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Identical bands and quantized alignments in superdeformed nuclei
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A method that generalizes the definition of identical bands was established. More than 100 available super-
deformed bands were analyzed by means of the method and the number of identical bands as a function of
criteria is presented. It is found that the quantization of incremental alignments depends very sensitively on the
tolerance of the criterion for identical bands. The relation between the particle-rotor model and the present
method is given.@S0556-2813~97!02404-7#

PACS number~s!: 21.10.Re, 21.60.Ev, 27.70.1q, 27.80.1w
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I. INTRODUCTION

Rotational bands, or regions of bands, in different sup
deformed nuclei have been found to have identical~or
equivalent! transition energies to within an average of abo
1 keV, much smaller than expected. This means that
rotational frequencies of the two bands are very similar
cause the rotational frequency (dE/dI) is approximately half
the transition energy for theseE2 transitions withDI52,
and also implies that the dynamical moments of inertia
almost equal. These twin bands are frequently called ide
cal bands~IB’s!. The fascinating phenomenon is very rare
nuclear physics and is of great interest. The first case
superdeformed IB’s was found in the mass-150 reg
(150Gd-151Tb, 152Dy- 151Tb! @1#; recently many other ex
amples of such superdeformed rotational IB’s in this m
region as well as in the mass-190 region@2# and mass-130
region, have been found. The origin and the abundanc
this effect have been investigated vigorously, but no defi
tive interpretation has emerged.

To determine whether a pair of bands is identical or n
we have to pose a judging criterion. There has been a n
ber of criteria used in the literature for the selection of IB
The most common of these criteria can be defined in
ways: one is from the comparison of the dynamical mom
of inertia @3,4# and another is to compare theE2 transition
energies of two bands@5–7#. In the literature, the relation
ship between theg -ray energies of two bands are frequen
referred to as the ‘‘quarter point,’’ ‘‘midpoint,’’ and ‘‘zero
point’’ ~or ‘‘identical’’ !, which correspond to aDEg /dEg ra-
tio 1/4, 1/2, and 0, respectively, whereDEg is the difference
between the energy of theg ray in the band considered an
the nearest transition energy in the reference band,dEg rep-
resents the difference between the energies of the two
secutiveg-ray transitions in the reference band. In this pap
we shall pay special attention on the comparison of theE2
transition and introduce a more general method to iden
IB’s. Another current focus on IB’s is the quantization
incremental alignments@2#. Its statistical regularity is an
other part of the present study.

II. THE METHOD

The subscripts (A,B) are used to designate differe
bands. For example, the energy of theE2 transition that
550556-2813/97/55~4!/1762~5!/$10.00
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depopulates the level with spinI in bandA is denoted by
Eg(I A). For two superdeformed bandsA andB, we select
regions of bands that consist ofN11 consecutive transition
energies and compare the two quantities:Eg8(I A) and
Eg(I B) where theEg8(I A) is defined as

Eg8~ I A!5xEg~ I A!1~12x!Eg~ I A12!,

~ I A5I A
012k, I B5I B

012k, k50,1,2,. . . ,N!. ~1!

In Eq. ~1!, x is a parameter restricted to@0,1#, bandA is
considered a reference band.I A

0 and I B
0 are the angular mo-

mentum of the band~region! head for bandA and bandB,
respectively. The energy of the bandhead in bandB satisfies
the relationEg(I A

0)<Eg(I B
0)<Eg(I A

012). Eg8(I A)2Eg(I B)
will take different values whilex gets different values, bu
we could find anx which renders the quantity

s5 (
k50

N21

@Eg8~ I A!2Eg~ I B!#2 ~2!

to a minimum. Fromds/dx50, x is worked out as

x5

(
k

@Eg~ I A12!2Eg~ I A!#@Eg~ I A12!2Eg~ I B!#

(
k

@Eg~ I A12!2Eg~ I A!#2
.

~3!

For an appropriateN and d ~usually,N510 andd;122
keV!, if there exists a pair of regions in bandA and band
B which satisfy the relationDEg8( i )5uEg8(I A)2Eg(I B)u<d
for all k and a fixedx is in the region of@0,1#, we treat the
two bands as identical.

For a pair of IB’s, the incremental alignment@8#, D i , is
defined as

D i52
Eg near2Eg~ I B!

