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Observation of a unitary cusp in the thresholdgp˜p0p reaction
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A rigorous multipole analysis of the recentgp→p0p cross-section measurement is presented. The data were
taken using the photon spectrometer TAPS at the tagged photon beam of the Mainz microtron. Thes andp
wave multipoles were extracted using minimal model assumptions. The predicted unitary cusp for the
s-wave multipoleE01 due to the two stepgp→p1n→p0p reaction was observed. The results are consistent
with one-loop chiral perturbation theory calculations for which three low-energy constants have been deter-
mined by a fit to the data. The uncertainties in the analysis and the need for polarization observables are
discussed.@S0556-2813~97!03002-1#

PACS number~s!: 25.20.Lj, 13.60.Le
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I. INTRODUCTION

Experiments on photopion production from the nucle
are important because the pion is approximately a Golds
Boson of QCD@1#. The consequences of this are a relative
small mass~due to the small up and down quark mass! and a
weakpN interaction at low energies@1#. These characteris
tics allow a QCD-based approximation scheme known
chiral perturbation theory~ChPT! @1–3#. Using this tech-
nique extensive~one-loop! calculations for threshold photo
pion and electropion production have been performed@4#.

For a long time there has been a predicted unitary cus
the s wave gp→p0p electric dipole amplitude,
E01(gp→p0p), due to the two-stepgp→p1n→p0p reac-
tion @5#. There are two reasons. First, the electric dipole a
plitude for thegp→p1n reactionE01(gp→p1n) is more
than an order of magnitude larger thanE01(gp→p0p). Sec-
ond, the threshold energies for thegp→p0p andp1n chan-
nels are different~see Table I!. Therefore, the unitary cusp i
isospin violating.

The magnitude of the cusp is related to

b5E01~gp→p1n!•acex~p1n↔p0p! ~1!

whereacex is thes-wave charge exchange scattering leng
Recently it was pointed out that an accurate observation
the energy dependence of the unitary cusp would allow
to make a measurement of this important and previously
measured scattering length@6#. Furthermore it was also
shown that the two-step reaction is expected to exhibit
additional isospin violation@6# as a consequence of the pr
dicted isospin violation inacex due to the mass difference o
the up and down quarks@7#. Consequently, experimenta
tests of the predictions of ChPT@4# and the unitary cusp with
its light quark dynamics are of great importance.

The first measurement of thegp→p0p threshold cross
sections with a 100% duty cycle electron accelerator w
performed at Mainz@8#. The data confirmed a previousl
measured total cross section at Saclay@9# which was ob-
tained with a 1% duty cycle linac and consequently h
larger errors. The Mainz differential cross section quali
tively showed the predicted unitary cusp forE01 @10#. The
550556-2813/97/55~3!/1509~8!/$10.00
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original interpretation of the differential cross section da
@8,9# showed a disagreement with the low-energy theore
~LET! @11,12#. However, it was later shown@13# that when
the total cross-section data were included that the res
were consistent with the LET prediction@11#. Subsequently
it was shown that the LET were slowly converging@4,12#
and that the prediction forE01 should be significantly
smaller in magnitude. The exact value is not predicted
ChPT since it depends on low-energy constants which h
to be evaluated from experiment@4#. It was clear that such an
important measurement should be repeated with impro
equipment. A subsequent experiment was performed
Mainz with the TAPS photon detector@15# where the data
from threshold to 152 MeV were presented after a prelim
nary analysis.

In this paper a more thorough analysis from threshold
160 MeV will be presented. The main purpose of this pa
is to obtain the most accurate values of the multipoles w
the minimum number of model-dependent assumptions,
to compare these results with the ChPT fit@4#. A secondary
purpose is to show the model dependence of the extra
multipoles and the limits due to the fact that the existi
database contains only unpolarized cross sections. The
sults presented here are in good agreement, as expected
our previous publication@15#. Recently an experiment from
Saskatoon has been reported@16# and will also be discussed

II. FORMULAS AND DATA ANALYSIS

Near threshold one can safely assume that the pions
produced ins- andp-wave states. The differential and tot
cross sections are

s~u!5~q/k!@A1Bcos~u!1Ccos2~u!#

~2!
sT54p~q/k!@A1C/3#

whereq andk are the pion and photon center-of-mass m
menta.

