauli principle with a build up of excessive amounts of 3
ground-state correlations. To overcome this difficulty we R
have proposed ifi8] to use a self-consistent iteration of the B(pnp’'n’J)=(g.s|[A(pn;IJM),H,A(p'n’;IM)]|g.s),
renormalizedpn QRPA equations to take into account the 3
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where ZA,B,C]=[A,[B,C]]+[[A,B],C] and H is the Amplitudes(7b) fulfill the usual RPA orthonormality rela-
nuclear Hamiltonian. Here the expectation value has beefions. The quasiparticle occupation numbers used in matrices
taken in the correlatedn QRPA ground statfg.s), whichis A, B, andU can easily be evaluatdd1-13] and are given
substituted by the BCS ground state on the level of the ordiby
nary pn QRPA.

The commutators in Eq3) have, in addition to ordinary
scalar RPA terms, additional terms proportional aba and
a'a'aa, in other words, terms depending on one- and two-
guasiparticle densities. These terms take into account the =, N2 TTmi2
Pauli exclusion principle. In order to keep the model trac- Un=in 2 J% JYpal® | (1= ap—an). (8b)
table we have made the following approximations. First of P
all, the two-quasiparticle densities in E@) have not been As discussed in Ref§14—16 this form of quasiparticle oc-
included because of their complexity, see the discussion i@upation numbers is slightly erroneous because it overcounts
Ref.[10]. This is our biggest approximation and assumes ahe ground-state correlations. However, the overcounting
random-phase cancellation of these terms. causes very little error in practical calculations. In the

On the right-hand side of Eq2) we have written matrix RQRPA the Eqgs(6) and(8) must be fulfilled simutaneously,

U, the overlap matrix between the two-quasiparticle states. lfnaking the diagonalization problem nonlinear and subject to

Qp:]\gzz (sz 32|Y_g?11 2)(1_Qp_qn)v (83

consists of one-quasiparticle densities of the form iterative solution8].
; The doubleg-decay matrix elements have the general
U(pnp'n’)=(g.s|[A(pn;JM),A’(p'n";IM)]|g.s) form [17]
zépp/énn/—5nn,j;l<g,s][a,§5p,]oo|g.s) " _E Br;ﬁr;l ©
—5pp/j;l(g.sl[alan,]odg.s}, (4) PeT & {[(1/2Qpp+Em—M;1/m+ 1}
and can be approximated diagonal, i.e., where Qg is the doubles-decayQ value, M; is the mass

energy of the initial nucleus=1 for J=0, ands=3 for J
Py — _S-1 tx =2. The quantityk,, is the (total) energy of themth inter-
U(pnp'n’)= Gppr S (1=15 (9-Sl[2p3pl0d 9.5 mediate 1" state, i.e., the relative spacing of the energies
—I;l<g.sl[a$'5n]oo|g-s.). Eis co'ming from the rootw,,, of Eq. (6). The difference
E.—M; in Eq. (9) is taken from the known nuclear masses
= 8pp' Onn'(1—=0p—0n) = Spp SanUpn, (5)  (nuclear mass difference of the intermediate and initial
A nucleus and the experimental excitation energy of the first
wherej=2j+1. This is not a bad approximation at all, 1" state with respect to the ground state of the intermediate
because if the single-particle basis has at most two oscillatgtucleus. After this phenomenological scaling of the first
major shells, the off-diagonal matrix elements vanish alto{R)QRPA root the differenc&,,—E; has been taken as av-
gether because of spin and parity conservation. A diagonairage of the corresponding differenaeg,— w4, for the ini-
norm matrix makes it possible to transform Eg) into an  tial and final (R)QRPA calculations discussed below. The

ordinary RPA-type of equation: quantity Qs was taken from the experimental data.
o The matrix elements3,, of the g-decay operators are
A B\/xm xm written as[17]
Bm:(lm”ﬁ ||0i )a (10)
where, now the RPAA andB matrices are renormalized by . i N P
the factorsU Bm=20 {187 11,20 1) 11
mV
Al rAt / 1At
A(pnp'n’Jd)=(Ep+Eq) Spp 5nn’_Uér?[2G(P”p n'J) In the RQRPA thep-decay amplitudeg10) and (11) are

modified (see[8]) by the introduction of factors) 5> multi-

plying the amplitudes<yT and Y} in the formulas of17].

