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Two-body part of effective transition operators and higher-multipole transitions
in the 1f 7/2-shell nuclei

Atsushi Yokoyama*

Laboratory of Physics, School of Medicine, Teikyo University, Hachioji, Tokyo 192, Japan
~Received 10 July 1996!

E4, E6, andM5 transitions in the 1f 7/2-shell nuclei, for which anomalous effective charges are required to
reproduce experiment, are discussed by using the effective transition operators which are calculated within the
framework of the first-order perturbation theory. The correlated operators thus obtained consist of one-body
and two-body transition operators, the former of which is considered to be the origin of effective charges, while
the latter cannot be incorporated into the idea of effective charges. The two-body contributions are very
important in those higher-multipole transitions, to the extent that the concept of effective charge breaks down,
and they are found indispensable in achieving reasonable agreement with experiment.
@S0556-2813~97!05302-8#

PACS number~s!: 21.60.Cs, 23.20.Js, 27.40.1z
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I. INTRODUCTION

Electromagnetic transitions whose multipolarity is high
than ordinaryE2 or M1 are often referred to as highe
multipole transitions. Those transitions are not as ubiquit
in the nuclear chart asE2 andM1 transitions, since there
should be a certain spin gap between initial and final sta
There is a small amount of experimental data for the high
multipole transitions in the 1f 7/2-shell nuclei@1–3#, which
has been obtained from decays of isomeric states. Theo
cal interpretations of those data were carried out, but w
found quite unsuccessful and have been abandoned f
long time. In the present paper, we will revisit these pheno
ena from a more sophisticated theoretical viewpoint based
effective transition operators.

Geesamanet al. @1# analyzed a number ofE4 transitions
in 44Sc, 52Mn, and52,53Fe by assuming thef 7/2

n model with
phenomenological effective charges. If the effective char
are defined asep511de for proton anden5de for neutron,
they found that one has to assume a considerably large
ditive effective charge ofde51.1 for 44Sc in order to repro-
duce the enhancement of the experimental transi
strength, whereas a large negative effective charge ofde5
20.5 should be assumed for52Mn and52,53Fe to explain the
observed strong suppression of the transition strengths. B
E6 andM5 transitions observed in53Fe by Blacket al. @2#
are also strongly retarded and a large negative polariza
chargede;20.5 is required for theE6 case, as long as th
same approach as forE4 is adopted. The standard theoretic
model requires by implication that effective charges be
less mass dependent and less state dependent as po
because the origin of effective charges is considered to
coupling to collective particle-hole excitations, or collecti
vibration, which should not cause serious mass and state
pendence. Actually for theE2 transitions,de50.9 is as-
sumed for thef 7/2

n model analysis to fit the whole exper
mental data throughout the shell@4#. Thus, the question
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arises for the higher-multipole transitions as to why the
fective charges are so large, are positive in the first hal
the shell, and become negative in the second half of the s

It is widely known that valence particles carry an effe
tive charge larger than their bare charge for electric tran
tions, i.e.,de is positive. The positive additive charge can
produced by the core-polarization mechanism under the
sumption of the attractive nuclear interaction. In this resp
the observed large negativede for the higher-multipole tran-
sition has been a challenge for nuclear theorists to interp
Bertsch@5# tried to interpret the negativede for theE6 tran-
sition in 53Fe by introducing the two-body spin-orbit intera
tion into the mixing interactions, but he concluded that t
effect of core excitation via such interactions should be
small to account for the observation.

A sophisticated model with anf 7/2
13 1 f 7/2

12 f 5/2 configura-
tion was tried by Gloeckner and Lawson@6# for the
E6 transition in 53Fe, but it turned out that they als
needed to assume the large negative additive charge
de520.4. Later, more systematic calculations wi
f 7/2
n 1 f 7/2

n21(p3/2,p1/2, f 5/2)
1 configurations have been carrie

out @7#, and the model was applied to interpret the high
multipole transitions. A slight difference came out, but
significant improvement has been obtained. It was conclu
that the improvement of the wave functions within the 0\v
model space did not help understand at all the large nega
effective charges in52Mn and 52,53Fe and the large positive
charge in44Sc.