It is conventional to compare theory and experiment
terms of multipole amplitudes. These are:s-wave electric
dipoleE01 ; p-wave magnetic dipole withj51/2M12 ; and
1509 © 1997 The American Physical Society
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1510 55A. M. BERNSTEINet al.
p-wave magnetic dipole and electric quadrupole amplitu
with j53/2M11 andE11 . TheA, B, andC coefficients are
quadratic combinations of these four amplitudes. Follow
a previous notation@4# we define

P153E111M112M12, P253E112M111M12 ,
~3!

P352M111M12, uP23u25~ uP2u21uP3u2!/2.

TheA, B, andC coefficients are

A5uE01u21uP23u2, B52Re~E01P1
!!,

~4!
C5uP1u22uP23u2.

One can see that an accurate measurement ofs(u) for
unpolarized photons determines three linear combination
the multipoles (A, B, andC). On the other hand, there ar
seven unknown parameters, namely the real and imagi
parts of the four multipoles minus one arbitrary over
phase. In the threshold region one can take advantage o
fact that thep-wavepN phase shifts are small@17# which
means that the imaginary parts of thep-wave multipoles are
negligible @4,6#.

In order to fit the data the predicted unitary cusp inE01

@4–6# must be taken into account. This is caused by
relatively strong two-stepgp→p1n→p0p reaction channe
and a static isospin violating effect which occurs because
the threshold difference in thegp→p0p andgp→p1n re-
action channels as shown in Table I. The first derivatio
used a single scatteringK matrix approach to calculate th
effect of the final state charge exchange~CEX! @5#. The
ChPT calculations are basically isospin conserving but
biggest isospin nonconserving effect due to the pion m
difference has been included@4#. These approximations ca
be overcome by using a three-channelS-matrix approach in
which unitarity and time reversal invariances are satisfi
@6#. The resulting equation is

E01~gp→p0p!5eid0@A01 iA1acexq1#, ~5!

where d0 is the s-wave p0p phase shift,A0 and A1 are
E01(gp→p0p) andE01(gp→p1n) in the absence of the
final state charge exchange~CEX! reaction, andq1 is the
p1 center-of-mass momentum in units ofmp1. For photon
energieskg,kT(p

1n), thep1n threshold energy, one mus
analytically continueq1→ i uq1u. This switching of the am-
plitude from real to imaginary as the secondary thresh
opens is the sign of a unitary cusp.

We can safely neglectd0 in the threshold region becaus
the s-wave scattering lengtha(p0p) is expected@7,17,18# to
be very small (&0.01/mp). Since the effect of thep0p
channel is expected to be small in thep1n channel we can
takeA1>E01(gp→p1n). With these two mild approxima

TABLE I. Threshold energies.

Reaction Threshold Energy~MeV!

gp→p0p 144.68
gp→p1n 151.44
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tions the three-channelS matrix formulation reduces to the
previously obtained formulas@4,5#

E01~gp→p0p!5A0~kg!1 ibq1 , ~6!

where the only first-principles constraint that we have f
A0 is that it is a smooth function ofkg . Note that for
kg,kT(p

1n), E01(gp→p0p)5A0(kg)2 ibuq1u is purely
real. For kg.kT(p

1n), E01(gp→p0p) is complex with
ReE015A0(kg), a smooth function ofkg , and ImE01

5bq1 , the cusp function. The same functionA0(kg) and
parameterb occur both below and abovekT(p

1n).
To determine thep-wave multipoles we need to conside

their energy dependence. It was previously assumed that
go to zero asqk for kg→kT(p

