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Shape dependence of pairing gap energies and the structure of Hg and Pb isotopes
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Department of Physics, Faculty of Science, Tohoku University, 980-77 Sendai, Japan

~Received 19 September 1996!

The ground states of Hg and Pb isotopes are studied in the framework of deformed relativistic mean field
theory with pairing interactions in the BCS theory. We show that the neutron and proton gap parameters
strongly depend on deformation, and demonstrate that it is crucially important to solve the gap equations for
each deformation in order to discuss the shape and the charge radius of these isotopes. The oblate shape and the
charge radius of neutron deficient Hg isotopes are well reproduced. Our calculations suggest that the atomic
number 82 stays a magic number for all the Pb isotopes we studied, and well reproduce the isotope shifts of Pb
isotopes.@S0556-2813~97!06303-6#

PACS number~s!: 21.10.Ft, 21.60.2n, 27.70.1q, 27.80.1w
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I. INTRODUCTION

The change of nuclear structure, e.g., of the nuclear sh
over a broad range of isotopes of various elements is on
the fundamental interests in nuclear physics. The adven
radioactive nuclear beams makes such study one of the
popular current subjects. From theoretical points of vie
one interesting question in this connection is to clar
whether the relativistic mean field~RMF! theory, which is
getting very popular in the past decades, can reproduce
existing data and is reliable to predict the structure of nu
further away from the stability line. This paper addresses
question by choosing Hg and Pb isotopes as testing grou

It is well known that the oblate and the prolate sta
coexist in low energy region in Hg isotopes and that
ground state is oblate for all the known neutron deficient
isotopes@1–8#. Our previous calculations@9,10# within the
framework of the relativistic mean field theory treating t
pairing interaction in the BCS theory in the constantD ap-
proximation with the average proton and neutron gap par
eters have failed to reproduce the oblate shape for some
topes such as184Hg. As a consequence, the experimenta
discovered smooth isotope dependence of the charge ra
@2# has also not been reproduced.

As for Pb isotopes, there exists a debate concern
whetherZ582 is a stable magic number or not@11–13#. Our
calculations mentioned above predict that some of the l
isotopes are deformed suggesting thatZ582 loses magicity
for those isotopes. However, similarly to the case of Hg i
topes, our RMF calculations in the constantD approximation
using the average neutron and proton gap parameters ar
consistent with the smooth variation of the experimen
charge radius of the lead isotopes@14–16#. Many of the old
non relativistic Hartree-Fock calculations share a sim
problem, i.e., they predict a prolate deformation for t
ground state of some of the Hg isotopes.
550556-2813/97/55~3!/1255~5!/$10.00
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On the other hand, Nazarewicz@17# and Möller et al. @18#
have recently shown that the macroscopic-microscopic
proach can correctly reproduce the oblate shape for
known neutron deficient Hg isotopes. Tajimaet al. @19# also
have shown that nonrelativistic Skyrme Hartree-Fock cal
lations can reproduce the correct shape of Hg isotopes
common feature of these calculations is that they solve
gap equations instead of assuming constant gap param
independent of the deformation. The nonrelativistic Hartr
Fock-Bogoliubov calculations of Delarocheet al. @20# also
reproduce the oblate shape of the ground states of neu
deficient Hg isotopes.

In our previous paper@21#, we pointed out that the result
of the RMF calculations strongly depend on the choice
pairing gap parameters. In this paper, we solve the gap e
tions for each deformation, i.e., we take a constantG ap-
proximation, instead of assuming constant gap parame
We thus show that it is crucial indeed to solve the gap eq
tions for each deformation, and that the relativistic me
field theory can then reproduce the correct shape of
ground state of all the neutron deficient Hg isotopes, as w
as the smooth isotope variation of the charge radii of Hg a
Pb isotopes.

The paper is organized as follows. In Sec. II, we brie
describe our formalism. In Sec. III, we apply our formalis
to Hg and Pb isotopes. We show that the neutron and pro
gap parameters strongly depend on deformation. The s
mary is given in Sec. IV.

II. THEORETICAL FRAMEWORK

We assume the following relativistic Lagrangian dens
(L) @22–26# for the interacting many-body system consis
ing of nucleons, scalar (s) and vector (v,rW ) mesons, and
photons:
L5c̄ i$ ig
m]m%c i1

1

2
]ms]ms2U~s!2gsc̄ ic is2

1

4
VmnVmn1

1

2
mv
2vmvm2gvc̄ ig

mc ivm2
1

4
BW mnBW mn1

1

2
mr
2rW mrW m

2grc̄ ig
mtWc irW m2

1

4
FmnFmn2ec̄ ig

m
~12t3i !

