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Neck formation and deformation effects in a preformed cluster model of exotic cluster decays

Satish Kumar* and Raj K. Gupta
Physics Department, Panjab University, Chandigarh-160014, India

~Received 29 November 1995; revised manuscript received 21 August 1996!

Using the nuclear proximity approach and the two center nuclear shape parametrization, the interaction
potential between two deformed and pole-to-pole oriented nuclei forming a necked configuration in the overlap
region is calculated and its role is studied for the cluster decay half-lives. The barrier is found to move to a
larger relative separation, with its proximity minimum lying in the neighborhood of theQ value of decay and
its height and width reduced considerably. For cluster decay calculations in the preformed cluster model of
Malik and Gupta, due to deformations and orientations of nuclei, the~empirical! preformation factor is found
to get reduced considerably and agrees nicely with other model calculations known to be successful for their
predictions of cluster decay half-lives. Comparison with the earlier case of nuclei treated as spheres suggests
that the effects of both deformations and neck formation get compensated by choosing the position of cluster
preformation and the inner classical turning point for penetrability calculations at the touching configuration of
spherical nuclei.@S0556-2813~97!04612-2#

PACS number~s!: 23.70.1j, 23.60.1e, 21.60.Gx
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I. INTRODUCTION

The models of exotic cluster decays are broadly classi
@1# as the preformed cluster models~PCM! and the unified
fission models~UFM!. They are mainly distinguished by th
inclusion or noninclusion of the concept of cluster preform
tion probabilityP0. The inclusion ofP0 in PCM refers to the
nuclear structure effects present in the decaying nucl
which are completely ignored in fission models. Thus,
decay constantl ~or the decay half-life timeT1/25ln 2/l! in
a PCM is given by

lPCM5P0n0P, ~1!

which in a UFM becomes simply

lUFM5n0P. ~2!

Here,n0 andP are respectively the barrier assault frequen
and the barrier penetration probability. The straightforwa
difference between Eqs.~1! and ~2! allows us to associate
~with UFM! an empiricalP0,

P0
emp5

lexpt

lUFM
, ~3!

whose value is unrealistically large~;0.1 to 10! for most of
the fission models@2–6#, except for one calculation@7#
whereP0

emp;10211–10223, depending on the size of emitte
cluster~14C to 28Mg! taken to be deformed wherever app
cable.

One important aspect that remains to be treated prop
in all the above noted models of exotic cluster decays is
undetermined nature of the interior part of the interact
potential where the emitted cluster overlaps with the dau
ter nucleus~R0<R<Rt ;R0 is the equivalent spherical radiu
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of the parent nucleus andRt is the touching configuration
radius of the cluster and daughter nuclei!. Choosing the
V(R0)5Q value of decay, the potentialV(R0<R<Rt) is
either approximated as a polynomial@2–5# ~second order,
third order, or a simple power law! or avoided completely@8#
by choosing the inner turning pointRa5Rt in the WKB
integral. In this later work@8#, the cluster preformation prob
ability is also calculated atR5Rt . Alternatively, the
Dirac-d, the Michigan-3 Yukawa~M3Y! or the Christensen
and Winther~CW! interactions@6,7,9# are used, which are
strongly attractive in the interior region such that the inn
turning pointRa is defined at a point whereV(Ra)5Q value.
HereRa.R0 .

In this paper, we attempt to determine the interaction
tential for the overlap region, i.e., theV(R,Rt), using the
nuclear proximity approach@10,11# for deformed and ori-
ented nuclei, and study its influence on exotic cluster de
properties of nuclei via the PCM of Malik and Gupta@8#.
The neck formation effects are also included. The mode
Malik and Gupta, which is reasonably successful and is
plied extensively@12–18#, uses the nuclear proximity poten
tial between spherical nuclei forR>Rt and avoids using the
potential in the overlap regionR<Rt . Thus, the presen
work is an extension of the PCM of Malik and Gup
wherein the missing deformation effects of both the clus
and daughter nuclei are included and the role of neck form
tion in the overlap region is analyzed. The interesting res
of this study is that the barrier is lowered as well as narrow
down significantly and is moved to a larger separation d
tance. In the overlap region, the potential energy minim
~due to nuclear proximity! is shifted down in the close vicin
ity of the Q value and at a value ofRmin.R0. Thus, for
cluster decay studies a situation similar to that mention
above for the Dirac-d, the M3Y, or CW interactions@6,7,9#
arises here, too.

