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Low energy single pion production processespN˜ppN

T. S. Jensen and A. F. Miranda
Institute of Physics and Astronomy, Aarhus University, DK-8000 Aarhus C, Denmark

~Received 9 May 1996!

Using baryon chiral perturbation theory~BxPTh!, explicitly including theD~1232! andN* ~1440! baryon
resonances only, we compute for incomingp6P channels with kinetic energy under 400 MeV, total cross
sections, angular distributions, and various final state correlation functions and compare these with available
experimental data in this energy range. Threshold isospin amplitudes are extracted from the calculated fully
covariant perturbative amplitudes. No attempt is made to fit this data. The necessary input parameters were all
taken from separate experimental data. The results appear to be generally encouraging for BxPTh.
@S0556-2813~97!00502-5#

PACS number~s!: 12.39.Fe, 13.75.Gx, 25.40.Qa
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I. INTRODUCTION

The subject of pionic interactions was for many years a
still is the focus of much theoretical and experimental att
tion. Laboratory results on single pion production o
nucleon targets viap andg probes do provide some indirec
evidence of the fundamentalpp interaction. On the othe
hand, these production processes certainly have intrinsic
terest. Both the quantity and improving quality of the expe
mental data justify the continuing efforts to find a prop
theoretical analysis and more detailed understanding of s
processes.

This paper is a contribution to the ongoing effort
understand in particular the dynamics underlying
pN→ppN production reactions. Baryon chiral perturbatio
theory (BxPTh) is supposed to be a reliable theoretical
strument for analysis at very low energies above thresho
We use it here, but phenomenologically motivated assu
tions are added whenever deemed necessary, within a st
covariant formalism. We do not attempt any fittings of o
servables: all the necessary input parameters are extra
from separate experimental and theoretical results.

Section II defines conventions and establishes the k
matics of the processes considered; Sec. III explains the
sic theory and all the necessary approximations made,
gether with phenomenological input. Section IV presents
discusses our results and confronts these with the avail
experimental information.

II. CONVENTIONS, DEFINITIONS, KINEMATICS

Figure 1 represents the set of single-pion production p
cesses studied in this paper~Table I!. The kinematic vari-
ables are shown in Fig. 1~we use Bjorken and Drell conven
tions @1#!. We define

s5~p11k1!
25~p21k21k3!

2 ~2.1!

and

Tp1
5Auk1u21m1

22m1 . ~2.2!
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as the kinetic energy of the incoming pion. The rest mas
of pions aremi( i51,2,3) and of nucleons areMi( i51,2).
Quantities referring to the center of mass~CM! system are
labelled c.m.

The values for the physical parameters used are ta
from Ref. @2#. At threshold, the pion kinetic energy in th
LAB system is

Tp1th
5
sth2m1

22M1
2

2M1
2m1. ~2.3!

Table I shows its values for all five reactions consider
The following observables were computed:~1! Total cross
sections for pion kinetic energies up to about 400 MeV;~2!
Differential cross sections and angular correlation funct
for the experimentally well-studied reactionp2p→
p1p2n; ~3! Invariant mass distributions for the final pio
pair (p°p°) in reactionp2p→p°p°n and (p2n), (p1n)
mass distributions for the reactionp2p→p1p2n.

The cross section is given by

s5
~2p!4S

2l1/2~s,m1
2 ,Mn1

2 !
E •••E d~4!~p11k12p22k22k3!

3uM sru2
d3p2

~2p!32En2

d3k2
~2p!32w2

d3k3
~2p!32w3

, ~2.4!

FIG. 1. Kinematic variables for reactions I—V~Table I!. pi and
ki are four-momenta of baryons and pions, respectively;qi denote
the third isospin component of particlei ; s and r are polarizations
of the incoming and outgoing nucleons, respectively.
1039 © 1997 The American Physical Society
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whereS is a symmetry factor equal to 1/2 for identical fin
pions, 1 otherwise.l is the Källen function,

l~x,y,z!5x21y21z222~xy1xz1yz!. ~2.5!

En2
, w2, andw3, respectively, are the final nucleon energ

and the energies of pion 2 and pion 3.
The main subject of this paper isM sr, the invariant Feyn-

man amplitude for the process. As we do not consider po
ization experiments in this paper, the usual statistical av
aging is performed uponssr. The calculation ofM sr is the
topic of Sec. III; all calculations were performed with th
help of an extended version of the computer codePHYSICA, a
MATHEMATICA package initially created by Beringer@3#. The
actual expression forM sr is unfortunately too involved to be
reproduced here, but we hope that the many detailed fig
shown may compensate for this.