In the nuclear shell model, in order to make a calculat
viable, one must introduce a model space that consists
sufficiently small number of valence orbitals which we d
note v hereafter. An orbit that is higher in energy than
valence orbit may be referred to as an empty orbit (e), and
an orbit being lower than a valence orbit may be referred
as a filled orbit~f !, which is usually assumed to be com
pletely filled by nucleons to make an inert core. The gene
formalism has been developed so far by many auth
@8–11#, which defines the effective Hamiltonian by whic
every physical quantity can be calculated within the mo
space only. Effective transition operators to be used in
model space are calculated by taking into account allf→e,
1282 © 1997 The American Physical Society



f
o

-
e
th
wo

e
he
w
he
a
te
th

a
or
n
o

ic
is
th

S
e
o

rix
n
nc

g

,
le-

the
and
d
um
ts;
n

ec-
le-
the

55 1283TWO-BODY PART OF EFFECTIVE TRANSITION . . .
f→v, andv→e type excitations. Within the framework o
the first-order perturbation theory, we get both one- and tw
body transition operators@8,12#. The core polarization nor
mally includes thef→e excitations only and is shown to b
renormalized into the one-body operators, supporting
concept of effective charges. On the other hand, the t
body operators obtained from thef→v and thev→e exci-
tations cannot be incorporated into the effective charg
since the one-body and two-body contributions differ in t
dependence on the number of valence particles. The t
body contributions, if appreciably large, might influence t
transition matrix elements. It is thus worthwhile making
systematic calculation in order to understand the general
dency of the higher-multipole transitions by constructing
effective transition operators.

In Sec. II, we describe the assumptions made on the w
functions and reformulate the effective transition operat
suitable for single-j -shell many-particle configurations i
isospin formalism. Results are discussed in Sec. III, and c
cluding remarks are presented in Sec. IV.

II. THEORY

The f 7/2
n configuration is assumed for the sake of simpl

ity. The two-body effective interactions suitable in th
model space are employed from those obtained with
least-squares-fitting calculations by Muto@13#. We use the
set A3 which is the best-fit parameter set for Ca and
isotopes and the setB5 for theN527 and 28 isotones. Th
A3 interaction is used in order to get the wave functions
44Sc, whileB5 is used for those of52Mn and52,53Fe. These
interaction matrix elements for thef 7/2

n configurations are
summarized in Table I together with the empirical mat
elements@14#, which are also employed to check the depe
dence of the transition matrix elements on the wave fu
tions.
-
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The correlated transition operatorf̃ ~l! with the tensorial
rankl is defined by the first-order perturbation in the mixin
interactionV:

f̃ ~l!5 f ~l!1 f ~l!
Q

E2H0
V1V

Q

E2H0
f ~l!. ~1!

We adopt the Rayleigh-Schro¨dinger perturbation expansion
so that the energy denominator is given only by the sing
particle energies of the relevant states. It is shown@12# that
the f→e excitations produce one-body matrix elements,
f→v excitations generate both one- and two-body parts,
the v→e excitations yield two-body parts. The perturbe
matrix elements are therefore recombined as the s
of the one-body and the two-body matrix elemen
d f one body

~kl! 1d f two body
~kl! , wherek denotes the tensorial rank i

isospin space. Lettinguna fTfJf& anduna iTiJi& be the many-
particle wave functions of the final and initial states, resp
tively, we have the specific expression for the matrix e
ments for the correlated operators. The one-body parts of
effective-operator matrix elements are given by

TABLE I. Effective interactions^ f 7/2
2 uVu f 7/2

2 &J and single-
particle energye in MeV.

J A3 B5 42Sc 54Co

0 22.718 22.243 23.174 22.528
1 22.453 22.453 22.563 21.591
2 20.924 20.765 21.588 21.082
3 21.139 21.391 21.683 20.250
4 20.161 10.287 20.357 10.102
5 21.038 21.057 21.663 20.377
6 10.316 10.521 10.063 10.557
7 22.268 22.514 22.556 22.329
e 28.660 29.433
s

d f one body
~kl! 5^na fTfJf uiu~kl!~ j , j !uina iTiJi&F(

ph
S 2

1

ep2eh
D $~hui f ~kl!uip!~hpuV̄u j j !kl1~ j j uV̄uph!kl~pui f ~kl!uih!%

1(
h

S 2
1

e j2eh
D $~hui f ~kl!ui j !~h j uV̄u j j !kl1~ j j uV̄u jh !kl~ j ui f ~kl!uih!%G ~2!