In the PCM of Malik and Gupta, for the nuclei treated
spheres, the preformation factorP0 is calculated theoretically
at the touching point radius (R5Ra5Rt). In the present
work, both daughter and cluster nuclei are deformed and
r,
218 © 1997 The American Physical Society
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55 219NECK FORMATION AND DEFORMATION EFFECTS INA . . .
initial turning point Ra refers to an overlapping (Ra,Rt)
necked configuration. Thus, in the PCM of Malik and Gup
it is an almost formidable task to determine the deformati
of A21 nuclei at all possible fragmentations, required for t
calculations ofP0. One has to invoke the two center she
model for calculating the fragmentation potentialV~h! which
requires carrying out a three-dimensional minimization in
deformationsb21, b22 of two nuclei and their necking-in pa
rametere @V~h! is used in the calculations ofP0, see be-
low#, or else resort to some simplifications. One such sim
fied calculation has been attempted, which shall be publis
separately@19#. Only some results of this calculation a
given here. As an alternative way, in this paper we calcu
P0
empand compare it with other model calculations which a

known to give the cluster decay half-lives in good compa
son with experiments@7,28#. A good comparison betwee
the twoP0’s would mean the same result for the measu
and calculated decay half-lives.

In Sec. II, we discuss the nuclear proximity potent
VP(R) separately for two non-necked deformed and orien
nuclei (R>Rt) and the necked system (R,Rt) formed in
exotic cluster decays. The resulting total interaction poten
V(R) ~5VC1VP ;VC being the Coulomb potential betwee
the deformed cluster and daughter nuclei! is given in Sec. III.
The PCM of Malik and Gupta@8# is briefly sketched in Sec
IV and our results of the calculation are presented in Sec
Finally, a summary of our results is added at the end in S
VI. For the early very brief reports of this work, see Refs.@1#
and @20#.

II. NUCLEAR PROXIMITY POTENTIAL

A. Non-necked surfaces

The proximity potential between any two curved surfac
is given by the ‘‘pocket formula’’@10#

VP~R!54pR̄gbF~j!, ~4!

with

F~j!5H 2 1
2 ~j22.54!220.0852~j22.54!3, j<1.2511,

23.437 exp~2j/0.75!, j>1.2511.
~5!

Here j5s0/b, the shortest distances0 between the sur-
faces in units of b. The surface energy coefficien
g50.9517$121.7826[(N2Z)/A] 2% MeV fm22, and the sur-
face thicknessb@5~p/2) ln 9!t10–90#'1 fm for t10–9052.4
fm, the thickness of the surface in which the density pro
changes from 90% to 10%. The universal functionF~j! is
defined for the overlap region (R,Rt), the touching con-
figuration (R5Rt), and the separated surfaces (R.Rt).

For spherical nucleis05R2(C11C2)5R2Ct and R̄,
the mean curvature radius is defined as

R̄5
C1C2

C11C2
, ~6!

whereCi ~i51,2!, the Süssman central radii, are related
the effective sharp radiiRi as
,
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Ci5Ri S 12
b2

Ri
2D , ~7!

with Ri51.28A i
1/320.7610.8A i

21/3. Ct represents the
touching configuration for Su¨ssman central radii.

For deformed and oriented nuclei, we follow the meth
of Malhotra and Gupta@11# where, for the geometry of two
axially symmetric nuclei lying in the same plane~see Fig. 1
in Ref. @11#!,

s05
R sin~u12a1!2R2~a2!sin s

sin c1

5
R sin~u21a2!2R1~a1!sin s

sin c2
, ~8!

with Ri(a i)5R0i@11b2iP2~cosai!#, i51, 2, and
R0i51.15A i

1/3. The b2i5ai /bi is the ratio between majo
and minor axes. The anglesai , ci , ands are given in terms
of the orientation anglesui as follows:

u12u211805c11c21a11a2 , ~9a!

tanc i52Ri8~a i !/Ri~a i !, ~9b!

s51802c12c25a11a22u11u2 , ~9c!

whereR8~a! is the derivative ofR~a! with respect toa and
]s0/]a1505]s0/]a2 . The anglesai are the angles betwee
the radius and the symmetry axis for each nucleus and
determined from Eqs.~9! by the iterative procedure@11#.