2
c iAm , ~1!
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wherec i are the Dirac spinors for nucleons, ands, v, and
rW are the field operators of mesons, andAm those for pho-
tons. The scalar meson potentialU(s) is assumed to be non
linear @27#

U~s!5 1
2ms

2s21 1
3g2s

31 1
4g3s

4. ~2!

The gs ,gv , andgr are the coupling constants between t
nucleons and thes,v, and r mesons, respectively, whil
e2/4p51/137 that for photons. Theg2 andg3 are parameters
of the nonlinear potential fors mesons. Thems ,mv ,mr ,
andM are the masses ofs,v,r mesons and of nucleons
respectively. TheVmn,BW mn, andFmn are the field tensors fo
thevm,rW m and the photon fields, respectively.

We introduce the mean field approximation in solving t
Euler-Lagrange equations for mesons and nucleons. We
determine the wave functions and single particle energie
expanding the upper and lower components of Dirac spin
and the meson fields in a deformed harmonic oscillator b
@25#. The maximum oscillator quantaNmax is taken to be 12
for spherical and normal deformations, and 20 for super
formed states. These coupled equations are solved by
consistent iteration. We constraint by the value of the to
quadrupole moment in order to study the energy surface
function of deformation. We choose the so-called NL1
@24# in this paper.

The central issue of this paper is to discuss the effect
pairing interaction. We treat them in the BCS theory, wh
the gap equation is given by

2

G
5 (

k50

kmax 1

A~ek2l!21D2
. ~3!

We choosekmax such that the corresponding energy is giv
by ekmax5l12\v. Assuming a constant level density for th
average nucleus in the vicinity of the Fermi surface, we
write this equation as@18#

2

Gn
5rnE

y1

y2 de

Ae21D̄n
2

~4!

for neutrons, where the level densityrn is taken to be

rn5S 2

3p2D 1/3mr0
2

\2 A2/3N1/3 ~5!

following the Thomas-Fermi approximation. Similar equ
tions hold for protons. The upper and lower limits of th
integration in Eq.~4! are

y252\v,

y152N/~2rn!. ~6!

In our calculations, we use the average gap parame
@18#

D̄n54.8/N1/3,

D̄p54.8/Z1/3 ~7!
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in Eq. ~4! and the corresponding equation for protons, a
determine the strengths of the pairing interactionsGn and
Gp , which are independent of deformation. We then u
these values in the gap equation~3! for neutrons and for
protons and solve it to determine the gap parametersDn and
Dp for each deformation. Notice that the single particle e
ergiesek depend on deformation.

The quadrupole moments of the protons and neutrons
calculated with the resultant single particle wave functio
The deformation parameterb is then estimated by

Q5Qn1Qp5A 9

5p
AR2b, ~8!

whereR51.2A1/3. We also calculate the mean square rad
of protons ^Rp

2&, and obtain the charge radius a

Rc5A^Rp
2&10.64 fm by taking the finite size of protons int

account.

III. RESULTS AND DISCUSSIONS

In this section, we discuss the results of our calculatio
Figure 1 shows the binding energy of184Hg as a function of
the deformation parameter. Contrary to our previous cal
lations in the constantD approximation using the averag
gap parameters, the oblate shape of the ground state is
reproduced. The calculations also reproduce the experim
tal discovery that the oblate and the prolate states coe
very closely to each other.

Figure 2 shows the calculated splitting of the intrins
energies for the oblate and the prolate states for a wide ra
of Hg isotopes~the filled circles!. It agrees very well with the
experimental data~the filled triangles! @3,4#. Our calculations
predict that there exits only oblate state for Hg isotopes
yondA5190. This is consistent with the results in Ref.@17#,
though Ref. @17# predicts no prolate state already fo
A5190. Figure 3 shows the variation of the charge radius
Hg isotopes. The charge radii of the oblate and the pro
shapes are shown by the filled and the open circles, res
tively, while the experimental radius is given by the fille
triangle @2#. Since our present calculations predict an obl
shape for all the Hg isotopes, our calculations well reprod
the experimental data.

