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Valence correlation scheme for single nucleon separation energies
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A simple valence correlation scheme is presented in which empirical neutron and proton separation energies,
Sn andSp , follow extremely compact, linear trajectories in terms of the variablesaNp2Nn . This scheme
often allows predictions for unknown nuclei byinterpolation rather than extrapolation. A Taylor expansion
shows that the Weizsa¨cker mass formula in fact behaves in first order asaNp2Nn though such a functional
dependence is not explicit and has not been noted before.@S0556-2813~96!50112-3#

PACS number~s!: 21.10.Dr, 21.30.Fe
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Nucleon separation energies,Sn and Sp , have a well-
known behavior across each major shell region. This is ill
trated for the pair of half-major shells,Z550266 and
N5822104, in Figs. 1~a! and 1~b!. In these figures,
Sn(Sp) are defined as functions of binding energies,

Sn~Z,N!5B~Z,N!2B~Z,N21!,
~1!

Sp~Z,N!5B~Z,N!2B~Z21,N!.

In Fig. 1~a!, Sn increases~the last neutron becomes mo
bound! with increasing proton number, reflecting the attra
tive p-n interaction, but decreases with increasing neut
number, since the like-nucleon interaction is repulsive
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average@2#. This behavior is reproduced by mass formul
such as the Weizsa¨cker semiempirical relation@3#, as given
in Ref. @4#:

M ~A!5ZMp1NMn2a1A1a2A
2/31a3

Z2

A1/3

1a4
~Z2N!2

A
1d~A!, ~2!

where the coefficientsai are fit to the data, and the succe
sive terms represent the nucleon masses, volume, sur
Coulomb, symmetry, and pairing energies. Other mass
mulas~e.g.,@1,5–8#! embody numerous refinements, and o
FIG. 1. ExperimentalSn and
Sp values for even-even nuclei in
theZ550–66,N582–104 region.
Data are taken from@1#. Sn and
Sp plotted againstA on the left
and againstaNp2Nn on the right.
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FIG. 2. ~a!–~c! The depen-
dence of the correlation ofSp with
aNp2Nn for different ap values.
~d! The correlation coefficient of
the fit, r 2, as a function ofap .
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ten more parameters. Although numerical calculations w
such formulas are quite successful, their overall depende
on N, Z, andA is hardly transparent due to the competi
roles of several terms.

In the last decade, the concept of valence correla
schemes~VCS’s! has been developed, in which the pheno
enology of nuclear structure observables for ground state
low-lying levels is simple and compact when expressed
terms of valence nucleon numbers~e.g.,NpNn) @9#. These
VCS’s are motivated by simple ideas concerning the ess
tial microscopic ingredients in nuclear structural evolution

It is the purpose of this Rapid Communication to a
whether single nucleon separation energies also can be
related in the framework of a VCS. We will show that
remarkably simple parameterization works extremely w
that it has an intuitive underlying rationale, that it reveals
functional dependence hidden in the Weizsa¨cker formula-
tion, that it is universal, and that it often provides predictio
for unknown nuclei byinterpolation.

The contrasting behavior ofSn @see Fig. 1~a!# against pro-
ton and neutron numbers~increasing againstZ and decreas-
ing againstN) suggests immediately a scheme of the form

Sn;anNp2Nn , ~3!

whereNp andNn are valence proton and neutron numbe
relative to the nearest magic numbers, 20, 28, 50, 82,
and wherean is a parameter that is constant for a given p
of proton and neutron half-major shells. From the slopes
Fig. 1~a!, it is clear thatan will be greater than unity and on
can estimate visually values on the order of two or three

Interestingly, the situation@Fig. 1~b!# for proton separa-
tion energies,Sp , is not merely the opposite of that forSn
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because the Coulomb force plays an important role as w
Nevertheless, the behavior in Fig. 1~b! suggests thatSp still
can be written

Sp;Nn2apNp52~apNp2Nn!, ~4!

where we use the second form to emphasize the analog
Eq. ~3!, because, for bothSn andSp , an andap will turn out
to be greater than unity. This second form also highlights
overall decrease ofSp across a major shell.

Of course, to obtain absolute values forSn and Sp we
need to write:

S5K~aNp2Nn!1C , ~5!

where the slopeK is positive ~negative! for Sn(Sp), and
wherea, K, andC are constants for the nuclei in a given pa
of half-major proton and neutron shells, and in general c
be different forSn andSp .

