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Relativistic mean field approach with density dependent couplings for finite nuclei
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We study finite nuclei within the relativistic mean field approach with density dependent couplings~RMFD!
based on the relativistic Brueckner-Hartree-Fock~RBHF! results on nuclear matter. We take the linear rela-
tivistic mean-field Lagrangian with mesonss, v, d, and r, whose coupling constants with nucleons are
determined so as to reproduce the RBHF results of nuclear matter at various densities and proton fractions. We
apply the RMFD approach to various nuclei with spherical shape including unstable ones in the periodic table.
We find satisfactory results on the nuclear properties. We emphasize here that the proton and neutron effective
masses are largely different from each other as the proton fraction is decreased fromYp50.5, which forces us
to include the isovector scalar mesond in our approach.@S0556-2813~97!00703-6#

PACS number~s!: 21.60.Jz, 21.65.1f
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I. INTRODUCTION

It is very important to reproduce the saturation property
nuclear matter for the description of finite nuclei and also
neutron stars and supernovas. The long efforts with
Brueckner theory in the nonrelativistic framework revea
that the use of the two-body interaction extracted from
nucleon-nucleon scattering does not reproduce the satur
property @1#. The calculated results with various tens
strengths on the saturation point rather fall in the so-ca
Coester line, which tends to avoid the empirical saturat
point @2#.

Recently, Brockmann and Machleidt took the relativis
framework and performed the relativistic Brueckner Hartr
Fock ~RBHF! calculation, where the coupling constants a
the form factors of the one-boson exchange poten
~OBEP! were fixed by the nucleon-nucleon scattering d
@3#. They found that the relativistic description was essen
and provided a new Coester line, which goes through n
the empirical saturation point. In particular, the use of
parameter set A, which has the smallest tensor stren
among the parameter sets used there, reproduces near
saturation property@3#. The relativistic effect provides a
strong density-dependent repulsion, which changes the e
tion of state~EOS! totally at higher densities than that of th
nonrelativistic EOS@4,5#. This density-dependent repulsio
originates from the pair term~Z graph!, if expressed in the
nonrelativistic language@4,5#.

Encouraged by this finding, there were many applicatio
of the RBHF results on nuclei and neutron stars. The RD
approach was developed for finite nuclei with the use of
relativistic mean-field~RMF! theory with density-dependen
couplings so as to reproduce the RBHF results@6#. This
RDDH approach provided very good results on the nucl
properties as the binding energy and the nuclear radii for16O
and 40Ca. Including ther meson and the rearrangeme
terms, finite nuclei including heavy ones are studied in
same framework@7#. Applications were done also for neu
550556-2813/97/55~3!/1211~7!/$10.00
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tron stars @8,9#. The calculations of Brockmann an
Machleidt were, however, limited to nuclear matte and n
tron matter@3#.

Very recently, Engviket al. calculated the matter proper
ties at various densities by changing the proton fractio
@10#. They applied the RBHF results to neutron stars by i
posing theb equilibrium condition. With their efforts, we
now have new information on the behavior of nuclear ma
at various proton fractions. A thorough investigation of t
RBHF result is very important for the understanding
nuclear matter properties. It is then very interesting to ap
the RBHF results on finite nuclei, as was done for symme
nuclei.

Hence, in this paper, we would like to develop the re
tivistic mean-field theory with variable coupling constan
~RMFD! so as to reproduce the RBHF results at various p
ton fractions. We would then apply the RMFD approach
nuclei in the periodic table.

This paper is arranged as follows. In Sec. II, we brie
discuss the RMFD approach and the method of fixing
coupling constants using the RBHF results. In Sec. III,
present the behavior of nuclear matter at various dens
and proton fractions. We show also the behaviors of the c
pling constants extracted from the RBHF results. We th
apply the RMFD approach to finite nuclei and compare
results with experimental data for many nuclei includi
some unstable nuclei in Sec. IV. We devote Sec. V to
summary of the present work.

