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Measurement of the 1H„g,p0
… cross section near threshold. II. Pion angular distributions

J. C. Bergstrom, R. Igarashi, and J. M. Vogt
Saskatchewan Accelerator Laboratory, 107 North Road, University of Saskatchewan, Saskatoon, Saskatchewan, Canada S7

~Received 4 October 1996!

This paper represents a continuation of our earlier report on the measurement of the reaction1H(g,p0) in
the threshold region~144.7–169.3 MeV!. More specifically, we present pion angular distributions recon-
structed using information on thep0-decay photon energies not previously utilized. Analysis of these distri-
butions reconfirms most of our previous conclusions. In particular, we confirm the rapid increase in the real
part of theS-wave multipole, ReE01 , at energies above thep1 threshold. New results for theP-wave
amplitudeP1 are presented.@S0556-2813~97!04504-4#

PACS number~s!: 25.20.Lj, 13.60.Le
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I. INTRODUCTION

In a previous Rapid Communication@1# we presented a
brief summary of our measurements of the react
1H(g,p0) within 25 MeV of threshold, using tagged pho
tons and a large acceptancep0 spectrometer~‘‘Igloo’’ !.
Those measurements actually represent two separate ex
ments. The first experiment was devoted solely to the de
mination of the total cross section for the reaction. Here
p0 spectrometer was configured for maximump0 accep-
tance~about 83% efficiency!, but yielded virtually no useful
information on the pion angular distributions. In the seco
experiment thep0 spectrometer was reconfigured for max
mum angular sensitivity~but at somewhat reduced effi
ciency! in order to measure the pion angular distribution
Through a combined analysis of both experiments
S-wave amplitudeE01 and certain combinations of th
P-wave amplitudes were deduced as a function of energy
reasonable model for the imaginary component ImE01 based
on unitarity arguments permitted a separation of the real
ReE01 ~see Fig. 4 in@1#!. The rapid decrease in ReE01

observed betweenp0 andp1 thresholds~144.7 and 151.4
MeV, respectively! is characteristic of a unitarity cusp an
has its genesis in the isospin splitting of the pion masse

However, it is the region abovep1 threshold that is the
main focus of the present paper, where ReE01 shows a fairly
rapid recovery with increasing energy. We have argued
recent note that just such a behavior can be expected
rather elementary phenomenological considerations@2#.
These considerations suggest that the unitarity cusp
ReE01 and in the proton Compton amplitude RefEE

12 should
be similar in shape. Certainly, the Compton amplitude exh
its a rapid change above thep1 threshold as demonstrated
Ref. @3#, not unlike the shape of ReE01 .

At a more fundamental level, the recent chiral perturb
tion theory~CHPT! calculations of ReE01 by Bernardet al.
@4# provide a reasonable accounting of the experimental
plitude between thep0 andp1 thresholds@1#, but predict a
much slower rate of increase above thep1 threshold than
observed. Whether the situation would change under a
one-loop calculation with isospin splitting is not presen
known.

In this paper we will revisit this energy domain, but no
550556-2813/97/55~4!/2016~8!/$10.00
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incorporate certain experimental information not previou
utilized in @1#, specifically improved knowledge of th
p0-decay photon energies as provided by thep0 spectrom-
eter and utilized in the reconstruction of the pion angles. T
will provide a cross-check on the behavior of ReE01 , espe-
cially abovep1 threshold. As we shall see, the present
sults support the general behavior depicted in@1#.

Let us emphasize that what is presented here are not
experimental dataper se, but rather is a refined analysis o
the angular distributions described in@1#. Previously, the
pion angular distributions were reflected in the patterns m
by the two p0-decay photons as they intercepted vario
segments of the spectrometer, which we denoted as
‘‘belt-hit’’ patterns. The ‘‘belts’’ consisted of five segments
like square doughnuts arranged side by side coaxially. E
belt consisted of a number of lead-glass detectors which
effect, functioned as a single unit and calorimetry~i.e., the
photon energies! was not an issue; nor was it utilized d
rectly. We refer the reader to Ref.@5# for technical details.