The use of the formulation in Eqs.~3!–~5! in terms of
Np andNn , instead ofZ andN, has several adavantage
First, as we shall see, this linearization of separation ener
facilitates predictions for new nuclei and the investigation
shell structure in such regions~e.g., nuclei far from stability
or the heaviest actinides!: that is, separation energies calc
lated from Eqs.~3!–~5! depend on the choice of magic num
bers in new regions. Also, Eqs.~3!–~5! properly focus atten-
tion on the effects and interactions of the valence nucle
and separate off the effect of the core~contained in the pa-
rameterC!. In contrast, a functional dependence onaZ-N
leads toC parameters that vary enormously from region
region with no obvious sensitivity to the underlying she
structure.
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FIG. 3. Sn ~left! andSp ~right!
correlations with aNp2Nn for
several other mass regions spa
ning several major shells and in
cluding particle as well as hole
structure. The shells used for th
actinides@panels~e! and ~f!# are
Z582–126 andN5126–184.
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We have carried out least square fits of Eq.~5! to empiri-
cal Sn andSp data for theZ550–66 andN582–104 half-
major shells. The best-fit values arean 5 2.6 andap 5 2.0.
The results are shown in Figs. 1~c! and 1~d!. The correlations
are remarkably simple and compact: all values lie along
tremely well-defined, essentially linear trajectories. We illu
trate the sensitivity of the correlations to thea values in
Figs. 2~a!–~c!. Figure 2~d! shows the explicit dependence
the correlation coefficient@10# r 2 on ap .

Analysis of the data in other mass regions shows that
simple correlation ofSn and Sp with (aNp2Nn) is quite
general. For regions in which either~or both! neutrons and
protons are holelike~past midshell!, obvious modifications
are necessary. The monotonic trends ofSn andSp continue
past midshell@in contrast to the mirrorlike behavior abou
midshell of observables such asE(21

1) or B(E2:01
1→21

1)
values#. Therefore if one or both kinds of nucleon is holelik
we change the sign preceding it: This gives a general exp
sion

S5K~6aNp7Nn!1C , ~6!

where the upper signs are for particles and the lower s
are for holes. Clearly, in order that expressions of the form
Eq. ~6! link up at midshell, rather different coefficientsK and
C are necessary in adjacent half-shell regions. Using th
definitions, we show theSn andSp correlations for severa
mass regions in Fig. 3. In each case, the correlations
linear and extraordinarily compact.
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The universality of these results strongly suggests t
they reflect a real, and simple, underlying physical effect
is easy to understand the behavior qualitatively. The l
nucleon interaction is, on average, repulsive@negative coef-
ficient in the relevant term~e.g.,Nn term forSn). The unlike
nucleon interaction is attractive and stronger than the
nucleon interaction. Hencean in Eq. ~3! is positive and
greater than unity. The slope (ap) of Sp againstNp would be
smaller in magnitude than the slope ofSp againstNn were it
not for the Coulomb force. However, this force rapidly low
ersSp for increasingZ so that the dependence ofSp onNp is
large andap is also greater than unity, as indeed found in t
fits. It is curious, but probably accidental, that the Coulom
p-p force is just the right magnitude that the Eqs.~3! and~4!
for Sn andSp are almost identical~apart from overall sign!,
that is, thatan for Sn is approximately equal toap for Sp
even though the physical mechanisms are so different~com-
petition of short range nuclear and long-range electrom
netic forces!.

The behavior in Figs. 1~c! and~d! and Fig. 3 is so smooth
and the dependence ofSn andSp on Np andNn so simple
that it is interesting to see how such behavior is reflected
standard mass equations~which fit empirical masses!. Sepa-
ration energies calculated from the Weizsa¨cker mass formula
of Eq. ~2! do not contain an obviousaNp2Nn behavior.
Nevertheless, as Fig. 4 shows, separation energies obta
from the Weizsa¨cker formula behave almost exactly a
anNp2Nn for Sn and2(apNp2Nn) for Sp with a values
similar in magnitude to those found in our fits. It is interes
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ing to study the origins of this dependence. To do so, we
note that, for a given pair of half-major proton and neutr
shells in medium and heavy nuclei,A, N, andZ vary only
slightly. Therefore we rewrite Eq.~2! ~for a particle-particle
region! in terms of the variables

Z5Z01Np and N5N01Nn , ~7!

whereZ0 andN0 are the nearest proton and neutron ma
numbers. SinceNp!Z0 andNn!N0 for the nuclei we con-
sider, we can expand the Weisza¨cker formula in terms of
(Np1Nn)/(Z01N0). Keeping terms up to quadratic inNp
andNn , we have

M ~A5Z1N!5k01k1Np1k2Nn1k3NpNn1k4Nn
21k5Np

2 .