II. RMFD APPROACH

We follow exactly the concept of the RDDH approach f
the construction of the RMFD method@6#. The concept is
similar to the work of Negele for his application of the no
relativistic Brueckner-Hartree-Fock results on finite nuc
using the local density approximation@11#.

We start with the RMF Lagrangian@12,13#,
1211 © 1997 The American Physical Society
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LRMFD5c̄F igm]m2M2gs~r!s2gv~r!gmvm2gd~r!tada

2gr~r!tagmram2e
~12ta!

2
gmA

mGc1LB . ~1!

Here, we have explicitly written the density dependence
the coupling constantsgs , gv , gd , gr . Hence, we write
RMFD as the suffix of the Lagrangian, whereD stands for
density. Although written here is onlyr , we mean it asrp
andrn , the proton and the neutron densities.c denotes the
nucleon field including protons and neutrons withM being
their mass andgm the Diracg matrix. ta is the isospin ma-
trix; the Pauli matrix, with the eigenvalues fort3, are11 for
neutrons and21 for protons in our nuclear physics conve
tion. In addition to thes, v, andr mesons, we have intro
duced the isovector scalar mesond, which is found necessar
to reproducing the results of RBHF for variousrp andrn . LB
denotes the boson Klein-Gordon part in the standard fo
@12,13#. Am denotes the electromagnetic~EM! photon field
with the electric chargee. This Lagrangian is to be consid
ered as that in the nuclear matter frame of the Lorentz
variant expression of the RMFD Lagrangian@7#.

In order to make a connection with the results of RBHF
variousrp andrn , we first work out infinite matter. We tak
the mean-field approximation for the meson and the pho
fields and all the symmetry requirements. For generalrp and
rn , we get the Dirac equation

@ igm]m2M2gs~r!s2gv~r!g0v
02gd~r!t0d0

2gr~r!t0g0r
00#c50 ~2!

with

FIG. 1. Energy per particleE/A of nuclear matter for various
proton fractionsYp as a function of the nuclear matter densityr.
The solid curves denote the results of Engvik in steps ofDYp50.1
starting fromYp50.5 to Yp50. The results of Brockmann an
Machleidt forYp50.5 andYp50 are shown by dashed curves, f
comparison.
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s52
gs~r!

ms
2 ~rs

n1rs
p!,

v051
gv~r!

mv
2 ~rn

n1rn
p!,

~3!

d051
gd~r!

md
2 ~rs

n2rs
p!,

r0052
gr~r!

mr
2 ~rn

n2rn
p!.

The rs’s are the scalar densities,

rs
n52E

0

kf
n d3k

~2p!3
Mn*

En*
~4!

and the corresponding one forr s
p. Here, the effective mas

Mn* is given asMn*5M1gs(r)s1gd(r)d
0 for neutron and

M r*5M1gs(r)s2gd(r)d
0 for proton. The energies ar

En
25k21Mn*

2 and Er
25k21Mp*

2. The rv’s are the vector
densities,

rn
n52E

0

kf
n d3k

~2p!3
, ~5!

and the corresponding one forr n
p. We note that we have

dropped the rearrangement contribution in the Dirac eq
tion, since such a consideration is not made in the RB
calculation@7#.

The RBHF calculation providesU s
n, U s

p, U n
n, andU n

p for
various rp and rn . These scalar and vector potentials a
related with the coupling constants as

FIG. 2. Effective masses for protons and neutrons for vari
proton fractions~Yp50.5, 0.2, 0.1, and 0! as a function of nuclear
matter densityr. These are the results of Engvik using the RBH
theory.



n
e

a
e
iti
d

n
he

a

on
re

s.

lf-
s,
ion

as

the

ob-

ton
r
-

nn

ers
nd

nate

en-
n.
en-
are
ting

in

are

ensi-
-
en-
At

55 1213RELATIVISTIC MEAN FIELD APPROACH WITH . . .
Us
n1Us

p52
2gs

2~r!

ms
2 ~rs

n1rs
p!,

Un
n1Un

p51
2gv

2 ~r!

mv
2 ~rn

n1rn
p!,

~6!

