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Correlations of the deformation variables g and y in even-even Hf, W, Os, Pt, and Hg nuclei
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In the framework of the triaxial rotor model of Davydov and Filippov, deformation paramgtarsd y are
extracted from both level energies aad transition rates in even-even Hf-Hg nuclei. Three results emerge: the
two sets of8 and y values—energy-based and transition-rate-based—are in good agreement, with only a few
exceptions, thus giving confidence in the extracted values; Badind y follow smooth trajectories against
NN, ; and theg andy values themselves are correlated, pointing to the possibility of a simpler description of
structural evolution[S0556-28187)03201-9

PACS numbds): 21.60.Ev, 21.10.Re, 23.20g, 27.70+q

[. INTRODUCTION rigid triaxial asymmetry as specified i andy. The Davy-
dov and Filippov{ 7] Hamiltonian can be written as
The deformation parameterg, and vy, of the collective
model [1] are basic descriptors of the nuclear equilibrium h2e, 12
shape and structure. While values for these variables have H= 72 9. @
; ; ; ; i
been discussed for many nuc|@-6], a systematic study in
particular regions can nevertheless be revealing. We present L
here such a study, for the Hf-Hg nuclei whegeand y both yvh(_are_li are the projections of thg angular mqmentum on the
vary strongly. We will show correlations of these variablesNtrinsic axes. The moments of inertia are given by the hy-
with each other and with external parameters that may giv&rodynamical formula
clues to a simpler description of nuclear structure. In doing
this, we will use the Davydov and Filippov modél]. Even 4 i 2.
though this model embodies a nuclear shape with rigid tri- ®i_§®05' L :
axiality and these nuclei are knowi8] to be y-soft, the
expecta.tion or rms values (ﬁ _and vy extracted should be Since ®, depends o3, ®; involves both deformation pa-
valid. Differences bet_ween rigid anﬁsoft models[7,9,10  ameters. From Eq<1) and (2) Davydov and Filippov ob-
mostly show up only in observables which are not used hergyin expressions for energies aB@ transition probabilities.

. @

(such asy-band energy staggeringg]. The energies of the 2, states are given by
2 _(_ 012./91— :
Il. THE RIGID TRIAXIAL ROTOR MODEL (RTRM) E,+ = 6471 9-(-1) 12. 81 728"?(37) 3)
12 (20, 4sirf(3y) ’

For a nucleus with quadrupole deformation, one can write

the nuclear radius aR=Ro[1+X,a5,Y5,(0,P)] where | pare 5 —01. The reducecE2 transition probabilities

Ry is the radius of the spherical nuclgus with the same VOITrom the 2/, states to the ground state can be expressed as
ume and ther,, are spherical harmonics of ordef2|. The 1.2

five expansion coefficientsa,, can be expressed as

Lo+ +
an=a,_1=0, ag=pcosy and ax,=a,_,=(1/1\2)Bsiny. B(E2:2,,-01)

The nuclear shape is then determined only in term8 ahd 1{e?Q? 3—2sir(3y)
v where B8 represents the extent of quadrupole deformation :_( ° 1+(— 1)01,2—7 , (4)
and y gives the degree of axial asymmetry. The relation 2\ 16m V9—8sint(3y)

between these deformation parameters and the nuclear radius

can be evaluated by the change in radiuswhereQy=3ZR2A/\5r, and the value OB(E2;2§ —2;)
OR=Ry—Ry= y5/(47)RyBcos(y—2kn/3) with k=1, 2, 3. js given by

These equations show that it is sufficient to use gafy0

and 0°<y=<#60° in order to describe the nuclear shape, be- TABLE I. Possible nuclear shapes as a function of the deforma-
cause for every set of parameters outside this range, it ion parameterg and y.

possible to find parameters inside this range which describe

the same shape of the nucleus, with only the orientation irspherical: B=0

the coordinate system different. In Table | we have summaprolate: B>0, y=0°
rized the possible shapes of a nucleus with the correspondirgblate: B>0, y=60°
values ofg andy. Triaxial: B>0, 0°<y<60°

The RTRM considers the nucleus as a rigid rotor with
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TABLE Il. y and B deformation parameters for even-even Hf, W, Os, Pt, and Hg nuclei obtained from
indicated values oR,=B(E2;2; —27)/B(E2;25 —07), B(E2;27 —07), Re= E,; /E;+ and the energies
of the 2] states. The energy is given in parenthesis, if the experimental data for spin and parity of the
corresponding state are uncertain. The data are from Re§s.15.