III. BASIC THEORY AND APPROXIMATIONS

A. Propagators and vertices

BxPTh underlies all calculations reported in this pap
@3–7#.

The Lagrangian density is split into quadratic and nonq
dratic ~interaction! terms:

L5Lquad1Lint. ~3.1!

The quadratic part includes an isospin 1 massive pseu
scalar~pion p), two massive isodoublets, spin-1/2 baryo
@N and N* ~1440!# and a massive isoquadruplet, spin-3
baryon@D~1232!#. No heavy meson resonances were exp
itly included. The ‘‘interaction’’ part of the Lagrangian i
written according to the rules of BxPTh @3–6#. We then
compute the leading order Feynman diagrams shown in
2, usingPHYSICA, as mentioned.

The couplings actually considered contain at most t
derivatives of the pion field. Each allowed term is expand
in powers of the pion field. Thus we get, keeping at m
four pions,

Lint5Lpppp1LNNp1LNNpp1LNNppp1•••1LNDp

1LN*Np1•••. ~3.2!

The interaction terms shown below are given in t
s-gauge@5#, but as it is well known, theS-matrix elements

TABLE I. The third column gives the incoming pion LAB ki
netic energy in MeV at threshold; the last column gives the value
the total isospin componentI 3. Reaction I and II thus involve only
2I53 whereas the remaining ones involve both 2I53 and 2I51.

Reaction Tp1th LAB
~MeV! 2I 3

I p1p→p1p1n 172.387 3
II p1p→p1p°p 164.759 3
III p2p→p1p2n 172.587 21
IV p2p→p°p°n 160.499 21
V p2p→p°p2p 164.759 21
,

r-
r-

es

r

-

o-

-

g.

o
d
t

of interest are independent of the field parametrization. A
parameters appearing in this Lagrangian will be discussed
Sec. IV.

1. Pion self-couplings

This is given by the first term in Eq.~3.2!:

Lpppp5
1

8F2 @~]p2!22mp
2p4#. ~3.3!

2. Nucleon-pion couplings

These are given by the next three terms in Eq.~3.2!:

LNNp52
gA
2F

N̄gmg5t•]mpN, ~3.4a!

LNNpp52
1

4F2 N̄gmt•~p3]mp!N, ~3.4b!

LNNppp52
gA
8F3 N̄gmg5t•p]mp2N. ~3.4c!

3. ND-pion coupling

The D multiplet is strongly coupled to thep-N system
and lies too close to our thresholds to be ignored. Its width
such that it plays a very important role in the threshold e
ergy region that we are especially interested in. For theD we
use the Rarita-Schwinger representation for the field@8#.
Then the corresponding quadratic part of the Lagrangian

LD5C̄mLmnCn ~3.5!

with

f

FIG. 2. Feynman diagrams for the leading order amplitudes c
culated in this paper. Physical masses for all particles are us
Only intermediate baryonsN,N* andD were actually included:~b!
B5N,N* ; ~c! (B1 ,B2)5(D,N)1(N,D). Vertex ~d! includes only
the leading order~Weinberg! pp interaction.
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Lmn5~2 i ]”1MD!gmn2 iA~gm]n1gn]m!

2
i

2
~3A212A11!gm]”gn

2MD~3A213A11!gmgn , ~3.6!

whereA(Þ21/2) was taken to be an arbitrary~real! con-
stant. We choseA521, in which case the momentum spa
D propagator to be used in the Feynman rules beco
2 iSmn(p) with

Smn~p!5
P” 1MD

p22MD
2 S gmn2

1

3
gmgn2

2pmpn

3MD
2

1
pmgn2pngm

3MD
D . ~3.7!

The interaction term forD2p that we considered is linear i
the pion field:

LNDp52
gD

2F
D̄mT

aFgmn2S Z1
1

2DgmgnG ~3.8!

3]npaN1H.c. ~3.9!

whereDm is now the Rarita-Schwinger field with the prop
gator2 iSmn(p); T

a(a51,2,3) are transition isospin matr
ces;Z is a parameter@9#. There is some uncertainty about i
numerical value, but within a reasonable range~see Sec. IV!
our result turns out not to be too sensitive to its exact va
We note in passing that thisZ appears to be irrelevant fo
nonrelativistic, or static model, approximations. In comp
ing amplitudes, naive use of Eq.~3.7! would be dangerous
of course, as theD width @2# (' 120 MeV! is comparable to
the energy range above threshold for which the theory we
sketching here is supposed to be reliable. We then follow
usual procedure@10–15#, i.e., we modify the propagator s
that

1

p22MD
2→

1

p22MD
21 iGD~As!MD

. ~3.10!