Us
n2Us

p51
2gd

2~r!

md
2 ~rs

n2rs
p!,

Un
n2Un

p52
2gr

2~r!

mr
2 ~rn

n2rn
p!.

These relations indicate that the complete reproductio
the RBHF results needs thed meson. We shall discuss th
behaviors ofU ’s and further the extractedg’s at various
densities in the next section. We mention here that we h
used the approximation that the Dirac potentials are mom
tum independent, although they depend on the dens
~Fermi momentum!. This approximation is extremely goo
for nucleons up to slightly above the Fermi momentum@3#.
The variation of the potentials with momentum is less tha
few percent. This momentum dependence is included in t
self-consistent calculations of the RBHF equations@3,10#.
Hence the calculated results under this approximation
slightly different from the RBHF results forE/A. The differ-
ence is, however, very small.

We write the equations of motion of nucleons and mes
for finite nuclei. The normal modes of the nucleon field a
obtained by solving the following equation:

F2 ia•“1bM1bgs~r!s~r !1gv~r!v0~r !

1bgd~r!t0d0~r !1gr~r!t0r00~r !2e
~12t0!

2
A0~r !

1Rn~r!
11t0

2
1Rp~r!

12t0

2 Gc i5Eic i ~7!

with the rearrangement termRn~r! for neutrons,

Rn~r!5F ]

]rn
gs~r!Gs~r !^c̄c&1F ]

]rn
gv~r!Gv0~r !^c̄g0c&

1F ]

]rn
gd~r!Gd0~r !^c̄t0c&1F ]

]rn
gr~r!Gr00~r !

3^c̄t0g0c&. ~8!

We get a similar expression forRp~r!, which is obtained by
replacingrn by rp in the derivative of the coupling constant
The Klein-Gordon equations fors, v, d, r are
of

ve
n-
es

a
ir

re

s

~2“

21ms
2 !s~r !52gs~r!@rs

n~r !1rs
p~r !#,

~2“

21mv
2 !v0~r !51gv~r!@rn

n~r !1rn
p~r !#,

~9!
~2“

21md
2!d0~r !51gd~r!@rs

n~r !2rs
p~r !#,

~2“

21mr
2!r00~r !52gr~r!@rn

n~r !2rn
p~r !#,

2“

2A0~r !5ern
p~r !.

We solve these coupled differential equations se
consistently. After solving the coupled differential equation
we can calculate all the physical quantities. The express
for the energy isE5E01ER , where

ER52E d3r @Rn~r!rn~r !1Rp~r!rp~r !# ~10!

is the rearrangement contribution withE0 being the energy
without the rearrangement contribution@12,13#. We remove
the center-of-mass contribution using the simplest formula
in Ref. @14#

DEc.m.5
3

4
41A21/3. ~11!

We take the pairing correlations into account by using
BCS theory, following the procedure of Refs.@14# and@15#.
In this work, we do not consider the deformations.

III. RBHF RESULTS AND THE RMFD PARAMETERS

We present here the results of the RBHF calculations
tained by Engviket al. @10#. First of all, we show in Fig. 1
the energy per particle of nuclear matter for various pro
fractions,Yp[5rp/(rn1rp)], as a function of the nuclea
matter densityr~5rn1rp!. The solid curves denote the re
sults of Engvik in step ofDYp50.1 starting fromYp50.5 to
Yp50. As comparison, we show the results of Brockma
and Machleidt@3# by dashed curves forYp50.5 ~nuclear
matter! andYp50 ~neutron matter!. We note thatE/A shown
here are calculated by usingUn andUs and therefore they
are slightly different from the values tabulated in their pap
@3,10#. These two groups do the same calculations a
should get the same results forYp50.5 andYp50. The dif-
ferences are not large, but appreciable. They should origi
from the ambiguities in extractingUn andUs . Un andUs
are, in principle, dependent not only on the Fermi mom
tum ~density!, but also on the momentum of each nucleo
They are, however, approximated to be constant of mom
tum. The slight fluctuations seen in the results of Engvik
to be considered as the numerical ambiguities in extrac
Un andUs in the RBHF calculations at present.