Since our earlier communication we have greatly refin
our understanding of the calorimetry of the spectrometer
now incorporate the decay photon energies in the reconst
tion of the pion angular distributions. For this purpose t
‘‘belts’’ are now resolved into their individual detector com
ponents. Note that this has no influence whatsoever on
previous determination of the total cross section. We
simply augmenting the angular distribution information wi
a more refined resolution.

A joint analysis of the total cross section and the refin
angular distributions will be shown to substantiate most
the claims made in@1#, with one notable exception. The ex
ception is theP-wave combination we calledP ~now called
P1 by the community!. The present result is about 10%
larger than we previously claimed and is in very good agr
ment with the findings of the recent Mainz measurement@6#.

II. NOTATION

At low energy the1H(g,p0) cross section is determine
by the complexS-wave multipole amplitudeE01 and three
P-wave amplitudesM11 , M12 , andE11 , which are essen-
tially real quantities in the energy domain of interest. So
economy in formalism obtains by working with linear com
binations of theP-wave amplitudes defined as follows@4#:
2016 © 1997 The American Physical Society
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P153E111M112M12 ,

P253E112M111M12 ,

P352M111M12 . ~1!

Let us now define the quantityF0 by the relation

2F0
25 1

3 ~P1
21P2

21P3
2! ~2!

or, in terms of theP-wave multipole amplitudes,

2F0
252M11

2 1M12
2 16E11

2 . ~3!

It is a simple matter to show that the total cross sections
may be expressed as

k

q
s54p~ uE01u212F0

2!, ~4!

wherek andq are, respectively, the incident photon and pi
momenta in the c.m. frame. In other words, the total cr
section is determined by two quantities, and so onceF0 is
known, we may deduceuE01u2 from the experimental cros
section. This is the essence of the procedure employed in@1#.
Of course, it is critical to know the energy dependence
F0 , and we will return to this point later, since it ha
emerged as a point of contention in the literature.

We now turn to the differential cross section in th
pN c.m. frame. For historical reasons this is usually writt
as

k

q

ds

dV
5A1B cosu1C cos2u, ~5!

whereu is the pion polar angle in the c.m. frame, andA,
B, andC are combinations of theS- andP-wave multipole
amplitudes. At this point we digress from the convention
notation and rewrite the differential cross section as

k

q

ds

dV
5a1b~12cosu!1c sin2u. ~6!

Our preference for this form is purely technical. Under
the theoretical scenarios we have examined, the coeffici
a, b, andc are positive definite@unlike those in Eq.~5!#, and
so the differential cross section Eq.~6! may be envisaged a
the superposition of three prototype ‘‘cross section
weighted by the coefficientsa, b, andc. This interpretation
is basic to our Monte Carlo simulations of the observed
gular distributions, and further details are described in A
pendix A. The coefficients in Eq.~6! are given in terms of
E01 , P1 , andF0 as follows:

a5~ Im E01!21~ReE011P1!
2,

b522P1 ReE01 ,

c53F0
22 3

2P1
2. ~7!

We have chosenF0 as an independent variable since it o
curs naturally in the total cross section, Eq.~4!, as thesole
P-wave representation. The quantityP1 is identical to the
s
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quantityP employed in@1#. Note that the above coefficient
are a function of twoP-wave amplitudes~F0 andP1! and
two S-wave amplitudes, and so the system is underde
mined givena, b, andc. In the analysis we will therefore
employ a model for ImE01 ~as we did in @1#! and later
demonstrate the general insensitivity to the model. The fi
the angular distributions will thus ultimately be governed
the three quantities ReE01 , P1 , andF0 .

Let us now address the question of the energy depend
of the P-wave multipole amplitudesM11 , M12 , andE11

and, therefore, by inference the energy dependence ofP1 and
F0 . This is the point of contention mentioned earlier. F
several years it was assumed that near threshold
P-wave multipoles were proportional to the simple produ
kq, which can be traced to a brief line in the book by Ama
et al. @7#: ‘‘from elementary analyticity requirements.’’ More
recently, however, Bernardet al. @4# have argued that this is
incorrect and that near threshold the amplitudes are pro
tional to q, not kq. Certainly to lowest order there is n
debate, sincek may be expressed as a power series inq2.
Our concern from thepractical point of view is the prescrip-
tion which best describes the physical amplitudes over
energy range of, say, 25 MeV.