X(Upunuprunr+vpvnvprvnr)

+2F(pnp'n’J)(UpvpUprv g Two separate QRPA calculations, both either of five
112 QRPA or of the RQRPA type, have to be done in evaluating
+UpUnvp Un) Ui (78 the DGT matrix element of Ed9), namely one for the initial
o [the amplitude of Eq(10)] and the other for the final nucleus
B(pnp’n’J)zUé’ﬁ[ZG(pn P'N'I)(UpUnv prvp [the amplitude of Eq(11)]. These calculations are based on
(slightly) different single-particle energies and thence on dif-
+HUpUUpUn) = 2F(PNp'n’ J)(Ugv v prUn: ferent BCS vacua so that theandv factors appearing in

Egs. (7) are different for the initial and final nuclei. The
(7b) eigenvalue problem of Ed6) is then solved separately for
the initial and final nucleus leading to self-consistent itera-

NIM_ | 11243 vIm_ 123 . .
Xon=UpnXpn,  Ypn=UpaYpn- tion of the quantitiesX;, Yo', wiy, andU 7 for these

1/2
+vpunup,vn,)]Up,n, ,
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TABLE I. The WS and AWS proton and neutron single-particle  TABLE Il. The WS and AWS proton and neutron single-
energies near the Fermi surface fGe and’%Se. Only orbitals particle energies near the Fermi surface ¥8e and®Kr. Only

having BCS quasiparticle energies below 5 MeV are listed. orbitals having BCS quasiparticle energies below 5 MeV are listed.
76Ge ste
Protons Neutrons Protons Neutrons
WS AWS WS AWS WS AWS WS AWS
1p1/2 _679 _679 1p1/2 _980 _850 1pl/2 _814 _814 1pl/2 _107 _899
1pap -9.01 -9.01 1p3p -11.5 -9.50 1pspm -10.1 -10.0 Ofs,  —11.8 -11.8
0fsjn -8.21 —8.70 Of 5/ —10.7 -10.7 0fsp —9.69 -115 X —2.83 —2.83
0dop» —5.31 —8.00 (0P —7.03 —9.00 0f7p —151 —15.1 s, —4.12 —4.12
7650 0992 —6.67 —6.67  (Qgp —8.01 —8.01
Protons Neutrons 82Kr
WS AWS WS AWS Protons Neutrons
WS AWS WS AWS
1p1/2 _500 _600 Jpl/Z _110 _950
1p3/2 _700 _700 :I.p3/2 _128 _104 1pl/2 _629 _659 1pl/2 _118 _999
0fgn -6.29 —6.10 Of 50 -12.0 -10.3 1pspm -8.31 —-8.39 1Ipy, —135 —-135
0dop» —3.37 —5.60 Qo —8.30 -10.0 Ofsp —7.84 -759 0O, —13.0 -13.0
1dsp —4.30 —4.30 0f7p —-13.2 —-13.2 s, —5.09 —5.09
0992 —4.86 —6.29  (ggp -9.21 -9.21

nuclei. The two emerging sets of intermediaté dtates are

prajectfd upon each other by introducing the overlapameterg,, of the proton-neutron‘linteraction to the semi-
(1,11 of Eq.(11) containing the two sets af, v, X, and  empirical location of the Gamow-Teller giant resonance

Y amplitudes as given ifl7]. (GTGR). We have used the ordinagp-nn QRPA[19] to
calculate the 2 and two-phonon states of the doulfle-
Ill. RESULTS AND DISCUSSION daughter nuclei, and the RQRPA for intermediatestates

in Eqg. (9). The particle-hole part of the like-particle quadru-

Two sets of single-particle energies were used in the calpole interaction is scaled to reproduce the experimental en-
culations. The first set consisted of Coulomb-correctecergy of the 2 state in the daughter nuclei. Otherwise the
Woods-Saxon(WS) energies with Bohr-Mottelson param- two-body matrix elements of the quadrupole channel retain
etrization. The second séAWS) consisted of WS energies their G-matrix values.
adjusted near the Fermi level to yield better agreement be-
tween the BCS-calculated one-quasiparticle spectra and ex- TABLE Ill. The WS and AWS proton and neutron single-
perimental energies of corresponding odd-proton and oddparticle energies near the Fermi surface $&r. Only orbitals hav-
neutron nuclei. This adjusted basis is the one of Réfland  ing BCS quasiparticle energies below 5 MeV are listed. #to
both the WS and the AWS single-particle energies for thehe AWS basis coincides with the WS one and only the WS ener-
A=78,A=106, andA= 130 nuclei are shown in that article. gies are given.
For the rest of the nuclei, discussed in the present article, the

WS and AWS single-particle energies are shown in Tables | %zr
(A=76), Il (A=82), and Ill A=96). The residual interac- Protons Neutrons
tion was obtained frons matrix derived from the Bon# WS AWS WS AWS