The mean curvature radiusR̄ for two deformed nuclei,
lying in the same plane, can be obtained from the relatio

1

R̄2
5

1

R11R12

1
1

R21R22

1
1

R11R22

1
1

R21R12

~10a!

with

Ri15U $Ri
2~a i !1@Ri8~a i !#

2%3/2

Ri9~a i !Ri~a i !22@Ri8~a i !#
22Ri

2~a i !
U,

Ri25URi~a i !sin a i$Ri
2~a i !1@Ri8~a i !#

2%1/2

Ri8~a i !cosa i2Ri~a i !sin a i
U, ~10b!

wherei51,2.

B. Necked surfaces

For the overlapping configuration (R,Rt), the above
method@Eq. ~4!# becomes less and less accurate as the o
lap increases. Therefore, Malhotra and Gupta@11# have con-
sidered a necked configuration formed by two equal nuc
In the following, we extend their derivation to the case
unequal nuclei, suitable for the exotic cluster decay proc
studied here and the collisions between two nonidentical
clei.

In an adiabatic decay~or collision!, a two center nuclear
shape with a minimum of energy will be formed@Fig. 1~a!#
which can be characterized by major and minor axesai and
bi ~related to deformationsb2i!, respectively, and the necke.
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220 55SATISH KUMAR AND RAJ K. GUPTA
Thus, a single indented body in the form of a single hype
boloid of one sheet with a hyperboloidal crevice will be
formed, as is shown in Fig. 1~b! ~solid lines for unequal
nuclei!. For such a necked system, the proximity potentia
has the form@10,11#

VP5pgb2
B2

C2 F1~j50!, ~11!

whereB andC are the semiaxes of the hyperboloid withC
along the line of centers andF1~j! is the first moment of the
universal function~5! with F1~j50!522.0306~from Table I
of Ref. @10#!. In order to relateB andC to the parameters of
two center nuclear shape in Fig. 1~a! ~solid lines!, we note
that the equation of a hyperboloid of revolution in one shee

x2

C2 1
y2

C22
z2

B2 51, ~12!

gives

x21y25C2S 11
z2

B2D[r 2, ~13!

the equation of a circle of radiusr . From Fig. 1~a! ~solid
lines!, we note that atz50, r5e and atz52z1 , r5b1 ;
z5z2 , r5b2 , such that from~13! we get

FIG. 1. ~a! A characteristic two center nuclear shape forme
during the decay of a nucleus into two equal~dashed lines! or
unequal~solid lines! nuclei. ~b! A schematic representation of a
hyperboloid of revolution in one sheet formed due to equal~dashed
lines! or unequal~solid lines! nuclei.
-

l

t,

C25e2, ~14a!

B25
C2~z1

21z2
2!

b1
21b2

222C2 . ~14b!

Substituting forB andC in ~11!, we get

VP5pgb2
~z1

21z2
2!

b1
21b2

222e2
F1~j50!. ~15!

For two equal nuclei,z15z2 , b15b2 and we get the result o
Molhotra and Gupta@11#. Note that Eq.~15! is valid as long
as 2e2,(b 1

21b 2
2).

Figures 2 and 3 illustrate our calculatedVP(R) for
28Mg

decays of234U and238Pu nuclei, respectively. In each figure
the dotted line represents the case of non-necked defor
and oriented nuclei@Eqs. ~4! and ~5! with s0 and R̄ given,
respectively, by~8! and~10!# for the most probable pole-to
pole configuration@11# ~u150° andu25180°! and deforma-
tion parametersb2i taken from Ref.@21#. We notice that the
shape of this potential is very much the same as for n
necked spherical nuclei~not plotted here!. As already noted
above, this potential is expected@10# to be less and less tru
as the overlap increases. Therefore, for the overlap region
have calculated the potential by using Eq.~15! for the necked
configuration whose two center nuclear shape parame
~the two deformationsb21, b22 and neck parametere! are
determined by minimizing the liquid drop energy express
in these parameters@22#. This part of the potential for
R<Rmin is shown as a solid line. We notice that the potent
now remains attractive and gives the correct asymptotic li
of going to zero at the parent nucleus radius, i.e.,VP→0 as
the neck in Fig. 1~a! disappears and the relative separati
R(5z11z2)→0. Also, due to neck formation the minimum
of the potential is shifted to a largerR value and that a par

FIG. 2. The nuclear proximity potential between the deform
and pole-to-pole oriented decay products of234U→206Hg128Mg,
allowing no neck~dotted line! and neck~solid line! formation. The
touching configurationRt and the new proximity minimumRmin
due to neck effects are also labeled.
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55 221NECK FORMATION AND DEFORMATION EFFECTS INA . . .
of the potential in the overlap region~Rmin<R<Rt! is still
given by the pocket formula~4!. Thus, the complete nuclea
proximity potential for nuclei, with neck and deformatio
degrees of freedom included, is composed of two pa
which are calculated separately, one for the necked confi
ration ~R<Rmin! and other for non-necked deformed, o
ented nuclei~R>Rmin!. This is the nuclear proximity poten
tial used in the following cluster decay calculation
Unfortunately, at present we do not know the way to
smoothly from a necked to non-necked configuration.