In @1# we concluded that the quantityF0 /kq displays no
pronounced energy dependence over 25 MeV, although
situation with respect toP1 /kq was somewhat less clear. I
accordance with that tentative conclusion, let us again ad
the Amaldi conjecture and write

F05 f 0•kq, ~8a!

P15p1•kq, ~8b!

where the ‘‘reduced’’ amplitudesf 0 andp1 are supposed to
be constants. In these definitions,k andq are expressed in
units of the charged pion massmp .

Given a suitable model for ImE01 , we therefore have
three independent parameters~ReE01 , f 0 , and p1! to be
determined from the angular distributions, together with
additional constraint supplied by the total cross section d

The model we employ for ImE01 is a very general one
since it derives from the particular constraints of unitarity
the various pion channels available to thegp reaction. More
specifically, the imaginary amplitude can be pictured as a
ing from two-step rescattering processes such
gp→p1n→p0p once thep1 threshold is crossed.~The
p0p→p0p rescattering contribution is negligible and will b
ignored.! While technical details may vary, most autho
converge on similar results for ImE01 @4,8,9#. One obtains

Im E015q̄FcxE01
B ~p1,q̄!, ~9!

whereq̄ is the on-shellp1 momentum evaluated at thep0

production energy,Fcx is theS-wavep1n→p0p charge ex-
change amplitude, andE01

B (p1,q̄) is the Born amplitude for
the pg→p1n channel. In our approximation ImE01 van-
ishes below thep1 threshold.

The charge exchange amplitude is surprisingly const
more or less, up to rather high energies@10#. Therefore we
will employ the familiar low energy expression in terms
the isospin-1/2 and -3/2 scattering lengths,
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Fcx5
&

3
~a12a3!, ~10!

where@11#

a12a350.275/mp . ~11!

Finally, the Born amplitude is calculated as in Ref.@9#
with the pNN coupling constantf 250.0796. Note that the
energy dependence ofE01

B (p1,q̄) is not negligible over the
energy domain of the present work, and so we do not sim
employ the threshold value in Eq.~9!.

Although the model for ImE01 as given by Eqs.~9!–~11!
is rather tightly constrained, it was observed in@9# that an
upward renormalization of about 13% was necessary to
tain agreement with the~then existing! information available
from various multipole analyses. Those analyses are n
somewhat dated, perhaps making the renormalization
open question. On the other hand, Bernardet al. @4# achieved
a rather nice internal consistency with their own theoreti
investigations when they compared with the renormaliz
Im E01 of @9#. In using Eq.~9!, we will therefore explore
both options. Throughout this paper the term ‘‘ImE01’’ re-
fers to Eqs.~9!–~11!, while ‘‘renormalized ImE01’’ means
the amplitude renormalized upward by 13%.

III. P-WAVE AMPLITUDES F 0 AND P1

Our primary objective is to extract ReE01 from the pion
angular distributions~Sec. V!. To this end we first begin by
examining the energy dependence of the twoP-wave ampli-
tudesF0 andP1 . In particular, we will demonstrate that th
conjecture expressed by Eq.~8a! indeed yields a good de
scription ofF0 up toEg5170 MeV. This amplitude is the
soleP-wave representation in the total cross section@recall
Eq. ~4!#, and the conjecture, tentatively confirmed in@1#, was
a key factor there in the extraction of theS-wave component.

Analysis of the angular distributions proceeds as outlin
in Appendix A. The amplitudesF0 andP1 are parametrized
according to Eq.~8!, but no continuity as a function of en
ergy is enforced at this preliminary stage. That is, the
duced amplitudesf 0 andp1 are treated as free parameters
each energy, as is ReE01 , while ImE01 is given by the
model in the previous section.

In the original measurements, each angular distribut
subtended an energy domain of about 0.5 MeV as de
mined by the resolution of the individual detector chann
of the photon-tagging apparatus. The results for ReE01 pre-
sented in@1# derive from combinations of adjacent pairs
channels. Here we will work with groupings of four cha
nels, and so each angular distribution subtends about 2 M

The reduced amplitudesf 0 from these energy-
independent analyses are shown in Fig. 1. Within the in
cated errors,f 0 is constant as a function of energy and the
fore the ansatz, Eq.~8a!, suffices for apractical description
of F0 . Without the extra factor ofk, the results would dis-
play a marked upward slope that is definitely incompati
with the ansatzF0 /q5const.