Surprising results of the RBHF calculations are shown
Fig. 2 for the proton and the neutron effective massesM* for
variousYp as a function of nuclear matter densityr. For
Yp50.5, the effective masses for protons and neutrons
the same, as indicated by the thick solid curve. AsYp is
decreased, the neutron effective mass increases at all d
ties, where the cases forYp50.2, 0.1, and 0 are shown con
secutively with sold curves to avoid confusion of the pres
tation. The proton effective mass behaves differently.
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1214 55H. SHEN, Y. SUGAHARA, AND H. TOKI
smaller densities, the proton effective mass decreases
decreasingYp , while at larger densities, it increases withYp ,
which is shown by dashed curves. At larger, the effective
masses of protons and neutrons tend to coincide. This e
is not considered up to now in any of the relativistic mea
field ~RMF! theories@14,16#.

We also show the results of the RBHF calculations on
vector and the scalar potentials for protons and neutron
various proton fractions in step ofDYp50.1 as functions of
the nuclear matter density in Figs. 3 and 4. We recognize
the potentials are almost unchanged at largeYp for
0.3,Yp,0.5 as shown by solid curves except for the prot
potentials at small densities. However, they change larg
asYp is decreased further, which is shown by dashed cur
Notice that the behaviors of potentials are largely differ
between protons and neutrons at smallYp .

From these vector and scalar potentials for protons
neutrons at various densities and proton fractions, we
able to extract the coupling constantsgs ,gv ,gd ,gr . Since
the range information is lost in nuclear matter, we take
masses of mesons as those values of the parameter sA.
They arems5550 MeV;mv5782.6 MeV;md5983 MeV;
mr5769 MeV. We consider these masses as our stan
choice of the study of finite nuclei. We show in Fig. 5 th
coupling constants for variousYp as a function of the nuclea
matter density.

The s meson couplinggs decreases with density mono
tonically. The dependence on the proton fractionYp is inter-
esting. At larger ~r.0.1 fm23!, theYp dependence is sma
down toYp;0.3, but it becomes strong for smallerYp . At
smaller r ~r,0.1 fm23!, gs increases with decreasingYp
down toYp;0.3 and then decreases with decreasingYp . We
note here that the behavior of the calculated results of E
vik at r50.035and0.049 withYp50.45 and 0.5 is irregular
On the other hand, such an irregular behavior is not foun
the results of Brockmann and Machleidt atYp50.5. There-
fore, we disregarded the results at these four points. Then
made smooth linear extrapolation using the results

FIG. 3. The scalar and vector potentials for protons for vario
proton fractionsYp as a function of the nuclear matter densityr.
The results atYp50.5, 0.4, and 0.3 are denoted by solid curves a
those atYp50.2, 0.1, and 0 by dashed curves. These are the re
of Engvik using the RBHF theory.
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r50.068and0.09 withYp50.45 and 0.5 down tor50. The
same method is used for other coupling constants. We
similar behavior for thev meson coupling also.

Here, we note that we are unable to drop theYp depen-
dence ings and gv . In fact, we tried to take out theYp
dependence ofgs and gv and try to reproduce the RBHF
results by using again theYp independent isovectorsgd and
gr . The outcome was very bad. Hence, we decided to al
theYp dependence for all the couplings.

The d meson couplinggd decreases monotonically wit
density. TheYp dependence seems weak. Hence, for
practical study of finite nuclei, we may be able to takeYp
independentgd . This observation is true also forgr . In this
study, however, we keep the smallYp dependence for calcu
lations of finite nuclei.