0p) @20#. Recently it has been
shown that thep-wave multipoles are proportional toq ~i.e.,
the factor ofk should not be there! @4#. Numerically the
difference is not large but the proper form will be used he
These threshold arguments alone cannot determine over w
range ofkg this simple energy dependence is expected to
valid. In order to see this we plot in Fig. 1 the energy depe
dence of the threep-wave observables as predicted by ChP
@4# up to kg5160 MeV. We observe thatP1 is predicted to
be very close to linear withq for the entire energy region. If
all of the p-wave multipoles were linear inq thenP23

2 and
C would be proportional toq2. As can be seen in Fig. 1 there
is a deviation from this quadratic dependence which is a
proximately linear inDkg5kg2kT(p

0p).
The predictions of ChPT for thegN→pN reaction de-

pend on three low-energy constants labeledbp , a1, anda2

FIG. 1. ChPT predicted behavior of thep waves. Solid line
represents the predicted values and the dashed lines repres
610% variation ofbp .
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55 1511OBSERVATION OF A UNITARY CUSP IN THE . . .
@4#. Of these onlybp effects thep-wave multipoles. In Fig. 1
the variation of the three observables are also shown f
610% variation ofbp . There is no dependence ofP1 on
bp . Furthermore, the slope ofuP23u andC are approximately
independent ofbp . The approximately linear deviation from
theq2 dependence ofC and uP23u2, shown in Fig. 1, will be
assumed in the analysis but with empirically determined c
stants.

We have performed three fits to the data. One uses
A, B, andC coefficients with the energy dependence ofC
specified as

C5q2@C̄1C̃Dkg#, ~7!

whereDkg is taken for convenience to be in units ofmp0.
A multipole fit was also performed with the function

form of the energy dependence of thep-wave multipoles and
ImE01 fixed. From the discussion of the expected ene
dependence of thes- and p-wave multipoles the following
energy dependence was chosen:

ImE0150, k,kT~p1n!,

ImE015bq1 , k.kT~p1n!, ~8!

P15qP̄1, uP23u25q2@ P̄231 P̃23Dkg#,

where the fit parameters are the values of ReE01(ki) at each
photon energy,b, P̄1, P̄23, and P̃23.

We have also performed a unitary fit for whichE01(kg)
is parametrized as

E01~kg!5A0~kg!1 ibq1, A0~kg!5Ā1ÃDkg, ~9!

and where the values ofĀ, Ã, and b were taken as free
parameters.

To calculate the expected value ofb the best experimen
tal value ofa(p2p→p0n)52(0.130160.0059)/mp from
the observed width in the 1s state of pionic hydrogen atom
@21# was used. This is in excellent agreement with Ch
predictions of2(0.13060.006)/mp @18#. Assuming isospin
is conserveda(p1n↔p0p)52a(p2p↔p0n). There are
no modern measurements forE01(gp→p1n) so we can use
the ChPT prediction of 28.260.6 @4,14,19#. From these, one
obtainsb53.6760.18 @14#.

The analysis that will be presented here depends on
range of validity of Eq.~8!. In order to insure that this analy
sis is accurate and as model independent as possible it
terminated at a photon energy of 160 MeV. This is sufficie
to show the main features of the threshold region.

III. RESULTS

In this section the results of the analysis of the data@15#
will be presented and compared with ChPT calculations@4#.
The data were taken from threshold to 270 MeV. In the fi
publication only a preliminary analysis of the data to a ph
ton energy of 152 MeV was presented@15#. In this publica-
tion a more thorough analysis to 160 MeV will be present

The empirical fits and ChPT@4# results fors(u) are com-
pared to experimental data in Fig. 2. It should be pointed
that the errors shown in Fig. 2 are statistical only. The s
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FIG. 2. Differential cross sections~COM system! with statistical
errors inmb/sr vs pion angle in degrees. The photon energies
MeV are given. The solid line represents the unitary fit, the dot-d
line theA,B,C̄,C̃ fit, the dash-dash line the multipole fit, and the
dash-dot line the ChPT fit.
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1512 55A. M. BERNSTEINet al.
tematic errors are estimated to be approximately 5%@15#.
For the A,B,C fit @Eq. ~7!# the best fit values are
C̄520.33860.025mb, C̃521.8360.30mb, and x2/DOF
51.65. For ChPT@4# there are three low-energy constan
which were adjusted to obtain a best fit to the data. Qual
tively all of the fits and the ChPT calculation are very clo
with x2/DOF51.96 for the multipole fit and 2.21 for ChPT