III. TOTAL INTERACTION POTENTIAL

The total interaction~or scattering! potential is given by

V~R!5EC1VP . ~16!

For spherical nucleiEC5Z1Z2e
2/R, which for deformed and

oriented nuclei is shown to be given by different expressi
by different authors@23–26#. In the following we have used
the one due to Wong@23#, given for two nonoverlapping
charge distributions as

EC5
Z1Z2e

2

R
1S 9

20p D 1/2S Z1Z2e2R3 D(
i51

2

R0i
2 b2iP2~cosa i !

1S 3

7p D S Z1Z2e2R3 D(
i51

2

R0i
2 @b2iP2~cosa i !#

2. ~17!

The quadrupole-quadrupole interaction term proportiona
b21b22 is neglected since it has a short-range character.
thermore, in the absence of any useable prescription for
culating the Coulomb potential for two overlapping d
formed nuclei, we have used Eq.~17! also for the overlap
region. For spherical nuclei, the prescription of Kermo
et al. @27# to calculate the Coulomb potential for necked co
figurations results in about the same result as
EC5Z1Z2e

2/R.

FIG. 3. Same as for Fig. 2 but for the deca
238Pu→210Pb128Mg.
ts
u-

.

s

o
r-
l-

-
r

Figures 4 and 5 illustrate the total interaction potenti
V(R) for the28Mg decay of234U and the32Si decay of238Pu.
The long-dashed lines represent the calculations for both
cluster and daughter nuclei to be spheres. The minimum
to proximity potential is also shown~markedRmin

sph in Fig. 5!.
As in other cluster decay calculations@2–5#, the potential at
R5Ct is extrapolated toQ value atR5R0 via a second-
order polynomial@see the dot-dashed line, referring to E
~19! below forRa<R<Rt with Ra5R0 here#.

The solid lines in Figs. 4 and 5 are the results of t
calculations for non-necked~for bothEC andVP! deformed
and~pole-to-pole! oriented nuclei and the dotted lines are f
the case where~two center! necked shapes are formed~for
VP only!. @The potential energy minimum for the case
non-necked deformed, oriented nuclei is marked asRmin ~see
Fig. 5!.# The necked configurations are considered up t
point whereV(R)5Q value. This value ofR is denoted as
Ra . Notice thatRa andRmin do not match exactly, perhap
due to the fact that the Coulomb potentialEC used here is

FIG. 4. The total interaction potentialV(R)5[VP(R)1EC(R)]
for the decay products to be spheres~long-dashed line! or deformed
and pole-to-pole oriented nuclei~solid line! in 234U→206Hg128Mg.
The dotted line represents the potential for the necked configura
in overlap region, meeting theQ value atR5Ra . The dot-dashed
and dot-dot-dashed lines show the second-order polynomial in
polations, respectively, between theQ value at the parent nucleu
radiusR0 and the touching configurationCt for spherical nuclei and
theQ value at the new proximity minimumRa due to neck forma-
tion and the touching configurationRt for deformed, oriented nu-
clei. The two center nuclear shape for the overlap region and
touching configurations for both the spherical and deformed nu
are illustrated, along with the penetration paths for both the case
spherical and deformed nuclei, respectively, as short-dashed
and a solid line.
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222 55SATISH KUMAR AND RAJ K. GUPTA
still for non-necked configurations~this is more so for32Si
decay of238Pu in Fig. 5!. Thus, the potential betweenRa and
Rt is again intrapolared via a second-order polynomial, alo
with the fit of the calculated potential~solid line! to Eq.~19!
below for the analytical evaluation of the WKB penetrabili
P in Eq. ~20! ~the dot-dot-dashed line; the total fit is illus
trated in Fig. 5 only!. It is hoped that for the neck effect
included in the Coulomb potential and the deformation
fects averaged over all orientations, the above-mentioned
trapolated potential would represent the realistic proxim
potential for the overlap regionRa<R<Rt .