The r meson couplinggr also decreases monotonical
with density. At high density~r.0.2 fm23!, it even changes
sign. We need to explain this sign change ofgr . In the RMF
theory, we change the sign of the meson Lagrangian enti
for ther meson, the kinetic part, and the mass part, in or
to change the repulsive contribution of ther meson to the
attractive contribution. This change of the sign of ther me-
son part does not influence the results of finite nuclei, si
the nuclear density does not go up to this large value.

IV. FINITE NUCLEI

We calculate finite nuclei with the RMFD approach. Th
parameters for the meson couplings are those shown in
5. The calculated results for the binding energy per part
BE/A and the charge radiusRc are compared with experi
ment in Table I. In addition to stable nuclei, we calcula
also unstable nuclei in order to see the isovector effect.

The experimental values are listed in the second colu
in units of MeV. When we choose the standard masses
mesons, the results found are those listed in the third colu
The energy is about 1 MeV smaller~under binding! for 16O.
The corresponding charge radius is 2.61 fm as compare
the experimental value 2.74 fm, as listed in the seventh
sixth columns. The radius is about 0.1 fm smaller than

s

d
lts

FIG. 4. The scalar and vector potentials for neutrons for vari
Yp , as a function of the nuclear matter densityr. The notations are
the same as in Fig. 3.
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FIG. 5. The coupling constants,gs , gv , gd , andgr , for various proton fractionsYp as a function of the nuclear matter densityr. The
standard masses are used for these mesons,ms5550 MeV;mv5782.6 MeV;md5983 MeV;mr5769 MeV in order to extract the coupling
constants from the scalar and the vector potentials of Engvik. The results atYp50.5, 0.4, and 0.3 are denoted by solid curves and thos
Yp50.2, 0.1, and 0 by dashed curves.~a! Thes nucleon coupling constantgs . ~b! Thev nucleon coupling constantgv . ~c! Thed nucleon
coupling constantgd . ~d! The r nucleon coupling constantgr .
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periment. This small radius is related with the saturation d
sity of the RBHF results with setA, which is 0.19 fm23

instead of 0.17 fm23. Similar results are also found for40Ca.
Hence, the isoscalar part of the RMFD approach is alm
satisfactory.

Here, we would like to make a comparison with the r
sults of Brockmann and Toki@6#. They found the binding
energy 7.5 MeV and the charge radius 2.66 fm for16O and
8.0 MeV and 3.36 fm for40Ca. These differences are caus
by the very small differences inE/A ~Us andUv! at small
density between the two groups@6,10#. In fact, the binding
energy result is sensitive to the couplings ofgs and gv at
small density. When we replacegs and gv of Brockmann
and Toki, which are based on the RBHF calculation
Brockmann and Machleidt, by the presentgs andgv , at the
small density~r,0.04 fm23!, we found that the binding en
ergy for 16O is decreased by 0.4 MeV and the charge rad
decreased by 0.05 fm. We note that the rearrangement
contributions are included in Table I, while they are not
cluded in the results of Brockmann and Toki. These v
small differences inE/A ~Us andUv! at small density by the
-

st

-

f

s
rm
-
y

two groups indicate the difficulty of extracting the mome
tum independent vector and scalar potentials in the RB
calculations of nuclear matter.

We should mention also the difference of our results fro
those of Fuchset al. @7#. They are again based on the RBH
calculation of Brockmann and Machleidt@3#. Hence, the
same statement as made above holds in this comparison
should therefore consider that the effective theory as
RMFD approach, which based on the infinite matter resu
of the RBHF theory, is almost able to reproduce the prop
ties of finite nuclei. We considerDE;1 MeV, DRc;0.1 fm
as the error of the RMFD approach.

Nuclei with the neutron numberN being different from
the proton numberZ are calculated for several nuclei. Ge
erally, the binding energies are smaller by almost 1.5 M
than the experimental values. The isovector mesons con
ute repulsively and reduce the binding energy by about
MeV. This we can see by suppressing thed and r meson
contribution in the RMFD calculations, the results of whic
are shown in the fourth column forBE/A and in the ninth
column forRc . The change in the charge radius is small.
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TABLE I. The binding energies per particle,BE/A @MeV#, and the charge radiiRc @fm# are listed for various nuclei denoted in the fir
column. The experimental values are given in the second column forBE/A and in the sixth column forRc . RMFD denotes the results of th
RMFD calculations with the use of the density dependent couplings fors, v, d, andr mesons. The rearrangement terms are also inclu
for these calculations. RMFD withs, v denotes the results with only thes andv mesons with rearrangement terms. RMFD withR50
denotes those with all the mesons but without the rearrangement terms.