Here,ep , eh , andej represent the single-particle energies for the particle, hole, andj5 f 7/2 orbits, which are calculated by
using the extrapolation formulas@15#. The term (hpuV̄u j j )kl denotes thep-h interaction matrix element which is defined a

~hpuV̄uh8p8!TJ5 (
T8J8

~2 !12T81h1p82J8~2T811!~2J811!W~ 1
2
1
2
1
2
1
2 ;T8T!W~ph8hp8;J8J!$~ph8uVuhp8!T8J8

2~2 !12T81h1p82J8~ph8uVup8h!T8J8%, ~3!
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where (abuVucd)T8J8 is the matrix element between the nonantisymmetrized two-particle states. The two-body parts
effective-operator matrix elements are given by

d f two body
~kl! 5 (

a1T1J1 ,a2T2J2
^na fTfJf uiU ~kl!~a1T1J1 ,a2T2J2!uina iTiJi&F(

h
S 2

1

eh2e j
D $^2a1T1J1ui f ~kl!ui jh;T2J2&

3^ jhuVu2a2&T2J21^2a1uVu jh&T1J1^ jh;T1J1ui f
~kl!ui2a2T2J2&%1(

p
S 2

1

ep2e j
D $^2a1T1J1ui f ~kl!ui jp;T2J2&

3^ jpuVu2a2&T2J21^2a1uVu jp&T1J1^ jp;T1J1ui f
~kl!ui2a2T2J2&%G . ~4!

The matrix element of the one-body unit-tensor operator between the basis functionsunaTJ& and unaTJ& is given explicitly
as the sum of products of fractional parentage coefficients and Racah coefficients as follows:

^naTJuiu~kl!~ j , j !uinaTJ&5n (
a8T8J8

^naTJ$un21a8T8J8, j &^n21a8T8J8, j u%naTJ&

3~2 !T821/22 T̄1kA~2T11!~2T̄11!W~ 1
2T

1
2 T̄;T8k!

3~2 !J82 j2 J̄1lA~2J11!~2J̄11!W~ jJ j J̄;J8l!. ~5!

The matrix element of the two-body unit-tensor operator is given explicitly as the sum of products of double-fra
parentage coefficients and Racah coefficients by

^naTJuiU ~kl!~2a1T1J1,2a2T2J2!uinaTJ&5
1

2
n~n21! (

a9T9J9
^naTJ$un22a9T9J9,2a1T1J1&

3^n22a9T9J9,2a2T2J2u%naTJ&

3~2 !T92T12T̄1kA~2T11!~2T̄11!W~T1TT2T̄;T9k!

3~2 !J92J12 J̄1lA~2J11!~2J̄11!W~J1JJ2J̄;J9l!. ~6!

The total correlated transition matrix element is therefore obtained by summing the zeroth-order matrix element
calculated with the free-nucleon operators and the perturbed matrix elements. The transition strength is given as us

B~l!5
1

~2Tf11!~2Ji11!
UdTf ,Ti^na fTfJf ui f̃ ~k50l!uina iTiJi&1~TiMT10uTfMT!^na fTfJf ui f̃ ~k51l!uina iTiJi&U2. ~7!
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As the mixing interaction for the perturbational calcul
tions, we use the following interactions.~1! M3Y interaction
~seven ranges withr 2 Yukawa-type tensor components! @16#.
~2! Schiffer-True interaction, denoted by ST, the version
which includes two-range central, spin-orbit, and tens
components@17#. ~3! A d-function interaction@15#: The ra-
dial shape is defined byd(r )/r 2 with the triplet-to-singlet
ratioVt/Vs51.5 andVs5240 MeV. ~4! The Serber-Yukawa
interaction@18# multiplied by 1.3, denoted by SY31.3: The
radial shape is defined by exp(2mr )/(mr ). The strength pa-
rameters areVt5267.6 MeV with the radial range
1/mt51.38 fm andVs5261.1 MeV with 1/ms51.17 fm. ~5!
An ordinary~Wigner! interaction: The radial shape is define
by exp(2mr )/(mr ). The strength parameters a
Vt5Vs5250 MeV with 1/m51.414 fm. The harmonic-
oscillator radial wave functions are assumed to have the
cillator constantn50.963A21/3 fm22, whereA denotes the
mass number of a nucleus. Since we assume the lo
f
-

s-

g-

wavelength approximation for the bare electromagnetic
erators, nonvanishing perturbed matrix elements appear
up to l\v excitations for theEl transitions and~l21!\v
excitations for theMl transitions.