We notice in Figs. 4 and 5 that due to deformations a
orientations of nuclei the barrier is lowered as well as n
rowed down considerably. Furthermore, it is moved to
largerR value and that the inner part of the interaction p
tential is determined to a good extent. Thus, forV(Ra)5Q
value, Ra~'Rmin!.R0, in agreement with other model
@6,7,9# using Dirac-d, M3Y, and CW interactions. We sha
see in the following sections that for exotic cluster dec
studies these effects of deformations, orientations, and n
formation of nuclei are assimilated by choosingRa in the
neighborhood ofRt ~or Ct!, the touching configuration fo
spherical nuclei. In other words, the deformations, orien
tions, and neck formations of nuclei neglected in the ear
PCM calculations@1,8,12–18# of Gupta and collaborators ar
shown to get compensated by their choice ofRa'Rt ~or Ct!
for both cluster preformation and WKB penetration probab
ity. In cluster decay calculations,Ra refers to inner turning
point of the WKB penetrability integral.

FIG. 5. Same as for Fig. 4 but for238Pu→206Hg132Si. The
potential energy minimum in both the cases of spherical~Rmin

sph! and
deformed~Rmin! nuclei are marked and the fit to the calculat
potential for deformed and oriented nuclei~solid line forR>Rt! to
the parametrized equation~19! is also shown~dot-dot-dashed line!.
g
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IV. THE PREFORMED CLUSTER MODEL

The cluster decay constant in a preformed cluster mo
~PCM! is given by Eq.~1!. In the PCM of Malik and Gupta
@8#, the~spherical! cluster and daughter nuclei are consider
to be preformed atR'Ct with the quantum mechanica
probabilityP0 given by the solution of the stationary Schr¨-
dinger equation in mass asymmetry coordina
h5(A12A2)/(A11A2). This theoretically calculated prob
ability P0 agrees completely with the empirical estimates
Blendowske and Walliser@28# for cluster massesA2<28 and
suggests a slight increase ofP0 for A2.28 which then be-
comes nearly constant forA2.34 ~see, e.g., Fig. 13 in Ref
@1#; there are no other estimates known forA2.28!. The
estimates of Blendowske and Walliser@28# are also based on
theoretical calculations@9#, made for some light cluster
~A2<16!, and extrapolated empirically up toA2528. In view
of this early success of PCM of Malik and Gupta~where
both cluster and daughter nuclei were taken as spheres!, in
the following calculations~extended for deformations an
neck formation effects!, instead of calculatingP0 theoreti-
cally, we estimateP0

emp~5lexpt/n0P! and compare them with
the earlier empirically estimatedP0 of Blendowske and Wal-
liser @28# and our own theoretically calculatedP0 mentioned
above.

The tunnelling probabilityP in the model of Malik and
Gupta @8# is the WKB penetrability, calculated analyticall
for the interaction potentialV(R) parametrized suitably@Eq.
~19!, illustrated in Fig. 5 as dot-dot-dashed line for the ca
of V(R) calculated for non-necked deformed and orien
nuclei~the solid line!#. In earlier calculations@1,8,12–18# for
both nuclei taken to be spheres, Gupta and collabora
choose the first~inner! turning pointRa at the touching con-
figuration, i.e.,Ra5Ct ~or Rt! and the second~outer! turning
pointRb to give theQ value of the reaction, i.e.,V(Rb)5Q
@see Fig. 4, the short-dashed line for spherical nuclei giv
the tunneling pathCt toRi with penetrabilityPa , the internal
deexcitation probabilityWi~51! and then fromRi to Rb with
penetrability Pb#. Later on, this restriction of choosin
Ra5Rt ~or Ct! was relaxed@20,29# by lettingRa to be de-
termined empirically~Ra5Remp! for a reasonable fit to the
measured exotic-cluster decay half-lives. We obtain
Remp5Rt2DR'Rmin

sph , the position of the minimum in the
proximity potential for spherical nuclei. The value ofDR
50.760.15 for manya and heavy cluster decays studie
@29#. In the following, however, for deformed nuclei w
chooseRa itself as the inner turning point, whereV(Ra)5Q
value, and determine the WKB penetrability, given by

P5expS 2
2

\ E
Ra

Rb
@2m$V~R!2Q%#1/2dRD . ~18!