potential. Two oscillator major shells, plus intruder orbitals

from the next higher oscillator major shell, were used for P2 —9.14 —9.20 B1r2 —4.90 —5.60
both protons and neutrons as the valence space of each stug=/2 —11.2 -11.2 1y, —4.04 —4.04
ied nucleus. 0fsp —-11.4 —-11.4 s, —6.53 —6.53
The calculational procedure, except for the solution of the?99:2 —819  —9.00 Qg —491  -491
RQRPA equations, was the same as in RaB]. Each 0go ~ —-107  -107
double3 calculation contains two RQRPA pm QRPA cal- Ohy —2.57 =257
culations, namely, one for the initial and the other for the %Mo
final nucleus. The pairing part of the calculation contains Protons Neutrons
four adjustable parameters: one for the proton and one for the
neutron pairing interaction separately adjusted in the initiatLp,, -7.71 X1 —5.70
and final BCS calculation. Two more parameters are needetb,, -9.51 1d,, —4.84
for the 1" channel of the proton-neutron interaction, namely,0f, —-9.69 s/, —7.44
one for the particle-hole and the other for the particle-particleng,,, —6.53 07p —5.85
part of it (these parameters are taken to be the same in the 09gp -11.8
initial and final calculations The pairing parameters are ad- Ohy1 —355

justed to odd-even mass differences and the particle-hole pa
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It is worth noting that usually theIZ state turns out to be TABLE IV. Double-gB-decay half-lifes for transitions to differ-
rather collective both experimentally and in thp-nn  entfinal states calculated using the RQRPA.
QRPA, stressing the importance of quadrupole vibrations in
spherical and nearly spherical nuclei. The collectivity mani-
fests itself, for example, in the rather large value of the
B(E2;2; —0g). This is a feature which the present formal- ws ~ 1.04  1.410°  1.0x10%° 1.0x10% 2.2x10%®
ism can qualitatively, and even quantitative(yee, e.g., AWS 1.07 14107 3.1x10® 1.0x10?%® 7.2x107
Table 1l of Ref. [17]), reproduce by the collective ;2  exp. 141070 >4.1x107 >3.0x 107 >3.3x10%
pp-nn QRPA phonon. On the other hand, it is well known
[20] that the RPA has difficulties in predicting static quadru-
pole moments of some one-phonon quadrupole excitations
like in the case of’®Se. This is clearly a deficiency of our WS  1.02 1.K10®°  3.3x102 2.8x1083 3.0x108
approach. Another shortcoming is that the data on the crosgaws 1.11 1.x10%°  1.6x10%* 1.5x10%* 1.5x10%
over transition rateB(E2;2, —0,) cannot be reproduced exp. 1.X107° >1.2x10°0 >6.6X10%°
due to the simple two-phonon structure of the theoretical %
2, state leading to zero value for the theoretical crossover ZJ N N
transition rate. This deficiency has also been seen in double- Yop 9-s. 02 21 22
B-decay calculations, namely in the case 8o decay ws 120 4.x10° 24x 1070 3.8x107°*  6.3x 10
[21] and in previous treatments df°Te [18]. It is present aAws 1.29 4.4 10 27x 102 4.8<10!  6.0x10%

76Ge
pp gs. 0, 2] 25

SZSe
Upp g.s. 0; 27 2;

also in our calculations and we will discuss it more exten-gyp, 3.¢10° >3.3x10Y° >4.1x 10
sively in connection with thé**Te decay below.
To improve the theoretical description in this respect, one e
should go beyond the simple multiphonon picture and take 9pp g-s. 0, 2] 25

into account the interaction of the two-phonon states wit
their surroundings, e.g., by using the boson-expansion tec')iws
nigues[22]. Such improvements of the present MCM for-

0.79 2.XK1# 2.6X107°  1.4x10% 3.2x10%
0.72 2.XK10* 7.1x107°  3.0x10%2 2.0x10%

la 1
malism could lead to considerable changes in the theoretic& ™™ 210 >4.5¢10°
2vBB decay rates to the Dand 2 states, and should be 8r
studied in the future. Uop g.s. 05

In the self-consistent iteration of the RQRPA all the in- 5 .
termediate multipolarities appear in the evaluation of theVS 1.0 6.& 1021 2.1x 1024
quasiparticle occupations of Eq8). Numerical calculations AWS 1.0 8.X10%  4.7x1C?

show that only a limited set of these multipolarities play a®xP- >1.1x 107

role in the evaluation of these occupations. In the present 10604

calculations the multipolarities™, 1=, 2, 3%, and 4 are g g.s oF

enough to guarantee accurate evaluatiogoéndq, in Egs. i — 2

(8). WS 1.0 2.x10°  1.0x10%
In the present article we use a simple method to set thaws 1.0  2.0<10°  1.4x10%

value ofg,, for each nucleus. For the cases where experiexp. >2.6x 10"