The dependence of theD width on its c.m. energyAs can be
parameterized in many ways. We return to this question
Sec. IV.

4. NN* -coupling to pions

The Roper resonance@2# N* ~1440! lies too close to our
target area of interest. Moreover, it does couple with app
ciable strength to specific subchannels@2# such as
N*→N(pp) I50. We therefore explicitly included it as w
should expect sensitivity of our results to its presence
properties. We thus must add further contributions to
effective Lagrangian in the form permitted by BxPTh @3–6#:

LN*Np52
gN*
2F

N̄* t•]mpgmg5N1H.c. ~3.11!
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LN*Npp5
1

F2 N̄* @2C1*mp
2p21C3* ~]mp!2#N1H.c.

~3.12!

We thus introduce three further phenomenological para
eters, viz.,gN* , C1* , andC3* . Unfortunately, we are now
reaching the limits that allow us more or less precise extr
tion of individual parameters from relevant experimental
sults. As we shall see in the next section, only a cert
polynomial in C1* and C3* can be~roughly! fixed by the
available data.

Like theD, theN* linewidth is also too large~from our
point of view! not to warrant explicit inclusion. We use th
same recipe as for theD, i.e., we modify its propagator

1

p22MN*
2 →

1

p22MN*
2

1 iGN* ~As!MN*
. ~3.13!

We discuss the importance of energy dependence ofGN* in
the following section.

Having thus defined the vertices and propagato
PHYSICA straightforwardly computes the tree diagrams of t
type shown in Fig. 2. The resulting amplitude can be put
the form

M sr5ūp2rg5@ f 11 f 2k” 21 f 3k” 31 f 4k” 2k” 3#up1s , ~3.14!

whereūp2r andup1s , respectively, are Dirac spinors for th
final and the initial nucleon; in ourPHYSICA computer pro-
gram they are normalized asūr(p)us(p)52Md rs, where
M is the proton mass. Thef i( i51, . . . ,4) areLorentz scalar
functions of the four-scalar products constructed with
incoming and outgoing four-momenta, due account be
taken, of course, of four-momentum conservation and tha
particles are on their mass shells. They are calculated
PHYSICA @3#.

B. Very low-energy amplitudes

The single pion production off nucleon targets has a s
cial interest in the context of BxPTh, as these processes d
provide indirect evidence concerning the basicp-p interac-
tion near threshold. We can easily extract from our results
the Lorentz invariant amplitudes some relevant numbers
ing our threshold values for these amplitudes. We show o
typical values at thresholds of these amplitudes that lead
reasonable overall description of all available data up to f
tens of MeV above thresholds~Table II!. In order to facilitate
comparison with other authors, we defineM sr[Asr2M ,
where the Dirac spinors inAsr have the Bjorken-Drell nor-
malizationūs(p)ur(p)5dsr.

In the CM system, with all momenta close to thresho
this boils down to

Asr5ax r
1k1c.m.•sxs1bx r

1k23•sxs1cx r
1K23•sxs1•••,

~3.15!

where k1c.m. is the three-momentum of the incoming pio
and
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TABLE II. Numerical values at thresholdFi[( f i) thr( i51, . . . ,4) foreach of the five processes listed in Table I. These threshold va
are made dimensionless by multiplying into appropriate powers ofmp 5 139.5679 MeV. Parameters fixed at:F593 MeV: gA51.327;
gD52.81,Z521/2;MP5MN5938.27231 MeV;mp65mp°5139.56955 MeV;MD5 1232 MeV;MN*51440 MeV; c̄1*520.76c̄3*50.

Reaction ReF13mp
22 ImF13mp

22 ReF23mp
23 ImF23mp

23 ReF33mp
23 ImF33mp

23 ReF43mp
24 ImF43mp

24

I 0.72 22.35 0.42 21.50 0.42 21.50 0 0
II 42.16 2.48 42.24 16.31 243.15 213.92 243.69 213.52
III 219.88 290.85 219.86 232.10 19.78 39.72 20.00 38.37
IV 21.18 58.10 0.35 26.60 0.33 26.60 0 0
V 14.39 236.84 14.24 225.58 213.94 28.46 214.14 25.83
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k23[k2c.m.2k3c.m.,

K235k2c.m.1k3c.m. ~3.16!

with x r , xs ands being~spin! Pauli spinors and Pauli ma
trices, respectively.