Here,m5mA1A2/(A11A2) is the reduced mass withm as
the nucleon mass. Note that for spherical nuclei~long-dashed
lines! if we takeRa5R0 , Eq. ~18! gives the result of Shi and
Swiatecki @4# which predict very largeP0

emp ~see Table I,
case I forb215b2250.0!.

For the potentialV(R) parametrized as



TABLE I. The penetrability 0
emp, and first turning pointRa ~fm!, calculated for some cluster decays

using the preformed cluster m ion effects. Other relevant quantities such asQ value, measured decay constant
lexp~s

21! ~taken from Ref.@1#! a re also listed. Case I or II refers, respectively, to spherical or deformed,
oriented nuclei. The orientatio nfiguration. Neck formation effects are included in case II.

Parent
nucleus

Daughter
nucleus

Emitted
cluster

n0
~s21!

n0P
~s21!

P0
emp

S 5
lexp

n0P
D

2 log10 P0
emp

224Ra 220Rn 4He 2.8931020 1.4031027 1.563101 21.19
2.8931020 1.0731023 2.0531023 2.69

210Pb 14C 2.7731020 1.18310217 8.03 20.91
5.5031020 1.6931026 5.62310211 10.25

228Th 208Pb 20O 2.5531020 4.13310220 1.8031022 1.74
4.3331020 4.4631028 1.68310214 13.78

234U 210Pb 24Ne 2.7731020 1.66310223 3.5831023 2.45
4.0831021 3.7931024 1.57310222 21.80

206Hg 28Mg 2.6731020 4.27310222 4.6831025 4.33
3.5131020 1.503101 1.33310227 26.89

238Pu 210Pb 28Mg 2.6831020 2.31310222 5.9731025 4.22
6.8931020 9.5831021 1.44310226 25.84

206Hg 32Si 2.5531020 1.64310221 2.1231025 4.67
5.7531020 9.583101 3.62310228 27.44

252Cf 204Pt 48Ca 2.1431020 5.84310219 ,1.503102 ,22.17
5.4331020 1.533104 ,5.69310221 ,20.24

55
223

N
E
C
K
F
O
R
M
A
T
IO
N
A
N
D
D
E
F
O
R
M
A
T
IO
N
E
F
F
E
C
T
S
INA

...
P, assault frequencyn0, productn0P, empirical preformation probabilityP0
emp, 2log10P

odel~PCM! of Malik and Gupta extended to include the deformations and neck format
nd deformationsb21 andb22 of the daughter and cluster nuclei~taken from Ref.@21#! a
ns of the nuclei are fixed atu150°, u25180°, referring to the so-called pole-to-pole co

Q value
~MeV!

lexp
~s21! Case

b21 b22
~Ref. @21#!

Ra

~fm! P

5.79 2.1931026 I 0.0 0.0 7.2 4.87310228

II 0.127 0.0 10.4 3.70310224

30.53 9.50310217 I 0.0 0.0 7.2 4.27310238

II 0.023 0.361 10.2 3.04310227

44.72 7.48310222 I 0.0 0.0 7.2 1.62310240

II 0.054 0.261 10.2 1.03310228

58.84 5.94310226 I 0.0 0.0 7.3 5.98310244

II 0.023 0.430 11.6 9.28310226

74.10 2.00310226 I 0.0 0.0 7.3 1.60310242

II 0.069 0.485 11.7 4.29310220

75.93 1.38310226 I 0.0 0.0 7.3 8.61310243

II 0.023 0.485 11.7 1.39310221

91.21 3.47310226 I 0.0 0.0 7.3 6.44310242

II 0.069 0.345 11.6 1.67310219

139.50 ,8.73310217 I 0.0 0.0 7.5 2.73310239

II 0.080 0.101 11.4 2.81310217
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V~R!55
Q1a1R1a2R

2, Ra<R<Rt ,
V~Rt!1m~R2Rt!, Rt<R<Rm ,

VB2 1
2k~R2RB!2, Rm<R<Rh ,

V~Rh!2c
R2Rh

R
, Rh<R<Rb ,

~19!

the analytical solution of integral in Eq.~18! gives

P5expX2
2

\
A2mH Aa2

2 F t1~ t122L2!1/22t2~ t2
22L2!1/2

2L2S cosh21S t1L D 2cosh21S t2L D D G
1
2

3 S Rm2Rt

V~Rm!2V~Rt!
D $@V~Rm!2V~Rb!#

3/22@V~Rt!