Nucleus
BE/A
~MeV! RMFD

RMFD
s,v

RMFD
R50

Rc

~fm! RMFD
RMFD

s,v
RMFD
R50

16O 7.98 7.01 7.01 6.89 2.74 2.61 2.61 2.50
22O 7.36 5.92 6.34 5.74 2.65 2.61 2.56
40Ca 8.55 7.54 7.54 7.43 3.45 3.31 3.31 3.20
48Ca 8.67 7.18 7.39 7.03 3.45 3.35 3.36 3.24
90Zr 8.71 7.38 7.48 7.19 4.26 4.07 4.07 3.98
124Sn 8.47 6.88 7.17 6.76 4.67 4.51 4.51 4.38
208Pb 7.87 6.20 6.56 6.08 5.50 5.33 5.31 5.15
214Pb 7.77 6.05 6.50 5.95 5.32 5.29 5.21
e
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We discuss here the meson mass dependence. The m
mass contributes to the range of the effective interaction
principle, the ranges of these interactions could change
nuclear medium from those in free space. The results
sented up to now are those with the use of the same m
masses as those of theNN interaction. We know that the us
of largerms increases the binding energy, while it decrea
the nuclear radii@17#. When we takems5600 MeV instead
of ms5550 MeV, we findBE/A is increased by about 1
MeV and the radius is decreased by about 0.1 fm. A cha
of a similar amount is also seen when we change thev
meson mass. The change of the isovector meson mass
this range is not so effective.

The rearrangement terms contribute favorably to both
binding energies and the charge radii@7#. They make the
potential of the nucleon shallower by about 10 MeV in t
middle of the nucleus and hence act repulsively to the po
tial. The wave functions are therefore pushed outwa
which results in the increase of the charge radius. It has
effect of increasing the radius by about 0.1 fm as can be s
by comparing the seventh column with the ninth colum
The results without the rearrangement terms are shown in
fifth column for BE/A. Since we have to subtract the rea
rangement energies in the total energy, they provide att
tion contribution to the binding energy. They increase
binding energies by about 0.1 to 0.2 MeV.

V. CONCLUSION

We have performed calculations of finite nuclei within t
RMFD approach, where the RMF framework is used w
the meson couplings being density dependent,rp and rn ,
which are expressed in terms of the nuclear matter densr
ys
son
In
in
e-
on
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e
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e

n-
s,
n
en
.
he

c-
e

~5rn1rp! and the proton fraction,Yp @5rp/(rn1rp)#. The
meson couplings are fixed at variousr andYp so as to re-
produce the RBHF results of Engvik@10#. It is very interest-
ing to note that the effective masses for protons and neut
are largely different at smallYp . This large difference can
only be accommodated by introducing thed meson
~isovector-scalar meson!.

We have made calculations of finite nuclei including t
unstable ones in the periodic table in order to better see
isovector effect. We have found the agreement with exp
ment very satisfactory, keeping in mind that the RMFD a
proach does not include any additional parameters for fi
nuclei. Generally, the binding energies per particle for fin
nuclei are less by 1 to 1.5 MeV as compared to experim
The charge radii are smaller by 0.1 to 0.15 fm than the
perimental values.

We have found some differences from the results of ot
groups, who use the nuclear matter RBHF results of Bro
mann and Machleidt. The differences are caused by the
traction ofUs andUv at small densities. We considerDE;1
MeV andDRc;0.1 fm as the errors of the RMFD approac
Hence, we think the results of the RMFD approach are qu
satisfactory.
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