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Nontrivial aspects of the onset of nuclear collectivity: Static moments
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We consider several topics concerning static magnetic dipole and electric quadrupole moments (m and
Q) as signatures of the onset of nuclear collectivity. Having previously noted that in50Cr there is an abrupt
change of sign inQ of yrast states withJp5101,121, and 141 relative to lowerJ states, we discuss whether
these states are oblate or prolate. We next show that configuration mixing leads to much larger chang
Q than inm. We then look for other bands of interest in50Cr. Finally we discuss the Jolos–von Brentano
relationship which relatesQ of 21

1 states toB(E2)’s for transitions from and to the 21
1 states.
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PACS number~s!: 21.10.Ky, 21.10.Re, 21.60.Ev, 27.40.1z
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In a recent publication@1#, the current authors noted tha
in shell model calculations for50Cr, in which up to three
nucleons were allowed to be excited from thef 7/2 shell to the
rest of thef -p shell, the static quadrupole moments of t
yrast states withJp521,41,61, and 81 were negative but
those forJp5101,121, and 141 were positive. However
the question of whether the latter three states were oblat
prolate was not answered definitively. We here address
issue.

With the FPD6 interaction@2#, and allowing up to three
nucleons to be excited from thef 7/2 shell (t53!, the static
quadrupole moments~in e fm2) were227.5,234.8,28.1,
and 220.7 for Jn

p521
1 ,41

1 ,61
1 , and 81

1 respectively and
were 145.7, 118.6, and111.4 for Jn

p5101
1 , 121

1 , and
141

1 . With the KB3 interaction@3#, the corresponding value
are224.8,230.0,215.6,214.7 forJn

p521
1 ,41

1 ,61
1 , and

81
1 and 126.5, 113.0, and18.2 for Jn

p5101
1 ,121

1 , and
141

1 . Note that there is not a smooth transition in going fro
Jn

p581
1 to Jn

p5101
1 The value ofQ for 81

1 is fairly large
and negative while the value for 101

1 is large and positive.
If K were a good quantum number, we could use

rotational formula

Q~J!5
3K22J~J11!

~J11!~2J13!
QK , ~1!

whereQK is the intrinsic quadrupole moment, to determi
K. For Jp5101,121, and 141, if K is small (K<6), then
Q(J) andQK have opposite signs. But ifK is sufficiently
large,Q(J) andQK will have the same sign.

We expect considerable band mixing. Nevertheless,
feel that a crude analysis using the above formula would
helpful in determining in which ballpark we are. To redu
the ambiguity of the effective charges, we take ratios. Th

Q~101!

Q~121!
51.387

3K22110

3K22156
, ~2!
543/96/54~2!/956~4!/$10.00
t

e

or
this

m

he

e

we
be
e
us,

Q~121!

Q~141!
51.325

3K22156

3K22210
. ~3!

For the FPD6 interaction@2#, the first equation in the above
givesK58.5 while the second one givesK512.1. With the
KB3 interaction@3#, the corresponding numbers are similar
K59.2 andK512.8. Thus this admittedly crude analysis
favors a ‘‘high-K prolate’’ interpretation for these states.

It should be noted that the lower spin states, especia
Jp521 and 41, are best described as low-K prolate states.
Thus all the states are prolate but the nature of th
Jp5101, 121, and 141 ‘‘band’’ is quite different from that
of Jp521, 41, 61, and 81. We clearly have a band crossing
phenomenon and it is interesting to note that one shell mod
configuration (f 7/2)

10 contains in some sense both of the two
bands.

In a recent experimental work, Pakouet al. @4# measured
g (g5m/J) factors of states in50Cr with the following re-
sults:

Jp g

21
1 0.54~11!

41
1 0.43~9!

61
1 0.54~16!

81
1 0.54~9!

For 41
1 , 61

1 , and 81
1 , these are much smaller than the

g factors calculated in the singlej shell model@5#. The sug-
gestion was made in the 1994 paper@4# that the onset of
nuclear collectivity brought theg factors close to the rota-
tional result for aK50 band ofg.gR5Z/A.

This result has motivated us here to calculate theg factors
in larger shell model spaces. We allow up tot nucleons to be
excited from thef 7/2 shell to the rest of thef -p shell and
show results fort50,1,2, and 3 for theg factors in Table I.
956 © 1996 The American Physical Society
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We should first remark that from our previous work o
static quadrupole momentsQ @1#, we agree that there is an
onset of nuclear collectivity, in the sense that theB(E2)’s
become bigger ast increases, the energy levels look mor
rotational, andQ for J up to 8 become more negative relativ
to t50. In that work, the FPD6 interaction@2# was used. In
this work, we show the behavior ofQ using the KB3 inter-
action @3#. This also shows the increase in magnitude ofQ
for Jp521,41,61, and 81 ~more negative!.

However, when we look at theg factors, the change is no
so drastic. Even fort53 one still gets largeg factors. The
values for 21

1 , 41
1 , 61

1 , and 81
1 using freegl ,p , gl ,n ,

gs,p , andgs,n values are 0.58, 0.80, 0.79, and 0.83, respe
tively. These are considerably larger than the experimen
values.