III. RESULTS AND DISCUSSIONS

Calculated transition strengths are summarized in Tabl
and are compared with the experimental ones@1–3#. Contri-
butions from the unperturbed, one-body and two-body ope
tors to each transition matrix element are presented diagr
matically in Fig. 1.

44Sc: The contributions from the one-body operators
twice or three times as large as the unperturbed matrix
ment that is calculated with use of the bare charges;ep51
for the proton anden50 for the neutron. Thus, the core po
larization significantly enhances the matrix element and
proves the anomalous situation, but the sum of these co
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TABLE II. Comparison of calculated and experimental@1–3# transition strengths.f 7/2
n denotes the calculation within thef 7/2

n configu-
rations and with the free-nucleon operators. M3Y, ST,d function, SY31.3 and ordinary denote the calculations within the same confi
rations but with the effective transition operators obtained from the first-order perturbation calculations.

44Sc
61→21

E4
3103 e2 fm8

52Mn
21→61

E4
3102 e2 fm8

52Fe
121→81

E4
3102 e2 fm8

53Fe
19/22→11/22

E4
3102 e2 fm8

53Fe
19/22→7/22

E6
3105 e2 fm12

53Fe
19/22→9/22

M5
3105 mN

2 fm8

Experiment 1.9 3.3 <3.631023 6.5 2.8 4.2
f 7/2
n 0.054 30 11 28 21 44

M3Y 1.1 10 26 16 0.42 9.2
ST 1.4 7.3 25 11 0.12 2.6
d function 1.9 21 44 24 6.6 0.12
SY31.3 1.5 17 37 21 3.6 1.131023

Ordinary 0.96 3.031022 8.6 1.6 5.2 4.7
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butions is still small and is not sufficient to explain th
experiment. The contributions from the two-body operat
are roughly of the same size as the one-body contribut
and are added with the same phase to the other two, givi
considerably largeE4 matrix element. When thed-function
interaction is employed, the one-body contribution becom
significantly larger than the others and the total matrix e
ment hits the experimental value. Figure 1 displays a d
grammatic representation of each contribution for the ma
elements.

52Mn: This nucleus has three proton holes and one n
tron hole, so far as thef 7/2

n model is assumed, and is calle
the cross-conjugate nucleus of44Sc which has one proton
particle and three neutron particles. The wave functions
the relevant levels with the same spin should be the sam
far as the same effective interactions are assumed throug
the shell. Therefore, the comparison with44Sc and52Mn is
particularly interesting from a theoretical point of view:
see how cross-conjugate symmetry is broken. A slight diff
ence in the effective interactions between these two nuc
which causes deviation from the cross-conjugate symme
may be acceptable. However, the effective charge ofde5
11.1 for 44Sc and that ofde520.5 for 52Mn, which are
required to fit the experiment, are far too different from ea
other, to such an extent that the fine-tuning for the effect
interactions does not help at all. In52Mn, the one-body con-
tributions, being smaller than the unperturbed contributi
are added in phase and thus enhance theE4 matrix elements,
aggravating the disagreement with experiment. On the o
hand, the two-body contributions are added out of pha
reducing theE4 matrix elements. When thed function and
the SY interactions are used, the two-body contributions
as large as the one-body contributions, whereas the for
contributions become considerably larger when the M3Y,
ST, and the ordinary interactions are employed. The o
body contributions are completely wiped out in the lat
cases, and furthermore when the ordinary force is used,
unperturbed contribution is reduced dramatically by the tw
body contribution being added destructively. This cance
tion mechanism explains the reason why theE4 matrix ele-
ment in52Mn is so small.

52Fe: The contributions from the one-body operato
which are not small, are added constructively to the unp
turbed matrix element, producing the enhancedE4 matrix
s
s
a
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elements. The two-body contributions, on the other hand,
added destructively, but the cancellation of the matrix e
ments is not remarkable and still insufficient to explain t
vanishingly small matrix element which is suggested by
periment.