mental information about thevBB ground-state transition is
available we use it to fix the value gf,, and use this value ! Valt
to calculate theoretical half-lives for transitions to other finalStates, see discussion in text.
states(i.e., 0; , 27 , and 2 state$. When there is no such
information, as in the case dfKr and 1°6Cd, we have cal- tion, we plot in Figs. 1-5 the calculated DGT matrix element
culated all transition half-lives witly,,= 1.0. Mpgr as a function ofg,, for the RQRPA and then
Table IV summarizes the RQRPA, and Table V ihe  QRPA. In Figs. 1a) and 1b) we show the effect of different
QRPA results for transition half-lives of the nuclei under single-particle energies by displaying then QRPA and
discussion. The ground-state transition and the transitions tRQRPA results separately for the two basis 8%S and
0, .27, and Z states have been included and the correAWS).
sponding half-lives compared with the data. For the RQRPA In °Ge[Fig. 1(b)] and in *°Te (Fig. 3 the pn QRPA
results we have used the above-mentioned method of settirapllapses very early in the AWS single-particle basis. This is
the value ofg,, but for thepn QRPA this is not possible in due to the strong ground-state correlations caused by the in-
the cases where the valgg,=1.0 is very close or beyond creased level density near the proton and neutron fermi sur-
the collapse of then QRPA. This leaves only four nucleiin faces in the adjusted single-particle basis. F6Ge the
Table V for which theoretical half-life values can be given RQRPA is able to push the zero-crossing pointhNpgrt
within the pn QRPA description. For the other cases onefrom 0.75 to 1.1. Furthermore, the RQRPA reproduces the
would need additional information, e.g., data on singleexperimental doublg half-life of "®Ge for the ground-state
B-decay transitions, see R¢lL8], to set the value ofj,,. transition wherg,, acquires the values 1.G%/S) and 1.07
To illustrate the differences between the QRPA and  (AWS). By using these values @f,, the two basis sets give
the RQRPA and to show the stability of the RQRPA solu-almost identical half-lives for transitions to the other final

he experimental value is geochemical one containing all final



2318 J. TOIVANEN AND J. SUHONEN 55

TABLE V. Double-B-decay half-lifes for transitions to different

final states calculated using tipen QRPA. ] Ge-TSe (WS)
76Ge 0.3—_ (a) :~
gpp g.s. 0; 2ZIJ.r 2; 0.1 - I
WS  0.80 1.4x 10%  1.1x10%3 86x10® 2.5x10% S I N N ~ I
AWS 0.77 14x 107 2.1x107 4.0x10% 3.0x10% I N r
exp. 14X 107 >41x10 >3.0x10% >33x 100 & PRI
o2, 03] ‘
Ypp g.s. 0, 27 25 05 . -
WS 096 1.1x 10°°  2.8x10" 2.4x10%® 2.8x10% U B e a
AWS 096 1.1x 10  1.3x10°* 58x10P°® 1.3x10% B R 75xgs.2", ' K r
exp. 1.1x 100 >1.2x10" >6.6x 107 os | . -l T
962 0.00 0.25 0.50 0.75 1.00 125 1.50
+r + + gpp
9pp g.s. 0, 2] 2,
L1 e by o by e by by
WS 094 15x10%  23x10%  2.8x10%0  1.4x10% 7 T gesmse (aWS) |
AWS 1.09 3.9x 10°  2.3x10°*  3.0x10°*  1.3x10%° 0s ] ; i
exp. 3.9% 101° >3.3x10Y° >4.1x10Y ] ; ()
13070 o.1—i RSN B
Upp g.s. 0y 27 23 R ER C
014 T Trme—ea - —
WS 074 2.7x 1070 24x10° 13x10%° 2.8x10% g 1 [
AWS 0.64 2.7x 10%* 6.2x10%° 25x10%2  1.3x10% = o3 TTEEREzIIioa -
exp. 2.7x 1072 >4.5x 107 ] :
#The experimental value is geochemical one containing all final T — E-S-*ﬁfvx' “. _
states, see discussion in text. o7 - i;x‘g‘sjr' W N
1 e 75xg5.2*, |
states, as can be seen from Table IV. The only exception is s
08 e

the 2; transition. This is due to the interesting fact that in the 0.00 025 050 075 100 125 150
AWS basis thegn QRPA and the RQRPA deviate from each
other already for smaly,,. At this point it is appropriate to
comment that the inclusion of thehg), orbital in the present FIG. 1. The DGT matrix element as a function gf,, for
calculation affects somewhat the doulflenatrix elements  76Ge in the WS single-particle basig) and in the AWS single-

as seen by comparing the present result for the WS basjsarticle basis(b). The curves extending to higher,, values, for
[Fig. 1(a)] with the corresponding one of Fig(&f of Ref.  each line type, are obtained by the RQRPA, and the curves with a
[17] where the By, orbital was omitted. In Ref[18] the  more sudden change in the magnitude of the DGT near the critical
contribution of this orbital to some singj@é-decay transitions g,, are obtained by using then QRPA.

was found to be rather important and that is why it is in-

cluded also in the present calculation. phonon picture for the D state is clearly inadequate. Assum-

The difference in results between the two basis sets ifg that the true decay rate to thg Gtate is negligible in
largest in the case of%Te. For the WS basis then QRPA  comparison with the ground-state one, we have fitted the
and the RQRPA amplitudes differ only very little around theoretical ground-state transition rate to the experimental
dpp=1.0, indicating that in this basis both th@ QRPA and  value. In both basis sets the experimental half-life value is
the RQRPA build relatively little ground-state correlations reproduced by a rather low value gf,, as seen in Tables
on top of the BCS vacuum. In the AWS bagkg. 3 the IV and V. These tables also indicate that the predicted half-
pn QRPA collapses already g},,=0.79 and the RQRPA is lives for the excited-state transitions are very similar in the
not able to push the zero-crossing point\fgr to substan-  pn QRPA and the RQRPA, except for thg 2ransition in
tially higher g, values. the AWS basis.