Nucleus E(2y) E(2;) B(E22—0;) R, Ry Be Bo Ye Yo
[keV] [keV] [e?b?] [de [ded]
164f 211.1 (8159 3.86 7.811) 0.22 19.7 21.8)

1664 158.5 (810.1) 0.69236) 511 25922 0.25 0.2588) 17.2 14.510
168 1240 (875.9 0.85840) 7.06 347570 027 0.2848) 148 17.216)
170 100.8 (961.3 1.00G22) 9.54 2811) 0.29 0.3002) 12.8 25.712

LT 95.2 952.4 0.87&0) 10.0 3.8%21) 0.29 0.28811) 125 18.05)
1744 91.0 900.2 0.96(%8) 9.89 2.2436) 0.30 0.29011) 12.6 12.927)
176t 88.4  1226.6 1.0520) 139 2.6941) 0.29 0.3085 10.7 14.919
178 93.2 1174.6 0.964.2) 126 1.13100 0.28 11.2
1804 93.3 11834 0.93(16) 12.7 5814) 0.28 0.2762) 11.2 27.05)
8t 97.8 (8184 8.37 1891 0.27 13.6 <137
8/ 106.1 1082.8 10.2 0.27 12.4
180y 103.6 (1117.3 0.83846) 10.8 194100 0.27 0.25¢9) 12.1 10.810)
18y 100.1  1221.4 0.82) 122 1.981) 027 0.2544) 114 11.11)
By 111.2  903.3 0.7484) 8.12 1.893) 0.25 0.2383) 13.8 10.44)
184y 1226  737.9 0.6882) 6.02 2.2621) 0.24 0.2294) 16.0 13.014
1705 158.6  846.4 534 1.2%) 0.23 16.9
1760s 135.0 863.6 6.40 36) 0.25 155 17.75
1%0s 132.2  864.3 6.54 17200 0.24 15.3  9.130)
890s 132.4  870.7 6.58 0.614 0.24 15.3
1820s 126.9  890.5 0.7686) 7.02 23015 024 023812 14.8 13.29)
18405 119.7 9427 0.63) 7.88 2198 0.24 0.2166) 14.0 12.66)
18¢0s 137.2 7675 0.5820) 559 22612 0.23 0.20%5) 16.5 13.08)
8905 155.0  633.0 0.5082) 408 32810 0.22 0.1923) 19.2 16.13)
9%0s 186.7  558.0 0.48) 299 55819 021 0.1825 223 20.23
1920s 205.8  489.1 0.41) 2.38 7.63) 0.20 0.1708) 25.2 21.13)
1%40s (218.5 (656.5 3.00 4.Q6) 0.19 22.2 18.Q2
180pt 153.3 (677.5 442 10.018 0.23 185 22.8)
18%pt 154.8  667.1 431 <544 0.23 18.7 <20.1
184pt 163.0  648.8 0.719) 398 8216 0.22 0.2375 19.4 22.11))
186pt 191.6  607.2 0.5982) 3.17 18168 021 0.2006) 216 <14.2
188p¢ 265.6  605.7 0.59) 2.28 272) 0.18 0.18718) 25.9 25.62)
190p¢ 2958  597.6 0.38) 2.02 746) 0.17 0.1%1) 31.1 32.62)
19%p¢ 316.5 6125 0.3822) 1.94 20310 0.1553) 31.604)
194pt 3285 6220 0.3322) 1.89 32015 0.1443) 31.274)
196pt 3557  688.7 0.28) 1.94 1.44)x10° 0.1313) 30.0
198p¢ 407.2 7747 0.2120 1.90 98@270 0.1133) 30.72)
18849 4128  881.0 213 12500 0.15 32.8 36.410)
19%Hg 416.4  1099.9 2.64 1386 0.14 36.3 36.019
192Hg 4228 1113.6 2.63 33 0.14 36.2 33.6)
¥94g 428.0 (1073.2 2.51 11-56 0.14 35.6 3420
198Hg 426.1  1036.2 0.23) 2.43 4312) 0.13 0.1174) 351 33.%6)
1989 4118 1087.7 0.198) 2.64 294) 0.13 0.10849) 36.3 34.24)
200Hg 367.9 1254.1 0.172) 341 96195 0.14 0.10148) 39.1 37.35
202Hg 439.6  959.7 0.122) 2.18 7810) 0.13 0.083m) 33.3 32.62)
( 2Q0> sir’(3y) obtaineq from these energies by. An independgr_lt ap-
B(E2;2;, —21)= 167 | 9-8sif(37)" (5  proach is based on the redudéd transition probabilities of