For each process

a5
1

2M
@~F21F3!mp2F12mp

2F4#,

b5
1

2
~F22F312mpF4!,

c5
1

2
~F21F3!, ~3.17!

where theFi are threshold values of thef i , M is the proton
mass, andmp is thep6 mass. Exactly at threshold, theb and
c terms in Eq.~3.15! do not contribute, of course. In com
puting these amplitudes, exact isospin invariance was
sumed. Thus ignoring the actual mass splittings within
isotriplet and the baryonic isomultiplets we can easily de
mine the isospin amplitudes at and near threshold. The
spin channels involved areI53/2 andI51/2; the two pions
in the final state can be inI 2350,2 states orI 2351 state,
associated with relativeS and P waves in the overall CM
system, respectively, according to the Bose symmetry. F
the above, it is clear that only amplitudes ofS waves con-
tribute at threshold throughA2I ,I235A32 andA10. In general,
we have in obvious notation

Aqn1
qn2

q1q2q35(
I

(
I23

S 1q112 qn1UIQ D ~1q21q3uI 23Q23!

3S I 23Q23

1

2
qn2UIQ DA2I ,I23. ~3.18!

We have suppressed all non-isospin-related labels.
must have, of course,q11qn15q21q31qn25Q, but total

isospin invariance ensures that theA2I ,I23 are independent o
Q.

Inserting Eq.~3.17! into Eq. ~3.18! we get, in obvious
notation,
s-
e
r-
o-

m

e

a325
A5
2
aI ,

a105
3

A2
aIV2

1

A2
aI ~3.19!

and similarly forb2I ,I23 and c2I ,I23. The relevant threshold
isospin amplitudes are thusa32 anda10. Very close to thresh-
old b31, b11, c31, and c11 contribute as well, according to
Eq. ~3.15!. Table II shows representative results for t
threshold values that we calculated for the four amplitud
f 1 , f 2 , f 3, and f 4 for each of the five reactions considere
in this paper.

IV. RESULTS, DISCUSSION, AND CONCLUSION

In calculating the amplitudes corresponding to the Fe
man diagrams of Fig. 2~except at threshold! we assumed
physical masses for all particles involved@2#. We still have
an additional nine parameters.

F, gA , gD , Z, GD , GN* , gN* , C1* , andC3* , are to
be fixed before we can compute observables.

We fixed the first four of these parameters to the valu
@3–7,9,10#

F593 MeV,

gA51.327,

gD52.81,

Z521/2. ~4.1!

The value forgD was determined from the SU~4! relation
@13#

gD5
3

A2
gA . ~4.2!

As to the off-shell parameterZ, there is, as mentioned
earlier, some uncertainty about its appropriate value. Ho
ever, it was established@9# that

20.8,Z,0.3.

To check the sensitivity toZ we simply computed the
amplitude forp2p→p1p2n for Z in this range and found
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that our numerical results for the amplitude changed v
little. We therefore fixedZ to21/2, as this does speed up th
numerical work considerably.

Next, we turn to the parametersGD andGN* which play
an important role in our work. The importance ofGD can be
immediately gleaned from thepN→pN data @2#. The en-
ergy dependence ofGD andGN* is discussed in the literatur
@10–12,15#. We have tried the following recipes:

GD width. There are three useful parametrizations:

GD~As![G1~As!5const, ~4.3a!

GD~As![G2~As!}k3/As ~4.3b!

GD~As![G3~As!}
k3

~k220.024 GeV2!~k220.04 GeV2!
,

~4.3c!

where k and As are the magnitude of the pion thre
momentum and energy of theD in the overall CM system,
respectively. The condition@2#

GD~MD!5120 MeV

fixes the normalizations in Eq.~4.3!. Thus the three expres
sions forGD have a common value of 1232 MeV with th
GD(MD).

GN* width. Again, we tried three different parametriz
tions:

GN* ~As![G1~As!5const, ~4.4a!

GN* ~As![G2~As!}k3, ~4.4b!

GN* ~As![G3~As!}
k3

~k220.025 GeV2!~k220.09 GeV2!
.

~4.4c!

Parametrization~4.4b! is similar to the one recommende
in @12,15#. Note the differences between Eqs.~4.3b! and
~4.4b!. There is, however, only a very mild dependence
As in the energy region crucial to us. The experimental u
certainties onGN* are not small, unfortunately; it is give
that GN*52502450 MeV @2#. From the branching ratio
~BR! @2# for the N*→Np channel of about 60–70 % w
deduce that the partial decay width isGN*Np'228 MeV, the
value actually used in our final results which are shown
Figs. 3–8.