At this point it is important to note that the experimental  For the parent nuclei’Se and®®Zr the WS and the AWS
half-life value for **Te in Tables IV and V is based on basis sets give very similar transition half-lives for the ex-
geochemical measurements and contains transition ampltited states. The only exception is thg Zansition in 8250
tudes to all pOSSible final states. Due to the difficulties Wlth|n the RQRPA forma”sm, as seen in Table V. As an ex-
the description of the D final state as a two-phonon state, asample, we show in Fig. 2 the decay 6fZr in the AWS
mentioned earlier, bothn QRPA and RQRPA produce too basis. As mentioned in the caption of Table IlI, the AWS and
large matrix elements for the transition to thg @tate in  the WS single-particle energies are identical in the daughter
13%Te, and it is impossible to fit the total theoretical half-life nucleus®Mo (the WS basis already gives correct quasipar-
to the experimental half-life. In this case the simple two-ticle energies Here the RQRPA corrections to transition
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o5 b b b Lo — 06—ttt L ey v b b

*Zr-"Mo (AWS) I ] B 78S

0.3 —

0.1 — — -
g g i
—-0.1 — C
I ~0.4 [ \ =
g.5-7g.s: r 4 gs.og.s. (AWS) v \ =
03— —---- g.s.00%, — 1 ----- 10 x gs.+0*, (AWS) ! .‘.
------ 1oxgs22", r 06 - - gsogs (WS) ' | L
1 100xg.5.42%, L 1 25 x gs.0*, (W) i |
05 L S B R =08 T e
0.00 0.25 0.50 0.75 1.00 1.25 1.50 0.00 0.25 0.50 075 1.00 1.25 150
PP gpp
FIG. 2. The DGT matrix element as a functiongyj, for *Zr in FIG. 4. The DGT matrix elements dPKr in the WS and AWS
the AWS single-particle basis. Then QRPA and the RQRPA re-  pases for decays to the'Ofinal states as functions af,,. The
sults can be identified as explained in the caption of Fig. 1. pn QRPA and the RQRPA results can be identified as explained in

the caption of Fig. 1.
half-lives are practically negligible up to the collapse of the
pn QRPA. The adopted,,, values for the RQRPA and the
pn QRPA are shown in Tables IV and V. For these value

the RQRPA and thggn QRPA reproduce the ground-state = oS - . ,
transition half-life. However, there is one exception: thre Figure 5 displays the DGT transition amplitudes for the

; ' . */EC decaying nucleus®®Cd. Theg,, value for all tran-
QRPA in the WS basis. In this case one cannot reproduce the. " is <ot to 1.0 in the RORPA. Aroung,,=1.0 both

experimental half-life by any value @f,, (see Ref[18] for
detaily and in Table V we only list they,, value which
produces the minimum value for the ground-state DGT ma:
trix element.

Figure 4 shows the DGT transition amplitudes for the
doubleB*/EC decaying nucleu&Kr. Theg,, values for all
transitions are set to 1.0 in the RQRPA. As in the case o
8Ge, thepn QRPA collapses too early for the AWS basis,
but the RQRPA prevents the DGT matrix element from
crossing zero too early. In the WS basis the ground-stat

correlations are weaker as also the RQRPA corrections to

basis sets give similar ground-state half-lives in the RQRPA,
whereas the half-lives for the excited-state transitions differ
to some extent from each other.
As a general conclusion of the above analysis it can be
said that the predictive power of the QRPA formalism, based
n proton-neutron quasiparticle pairs, is poor if there is no
xperimental information on thevBB-decay rate to the
ground state available. Alternatively, a study of the lateral
-decay feeding has to be done in order to estimate the ap-
roppriate value ofj,, [18]. Use of either of the aforemen-
tioned data in connection with the QRPA framework yields

P T S R B S S B S AR definite theoretical predictions for thev28 decay rates to
o5 Te->"%Xe (AWS) : E
] ' -
°’5‘§ ! R 3 P U S A B
04 7 H -7 e ] 106 106 F
. g 10 Cd-""Pd F
A 0.8 -1 -
F 0.6 -
\“‘\s.\ -_ 0.4 -
_ . 0g FrTTmTE s -
a £
- = 00 el e
-to —: :______ 20 x gs.o2%, :— -0.2 5 \. : -
o d e 40 x gs.2%, F ] \\
12 ] ; : ~04 g5-gs. (AWS) - C
B o e e e L A e e e o e e BB 0sd - g:5.20%, (AWS) \ e
0.00 0.25 0.50 0.75 100 125 150 1 - gsogs. (WS) v F
ogd e 540, (WS) Vo
PP ] Lok
-10 +——— T T
0.00 025 050 075 100 125 150