the 2, states. Guptat al. [3] have used the experimental

Equations(3), (4), and (5) were used to evaluate the duantitiesEy:  B(E2; 2/ —0y) andB(E2;2; —0;) in or-
and y deformation parameters of even-even Hf, W, Os, Ptder to determmq@ and y. But in many cases the required
and Hg nucleiy may be determined in two ways. The ratio values B(E2;2; —0;) are unknown. However, often the
Re= E22+ /EZI depends only ory. We denote the parameter branching ratidR,=B(E2;2; —2;)/B(E2;2, —0;) is ob-
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FIG. 1. Comparison of 8.,v.) and (By,7yp) values.

served which is only a function of and allows therefore the The method to calculatey from the energy ratio
determination of this parameter. Asymmetries so determine®,= E22+/E21+ fails for nuclei where the ratio is lower than

are denotedy, . /3 is easily determined from Edd), for the o, pecause this is the lowest possible value in the RTRM.
2;—0; transition using these y, values and However, with the method based on the transition probabili-
Qo=3ZR?p//5. Similarly to they values we denote the ties, we could avoid this difficulty and determingdand

B values obtained solely from tH&(E2) value byBy,. Ina  for many nuclei even iR,<2.

second way, especially where tB¢E2;2) —0;) value is For any ratiosR, or R,,, there exist simultaneously two
not known, we estimat@ by using the approximate empiri- solutions for they deformation parametdif y+ 30°), one
cal Grodzins relatiofi11] less than 30° for a more prolate shape and the other larger

than 30° for a more oblate shape. These solutions cannot be

distinguished without supplementary information. Here we
(6) use guidance from Mter et al. [12] who have calculated
ground-state electric quadrupole moments for a nucleus with
a sharp surface. They found that the quadrupole moments for
all mercury {88 292Hg) isotopes investigated as well as for
190-198pt have negative signs which suggests an oblate shape
for these nuclei. The signs fort®4 1834f 178-186y,

Ey:- B(E2;2] —07)=2.5x103Z2A 1 [MeV e?b?].

By substituting the result for an axially symmetric nucleus
B(E2;2] —0;)=e2Q3/16m=9e?Z?R*2/807? (in units of
e?b?) we can relate3 and Ey:. We obtain

= 1224 R 174-1940s, and*%18%pt are positive which suggests a pro-
G EzfAﬂ ' late shape. We therefore use the calculated quadrupole mo-

ments to give guidance if the nucleus is more oblate or pro-
whereE21+ is in MeV. Since, in practicey#0°, this result late and to distinguish the two solutions in the RTRM.

needs to be corrected by the factor multiplyin?@0, in Therefore, we give in Table I, for nuclei with negative cal-
Eq. (3) for E,+, giving culated quadrupole moments, the solution wheris larger
1 1

than 30° and, for nuclei with positive calculated quadrupole

9— /81— 72siM(37) 12 moment, the solution whereg is less than 30°.
P=Pel — sty ®)

Ill. DISCUSSION

We label theﬂ values obtained fronEzz' in this way by The deformation parameterﬁ&"ye) and (Bb!yb) ex-
Be. tracted above from energies and frorband transition rates
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FIG. 3. Correlation ofy (and cos3) with .