We thus obtained

gN*50.6360.11. ~4.5!

The central value agrees with@15# and the uncertainty
comes from the above-quoted uncertainty in the BR@2#.

The determination ofC1* andC3* follows along similar
lines ~see Appendix!. We apply the effective interaction
~3.12! to the decay channel

N*→N~pp! I50

having the BR between 5% and 10%@1#.
We thus find
y

n
-

n

GN~pp!I50
5aC1*

212bC1*C3*1gC3*
2 , ~4.6!

wherea, b, andg are constants. This ellipse is discussed
the Appendix. The area between the stippled ellipses is
one allowed by the data. The central ellipse correspond
the value

GN~pp!I50
526 MeV. ~4.7!

The N*Npp vertex ~represented by the parametersC1*
and C3* ) is especially significant for the process
p2p→p1p2n andp2p→p°p°n.

We first setC3*50 in agreement with Osetet al. @12#,
Sossiet al. @16#. This helped us in comparing our resul
with theirs, but we shall presently return to other options a
in fact show how thepN→ppN data could help in produc
ing useful bonds on these parameters.

Among the best available low-energy data@17# is the total
cross section forp2p→p°p°n. The choice ofC1* was then
determined by using the Lowe and Burkardt@18# model in-
dependent fit~A! for this reaction at Lab momentum 31
MeV/c corresponding to an incoming pion kinetic energy
200.4 MeV. At this energy, the total cross section is given
18.1mb. We choseC1* so that we match this number. Ou
amplitudes forpN→ppN turn out to depend only on the
combinationgN*C1,3* . We therefore define the dimensionle
constants

c̄1,3* 5gN*mpC1,3* /0.63 ~4.8!

and usec̄1* ,c̄3* instead ofC1* ,C3* .
For the above-mentioned three different choices forGD

andGN* we find

G5G1 : c̄1*521.09,

G5G2 : c̄1*520.76,

G5G3 : c̄1*520.86, ~4.9!

which all agree with the quoted partial line width. We choo
the sign of c̄1* to be negative in order to agree with th
convention in expression~3.12!.

The results turn out to be rather sensitive toGN* . Unless
otherwise stated, we present our result for the choiceG2.

We briefly discuss in the Appendix the consequences
having c̄3*Þ0 @19#. In Figs. 9~a! and 9~b! we show the re-
sults for c̄1*520.37, c̄3*520.20 ~preferred parameters i
an energy dependentG is chosen!. c̄1*520.72,
c̄3*520.09, preferred parameters if an energy independ
G is chosen.

Müller et al. @20# measured the correlation functio
W(p2) for p2p→p1p2n:

W~p2!54p
d3s

dV2dk2dV3
Y d2s

dV2dk2
, ~4.10!

wherek2 is the magnitude of the three-momentum of fin
p2 in the center of mass system andV2(V3) is the solid
angle subtended byp2(p1) in the final state. The probabil
ity distributionW(p2) is normalized to 1 for an isotropic
p2 emission.
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FIG. 3. Total reaction cross section for the various channels~a! I: —— with D andN* ; - - - - withoutD andN* ; s @29#;h @24#; , @30#;
n @31#; ~b! II: - - - - - - with G5G1;—— G5G2; — • — • — • G5G3; - - - - - withoutD andN* ; s @22#; h @31#; , @32#; n @33#; ~c!
III: —— with D andN* ; •••••• without D andN* ; - - - – 3p14p; s @25#; h @34#; , @27#; n @35#; ~d! IV: s @17#; h @36#; , @37#;
n @38#; d @30#; - - - - - - G5G1; —— G5G2; — • — • — • G5G3. The G ’s are the three choices for the linewidths in th
phenomenological expressions for theD andN* propagators~Sec. IV!; ~e! V: —— with D andN* ; - - - - without D andN* ; s @25#;
h @27#; , @39#.
th
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pin
The measurements were performed at 284 MeV, with
outgoing pion momenta between 37 and 174 MeV/c. As
shown in @20# the results forW may deviate considerabl
from simple phase space distributions, which make them
teresting for us. Unfortunately, we cannot expect the the
sketched out here to be at its best in the energy region in
tigated by Müller et al. Our numerical results@Figs. 7~a!–
7~d!# confirm this expectation: agreement with the publish
results is generally poor for nearly all of the kinematic co
e

-
ry
s-

d
-

figurations reported on, even with the full inclusion of bo
D andN* and/or reasonable variation of some of the k
parameters discussed in this paper. We believe that a b
test of the BxPTh capacity in predicting these distribution
could be obtained at energies somewhat closer to thresh
or perhaps with selected polarization measurements.