FIG. 3. The DGT matrix element as a function gf, for g
13%Te in the AWS single-particle basis. Then QRPA and the PP
RQRPA results can be identified as explained in the caption of Fig.
1. FIG. 5. The same as Fig. 4 for the decay8fCd.
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excited states. It has to be noted that in the RQRPA one

v b e b e e v i e e L

always can make a first estimate of the3B-decay rates by h N . L
taking gp,=1.0. The quality of the resulting decay-rate es- ] N a) ==~ e i
timates depends on the stability of the theoretical decay am- _ ---.__ \ T ]
plitudes in the neighborhood af,,=1.0. As seen in Figs. B 12 S T ~sz o
1-5, in many cases the stability of the excited-state transi- = | w0 e e [
tions is far better than the stability of the ground-state tran- = | L
sition so that more unique theoretical estimates for the decay — . i

rates to the excited states can be expected. Ipth®RPA E
even this very naive estimation is not always possible be- Dé»
cause sometimes th QRPA breaks down before the value &
gpp=1.0. \(;'
Finally, we want to discuss the conservation of the Ikeda | i
sum ruleS;=S_—-S, =3(N—2) in the RQRPA framework. 1 -
Here S_ (S,) is the total summed Gamow-TelleB™ | _ R
(B*) transition strength from the ground state of an even- 0.00 025 050 075 100 125 150
even nucleus. In thpn QRPA the Ikeda sum rule is exactly
conserved if all the spin-orbit partners of the single-particle
orbitals in the chosen valence space are included. Even omit-

PP

o34 v b e e L b e b by

ting some of these partners, in practice those lying a magic ] N e ]
shell gap apart from the valence space, does not lead to es- \\ (b) Z77 we |
sential violation of the sum rule. \ T :fcrd I

In the RQRPA the sum rule is violated even if all the 02 N e wpe |

spin-orbit partners are included in the single-particle basis.
This violation is to be attributed to the incompleteness of the
RQRPA phonor(1), i.e., to omission of the scattering terms
[23] in the definition of the phonon. Restoration of the aver-
age neutron and proton numbers in the RQRPA has a very
small effect upon the Ikeda sum rule. This can be seen from —, 1
the average particle numbers of the RQRPA ground state ?
which deviate from the BCS values by only a few percent.
The main correction thus comes from the scattering terms

4 N -

0.1 - N, -

pnQRPA)/3(N-2)

and their role can be seen from the following form of the O P S S L ';(',0' ' "'1;5‘ A
sum rule: .
S_—S+=2 (_1)M<o|[2;; ,Z;:M]|o>. (12 FIG. 6. The relative3™ strength(a) and 8* strength(b) as a
o

function of gy, in the pn QRPA approach for different 133

. . . mother nuclei. The curves extend up to the breaking point of the
In Eq. (12) the quasiparticle representation of tBedecay  ,n grpA.

operators ,Gi contains also scattering contributio47]
which take part in the commutator of the right-hand side ofwork [8]. The emerging pattern for the final nuclei exhibits
Eg. (12). In the QRPA level of approximation the real the same features and thus the corresponding figures are not
ground statd0) is substituted by the BCS ground state anddrawn for them. By comparing Figs(# and 7a) one no-
thus the scattering contribution vanishes leading to consigices thatS_(RQRPA) is smaller thas_ (pnQRPA) for all
tency in the evaluation of the left-hand and right-hand sidevalues ofg,,. The difference between these two summed
of Eq. (12). In the RQRPA level of approximation one uses strengths increases with increasigg, leading to clear un-
the real ground state and thus nonzero scattering contribulerestimation ofS_ by the RQRPA when approaching the
tions are expected from the right-hand side of B@). This  breakdown point of thggn QRPA. Comparing the summed
unbalances Eq(12) since on the left-hand side one still 8% strengthsS, (RQRPA) andS, (pnQRPA) of Figs. €b)
evaluates the quantiti€ and S, by using the phonoiil)  and 7b), one observes that up to the break-down of pime
without any scattering terms. QRPA the RQRPA and thpn QRPA give the same result.
The magnitude and nature of the violation has been studFhis is true for all the other 288 mother nuclei except for
ied in Figs. 6-8. There we plot the relatiy@ strength  “%Ge for which the RQRPA overestimat8s .
S_/3(N—-Z) [Fig. 6@] and the relative 3* strength From Fig. 8 one sees that for the RQRPA the deviation
S, /3(N—2Z) [Fig. 6(b)] as a function of,, in thepn QRPA  from the exact Ikeda sum rule depends on the nuclear mass,
approach for all the 288 mother nuclei under study. In Figs. being smaller for the heavier nucleA&96) than for the
7(a) and {b) we do the same for the RQRPA approach.lighter ones A<82). The magnitude of the violation is
Finally, in Fig. 8 we combine the data of Figs. 6 and 7 and3—20 % atg,,=1.0. Thus, at least for the heavier nuclei,
show the ratio of the RQRPA su8(RQRPA) and the exact the RQRPA model does not lose too much of the GT sum
sumS =3(N—2) as a function ofy,,. For comparison we rule. The analysis of Figs. 6 and 7 reveals that the deviation
have added here also a curve f o from our earlier can be associated solely to underestimation of@hébranch
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Ge -