Let us briefly consider the model dependence as emb
ied in ImE01 by repeating the analysis off 0 , but using the
renormalized version of ImE01 . With respect to Fig. 1 the
ly
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resulting changes are minimal—for example, the higher
ergy points are reduced by roughly one standard deviat
More quantitatively, the weighted mean value of thef 0 por-
trayed in Fig. 1 is

f̄ 057.9160.03 ~12!

in units of 1023/mp . With the renormalized amplitude on
finds

f̄ 057.8560.03. ~13!

Thus a 13% variation in ImE01 translates into roughly a 1%
change inf̄ 0 .

To summarize the discussion ofF0 , we have demon-
strated that Eq.~8a! is certainly an appropriate parametriz
tion of the amplitude and that the effective value forf 0 is
quite insensitive to the theoretical uncertainty surround
Im E01 . Finally, the effectivef 0 as given by Eq.~12! is in
excellent agreement with the valuef 057.9060.03 as de-
duced in@1#. All the tentative conclusions concerningf 0 in
that work have now been substantiated.

We now turn to the remainingP-wave amplitude,P1 as
defined in Eq.~1! and as parametrized by Eq.~8b!. The fit-
ting of the angular distributions proceeds as before, exc
that f 0 is now frozen at the value Eq.~12!, independent of
energy. The resulting reduced amplitudesp1 are displayed in
Fig. 2. They are nearly identical to the correspondingp1
from the previous free fit, as is to be expected from Fig.

Concerning the model dependence of the amplitudes
Fig. 2, we find these results to be quite insensitive to
uncertainty in ImE01 just as was observed forf 0 . Thus, as
far as the P-wave amplitudes are concerned, precise kno
edge of Im E01 is not a significant issue.

The weighted mean value of the reduced amplitudes
played in Fig. 2 is

p̄1510.2660.10 ~14!

FIG. 1. Reduced amplitudef 05F0 /kq as a function of energy.
These results are derived from energy-independent analyses, w
f 0 and p1 are free at each energy. The line corresponds to
weighted mean valuef̄ 057.91.
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55 2019MEASUREMENT OF THE1H(g,p0) . . . . II. . .
in the usual units. However, unlike the situation withF0 , we
do not believe that Fig. 2 provides compelling evidence t
P1 is best described by thekq dependence of Eq.~8b!. In @1#
we also alluded to a mild increase inp1 with decreasing
energy, based on analysis of the ‘‘belt-hit’’ patterns. On
other hand, we can exclude a simple linear dependenc
P1 on q alone and the true behavior probably lies betwe
the kq andq descriptions. However, since we are primar
concerned with ReE01 above thep1 threshold, we will pur-
sue the analysis of ReE01 using thekq dependence of Eq
~8b!, where the reduced amplitudep1 is taken to be indepen
dent of energy.

IV. S-WAVE AMPLITUDE Re E01

All pion angular distributions are now fitted simulta
neously. TheP-wave amplitudesF0 andP1 are parameter-
ized as in Eqs.~8!, and the reduced amplitudesf 0 andp1 are
allowed to vary, but are treated as global parameters, in
pendent of energy. Of course, ReE01 is permitted to vary for
each angular distribution. For ImE01 we employ the un-
renormalized model given by Eq.~9! and the following equa-
tions. Finally, we extend the analysis closer to thep0 thresh-
old than before. This was not feasible for the energ
independent analyses of Sec. III since the errors onf 0 and
p1 become understandably excessive near threshold.

The resulting reducedP-wave amplitudes are

f 057.9160.03, ~15a!

p1510.2660.10, ~15b!

which agree with the weighted mean values found previou
@Eqs. ~12! and ~14!#. In comparing with the equivalent pa
rameters presented in@1#, excellent agreement exists forf 0
but for p1 there is about a 10% lower agreement than E
~15b!. The upward revision inp1 is mainly a reflection of the
improved angular resolution, providing a greater sensitiv
to P1 .