We return to our results for the threshold amplitude
summarized in Table II. Other authors, e.g.,@13#, @21#, and
@22#, have also given their attention especially to the isos
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threshold amplitudes. Burkhardt and Lowe~BL! @21# extract
these amplitudes from elaborate fits to the total cross sect
~see their Fig. 1!. One of their fits, carried out by assumin
the constraints of the Olsson-Turner chiral-symmetry bre
ing model~fit B! leads to the results given in their Table
They drop possible terms corresponding to ourc31, and
c11, as they neglect the three-momentum of the outgo
nucleon. We should recall that at the time BL did their wo
the available data in thep1p0p channel below 300 MeV
was scarce and of too low accuracy to constrain their glo
fit. The analysis was furthermore complicated by incons
tencies in the published cross sections for thep1p1n chan-
nel. Their amplitudesA32, A10, A31, andA11 should cor-
respond to oura32, a10, b31, andb11. We quote

A3252.0760.10,

A1056.5560.16,

A31525.062.2,

A1153.360.8.

Bernard, Kaiser, and Meissner~BKM ! @23# have recently
made a detailed theoretical analysis of these threshold

FIG. 4. Total reaction cross sections below aboutTp5 200
MeV for channel I:~a! I: —— with D andN* ; - - - - withoutD and
N* ; s @29#; h @24#; for channel IV: ~b! —— with D andN* ;
- - - - with D; •••••• without D andN* ; s @17#.
ns

-

g
,

al
-

o-

spin amplitudes. They defineD1 andD2 related to the more
commonly used amplitudesA2I ,Ipp

by the equations

D15
1

A10
A32,

D252
2

3

A32

A10
2
1

3
A10.

They predict, to ordermp
2 ,

D152.6560.24Fm3,

D2529.0661.05Fm3.

Translating this to our units, we get

A3252.9660.08,

A1057.7461.28,

in units of mp
23 . Using the results quoted in Table II w

deduce

a3252.10,

a1059.92.

FIG. 5. Total reaction cross sections for~a! channel IV: ——
( c̄1* ,c̄3* ) 5 ~20.37,20.20!; - - - - ( c̄1* ,c̄3* ) 5 ~21.50, 0.70!; s

@17#; h @36#; , @37#; n @38#; d @30#; ~b! channel III:s @25#, h

@34#, , @27#, n @35#.
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FIG. 6. The differential cross section III at 203 MeV@~a! and~b!#, at 230 MeV@~c! and~d!# as functions of the outgoing pionp1 kinetic
energyTp1;up1 is the angle between the direction of the incomingp2 momentum and the outgoingp1 momentum in the center-of-mas
frame: ~a! Tp1 5 6.5 MeV; —— with D andN* ; - - - - without D andN* ; s @28#; ~b! Tp1 5 11.0 MeV; —— with D andN* ;
- - - - - - with N* ; - - - - - - without D andN* ; s @28#; ~c!: Tp1 5 17.5 MeV; —— withD andN* ; - - - - - without D andN* s @28#;
~d! Tp1 5 24.6 MeV; —— withD andN* ; - - - - with N* ; •••••• without D andN* ; s @28#. ~e! The same, at 284 MeV and cosup1 5
0.174; the experimental data is given for cosu15 0.03—0.35, but the calculated cross section changes little asup1 varies in this range; ——
with D andN* ; - - - - with N* ; •••••• without D andN* ; s @20#.
s
fo
hi
er
d
y

ts.
ts
We thus all more or less disagree as to the central value
a32 anda10. Nevertheless, we emphasize that our values
these quantities are consistent with our cross sections, w
rather agree with the experimental data in the relevant en
range. Our results fora10 are very sensitive to the assume
properties forN* , through the very important channel IV. B
of
r
ch
gy

small readjustments of (c̄1* ,c̄3* ) inside the allowed elliptical
band~Fig. 9! we could, however, reproduce the BL resul
Unfortunately, that would impair the quality of our resul
for Reaction III.