DXO+<¢

shows they values(as well as cosg) plotted againsB. The
T correlation is excellent. A similar result has been noted by
8 Andrejtscheffet al. [5] using the method of shape invariants
. [19,2Q. That method is, in principle, model independent.
However, it requires more-difficult-to-obtain data, including
quadrupole moments. That limits the number of nu¢id
N the accuracy of thes values where it can be applied. Nev-
20 60 100 140 180 220 180 140 100 60 20 ertheless, over a broad range of nuclei frém- 90— 190,
NoNu Ref.[5] showed an approximate correlation@fandy. Our
results, shown in Fig. 3, represent a more detailed look at a
FIG. 2. g and y values againsNyN,. Where values based on specific region where we have used the more readily observ-
energies and transition rates differ substantially, those values givingple data required in Eqé3)—(5) to obtain results for over
the smoother systematics are used. If values based on trans?tiqm nuclei. The same striking correlation emerges.
rates are unknown or u.ncertaln, values based on energies are given. |t 3 and y are correlated, this suggests the possibility of
The points on the left side up té,N, =220 represent nuclei where obtaining a one-parameter description of nuclear shapes by

the number of neutrons is nearer to the magic shell closure "’}Ielating one to the other. For example, Fig. 3 suggests that
N=126. The points on the right side represent nuclei where the is approximatel Iinear.irﬁ for theA~,160—. 200 reaion
number of neutrons is nearer to the magic shell closuf¢-a82. Y PP y gon.

Yldeg]

for Hf-Hg are compared in Fig. 1. Generally, there is excel- IV. CONCLUSIONS

lent accord. Only for a couple of isolated points in Hf and Os  \we have investigated the systematic behavior of ghe

are they, and y, values substantially different. In each of and y shape variables in the Hf-Hg region. Three conclu-

these cases thg, values seems erratic. This may be due insjons emerge:

some cases to unknown or incorré¢tl components for the (i) Sets of8 and y values extracted independently from

22—>24 transitions. o _ _ energies and transition rates are generally very consistent
Having shown that similar sets of deformation variables(with only a few exceptions thus giving confidence in the

result from both energy and transition rate observables, w@alues obtained.

can have some confidence in the values obtained. We there- (ji)  (andB) values were shown to be excellently corre-

fore now inspect the systematics of these values in this reated with NpNn. This extendgboth to a new mass region

gion and note two significant conclusions. and to a larger range of values a conclusion recently noted
Figure 2 shows andy values plotted against the valence in the A=130 nuclei[18].
nucleon producN,N, [16]. This quantity is known to cor- (i ) y andB are themselves closely correlated. This result

relate extremely well with observables reflecting the equilib-and that of the global but less detailed survey of REf,

rium shape and structure of the nucleus, such asguggest that these variables may be generally correlated. If

E(27).E(41),Ry,=E(47)/E(2]), B(E2;2{—07) val- this is so, one could writgg and y in terms of a single

ues, nuclear radii, and the lik&7]. Sincep is closely related variable and obtain a simpler one-parameter description of

to the aboveB(E2) values(indeed it was extracted from)jt  nuclear shapes. At the least, our results point to the interest

it is not surprising thag correlates withN,N,. However, in further study of this issue. Finally, we note that our results

the smooth behavior ofy with NN, is striking. To our  do not distinguish whether the origin of finitevalues lies in

knowledge, this has been shown in only one other region, thegid triaxiality or if it stems fromy softness.

y-soft Xe-Ba nuclei neaA=130[18]. However, in that re-

gion thevy values are limited to 202 30° whereas here they ACKNOWLEDGMENTS

span nearly the full range observed in actual nuclei, namely

from y=10°. This result suggests that a systematic study We are grateful to W. Andrejtscheff, N. V. Zamfir, and N.

over all nuclei would be worthwhile. Pietralla for useful discussions. This work was supported in
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