The key of these successes is a proper treatment of
pairing interaction. In Fig. 4, we show the neutron and p

FIG. 1. Energy surface of184Hg as a function of the quadrupol
deformation parameterb.
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55 1257SHAPE DEPENDENCE OF PAIRING GAP ENERGIES . . .
ton gap parameters obtained by solving the gap equation
each deformation~filled circles!. The figure clearly shows a
very strong dependence of the gap parameters on defo
tion. For comparison, the figure includes the average
parameters by Madland-Nix@28# ~the dashed line!, by Möller
et al. @18# ~the solid line!, and by a standard 12/AA formula
@29# ~the dot-dashed line!. An important observation is tha
the proton gap parameter is zero for certain range of de
mation parameter including the oblate deformation cor
sponding to the ground state,bexp;20.13. On the other
hand, the neutron gap parameter corresponding to the gro
state deformation is more than 50% larger than the ave
gap parameter. Notice also that the proton and the neu
gap parameters for the superdeformed configuration are
nificantly different from the average values. The origin w
the proton gap parameter becomes zero can be understo
we examine the single particle levels shown in Fig. 5. W
find a clear energy gap between the 80th and the next le
for certain deformation including the oblate deformation
the ground state of184Hg. This situation is common to al
neutron deficient Hg isotopes. In passing we should like
remark that the zero pairing gap in Fig. 4 will become
small finite gap if one properly treats the problem of numb
fluctuation in the BCS theory@18#.

We now discuss the results of our calculations for
isotopes. Our calculations predict that all the Pb isotopes
studied, i.e., 190<A< 214, are spherical. In that sens

FIG. 2. The difference of the intrinsic energies of the oblate a
the prolate states for various Hg isotopes. The results of the rel
istic mean field calculations~the filled circles! are compared with
the experimental data~the filled triangles! @3,4#.

FIG. 3. Isotope dependence of the charge radius of Hg isoto
The experimental data~the filled triangles! @2# are compared with
the charge radii calculated for the oblate states corresponding t
ground states~the filled circles!. The charge radii of the excited
prolate configurations are also shown~the open circles!.
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Z582 stays a magic number in this mass region. Figur
compares the calculated charge radius with the experime
data@14–16# for various Pb isotopes. Since our calculatio
predict spherical shape for all the isotopes, the experime
charge radius is well reproduced. In Fig. 7, we compare
theoretical calculations and the experimental data@14–16# of
the scaled isotope shifts, whereDRc

2 is the squared charg
radius relative to that for208Pb, whileDRLD

2 is the squared
charge radius relative to that for208Pb in the liquid drop
model, i.e.,RLD5 3

531.2A1/3. We see that our calculation
almost perfectly reproduce the experimental data includ
the kink at 208Pb ~see@30# for an explanation of the kink!.

IV. SUMMARY

We studied the shape and the charge radius of Hg and
isotopes in the framework of the relativistic mean fie
theory. We have shown that our calculations very well rep
duce the existing data. The lesson of this study is that i
crucially important to properly treat the pairing interactio
By solving the gap equations, we have shown that both p
ton and neutron gap parameters strongly depend on defo
tion. A striking fact is that the proton gap parameter is
most zero for certain values of deformation including t
oblate ground state deformation for Hg isotopes. This i

d
v-

s.

he

FIG. 4. Neutron and proton gap parameters as functions of
formation ~the filled circles!. The dashed, the solid, and the do
dashed lines correspond to the average gap parameters of Mad
Nix @28#, Möller et al. @18#, and to a standard 12/AA formula @29#.

FIG. 5. Single particle levels of protons for184Hg as functions
of the quadrupole deformation parameterb.
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1258 55SATOSHI YOSHIDA AND NOBORU TAKIGAWA
consequence of ‘‘Z580 magic number.’’ This offers a
simple solution for the long standing problem of the failu
of Hartree-Fock calculations in reproducing the experim
tally discovered oblate shape. Our results will be indep
dent of the choice of the parameter set NL1 and the ave
gap parameters given by Eq.~7!.

This is the first attempt in the relativistic mean field ca
culations, where the pairing interaction in the BCS theory
treated in constantG approximation instead of constantD
approximation. It would now be very interesting to explo
the change of structure such as the shape of nuclei muc
away from the beta stability line by using the relativis
mean field theory with a proper treatment of the pairing
teraction, i.e., in the constantG approximation. In this con-
nection, one should mention that there exists an alterna
method to treat the pairing interaction, i.e., the relativis

FIG. 6. Isotope dependence of the charge radius of Pb isoto
The filled triangles are the experimental data@14–16#. The filled
and open circles were calculated by the relativistic mean fi
theory. They correspond to the spherical ground state, and t
excited oblate state, respectively.
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Hartree-Bogoliubov theory@31#. This approach is superior to
the BCS theory in the sense that it can be applied to m
exotic nuclei, where the average gap parameters canno
easily obtained. So far, however, such studies are limited
calculations for spherical shape.
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