AN (@) ==

- — . Ege

S (RQRPA)/3(N-2)

S, (RQRPA)/3(N-Z)

sumS_ in the RQRPA for all the other nuclei thaiGe. For
"8Ge both thes_ and theS, branches conspire to deteriorate
the sum rule. A violation of the sum rule was also found for
Fermi-type transitions in the RQRPA using a very schematic
model[24]. In [24] the violation was quite small at the point
where thepn QRPA collapsed. For very large interaction
strengths the violation was found to be almost 50 % of the
sum rule, exceeding the amount of violation found in the
present calculation.

It has to be noted that in realistic RQRPA calculations it
is relevant only to investigate the nuclear matrix elements in
the very vicinity ofg,,=1.0 where the deviation from the
Ikeda sum rule is small for the heavy nuclei. Thus, at least
for these nuclei the RQRPA-predictedv@3 half-lives
should be reliable. For bigger deviations from the sum rule,
say more than 10 %, the RQRPA results begin to lose their
accuracy since it is hard to quantify the effects of the sum-
rule violation upon the value of the DGT matrix elemésee
the discussion if24]).

Next we briefly discuss the differences between the
QRPA and the RQRPA in the light of the doubesum rule
of Refs.[25,26]. As pointed out in these articles the doulgle-
sum rule contains a model-independent part and a model-
dependent part. The sum rules are different for theahd
2% final states[26] and here we only concentrate on the
0" sum rule which was discussed in the context of the
QRPA in Ref.[25]. As pointed out in[25], the double
Gamow-Teller operator, when applied to the initial ground
state qs, leads to two-phonon states of the final nucleus in
the RPA framework. These can be coupled to dhe 0 or
J;=2 final angular momentum.

The doublegB sum rules can be written 485,26

D or=S5a7 0= Shei °=(0|[B* B*.B~B71|0)

FIG. 7. The same as Fig. 6 in the RQRPA approach. Here the =6(N—Z)(N-Z+1)+4(N-2)S,—R, (133

curves have been plotted up ¢gg,= 1.50.

0.9 —

0.8 —

S (RQRPA)/3(N-Z)

L L B e e e o RLA A e e o o
0.00 025 050 075 1.00 125 150

g

PP

FIG. 8. The ratio of the RQRPA su§j=S_—S, and the exact
sum 3(N—2) as a function oy, for different 2-88 mother nuclei.

Shea=Sbei 2 Shat 2
2
=0 > (DB B 12u.[B B 12_,1/0)
u=-2

—10(N-Z)(N-Z—2)+2(N-2)S, + 3R, (13b

where the first terms on the right-hand side are the model-
independent part of the sum rule and the second terms can be
obtained from the summed Gamow-Telj@f strength. The
residual termR has a rather complicated structysze[26])
and its magnitude can be estimated by calculating the left-
hand side of Eq913) in the adopted model. Here we evalu-
ateS) and theS, term in Eq.(133 by the QRPA and the
RQRPA methods to further study the sum-rule nonconserva-
tion in the RQRPA formalism.

In Fig. 9 we discuss the behavior of the various compo-
nents of the doublg sum rule(133 as a function ofy,, for
the "5Ge decay. The emerging pattern for the other cases is
qualitatively the same. As seen in Fig. 9, the sum of the first
two terms on the right-hand side of E{.3a is almost the
same for the QRPA and the RQRPA. This is due to the fact
that the sumS, results almost the same in both models as
already discussed in the context of Figgb)6and 7b).
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MS%T(J?F% B (3 Brn - (15)

| The fractiony(J;) has been studied in Table VI for three
7 representative decays in the WS bd#ss is the basis which
| 7 most of the other authors in the field yder g,, values
10formzmcm oo TITE =T ST o - indicated in Tables IV and V. Both then QRPA and the