The fit parameters andx2 results are shown in Table I
and compared to ChPT. Only the fitting errors are presen

TABLE II. Parameters in Eqs.~8! and ~9! for the unitary and
multipole fits and ChPT@4#. Except forx2 all of the quoted param-
eters are given in units of 1023/mp1. In Eqs. ~8! and ~9! q and
Dkg are in units ofmp0 andq1 in units ofmp1

Parameter Unitary Fit Multipole Fit ChPT

x2/DOF 2.13 1.96 2.21
b 3.7660.11 2.8260.32 2.78

P̄1 9.00660.079 9.15160.071 8.998

P̄23 101.961.1 95.4060.62 97.71

P̃23 41.8613.0 159.167.3 108.5

Ā 20.1260.020 -0.41

Ã 24.2760.28 -0.76

FIG. 3. Measured total cross section with statistical errors
mb vs photon energy with the ChPT calculations@4# and the em-
pirical fits. The new Mainz~TAPS! data ~circle! @15#, Saskatoon
~plus! @16#, and older Mainz points~cross! @8# are shown. The bot-
tom figure shows the energy region through thep1n threshold in
more detail. In both figures dash-dash line represents the multi
fit, dash-dot line the ChPT result, and dot-dot line only t
p-wave contribution to the ChPT.
-

d.

The values presented for ChPT@4# were obtained by fitting
the numerical calculations with Eqs.~8! and ~9! and finding
the best fit parameters. The agreement between the fi
form and numerical results is excellent.

For thep-wave multipoles one can see from Table II th
the extracted values ofP̄1 and P̄23 are in good agreemen
with ChPT @4#. In this part of the calculation there is only
one low-energy constant (bp) which was fit to the data. On
the other hand, there is a large systematic error forP̃23. This
can be seen by comparing the much different values obtai
from the unitary and multipole fits. These results straddle
ChPT value. The fact that the next-to-leading-order slope
thep wave multipoles is not strongly constrained by the da
will have consequences in the determination of ImE01 ~see
Sec. IV!.

The parameters for ReE01 (b, Ā, andÃ) are significantly
different between the unitary fit and the ChPT calculatio
As will be shown below~see Fig. 8 and discussion! the two
resulting curves both are in reasonable agreement with
extracted values of ReE01 from the multipole fit. It should
be pointed out that for this multipole there are two low
energy parameters (a1 anda2) that have been fit to the data

The results for the total cross section are shown in Fig.
It can be seen that there is a discrepancy between the Sa
toon @16# and TAPS@15# results particularly forkg.152
MeV. The older Mainz results@8# tend to be in better agree
ment with the Saskatoon data. Unfortunately the cause
this disagreement is not known.

The Saskatoon group did not publish any differenti
cross-section data. The only information that is presented

n

le

FIG. 4. B coefficient~with statistical errors! vs photon energy
from fits and ChPT. Circles represent theA,B,C̄ fit, the solid line
represents the unitary fit, and the dash-dot line the ChPT.
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55 1513OBSERVATION OF A UNITARY CUSP IN THE . . .
the ‘‘belt pattern’’ for the angular distributions. In order to
use this information one has to perform a Monte Carlo c
culation using predicted differential cross sections which a
then compared with the ‘‘belt patterns.’’ We therefore cann
compare the results presented here for the differential cr
sections with the Saskatoon data.

From Fig. 3 one can see that the ChPT fit is in goo
agreement with the TAPS data and not in agreement with
Saskatoon data. This is not surprising since the three f
parameters of ChPT were fit to the TAPS data. One a
notes that thep-wave contribution to the total cross section
dominant except for the first few points above thresho
This makes it difficult to see the effect of the~s wave! uni-
tary cusp in the cross section.