~8!

Estimates of the higher-order terms inNp andNn are at
most 10% as large as those kept in Eq.~8!. Separation ener
gies calculated from differences ofM ~A! values, hence, will
be clearly linear inNp andNn . In fact, it is easy to deduce
that

an52
k3
2k4

, ap52
2k5
k3

. ~9!

The full expressions obtained foran andap from Eq. ~9!
are naturally rather lengthy. However neglecting terms l
than;10% of thek coefficients, gives the relatively simpl
results:

FIG. 4. Sn andSp values for the same region as in Fig. 1, b
calculated with the Weizsa¨cker formula, as a function o
aNp2Nn .
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an5
Z01N0

3Z02N0
, ~10!

ap5
Z013N0

~Z01N0!
1/3S a3

3a4
D2

Z023N0

Z01N0
, ~11!

wherea3 anda4 are coefficients in the Weizsa¨cker relation
in Eq. ~2!. Thesean and ap values are thus very close t
those obtained by fitting Eq.~5! to the separation energie
obtained from the Weizsa¨cker formula.

We note that these, as well as the constantsK andC in
Eq. ~6!, depend only onZ0 andN0 and not onNp andNn . At
the level of approximation represented by Eqs.~10! and~11!,
k3 and k4 depend only ona4. Hence,an , which involves
their ratio @Eq. ~9!#, does not depend on the Weisza¨cker co-
efficients.k5 though, depends on botha3 anda4 and, hence,
ap does also. This reflects the fact that neutron separa
energies are only very weakly dependent on the Coulo
term while, as noted above,Sp values result from the com
petition of nuclear and Coulomb forces.

Thus, exploitation of the VCS notion that separation e
ergies should depend on a function of the formaNp2Nn ,
leads not only to the discovery of an extraordinarily simp
behavior of empiricalSn andSp values, but reveals that ther
is an unrecognized dependence of this kind lurking in
apparently complex form of semiempirical mass equation

The compactness of the correlations in Figs. 1~c!, ~d!, and
3 and a particular property of the quantityaNp2Nn leads to
an interesting facet of this VCS that is useful in the ne
nuclei that will become accessible with radioactive beam
Sincean andap are typically in the range 1–3, values of th
quantityaNp2Nn for unknown nuclei far from stability are
often within the range of values for known nuclei near
stability. For such cases, separation energies can be pred
by interpolation along existing trajectories. As an illustra-
tion, Table I gives someSn predictions for unknown nucle
in the rare earth region.

Finally, sinceN5Z nuclei are characterized by singular
ties in theT50 p-n interaction, one expects this VCS ma
break down for such nuclei. Preliminary inspection ofSn
values for lightN5Z nuclei ~Z , 28! gives some evidence
for this speculation. Indeed, the difference of measured
ues from the predictions of theaNp2Nn scheme might give
information on the strength of theT50 p2n interaction in

TABLE I. PredictedSn values~MeV! for nuclei in theA5150
region using Eq.~5! with a52.6, K50.135 MeV, andC54.62
MeV. Entries in boldface are made by interpolation, the others
extrapolation.

Z \ N 92 94 96 98 100 102 104

52 4.0 3.7 3.4 3.2 2.9 2.6 2.4
54 4.7 4.4 4.1 3.9 3.6 3.3 3.1
56 5.4 5.1 4.8 4.6 4.3 4.0 3.8
58 - 5.8 5.5 5.3 5.0 4.7 4.5
60 - 6.5 6.2 6.0 5.7 5.4 5.2
62 - - 6.9 6.7 6.4 6.1 5.9
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such nuclei. Such information may soon be accessible in
N5Z nuclei of theA;100 region with new radioactive
beam facilities.

To summarize, a very simple valence correlation sche
tracks empirical values of single nucleon separation ener
extremely well. Empirical values ofSn scale linearly with
anNp2Nn andSp scales equally well with2(apNp2Nn),
whereNp andNn are the valence proton and neutron nu
bers andan or ap is a constant within a half-major shell an
varies in a range from 1–3 for different mass regions. T
remarkable universal behavior revealed reflects, in a extr
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es
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dinarily simple way, the competing roles of the attracti
valence p2n interaction, the net repulsive valence like
nucleon interaction and, forSp , the repulsive Coulomb in-
teraction. It reveals a simplicity not readily apparent in sta
dard mass equations, and it has predictive power,
interpolation, for many nuclei far from stability.
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