2V~Rb!#
3/2%2

1

A2k
@VB2V~Rb!#@u22

1
2 sin 2u22u1

1 1
2 sin 2u1#1AcRhRb@u32

1
2 sin 2u3#J C, ~20!

with

a15
Ra@Q2V~Rt!#

Rt~Rt2Ra!
, a252

a1
Ra

,

t15Rt2
1
2Ra , t25

1
2Ra ,

L25 1
4Ra

21Rt~Rt2Ra!SQ2V~Rb!

Q2V~Rt!
D ,

u15cos21
Rm2RB

Aa2

, u25cos21
Rh2RB

Aa2

,

u35tan21SRb2Rh

Rh
D 1/2, a25

2

k
@VB2V~Rb!#,

k5
2$@VB2V~Rm!#1/21@VB2V~Rh!#

1/2%2

~Rm2Rh!
2 ,

c5
Rb@V~Rh!2V~Rb!#

Rb2Rh
.

Equation~19! means that the first part of the potential fro
Ra to Rt is a polynomial of degree two inR, the second par
from Rt to Rm is a straight line of slopem, the top part
betweenRm andRh is an inverted harmonic oscillator an
the rest fromRh to Rb is a Coulomb potential of the typ
1/R. The VB and RB give the height and position of th
barrier.

Finally, the assault frequencyn0 is calculated in the har
monic oscillator approximation of the potential arou
R5Ra ,

V~R!5Q1 1
2K~R2Ra!

2. ~21!
which gives

n05
1

2p
A K

mA
. ~22!

In earlier calculations@8,12–18# based on this model,n0 was
defined in terms of the kinetic energy of the emitted clust
obtained as its share of theQ value @n05A(2Q/mA2)/R0;
mA2 is the mass of the emitted cluster#. However, the order
of n0 is the same for both calculations.

V. CALCULATIONS

The calculated penetrabilitiesP, the assault frequencie
n0, the productn0P ~called Gamow factorlG in the literature
@1#! and the empirical preformation factorsP0

emp~5lexp/n0P!,
along with other characteristic quantities, for various exo
cluster decays are given in Table I for both the cases, I
II, of spherical and deformed, oriented nuclei, respective
Also, the neck formation effects are included for case II
deformed nuclei. We notice that with the inclusion of ne
and deformation effects of both the nuclei, the penetrabi
P increases and hence the preformation factorP0

emp de-
creases considerably. The increase inP occurs due to the
lowering and narrowing down of the barrier by the inclusi
of neck and deformation effects~refer to solid line in Figs. 4
or 5!.

Table I shows the results ofa decay calculated for the
224Ra parent. We notice that, for the case of deformation
neck effects included, ourP0

emp~a!~52.0531023! is very
close to the empirical estimate@P0~a!56.331023# of Blen-
dowske and Walliser@28# for all parents. In view of this
result, in the following we have normalized ourP0

emp(c) to
P0~a! of Blendowske and Walliser@28# and plotted the loga-
rithms of this ratio in Fig. 6 as a function of cluster massA2.
For comparisons, we have also plotted in this figure the e
pirical results of Blendowske and Walliser@28# @marked
BW; given by the expression P0(c)/P0(a)
5~6.331023!~A224!/3 for even massA2<28# and another cal-
culation due to Saˇndulescuet al. @7# ~marked SGGCH! con-
taining the deformation effects of only the emitted cluster~s!.
The following results are evident:~i! Our calculated
P0
emp(c)/P0(a) for A2<20 match exactly with that of Blen

dowske and Walliser@28#. As already reminded before, th
microscopic calculations@9#, on which Blendowske and
Walliser @28# based their empirical formula, were limited t
lighter clusters ~A2<16! only. ~ii ! Beyond A2520, the
straight line prescription of Blendowske and Walliser@28#
does not seem to hold true, but the calculations of Saˇnd-
ulescuet al. @7#, which include the deformation effects o
only the clusters, are much closer to the present calculat
which have the neck formation and deformation effects
cluded for both the cluster and daughter nuclei. ForA2<32,
the best straight line representation of our calculations
given by
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2 log10 P0
emp~c!52.6910.8839~A224!. ~23!