Eg~ I A12!2Eg~ I A!
, ~4!

whereEg near is the transition energy in bandA which is the
closest toEg(I B) and bandA is supposed to be a referenc
band. From Eqs.~1!, ~3!, and ~4! and a hypothesis tha
1762 © 1997 The American Physical Society
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55 1763IDENTICAL BANDS AND QUANTIZED ALIGNMENTS IN . . .
dEg5Eg(I A12)2Eg(I A) is almost a constant value, w
could find the relation between the parameterx and theD i
@the arithmetic average ofD i which is equivalent to
(1/N)(D i ( i )#:

D i'2x ~5!

if Eg near is equal toEg(I A12) and

D i'2~x21! ~6!

if Eg nearis equal toEg(I A). The rule for choosing Eq.~5! or
~6! to calculate D i is Eq. ~5! may be used if
2xP@21,11#, otherwise, Eq.~6! may be used.

In the following, we give three special cases:~i! x51. In
this case, the transition energies in bandA are equal to those
of band B to within d~keV! over a spin range of 2N\.
Band A and bandB are directly identical, i.e.,Eg(I A)
'Eg(I B), D i'0. ~ii ! x5 1

2. In this case, Eg(I B)
' 1

2@Eg(I A)1Eg(I A12)#. It means that the energies in ban
B fall very close to the midpoint energies of adjacent tran
tions in bandA overN continuousg rays, andD i'11 or
D i'21 ~in fact, D i51 is equivalent toD i521). ~iii !
x5 1

4 or x5 3
4. In this case,Eg(I B)'

1
4Eg(I A)1

3
4Eg(I A12) or

Eg(I B)'
3
4Eg(I A)1

1
4Eg(I A12), the energies in bandB fall

close to the quarter point energies of adjacent transition
bandA, D i'0.5 orD i'20.5. In the literature, the relation
ship between theg-ray energies of the considered and ref
ence bands described in~i!, ~ii !, and~iii ! are referred to as the
‘‘zero point,’’ ‘‘midpoint’’ and ‘‘quarter point,’’ respec-
tively. In fact, thex calculated with Eq.~3! is approximately
equal to DEg /dEg or 11DEg /dEg due to the fact that
dEg is almost a constant value for superdeformed bands

However, generally, we could not confinex to only these
special values 1,12,

1
4, or

3
4. It is practically impossible thatx

calculated from Eq.~3! equals accurately one of those fo
values. On the contrary, we could investigate the quant
tion of incremental alignments of IB’s by usingx if x is not
limited to 1,12,

1
4,

3
4. The advantage of the introduction of th

x factor in Eq. ~1! is a consideration of any relationsh
between theg-ray energies of the two bands in differe
nuclei. Therefore, the present method to define the IB’s
more general, which to a large degree combines the two m
common methods, namely the requirements of near equ
of theg-ray energiesEg and the dynamic moments of inert
J(2) of the two bands, into one by means of comparis
between quantitiesEg8(I A) andEg(I B).

III. RESULTS AND DISCUSSION

We have analyzed 126 superdeformed bands in 48 nu
which are available in the literature@9–24#. There are 20
bands in theA-130 region, 56 bands in theA-150 region, and
50 bands in theA-190 region. The rule to choosing the re
erence band is the band whose mass number is even i
garded as the reference band if another mass number is
otherwise, the band whose mass number is smaller is
garded as the reference band. Since there is no general
rion for selecting IB’s, we have to use two parametersN and
d to define a criterion for IB’s. Different values ofN andd
will give a different number of pairs of IB’s. The relation o
i-

in

-

a-
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n
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re-
dd,
e-
ite-

IB pair numbers toN andd is shown in Table I. It is appar-
ent that the distributions of IB’s in the three mass regions
different. In the mass-130 region, only 13 pairs of IB’s a
found under a rather tolerant criterion (N56 and d53.0
keV! and no IB’s ~zero! are found under many other stric
criteria, while the number of IB’s under the same criteri
N56, d53.0 keV for theA-150 region and theA-190 re-
gion is as large as 371 and 558, respectively. There are
some differences between theA-150 region and theA-190
region. The number of IB’s in theA-190 region is more than
that in theA-150 region whenN<11, but most numbers o
IB’s in the A-190 region are less than that in theA-150
region whenN>12. The latter case may result from the fa
that the collectivity of the superdeformed bands in t
A-150 region is stronger than that in theA-190 region, and
thus moreg-ray transitions for a rotational band in th
A-150 region can be detected experimentally. Actually,
average number of the observedg-ray transitions is 16 for
the A-150 and 12 for theA-190 superdeformed rotationa
bands. Of course, the number of IB’s in all three mass
gions increases with a more tolerant criterion, i.e., a lar
d and/or a smallerN.