The results for theB coefficient are shown in Fig. 4. This
shows the effect of the predicted unitary cusp because it is
sp interference amplitude. The extracted values of theB
coefficient are in reasonable agreement with the unitary
and with ChPT@4# because only the statistical errors ar
shown. An estimate of the systematic errors can be infer
from the scatter of the points.

The results for theA coefficient are shown in Fig. 5. This
is the most accurately measured coefficient sin
s(u590°)5(q/k)A, and since the total cross section is pro
portional toA1C/3 and uCu!A. As a consequence the er
rors for A are small. In contrast to theB coefficient, the
unitary cusp is hardly visible. This is due to the dominan
of p waves as shown in Fig. 5. It can also be seen that

FIG. 5. A coefficient~with statistical errors! vs photon energy
from fits and ChPT. Circles represent theA,B,C̄ fit, the solid line
represents the unitary fit, the dash-dash line the multipole fit,
dash-dot line the ChPT, and the dot-dot line thep-wave contribu-
tion to ChPT.
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ChPT calculation is in reasonable agreement withA.
The results for theC coefficient are shown in Fig. 6. It

can be seen that all of the fits and the results of ChPT ar
good agreement. In addition a fit in which theA, B, andC
coefficients at each energy are found from a least-squar
to the data are also presented. In this case the energy de
dence of theC coefficient is not constrained by theory. Th
scatter of theseC coefficients indicate that the data do n
strongly constrain thep-wave multipoles despite the fact tha
this is the dominant multipole in the unpolarized cross s
tion. We conclude that although the present results are c
sistent with the ChPT theory calculations that the experim
with linearly polarized photons recently completed at Mai
@22# is needed for a more precise measurement of
p-wave multipoles. The results from the analysis of this e
periment will be available in the next year.

The extracted values of the magnitude of

uE01u5A~ReE01!21~ ImE01!2

are shown in Fig. 7. These are obtained from the unitary
to the Mainz/TAPS data@15# and from the published Saska
toon results@16#. Despite the discrepancy in the measur
total cross sections, the two data sets result in values
uE01u which are in reasonable agreement. The fitting err
for the unitary fit are significantly smaller than the erro
shown for the individual points of the Saskatoon data sin
they represent an overall fit to the data.

e

FIG. 6. C coefficient~with statistical errors! vs photon energy
from fits and ChPT. Circles represent theA,B,C fit, the solid line
represents the unitary fit, the dash-dash line the multipole fit,
the dash-dot line the ChPT.
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1514 55A. M. BERNSTEINet al.
The extrapolated threshold values forE01 are
21.1360.04 for the unitary fit and21.560.1 for the mul-
tipole fit in the usual units@14#. These two values do not
agree because the two analyses give a somewhat differ
energy dependence forE01 . Taking the average of the two
values and adjusting the error to reflect this disagreeme
the threshold value ofE01521.360.2 @14# was obtained.
This value is in good agreement with the Saskatoon result
21.3260.1 @14,16# but disagrees with the older prediction
of the low-energy theorems@11,12# of 22.28 @14# which
have been shown to be incomplete@4,12#.

The ReE01 as extracted from the multipole fit is pre-
sented in Fig. 8. This agrees with the Saskatoon results@16#
and the older Mainz results@8# within the experimental er-
rors. The effect of the rapid energy variation of ReE01 be-
low thep1n threshold is again visible in qualitative agree
ment with the ChPT calculation@4# and the unitary fit. Note
that the errors shown in Fig. 8 are statistical only. The ma
nitude of the systematic errors can be inferred from the sc
ter of the points.