FIG. 2. Reduced amplitudep15P1 /kq as a function of energy
For this analysisf 0 is fixed at the mean valuef̄ 057.91, indepen-
dent of energy. The line corresponds to the weighted mean v
p̄1510.26.
t

e
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The correspondingS-wave multipole amplitudes ReE01

are shown in Fig. 3 and are tabulated in Appendix B. Bef
commenting on these results, let us consider how they
influenced by the model dependence of ImE01 by repeating
the entire procedure, including variation of the global para
etersf 0 andp1 , using the renormalized version of ImE01 .
As expected, ReE01 is more sensitive thanf 0 and p1 , but
not excessively so. None of the resulting ReE01 shifted by
more than 3%, well within the errors we assign to the
amplitudes. Unless the actual physical amplitude ImE01 lies
considerably beyond the theoretical uncertainty we have s
scribed to it, the results presented in Fig. 3 may be con
ered essentially model independent. Although we have
pursued this consideration extensively, its origin can
traced to the particular sensitivity of ReE01 to the angular-
asymmetry coefficientb @Eq. ~7!#, which is independent of
Im E01 .

Since we are not convinced that Eq.~8b! is the best prac-
tical representation ofP1 , we have repeated the analysis
ReE01 , but now we permit the reduced amplitudep1 to vary
with energy, as in Fig. 2. While some adjustment natura
occurs, the resulting ReE01 all fall well within the error bars
depicted in Fig. 3. Thus, although Eq.~8b! is suspect, it
appears to be adequate for our purposes. In a totally free
where ReE01 , p1 and f0 are permitted to vary with energy
no further change in ReE01 is observed above 150 MeV
~nor in p1 as noted!. Thus the utility of f 05const is only
apparent for ReE01 at the lowest energies.

The amplitudes displayed in Fig. 3 are in satisfacto
agreement with our earlier findings@1#. In particular, we
definitely confirm the rapid increase in ReE01 beyond 155
MeV.

The solid curve in Fig. 3 derives from Ref.@2#. That work
attempts to give a qualitative description of ReE01 based on
certain phenomenological considerations. There are two
parameters, the threshold value ofE01 and the ‘‘mass pa-
rameter’’ a, which occurs in the momentum representati
of thep1n→p0p charge exchange amplitude. The thresho

ue

FIG. 3. Multipole ReE01 as deduced from the pion angula
distributions. The associated reducedP-wave amplitudes are given
by Eq. ~15!. The curve is a qualitative description from Ref.@2#.
The present results are in general agreement with the earlier va
reported in@1#.
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2020 55J. C. BERGSTROM, R. IGARASHI, AND J. M. VOGT
value is pegged toE01(thr)521.32 as reported from recen
experiments@1,6#. The appropriate value fora is not tightly
constrained, and as noted in@2#, passable descriptions of th
experimental charge exchange amplitude@10# obtain for a
5250–350 MeV/c. Although a5275 MeV/c was em-
ployed in @2# for purposes of illustration, we find thata
5250 MeV/c gives a slightly better description of th
present results and is used in Fig. 3.

V. PION ANGULAR DISTRIBUTIONS

The pion angular distributions are illustrated in Fig.
The solid curves follow from the simultaneous fitting proc
dure described above and in Appendix A, and each cu
derives from the reducedP-wave amplitudes of Eq.~15!, the
ReE01 amplitudes of Fig. 3, and the model for ImE01 given
by Eq.~9!. The quality of the fits is reflected in the chi squa
per degree of freedom: In all cases, we findxPDF

2 '1.
It must be emphasized that the data and the fitted cu

in Fig. 4 donot represent the intrinsic photopion differenti
cross sections. Rather, they represent the true cross sec
folded with the angular resolution of thep0 spectrometer,
typically 25°–35° full width at half maximum~FWHM! @5#.

FIG. 4. Pion angular distributions in thepN c.m. system folded
with the spectrometer response. Each data point subtends 10°,
each distribution subtends about 2 MeV. Mean photon energies
indicated. The curves represent the simultaneous least-square
to all distributions using the ‘‘templates’’ as described in Append
A. Although the data and fits reflect the angular resolution of
p0 spectrometer, both are consistent with the total cross sec
determined separately. The back-angle drop is largely due to s
trometer distortion.
.
-
e

es

ons

The angular response of the spectrometer~not to be confused
with absolutep0 detection efficiency! redistributes pions in
angle, but to good approximation conserves their total nu
ber. Thus, although slightly distorted, the data and fits of F
4 are still consistent with the total cross sections as mea-
sured separately.