We cannot, however, reproduce BKM’s results forA32 by
merely readjusting (c̄1* ,c̄3* ) within the allowed band~Fig. 9!.
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FIG. 7. The c.m. angular correlation functionW for the reaction III. The ingoingp2 momentum defines the positivez axis; the figures
show our results for various values of the outgoingp1 momentumkp1 and polar anglesup1,wp1 as function of the outgoingp2 polar
anglesup2,wp2: ~a! The experimental data is given forkp15 ~37–84 MeV/c!, up1591°610° andwp2 5 (85°295°); the figure shows
our result forkp1 5 60 MeV/c, up1591°, wp150, wp2590°: —— with D andN* ; - - - - without D andN* ; s @20#; ~b! Results for
kp15113 MeV/c, up1571° andwf2592°. The experimental data is forkp1 5 ~102–124 MeV/c!, up1571°610°;wp25(85°295°);
—— with D andN* ; - - - - withoutD andN* ; s @20#; ~c! Results forkp1 5 152 MeV/c, up1567° andwp2592°. The experimental data
is for kp15~129–174 MeV/c!, up1567°610° andwp2 5 (85°296°); —— withD andN* ; - - - - withoutD andN* ; s @20#; ~d! Results
for kp1 5 152 MeV/c, up1567° and wp2592°. The experimental data is forkp15~129–174 MeV/c), up1567°610° and
wp25(85°296°); —— with D andN* ; - - - - without D andN* ; s @20#.
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We could force agreement~especially forA32) if we also
changed our other key parameters, first and foremostF and
gA .

Another piece of available data provides information
the invariant mass distributionsds/dmpp andds/dmpn .

1. p°p°

The most precise low energy results@17# give thep°p°
invariant mass distribution in reaction IV for kinetic energi
between 168 and 280 MeV. In Fig. 8~a! we show a sample o
our results at 230 and 300 MeV. We see that they qua
tively reproduce the experimentally observed trend favor
highermpp masses relative to the phase space contribut

2. p1p1

Reaction I is used. For kinetic energies under 264 Me
one finds just the phase space contribution, but for hig
energies one sees@24# that lower massesmp1p1 begin to be
favored. Our calculations reproduce these trends.
-
g
n.

,
er

3. p1p° and p2p°

These distributions can be measured from reaction II~be-
tween 189 and 260 MeV! @22# and reaction V@25#, respec-
tively. The experimental results forp2p° are essentially in
agreement with pure phase space distributions: we calcul
this mass distribution at 230 and 300 MeV, and basica
found phase space distributions, too.

The experimental results forp1p° between 189 and 260
MeV essentially show phase space distributions. Our ca
lations again refer to 230 and 300 MeV, but we do find
noticeable trend favoring higher invariant masses, when
calculated distributions are divided by the phase space c
tribution. However, the results of Pho˘caničet al. @22# did not
register this effect.

4. p1p2

The data comes from reaction III at 284 MeV@20# and at
332 MeV @26#. These experiments clearly show preferen
for higher invariant masses. Our calculation, done at 230
300 MeV, agrees with this observation.
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5. p2n and p1n

Experiments using Reaction III~at 298 MeV! @27# and
higher energies show that there is an asymmetry in the
variant mass distributions of the pairp2n and the pair
p1n:p1n shows preference for lower invariant masses
contrast top2n.

In order to investigate this, we calculate the asymme
parameter

f rel~mpn![
~ds/dmp2n!2~ds/dmp1n!

~ds/dmp2n!1~ds/dmp1n!
.

Our results, shown in Fig. 8~b!, are in qualitative agree-
ment with the data. One can clearly see the influence of
baryonic resonances on this asymmetry effect.

Summarizing, we conclude the following. As expecte
BxPTh is at its best at relatively low energies above thre
olds. Thus there is a reasonable agreement with the exp
mental data on cross sections, angular distributions and
variant mass distributions, and this for pion kinetic energ
up to about 120 MeV above their threshold values. No
rameter fitting to this data was attempted and all the relev
key parameters introduced by BxPTh are already more o

FIG. 8. ~a! The invariantp°p°-mass distribution for reaction
IV divided by the phase space contribution; ——T 5 230 MeV,
- - - - T 5 300 MeV; ~b! The asymmetry parameter for th
(p6n) mass distribution for reaction III at 230 MeV; —— with
D andN* ; - - - - withoutD andN* ; •••••• phase space contribu
tion.
n-

y

e

,
-
ri-
n-
s
-
nt

less fixed by independent data. In fact, we used these re
to further restrain the parameter space of theN* decay@Figs.
9~a! and 9~b!#. The correct inclusion of baryonic resonanc
may or may not be important. Forp1p→p1p1n, neither
D norN* are important; forp6p→p°p6pD is very impor-
tant, butN* is not important; for thep2p→p1p2n reac-
tion N* is very important,D is important; and finally for the
p2p→p°p°n reaction,N* is very important, whereas th
D is negligible. The correct choice of the linewidths at t
relevant energies for these baryonic resonances plays a
important role, in that the results are sensitive to the presc
tion used. Comparisons of our results to the findings
Müller et al. @20# onW show rather poor quantitative agre
ment, in general. Trends in the invariant mass distributio
of the final pion pair, or thep6n pair are in qualitative
agreement with the data; they clearly reproduce deviati