Though the occurrence of IB’s is related to the comp
cated cancellation among various factors, such as mome
inertia, deformation, pairing correlation, and rotation, so
insights can be gained regarding the behavior of the mom
of inertia. For example,g-ray energies should be scaled wi
the moment of inertia, which is proportional toA5/3 for a
rigid body. A mass difference of one unit leads to a chan
in the moment of inertia and consequently a change in
udEg12dEg2u by ;1.1 keV in theA;130 region,;0.75
keV in the A;150 region and;0.4 keV in theA;190
region in the classical limit. Thus different values ofd for
defining IB’s should be used for different mass regions.
other words, if we select IB’s with the samed, more pairs of
IB’s are expected for a large mass region, as shown in Ta

TABLE I. The variation of IB numbers againstN andd in the
A-130,A-150,A-190 regions.

A d N
~keV! 6 7 8 9 10 11 12 13 14

0.5 0 0 0 0 0 0 0 0 0
1.0 3 0 0 0 0 0 0 0 0

130 1.5 5 2 0 0 0 0 0 0 0
2.0 9 5 4 1 0 0 0 0 0
2.5 12 9 6 4 1 0 0 0 0
3.0 13 12 7 5 3 2 1 0 0

0.5 14 6 3 2 0 0 0 0 0
1.0 68 36 23 10 8 6 3 3 2

150 1.5 141 75 51 40 22 12 7 5 2
2.0 220 130 79 58 37 28 17 7 2
2.5 285 191 124 85 59 39 30 15 5
3.0 371 250 164 112 82 52 39 24 12

0.5 40 20 9 7 4 1 0 0 0
1.0 189 104 54 30 14 8 5 3 1

190 1.5 328 219 118 70 39 19 11 6 2
2.0 416 290 169 111 68 38 17 7 4
2.5 500 349 212 139 96 56 20 8 5
3.0 558 399 250 166 115 73 30 8 6
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I. In the following discussion,N will be restricted to 10 and
d remains a parameter.

We have given a relation betweenx andD i in Eqs. ~5!
and ~6! which is illustrated as an example in Table II. It
impressive that the difference betweenD i and 2x or
2(x21) is very small, less than 0.01, thereforeD i can be
replaced by 2x or 2(x21).

It has been noticed that the incremental alignment of I
which varies around 0,60.5, 61.0 shows the feature o
quantization since 1990@2#, but there is no demarcation lin
between the quantization and nonquantization of the in
mental alignment of IB’s. Because the incremental alig
ments vary against the transition energies andD i cannot be
precisely 0,60.5,61.0, we divide the region@21,11# into
two parts: a quantized region

Q5@21,2 7
8 #ø~2 5

8 ,2
3
8 #ø~2 1

8 ,
1
8 #ø~ 3

8 ,
5
8 #ø~ 7

8 ,1#

which is around 0,60.5, 61.0 and an unquantized regio
U which is centered at60.25, 60.75. A pair of IB’s is
quantized only if itsD i is within regionQ, otherwise it is
unquantized. Such a division treats the quantized and
quantized IB’s equally. The distributions ofD i in the range
@21,11# are shown in Fig. 1. Figure 1~a! shows the distri-
bution of the incremental alignments,D i , which are calcu-
lated from 26 pairs of IB’s found with the criteriond51.1
keV, and Fig. 1~b! is as the same plot as Fig. 1~a!, but for
105 pairs of IB’s found withd52.0 keV. It can be seen b
counting the points in Fig. 1~a! that 20 incremental align
ments are located in the quantized region,Q ~shaded area!,
while only 6 in the unquantized region,U. The ratio
NQ /NU53.33, whereNQ andNU are the numbers of incre
mental alignments in theQ andU regions, respectively. In
Fig. 1~b! there are 54 incremental alignments located in
Q region and 51 in theU region, the ratioNQ /NU is ap-
proximately equal to 1. Thus, the ratioNQ /NU is strongly
related to the strictness of the criterion for identifying IB’
Furthermore, the relationship between theg-ray energies of
the IB’s is also classified in Fig. 1. For example, Fig. 1~a!
shows that the 16 IB’s have ‘‘quarter point’’ relationsh
since theirx factors are close to14 or

3
4, corresponding to Eqs

~6! and ~7!. And only one ‘‘zero point’’ and three ‘‘mid-
point’’ IB’s are found from Fig. 1~a!. It is noticed that the
fraction of ‘‘zero point’’ IB’s increases when the criterio
goes fromd51.1 to 2.0 keV@see Fig. 1~b!#.