53Fe: For the 19/22→11/22 E4 transition, the one-body
contributions are added in phase to the unperturbed ma
element, giving enhancedE4 matrix elements. The two-bod
contributions are significantly larger than the one-body c
tributions. They are added destructively and the one-b
contributions are completely wiped out. The two-body co
tributions further reduce the unperturbed contribution. Wh
the ordinary force is employed, the totalE4 matrix element
becomes very close to the experimental value.

For the 19/22→7/22 E6 transition, the one-body contri
butions, though not so large, are added in phase to the
perturbed matrix element, when thed function and the SY
forces are used as the mixing interaction, whereas they
added out of phase, when the M3Y, the ST, and the ordin
interactions are adopted. It is noted that the former group
interactions do not have odd components, while the la
group have strongly attractive odd components. This in
cates thatE6 matrix elements depend delicately on the m
ing interaction and that the idea for positivede due to the
attractive mixing interaction might be too naive. The tw
body contributions are, on the other hand, much larger t
the one-body contributions, and contribute considerably
cancellation of the unperturbed contribution, giving ni
agreement with experiment. It should be noticed that the
perimental matrix element is defined byMexpt5
6AB(E6)expt.

For the 19/22→9/22 M5 transition, the one-body contri
butions reduce the unperturbed matrix element apprecia
but there still remains a large discrepancy between the
and experiment. The two-body contributions are very la
and further reduce the matrix elements. In the cases with
d function and the SY forces, the cancellation is almo
complete and the totalM5 matrix elements diminish. When
the ordinary force is used, the sum of the one-body and t
body contributions becomes larger than the unperturbed
and the theoreticalM5 matrix element, changing its sign
becomes very close to the experimental value.

In order to check the dependence on the wave functio
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FIG. 1. Decomposition of the transition-matrix elements into the unperturbed, one-body, and two-body contributions, which are
by the double solid, the dashed, and the solid lines, respectively. M3Y, ST, D, SY and W represent the calculations with the
operators generated from the M3Y, ST,d function, SY31.3, and the ordinary~Wigner! interactions, respectively.A3 andB5 denoted in the
upper-right position in the figure indicate the effective interactions within thef 7/2

n configurations. The unperturbed contribution is taken
be positive in each figure. An experimental matrix element is defined byMexpt56AB(l) and is indicated by the horizontal arrow.
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55 1287TWO-BODY PART OF EFFECTIVE TRANSITION . . .
we make calculations replacing theA3 interaction by the
42Sc interaction for44Sc and replacing theB5 by the54Co for
52Mn and52,53Fe. For theE4 transition in44Sc, the calculated
matrix elements become smaller typically by 10%. For
transitions in the latter half of the shell, the calculated ma
elements remain almost the same or become slightly sm
by less than 10%. When the great cancellation in the ma
elements has already been achieved, the change is sig
cantly larger, but the matrix elements newly obtained s
remain very small. Therefore, the discussions based on
A3 andB5 interactions hold for the calculations with th
42Sc and54Co interactions.

IV. SUMMARY AND CONCLUSIONS

The effective transition operators are calculated within
framework of the first-order perturbation theory. The cor
lated operators thus obtained consist of the one-body and
two-body operators: The former can be incorporated into
effective charges, while the latter cannot. TheE4, E6, and
M5 transitions in the 1f 7/2-shell nuclei, for which anomalou
effective charges are required to reproduce experiment,
studied by using these effective transition operators.

The matrix elements obtained from the two-body ope
tors are generally large and become even larger in most c
n
.
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than the one-body matrix elements in the second half of
shell. The two-body contributions play a vital role and a
indispensable for an understanding of the enhancemen
theE4 matrix element in44Sc and the strong suppression
theE4, E6, andM5 matrix elements in the latter half of th
shell. The changes in the wave functions, coming from
difference in the two-body effective interactions used in t
f 7/2
n model, do not cause any significant change in the tr

sition matrix elements. We therefore conclude that reas
able agreement with experiment is obtained, only by pr
erly taking into account the two-body contribution
Consequently the concept of effective charge, employed
previous analyses, has limitations in discussing these p
nomena.
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