FIG. 9. The (c̄1* ,c̄3* ) plane showing the elliptical band within
which agreement with the data onN* decays can be obtained;~a!
Thed and1 show the points in this plane where agreement w
the experimental angular distributions for reaction III at 203 Me
can also be obtained:d the rms divisionR ~Sec. IV! is ‘‘good,’’
i.e., around~21.5, 0.7! and ~20.37,20.20!; 1 R is ‘‘poor/fair’’;
At 230 MeV, only the second region is still ‘‘good.’’~b! The
( c̄1* ,c̄3* ) plane: (d) indicates~21.5, 0.7! and~20.37,20.20!; ~1!
stands for values leading toR,2 for both the differential cross
section for channel~III ! at 203 MeV and total cross section fo
channel~IV ! under 200 MeV@17#. Taking further into account the
final state (pp) invariant mass distributions, the region~20.37,
20.20! is preferred, using energy-dependentN* andD linewidths.
For energy independent linewidths this changes to~20.72,20.09!.
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from pure phase space distributions, if such exist at the
ergies considered.
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APPENDIX

We shall here discuss how the low-energy data
pN→ppN could be of help in fixing the parametersc̄1* and
c̄3* introduced in Sec. II and in principle allowed by the rul
of BxPTh. This is feasible, because processes such
p2p→p1p2n and p2p→p°p°n have calculated rate
that turn out to be sensitive toc̄1* and/orc̄3* .

Our primary source of information@2# is the linewidth
and BR for the strongN*→Np and N*→Npp decays.
Unfortunately, there is a considerable amount of uncerta
regarding these data@2#. Thus the relevant widthGN(pp) I50

is

assumed to be only about 5–10 % ofGN* , whereas the BR
for N*→Np is about 60–70 %. We took as central valu
7.5 and 65 %, respectively. The procedure is to calculate
rms deviation

R5A1

N(
i51

N F f i~ teo!2 f i~exp!

D f i~exp!
G2,

where f i(exp), Dfi(exp), and f i(teo), respectively, are th
central value and the uncertainty of the experimental qu
tity f i , and its calculated theoretical value. We consid
R,1 to be ‘‘good agreement’’~denoted in the figures by
ry

e,

ay

,

n-

r
J.
e

n

as

ty

e

n-
r

d), whereas 1,R,2 is considered ‘‘poor/fair agreement
~denoted in the figures by1). The measured quantities use
were: ~1! d3s/dVdT from Manley et al. at 203 MeV and
230 MeV for p2p→p1p2n @28#; ~2! Total cross section
for p2p→p°p°n for kinetic energies less than 200 MeV
i.e., for under about 40 MeV over threshold~the first ten
measured values from Loweet al. @17#!; ~3! Invariant mass
distributions for thep°p° pair produced in the reaction
p2p→p°p°n at kinetic energies from 168 to 280 MeV
@17#.

Figs. 9~a! and 9~b! illustrate our results. Perusal of thes
figures shows that~1! There are clearly two regions in th
( c̄1* ,c̄3* ) plane where some set of observables mentio
above@i.e., ~1! and ~2!# are rather well reproduced by ou
calculations; they are centered around~21.5, 0.7! and
~20.37,20.20!; ~2! A clear preference emerged for the r
gion around~20.37, 20.20! when all the calculations for
observables reported in this paper were repeated;~3! The
alternative region mentioned above, viz.,~21.5,0.7! is also
unfavored by~3!, as it leads to disagreement with the expe
mentally observed preference for higher invariant masse

We must note, however, that these results are somew
sensitive not only to the values of the BR but especially
the assumed energy dependence of the linewidths. We re
that all the hitherto discussed results in this Appendix re
to the choiceG2 ~energy-dependent linewidth introduced
the main text!. It turns out that if instead we use energ
independent linewidths~also discussed in the main text!, the
result is a slight change in the allowed parameter space: f
~20.37,20.20! to ~20.72,20.09!, and from~21.50, 0.70!
to ~21.82, 0.76!. The first mentioned new region is still th
one, however, which leads to a more satisfactory agreem
with all the available data.
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