TABLE II. The proof of the relation betweenx and an incre-
mental alignment. BandA is a reference band,D i 8 is calculated by
Eqs.~5! and~6!, D i is the average incremental alignment for a p
of IB’s.

BandA BandB x D i 8 D i uD i 82D i u

146Gd~2! 148Gd~1! 0.2335 0.4670 0.4641 0.0029
147Gd~2! 149Gd~6! 0.8686 -0.2628 -0.2614 0.0014
146Gd~2! 149Gd~5! 0.0184 0.0368 0.0429 0.0061
195Pb~2! 197Bi~1! 0.8586 -0.2828 -0.2821 0.0007
194Tl~2! 195Pb~3! 0.5266 -0.9468 -0.9473 0.0005
194Hg~3! 195Pb~3! 0.6180 -0.7640 -0.7694 0.0054
s

e-
-

n-

e

Figure 2 shows the relation between the incremen
alignment and the criterion, in which the ratioNQ /NU is
plotted as a function ofd. The ratioNQ /NU'1 whend is
larger than 1.8 keV, this indicates that the incremental ali
ments are almost uniformly distributed in@21,11# and the
quantization of incremental alignments is not clear. The ra
NQ/NU increases with decreasingd, and it goes up to 5 when
d50.9 keV, whereNQ515 andNU53. It can be seen from
Fig. 2 that the ratioNQ /NU increases drastically and th
quantization of incremental alignments of IB’s becom
clear whend,1.4 keV from the statistical point of view. It is
interesting to notice that there exists a critical valuedc de-
fined as a value at whichNQ /NU52, when d,dc , the

FIG. 1. The distribution of average incremental alignments
@21,11# ~a! 26 IB’s whenN510, d51.1 keV,~b! 105 IB’s when
N510, d52.0 keV.

TABLE III. The relation betweenN anddc which is defined as
a value at whichNQ /NU52.

N 6 7 8 9 10 11 12 13

dc ~keV! 0.344 0.400 0.822 0.950 1.35 1.52 2.80 3.9
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NQ /NU>2, i.e., the quantized IB’s dominate the select
IB’s. Here, we confineN to be 10. It is obvious that the

FIG. 2. The ratio of the number of quantized IB’s to the numb
of unquantized IB’s varies againstd if the IB’s are selected from
the standpoint ofg transition energies.
pa
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largerN is, the greaterdc will take. In the following, we give
Table III which describes the relation betweenN and
dc .Unfortunately,dc is just at the limit of the resolution o
the current detector.

The IB selection method described above can be rela
to the particle-rotor model~PRM! @25#. For large deforma-
tions where the level splitting of a shell becomes large a
the Coriolis interaction is relatively small, one can empl
the PRM in which the valence particles with angular mome
tum jW coupled to a deformed core with angular momentu
RW and a moment of inertiaJ follow the rotation of the core
adiabatically. In such a strong coupling limit, the ener
spectrum of an odd-A nucleus with an axial symmetry in
first-order perturbation theory can be given by

EIK5eK1
1

2J F I ~ I11!2K21aS I1 1

2D ~21! I11/2dK,1/2G ,
~7!

whereK5V is the projection ofjW on the symmetry axis,I is
the total angular momentum of the nucleus,eK is the intrin-
sic excitation energy, anda is the decoupling parameter o
the intrinsic configuration. From expression~7!, one can ob-
tain three special relations between theg-ray energies of the
nucleus and the core as in the following:

r

~ i! EgS I5R6
1

2D5Eg
c~R! for a511, K5

1

2
,

~ ii ! EgS I5R6
1

2D5
1

2
@Eg

c~R!1Eg
c~R62!# for a521, K5

1

2
,

~ iii ! EgS I5R6
1

2D5
3

4
Eg
c~R!1

1

4
Eg
c~R62! for a50, KÞ

1

2
, ~8!
al-
tion

is
cted
the
en-
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whereEg is the transition energy in the odd-A nucleus,Eg
c is

the transition energy in the core. When the decoupling
rametera takes any other values, these special relations m
be generalized as

Eg~ I !5xEg
c~R8!1~12x!Eg

c~R812!, ~9!

whereR85I2 1
2 or I2

3
2 andx is restricted to@0,1#. In this

situation, x51 corresponds toa511, K5 1
2, x5 1

2 to
a521, K5 1

2 andx5 1
4 or

3
4 to a50.