One particular distortion, evident in Fig. 4 at the highe
energies, is the slight dent atu590°. While not pronounced
it nevertheless lends further support to our Monte Ca
model of the spectrometer. The relative magnitude of
dent is predicted to decrease with decreasing energy, as d
onstrated in@5#.

Although not unfolded from the angular response, the
sults portrayed in Fig. 4 strongly reflect the intrinsic pio
angular distributions. One sees, for example, the marked
gular asymmetry at low energy, caused by dominance of
b term of Eq.~6! as theP waves recede in strength. At hig
energy where theP waves are important, a trend toward
symmetry starts as thec term in Eq.~6! gathers strength.

Finally, let us compare with the recent differential cro
sections from Mainz@6,12#. Where the energies overlap, th
differential cross sections appear to be in agreement as fa
their angular dependence is concerned. However, a vi
inspection suggests that the present results are slightly la
in magnitude. This discrepancy may be traced to the to
cross sections, where those in@1# tend to be a bit larger than
the total cross section presented in@6#.

VI. DISCUSSION

GivenF0 andP1 , it is possible to make a statement abo
the otherP-wave amplitudesP2 andP3 , but only through
the combinationP2

21P3
2. For the sake of argument, w

adopt thekq dependence for all amplitudes, in which ca
we have the relation between the reduced amplitudes,

p23
2 53 f 0

22 1
2p1

2,

where, following@6#, we define

p23
2 5 1

2 ~p2
21p3

2!.

Using Eq.~15!, one then finds

p23511.6260.08, ~16!

which compares favorably with the Mainz resultp23
511.4460.09 @6#.

In view of our upward revision ofp1 , let us briefly revisit
the estimate given in@1# for the electric quadrupole multi
poleE11 or, more specifically, the reduced amplitudee11 .
From Eq.~1! the reduced amplitudes are related by

p153e111m112m12 .

Drawing upon various theoretical predictions, we have
sembled an estimate for the above magnetic dipole comb
tion,m112m12511.060.4 ~see@1#!. This together with the
revisedp1 of Eq. ~15b! yields a new estimate fore11 ,

e11520.2560.17, ~17!

as compared with our earlier resulte11520.6060.23. This
downward revision ine11 is certainly in much better accor

ile
re
fits

e
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dance with theory. Contemporary theory, including CHP
typically predictse11<20.2. Of course a definitive state
ment aboutE11 will require polarization degrees of freedo
to disentangle theP-wave multipoles, and this is currentl
under active study at Mainz.

We end with a remark concerning the energy depende
of the amplitudeF0 , defined in terms of the fundament
P-wave multipoles by Eqs.~2! and ~3!. While it has been
argued@4# that these multipoles~and henceF0! should vary
as q in the threshold region, we have found that Eq.~8a!
provides a better practical description ofF0 over an extended
energy domain. We believe the theoretical treatment of
D(1232) resonance could be the source of the discrepa
at least judging from a recent study by Pilling and Benm
rouche@13#. Those authors employed an effective Lagran
ian as in Ref.@14#, where theD(1232) is included as an
explicit degree of freedom. TheD(1232) is, of course, also
incorporated in the CHPT calculations@4#, but is subsumed
in a contact term. If the resonance contributions are
cluded, everyone agrees thatF0 develops in proportion to
q. Let us now focus on the Pilling version and consider
quantity F0 /kq. At the Born level, one observes th
F0 /kq decreases monotonically with energy due to the
creasingk in the denominator. However, the contribution
F0 /kq from the D(1232) alone is observed toincrease
monotonically with energy. The net effect with all contrib
tions is thatF0 /kq is nearly constant, decreasing by on
about 2% between threshold and 170 MeV. In the CH
calculations@4#, the resonance contributions appear to be i
lated in the amplitudeP3 , at least to the order considered
the chiral series. One can only conclude that the associ
energy dependence, while valid close to threshold, is
practical over a more extended energy domain.