IV. MODEL DEPENDENCE

The differential cross section for unpolarized photons
Eq. ~2! shows that three independent combinations of th
multipoles (A, B, andC) are measured while there are seve
independent multipole parameters for the emission ofs- and
p-wave pions. In order to extract useful information abou
the multipoles from the data assumptions were made wh

FIG. 7. uE01u vs photon energy. Plus represents the Saskato
data, the solid line represents the unitary fit, the dash-dot line t
ChPT, and the dot-dot lines represent the fitting errors of the unita
fit.
nt
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of

-
t-

e

t
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follow from first principles which should cause relatively
small analysis errors. In this section the sensitivity to the
assumptions will be explored to obtain a measure of the u
certainties, and also to explore how future data, particula
with polarization degrees of freedom, can improve the sit
ation.

The major model assumption that was made in this ana
sis is the assumption that thep-wave multipoles have the
same analytic energy dependence as predicted by ChPT@4#.
In part this assumption has been checked by the fact that
least-square parameters are close to those of ChPT~see
Table II!. In order to further check this assumption an add
tional fit was made which was very similar to the multipol
fit @Eq. ~8!# except that thep-wave multipoles were assumed
to vary linearly withq @i.e., P̃2350 in Eq. ~8!#. This fit is
quantitatively similar to those in which thep-wave multi-
poles were assumed to vary asqk @13#. The results of doing
this can be surmised by the observation thatA is the best
measured of the three coefficients in Eq.~2! and by noting
that this determines the absolute value ofE01 in addition to
the dominantp-wave contribution. Since ReE01 is deter-
mined from theB coefficient this determines ImE01 after a
suitable subtraction of thep-wave contribution. If one as-
sumes a smaller energy dependence in thep-wave multipole
then a stronger energy dependence will emerge for ImE01 .
The results for the determination of ImE01 are presented in
Fig. 9 and it can be seen that this is precisely what h
happened. For the fit in which thep waves are assumed to be
proportional to q the extracted value ofb54.5160.20,
which is far larger than the value ofb52.8260.32 obtained

n
e
ry

FIG. 8. ReE01 vs photon energy. The circles represent the mu
tipole fit, the solid line represents the unitary fit, and the dash-d
line the ChPT fit.
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55 1515OBSERVATION OF A UNITARY CUSP IN THE . . .
with the multipole fit orb53.7660.11 for the unitary fit.
The two latter fits use thep-wave energy dependence of Eq
~8!. These results forb indicate a strong correlation betwee
b andP̃23. This is to be expected since the only informatio
about these parameters is obtained fromA @see Eqs.~4! and
~8!#.

From the spread in the values ofb shown in Fig. 9 and
Table II one concludes that the systematic error is sign
cantly larger than the fit error. This is due to the fact th
there is not sufficient information in the unpolarized cros
section to determine this quantity. Taking the average of t
unitary and multipole fitsb53.360.5(15%). The error re-
flects the difference between the results of the two analy
but does not take the entire possible range of values show
Fig. 9. Experiments with polarized targets are required
precisely determine ImE01 @6#.

The cusp effect is isospin breaking due in part to th
threshold difference between thep0p andp1n channels. In
the ChPT calculation@4# isospin is broken by inserting the
mass difference between the charged and neutron pions
hand. This leads to a value ofb52.78 which is significantly
below the predicted value of 3.6760.19 expected from the
predicted values ofE01(gp→p1n) and a(p1n↔p0p)
quoted in Sec. II. An improved ChPT calculation whic
takes isospin breaking into account in a more dynamic w
seems to be required. It is also of interest to discuss how w
the p-wave multipoles are measured. By comparing the va
ues obtained from the unitary and multipole fits~Table II! it
can be shown that the leading terms in the energy dep