~iii ! P0
empdecreases up to cluster massA2532 and then starts

to increase, which agrees with our earlier results@1,14# ~e.g.,
compare the solid line in Fig. 6 with the solid line in Fig. 1
of Ref. @1#!. Thus, comparing our present calculations w
the earlier calculations of Gupta and collaborators@1,8,12–
18# for spherical nuclei, it seems that the neck formation a
deformation effects of the cluster and daughter nuclei
cluded in the present calculations get compensated in
earlier calculations by their choosing the cluster preform
tion and first turning point~of WKB penetration integral! at
the touching configuration of spherical nuclei which is clo
to inner ~proximity! minimum of interaction potentia
~Ra5Ct or 'Rmin

sph!, rather than at theQ value.
Finally, a simplified model calculation is also carried o

@19# by determiningP0 at Ra in the liquid drop model of
Royer and collaborators@30#, with shell effects included
from Myers and Swiatecki@31#. For 28Mg decay of 234U,
both taken to be deformed, we obtainP051.8231025 and
T1/251.631020 s. Apparently,P0 here compares rather we
with theP0

empestimated above~54.731025 from Table I! at
the sameRa but T1/2 is off from the experimental value

FIG. 6. The logarithms of the empirical cluster preformati
probabilities relative to the a-particle preformation factor
@P0~a!56.331023# taken from Blendowske and Walliser@28# plot-
ted as a function of mass numberA2 of the emitted cluster for the
PCM of Malik and Gupta extended to include both the deformati
and neck formations~filled circles and solid lines!, compared with
the empirical estimates of Blendowske and Walliser@28# ~dashed
line, marked BW! and the calculations of Saˇndulescuet al. @7#
~open diamonds, marked SGGCH!. The solid lines gives only the
average behavior of the present calculations.
d
-
he
-

t

~53.4631025 s! by some orders of magnitude. This mea
that the calculated barrier, with deformations of nuclei
cluded in the model of Royer and collaborators, is under
-timated for this case. Further calculations and their det
will be published elsewhere.

VI. SUMMARY OF RESULTS

Based on the nuclear proximity approach@10,11#, the in-
teraction potential between any two deformed and pole
pole oriented nuclei forming a necked configuration in t
overlap region is estimated. An asymmetric two cen
nuclear shape parametrization is used for the necked con
ration. It is shown that due to deformations and orientatio
of nuclei, both the barrier height and width are reduced c
siderably. Also, the barrier position is shifted to a mu
largerR value and the energy minimum due to proximity
shifted down in the very neighborhood of theQ value with
its R value, theRmin , much larger than the radiusR0 of the
compound nucleus. The role of the neck is shown to mod
the nuclear potential around the proximity minimum~Rmin!
by a small amount, as well as in obtaining the asympto
limit of the nuclear proximity potential@VP(R0)→0# cor-
rectly. Since the neck formation effects on Coulomb pote
tial between spherical nuclei are found to be negligible,
same between deformed nuclei are expected to be small
put the potential energy minimum exactly at theQ value.

For exotic cluster decay studies, the preformed clus
model of Malik and Gupta@8# is extended to include the
above-mentioned deformation effects of both the emit
cluster and the daughter nucleus. Also, neck formation
allowed for the overlap region. These effects are shown
reduce the calculated empirical preformation probabi
considerably and in agreement with other earlier estima
based on shell model@28# and the M3Y potential with defor-
mation effects of the cluster alone included in it@7#. Appar-
ently, this result speaks of the success of our model for
cluster decay half-lives since the above noted earlier mo
calculations@7,28# are known to give good comparisons b
tween their calculatedT1/2 values and the experimental dat
In order to illustrate this result, an explicit model calculatio
for the decay half-life is also given.

Furthermore, the variation of our estimate
P0
emp(c)/P0(a) with cluster massA2 here matches with the

earlier theoretical estimates of Gupta and collaborat
@1,8,12–18# using the same model as here but for spheri
nuclei. The preformation factor as well as first~inner! turning
point are taken at the touching configuration of spheri
cluster and daughter nuclei. This result suggests that the
fects of neck formation and deformations of cluster a
daughter nuclei in the present calculations get compens
in the earlier calculations of using spherical nuclei by sta
ing the decay process~both cluster preformation and the pe
etrability! at the touching configuration of the spherical clu
ter and daughter nuclei. This is an important result
practical applications of the PCM of Malik and Gupta sinc
as already stated in the Introduction, the estimation of
deformations of all the possible fragmentations of a par
nucleus~for calculating the cluster preformation probability!
are a rather tedious job.

s
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