e . RQRPA results are shown. From this table one can see that
the pn QRPA and the RQRPA give very different fractions
o wamn - for the ground-state transition iffGe and®2Se and for tran-
1o 0T aren) I sitions to the 2 final states in the case dfGe. Otherwise
T g:g::; I the two approaches give essentially the same results, espe-
| = =-- model independent cially for the 0; transitions.
R L S e (L B S Analysis of the different intermediate contributions to the
000 02 050 073 1o 1% t0 closure matrix element reveals the reason for the big differ-
Epp ences between the two approaches in the case of the ground-
state transitions. The closure matrix element contains large
FIG. 9. Various terms of the doubjesum rule of Eq(138 as  negative and sizable positive contributions coming from vir-
a function ofgy, for the "“Ge decay. The model-independent partis ;5| transitions to high intermediate energies. In the DGT
depicted by the short dot-dashed line and the sum of the two termg,trix elements these contributions are suppressed by the
of the model-dependent part by the short dashed line for the QRP'ﬁwreasing energy denominator. In the closure approximation

g?flo t;]y thbe long daShbed "lne f%r :h; RhQSPA' tT.he to“‘ll_l S‘:m "Ul&he cancellation between the positive and negative contribu-

ber has been drawn by a long dot-dashed ligentinuous lingfor i1 \o"iq- gifferent in the two approaches and thus leads to

the QRPA(RQRPA). All the curves have been normalized by the . . . . )
quite different final values for the two closure matrix ele

factor 6N —2)(N=2+1). ments. Going beyond the closure approximation yields to
cancellation which is modulated by the energy denominator
leading to a common value for the DGT matrix elements.

The excited-state transitions behave differently mainly due to
a coherent summation of the intermediate contributions thus
avoiding the delicate cancellation effects present in the
ground-state transitions.

SUMRULE
T
!

Within the QRPA, which satisfies the sum rule exactly, the
magnitude of the residual terRitends to be almost indepen-
dent ofg,, and less than 10 % of the total sum rdtgpically
some 5%. For the RQRPA this is not the case due to its
inherent violation of the doublg-sum rule. As seen in the
figure, this violation increases with increasigg, and is

than in th f the Iked le. In b A general conclusion results from Table VI: the doujsle-
more severe than in eg?i% of the lkeda sum rule. in OLH‘ansitions represent a very tiny portion of the douBlsum

models, as expected, t8gr - contribution to the sum rule 6 ang thus the evaluation of the doulgéwalf-lives relies
Is very small_l?itohe decays studied, typically less than 1 pegp, the ability of the theory to describe the low-energy tail of
mil of the_sfae)f contribution. . . the bulk DGT strength. Interestingly enough, the decays to
As a final step in our DGT analysis we should like 10 the o} state seem to exhaust more of the total DGT strength
study what fraction of the doublg-sum rules of EQS(13)  than the other final states under discussion. The variations of
are exhausted by the transitions to the final statgs, 0 the fraction from nucleus to nucleus seem to be the largest in
2;, 0, and Z in the pn QRPA and the RQRPA frame- the case of the ground-state transition due to the above dis-
works. To achieve this we define the ratio cussed cancellation effects.

x(IH)=ME(I7)/IDGTSR I} ), (14)
IV. CONCLUSIONS
where DGTSRY;) denotes the model-independent part of Doubles-decay transition amplitudes and half-lives have
the sum rulesShc2 and Se% in Egs.(13) andM§2+(Jf) is  been calculated for several nuclei using renormaliped
the closure approximation of the matrix elemé&ay, i.e., QRPA, RQRPA for short. The RQRPA yields more realistic

TABLE VI. Fractionsy(J;) of the doubleg sum rule for the final state}" =0, ,2,0, ,2; . For the exact definition of(J;") see Eq.

(14). The decays of ®Ge, ¥Se, and"*’Te are taken as representative cases angd thealues of Tables IV and V are used for the WS basis.
For #Se and™*°Te the experimenta}(0, ) values, extracted in Ref24], are 5<10™* and 2x 10 °, respectively.

x(Ogs) x(27) x(03) x(23)
Nucleus pn QRPA RQRPA pn QRPA ROQRPA pn QRPA RQRPA pn QRPA RQRPA
6Ge 68X 100* 32x10°% 84x10° 43x10°% 50x10°% 43x10°% 31x10* 48x10°
825¢ 13x 10 36x10°% 17x10% 73x10°% 24x10° 21x10% 28x10* 24x10*

13010 84x10% 11x10% 1.7x10°% 16x10° 11x103% 1.0x10°% 34x10° 33x10°5
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nuclear matrix elements in the physical rangg, We have shown that the RQRPA violates the lkeda sum
=0.9-1.1) of the particle-particle interaction strength thanrule and the doubl@ sum rule, and that the amount of vio-
the ordinarypn QRPA. Examples ard®Ge and®Se, for lation is mass dependent. The amount of violation is small
whom the ground-state half-life has been measured. Furthefer heavy nuclei and implies reliability of the RQRPA results
more, in comparison with thpn QRPA, the RQRPA gives in these cases. For larger violations one can not access the
results which are more independent of the details of thejuality of the RQRPA results and they should be compared
single-particle spectrum. to some extended RQRPA approaches in the future.
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