VII. CONCLUSIONS

Pion angular distributions have been assembled using
formation on thep0-decay photon energies not utilized
our previous Rapid Communication@1#. These new distribu-
tions represent an improvement in angular resolution o
the previous purely geometric ‘‘belt-hit’’ patterns. It is ther
fore encouraging that, with one exception, analysis of
refined distributions has reconfirmed our previous conc
sions. Most important, we verify that the amplitude ReE01

increases rather quickly above thep1 threshold, and this
presents a challenge to theoretical interpretation. Altho
phenomenology provides a description~recall Fig. 3!, a more
fundamental understanding, say through CHPT, still elu
us.

We have reconfirmed that theP-wave amplitudeF0 , de-
fined by Eqs.~2! and ~3!, is best described by the ‘‘Amald
conjecture’’ @7#: in other words, it is proportional to the
productkq in our energy domain. This dependence was t
tatively identified in@1# from the belt-hit patterns and was a
important ingredient in the analysis of ReE01 reported there.
Significantly, the constant of proportionality which we ca
f 0 is identical in both the new and earlier analyses.
The one exception noted above concerns the partic

combination ofP-wave multipoles denoted byP1 @Eq. ~1!#.
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To the extent that the Amaldi conjecture applies toP1 , we
now report a reduced amplitude

p1510.2660.10,

compared to our previous resultp159.260.3, in the usual
units of 1023/mp . The revised value agrees nicely with th
Mainz value@6#, p1510.0260.15, and is in perfect agree
ment with the CHPT prediction@4# p1510.3. However,
since we are not convinced thekq dependence is necessari
appropriate toP1 ~or, for that matter, is a pure linear depe
dence onq!, the agreement with CHPT may be fortuitous

Finally, for completeness we note the excellent agreem
between the threshold values ofE01 as reported by the SAL
@1# and Mainz@6# groups:

E01~ thr!521.3260.0560.06 @1#

and

E01~ thr!521.3160.08 @6#.
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APPENDIX A: FITTING PROCEDURE

In this appendix we address some of the technical det
concerning the extraction of ReE01 and the reduced ampli
tudesf 0 andp1 from the observed pion angular distribution
These angular distributions are distorted by the angular
sponse function of thep0 spectrometer. We do not attemp
to remove the response function from the data to produce
intrinsic angular distributions. Rather, we use the Mon
Carlo simulations of the spectrometer response to fit to
observed distributions. Furthermore, we ensure that the fi
distributions correspond closely to the total cross section
measured separately with the spectrometer in the ‘‘close
mode.

The new feature of the present analysis is the incorpo
tion of calorimetry information, or measured photon en
gies, in the reconstruction of the pion angular distributio
when the spectrometer is in the ‘‘open’’ mode. The reco
struction algorithm is described in Ref.@5#.

As noted in Sec. II, the differential cross section as e
pressed by Eq.~6! can be viewed conceptually as the sup
position of three angular distributions~i.e., three prototype
cross sections! weighted by the positive coefficientsa, b,
and c. Because of the finite pion angular resolution of t
spectrometer, each term in Eq.~6! suffers from angular
smearing and distortion. The Monte Carlo code is used
produce three ‘‘templates’’ at each energy, corresponding
each of the angular-dependent factors in Eq.~6!. Each tem-
plate reflects how each angular factor is distorted by
spectrometer angular resolution. Superimposing the th
templates using appropriate normalization coefficients t
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reproduces the observed angular distribution@5#.
Although the templates can, in principle, incorporate

absolute pion detection efficiencies of the spectrometer,
use them here only to provide the relative angular respo
and instead rely on the measured total cross section to
vide the absolute overall normalization of the different
measurements. The reason is that the absolute efficiency
dicted by the Monte Carlo model is more reliable for t
simple closed configuration than for the open geometry
the angular distribution measurements.