FIG. 9. ImE01 vs photon energy. Solid line represents the un
tary fit, dash-dash line the multipole fit, dash-dot line the ChPT, a
dash-dash line the fit which assumes linear dependence ofp waves
of q.
-
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dence of thep wave multipoles@ P̄1 and P̄23 in Eq. ~8!# are
well determined, but not the next order term@ P̃23 in Eq. ~8!#.
This is a relatively small effect in the magnitude of thep
waves as can be seen from the three curves forC in Fig. 6.
The question of how accurately the energy dependence of
p-wave multipoles can be obtained from the data can be s
by examining the relative contributions of the different term
@Eqs.~2!–~4!# to the differential cross section. As shown i
Fig. 10 thep-wave multipoles are dominant. However, t
extract their precise magnitude from the data is not trivi
First, as was discussed above, the best measuredA coeffi-
cient has a tradeoff between ImE01 and the energy depen
dence of thep-wave multipoles. TheB coefficient is an in-
terference term betweenP1 and ReE01 so that only the
product is determined. Only the relatively smallC coefficient
has purelyp-wave contributions. As was shown in the dis
cussion of Fig. 6 this coefficient is less determined thanB
and C. The reason for this is illustrated in Fig. 10 whic
shows the contributions of theA, B, andC terms tos(u) at

-
d

FIG. 10. s(u) at 159.1 MeV showing the contributions of the
A, B, andC terms~bottom! ands andp terms~a!. In both graphs
the circles represent Mainz/TAPS data, the dash-dash line re
sents the multipole fit, and the dash-dot line the ChPT fit. The so
line represents thes wave ~a! and A term ~b! contributions, the
dot-dot linep wave ~a! andC term ~b! contributions, and the stars
representsp ~a! andB term ~b! contributions tos(u).
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159.1 MeV. This is a relatively high energy for this analys
so that the contribution of theC term is as large as possible
It can be seen that theC-term contribution is harder to de
termine with precision. It will be much better determined
the gW 1p→p01p reaction with linearly polarized photon
@22#. In this case if one assumes that theE11 multipole is
negligible the polarized photon asymmetry at 90°
2C/A. This will be the most precise measurement of t
energy dependence of thep-wave multipoles.

V. CONCLUSIONS

We have presented a rigorous analysis of the rec
TAPS/Mainz data@15#. Since there are three independe
observables for the unpolarized cross section, while fors-
andp-wave photopion emission there are seven indepen
amplitudes, some simplifying assumptions must be made
this work these assumptions follow closely from first pri
ciples. The systematic errors of the analysis were assesse
using several assumptions; the main one is that the en
dependence of thep-wave multipoles follow approximately
the same analytic form predicted by ChPT@4#.

The main conclusion is that the calculation of ChPT@4# is
in reasonable agreement with the data. This one-loop ca
lation has three low-energy constants which are fitted to
data. The threshold value ofE01 was determined to be
21.360.2 in the usual units@14#. This is in agreement with
.

ri

ce

f

e

nt
t

nt
In

by
gy

u-
e

the Saskatoon result of21.3260.1 @16#. Note that this dis-
agrees with the predictions of the older ‘‘low energy the
rems’’ of 22.28 @11,12# which have been theoreticall
shown to be incomplete@4#.

The predicted unitary cusp in thes-wave electric dipole
amplitude E01 @4–6#, due to the two-stepgp→p1n
→p0p, has been observed in experiments at Mainz@8,10,15#
and Saskatoon@16,23#. Only a range ofb values@Eq. ~1!#
between approximately 2.8 and 4.5@4# can be obtained from
the unpolarized cross-section data~Sec. IV!.

The new experiments on the thresholdgp→p0p reaction
mark a significant advance in our understanding of this
portant reaction. The small discrepancy between the TA
@15# and Saskatoon@16# results is not understood. A new
experiment with linearly polarized photons has been p
formed @22# and the completion of the data analysis w
allow a more complete test of the ChPT predictions@4#. The
average value ofb53.360.5(15%) has been obtained
However, as discussed these depend on the assumed e
dependence of thep-wave multipoles. Further work with po
larized targets is required to precisely measureb, which
should provide a measure of thes-wave charge exchang
scattering lengthacex(p

1n↔p0p) @6#. On the theoretical
side we have seen tremendous progress in our understan
of threshold pion photoproduction and electroproductio
Further advances are needed to treat isospin breaking
more rigorous way and to test the convergence ofE01 .
ms

rt.
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