For a comparison between theg-ray energies of two
bands, the transition energies of the reference bands ma
constructed as Eq.~1! according to Eq.~9!. Therefore, the
abundance of IB’s found by the present method reflects
the strong coupling picture works well for the description
superdeformed bands. Indeed, experimental studies in
A;150 andA;190 regions do reveal the presence of alm
perfect strongly coupled structures associated with highK
excitation@26#. It is interesting to notice that a stricter crite
rion with a smallerd leads to a large fraction of IB’s whos
incremental alignments are quantized, and this may be
lated to the strong coupling structure with the valence p
-
y

be

at
f
he
t
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ticles moving in some particular orbits. However, the ch
lenge issue posed by the IB’s remains the primary ques
to be investigated.

IV. SUMMARY
In summary, a more general method for selecting IB’s

suggested by introducing the reference band constru
based on the strong coupling theory. The criterion in
method combines the requirements of similar transition
ergies and the dynamic moments of inertia into one,d. A
very good approximate relation between thex factor and the
average incremental alignment is found. The category of
relations between the transition energies of IB’s can be gi
in terms of thex factor. The quantization of the increment
alignments is found to be a very sensitive function of t
tolerance of the criterion. For a givenN, a smalld favors the
quantization of the incremental alignments. The criticaldc
value for quantization locates, unfortunately, on the brink
the resolution of the current detectors.

This work was supported by the National Natural Scien
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dation of China.



cl.

s

d-

nd

ens,

1766 55CAIWAN SHEN, WENDONG LUO, AND Y. S. CHEN
@1# T. Byrski et al., Phys. Rev. Lett.64, 1650~1990!.
@2# F. S. Stephenset al., Phys. Rev. Lett.65, 301 ~1990!.
@3# C. Baktash, D. F. Winchell, J. D. Garrett, and A. Smith, Nu

Phys.A557, 145 ~1993!.
@4# F. S. Stephenset al., Phys. Rev. Lett.64, 2623~1990!.
@5# Jing-ye Zhang and Lee L. Riedinger, Phys. Rev. Lett.69, 3448

~1992!.
@6# Z. Szymanski, Nucl. Phys.A520, 1c ~1990!.
@7# D. Nisiuset al., Phys. Lett. B346, 16 ~1995!.
@8# F. S. Stephens, Nucl. Phys.A557, 145 ~1993!.
@9# Xiao-Ling Han and Cheng-Li Wu, At. Data Nucl. Data Table

52, 43 ~1992!.
@10# G. Hackman, S. M. Mullins, J. A. Kuehner, D. Pre´vost, J. C.

Waddington, A. Galindo-Oribarri, V. P. Janzen, D. C. Ra
ford, N. Schmeing, and D. Ward, Phys. Rev. C47, R433
~1993!.

@11# S. M. Mullins, S. Flibotte, G. Hackman, J. L. Rodriguez, a
J. C. Waddington, Phys. Rev. C52, 99 ~1995!.
@12# S. Lunardiet al., Phys. Rev. Lett.72, 1427~1994!.
@13# C. Schumacheret al., Phys. Rev. C52, 1302~1995!.
@14# C. W. Beausanget al., Phys. Rev. Lett.71, 1800~1993!.
@15# P. Fallonet al., Phys. Rev. C52, 93 ~1995!.
@16# F. A. Becket al., Nucl. Phys.A557, 67 ~1993!.
@17# R. M. Clarket al., Phys. Rev. C51, 1052~1995!.
@18# D. T. Vo et al., Phys. Rev. Lett.71, 340 ~1993!.
@19# M. P. Carpenteret al., Nucl. Phys.A557, 57 ~1993!.
@20# B. Crowell et al., Phys. Rev. C51, R1599~1995!.
@21# M. P. Carpenteret al., Phys. Rev. C51, 2400~1995!.
@22# J. R. Hugheset al., Phys. Rev. C51, 447 ~1995!.
@23# L. P. Farriset al., Phys. Rev. C51, R2288~1995!.
@24# I. Ahmad, M. P. Carpenter, R. R. Chasman, R. V. F. Janss

and T. L. Khoo, Phys. Rev. C44, 1204~1991!.
@25# Jean Gizon~unpublished!.
@26# R. Wyss and S. Pilotle, Phys. Rev. C44, R602~1991!.