Let us consider this overall normalization procedure
more detail. In order not to confuse the absolute coefficie
a, b, andc of Eq. ~6! with the as-yet unnormalized coeffi
cients, we will denote the latter asa, b, and g. They are
related by

@a,b,c#5h@a,b,g#, ~A1!

whereh is the desired normalization coefficient for a give
energy. To repeat, the variation in spectrometer respo
with pion angle is already absorbed in the templates. T
observed but unnormalized differential cross section m
thus be written

k

q S ds

dV D
obs

5a tmp~1!1b tmp~2!1g tmp~3!, ~A2!

where tmp(i ) denotes the templates, which themselves
suitably normalized to 4p and 8p/3 when integrated over al
angles. These normalizations are appropriate only if
overall detection efficiency of the spectrometer is indep
dent of the pion angular distribution, but this is essentia
satisfied since it is only at the highest energies that the Mo
Carlo simulations reveal arelative efficiency variation ap-
proaching a few percent between the three angular funct
of Eq. ~6!. The coefficients in Eq.~A2! are determined by a
least-squares fit to the angular distributions. Finally, we
lize the total cross sections, determined in a separate me
surement. It is related to the coefficientsa, b, andc of Eq.
~6! by

k

q
s54p~a1b1 2

3c!. ~A3!

From Eqs.~A1! and Eq.~A3! we then obtain

h5
~k/q!s

4p@a1b1 2
3g#

. ~A4!

We find thath increases monotonically with increasing ph
ton energy, in accordance with the predicted decrease in
detection efficiency from the Monte Carlo simulations@5#.

The normalized differential cross section is given by

S ds0

dV D
obs

5hS ds

dV D
obs

, ~A5!

which by construction is consistent with the total cross s
tion s. Note, however, that the quantity on the left still co
tains the smearing and distortions caused by the ang
resolution of the spectrometer. It is consistent withs since
the angular response redistributes pions, but to a good
proximation does not lose them.
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The remaining analysis is straightforward. From Eq
~A1!, ~A2!, and~A5!, we have

k

q S ds0

dV D
obs

5a tmp~1!1b tmp~2!1c tmp~3!. ~A6!

The coefficients here are next rewritten in terms of ReE01 ,
Im E01 , F0 andP1 according to Eq.~7!, andF0 andP1 in
turn are assumed to follow the energy dependence descr
by Eq. ~8!. Fixing ImE01 as described in the main text,
three-parameter fit is made to the now-normalized ang
distributions using the templates. This yields ReE01 , f 0 ,
andp1 directly.

TABLE I. Amplitudes ReE01 as determined in the presen
work, as a function of the incident photon energyEg in the labora-
tory frame.

Eg (MeV) ReE01

147.6 21.1660.12
149.9 20.9160.12
152.2 20.6260.10
154.4 20.6160.08
156.5 20.6460.08
158.6 20.8660.07
160.7 20.8860.07
162.7 21.0960.07
164.7 21.0460.07
166.7 21.2060.07
168.6 21.2560.07

TABLE II. Amplitudes ReE01 as determined in Ref.@1#.

Eg (MeV) ReE01

145.34 21.1860.14
146.50 21.2460.09
147.66 21.1160.09
148.81 21.0260.09
149.94 20.9560.09
151.06 20.8560.10
152.17 20.4360.18
153.28 20.4860.14
154.36 20.3660.18
155.44 20.4460.15
156.51 20.6460.12
157.57 20.5360.14
158.61 20.6060.12
159.65 20.5260.15
160.68 20.8260.10
161.69 20.7160.11
162.69 20.9560.09
163.68 20.9660.09
164.66 20.9460.09
165.63 21.1760.08
166.59 21.1060.08
167.54 21.2260.08
168.47 21.2860.08
169.17 21.4460.09
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APPENDIX B: TABULATED RESULTS

In this appendix we tabulate the results for ReE01 . The
values as determined in the present work are summarize
Table I. Each point corresponds to a combination of fo
detector channels of the photon-tagging system and, as s
subtends about 2 MeV in photon energy.

Since ReE01 as determined in Ref.@1# have not been
previously presented in numerical form, we include the
L
s.

er
in
r
ch,

here in Table II. In that analysis each point combines pairs
detector channels and hence spans about 1 MeV in ph
energy.

All values are expressed in units of 1023/mp , where
mp is the charged pion mass.

The total cross section and angular distributions are av
able through electronic mail from the author@15# upon re-
quest. The angular distributions are not unfolded from
angular response of thep0 spectrometer.
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