If we use quenched sping factors gs,p/n50.7gs,p/n ,
along withgl ,p51.1 andgl ,n520.1, the corresponding re-
sults forg decrease somewhat to 0.54, 0.76, 0.74, and 0.
But they are still substantially larger than experiment.

Thus thecalculatedonset of nuclear collectivity consists
of large changes in theB(E2)’s andQ, but much smaller
changes in magneticg factors. With the baregl andgs val-
ues, the percent change for theg factors in going from
t50 to t53 for 21

1 , 41
1 , 61

1 , and 81
1 is 18.1%, 15.3%,

10.4%, and 7.6%, respectively. As can be seen from Table
there are more than a factor of 2 changes forQ.

It should be mentioned that ourt53 results for the quad-
rupole moments have been found to be ‘‘qualitative

TABLE I. g factors (g5m/J) in 50Cr for the KB3 interaction as
a function of t, the maximum number of nucleons allowed to b
excited from thef 7/2 shell to the rest of thef -p shell.

J t50 a t51 a t52 a t53 a t53 b

2 0.707 0.679 0.578 0.579 0.540
4 0.949 0.894 0.831 0.804 0.756
6 0.885 0.858 0.816 0.792 0.745
8 0.769 0.822 0.841 0.828 0.779
10 0.486 0.519 0.515 0.509 0.474
12 0.609 0.609 0.591 0.588 0.550
14 0.712 0.698 0.687 0.678 0.633

aFor freeg values:gl ,p51, gl ,n50, gs,p55.586,gs,n5-3.826.
bFor renormalizedg values: gl ,p51.1, gl ,n5-0.1, gs,p53.910,
gs,n5-2.678.

TABLE II. Static quadrupole momentsQ ~in units of efm2) in
50Cr for the KB3 interaction as a function oft, the maximum num-
ber of nucleons allowed to be excited from thef 7/2 shell to the rest
of the f -p shell.

J t50 t51 t52 t53

2 -12.240 -20.392 -20.824 -24.665
4 -12.148 -22.792 -24.950 -29.810
6 -4.415 -14.459 -9.661 -15.531
8 0.478 -8.490 -10.454 -14.698
10 19.118 23.481 24.494 26.461
12 6.546 10.488 11.591 12.998
14 6.810 8.759 8.208 8.232
n
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equivalent to the full f p space results’’ obtained by
Martı́nez-Pinedoet al. @6#.

It would be nice in the near future to bring about a rec
onciliation between theory and experiment.

In our previous work@1#, we focused on yrast states in
50Cr and showed that whereas the 21

1 , 41
1 , 61

1 , and 81
1

states have negative static quadrupole momentsQ, the
101

1 , 121
1 , and 141

1 have positiveQ’s. There is a band
crossing and, to some extent, even the simplest configurat
( f 7/2)

10 has in it both the ground-state band and the seco
band which overtakes the ground-state band atJp5101.

In Table III we show fort53 a common feature of the
states 22

1 , 42
1 , 62

1 , and 82
1 . They have rather large, posi-

tive quadrupole moments. This result contradicts the yra
band calculation for which theQ’s are comparable in mag-
nitude but are negative.

We also show in Table III the values ofQ for the 101
1 ,

102
1 , 121

1 , and 141
1 states. They are also positive. It is no

clear how to extend the band 82
1—whether to include the

101
1 or 102

1 state. Since the two 101 states are rather close in
energy, it could be that some admixture of these looks mo
like a member of the band.

There have been measurements in other parts of the pe
odic table where theg factors for even-even nuclei differ
substantially fromZ/A. For example, for 150Sm, Vass
et al. @7# reported that g(41)/g(21)51.60~12! while
g(61)/g(21)51.14~34!. Of course, since in this calcula-
tion, we are dealing with50Cr we cannot say that their mea-
surement supports our calculation or vice versa. But at lea
it suggests that one should be on the lookout for the types
behaviors that both works seem to find.

Recently Jolos and von Brentano~hereinafter referred to
as J-vB! @8# have presented a formula which relates quadru
pole moments of the 21

1 states to variousB(E2) values. This
connection is of great interest because it is much more dif
cult to measure static quadrupole moments than it is to me
sure B(E2)’s. They feel that the formula should be ex-
tremely accurate~better than 1.5%! for deformed nuclei for
which E* (41

1)/E* (21
1)>2.9, whereE* (41

1) and E* (21
1)

are the excitation energies of the 41
1 and 21

1 states relative to
the ground state. Also for ‘‘realistic cases’’ the prediction
given by the formula agree with IBM-1 results to better tha
2% for N512 and 6% forN56. Their relationship can be
written as

uQ~21
1!u

AB~E2:21
1→01

1!
5
8

7
ApG~11R12W!, ~4!

e
TABLE III. Other possible positive-parity bands in50Cr in the

t53 calculation with the KB3 interaction.

Jn
p Ex ~MeV! m (mN) Q (efm2)

42
1 3.003 5.680 31.853
62

1 3.595 -0.414 40.262
82

1 5.611 2.172 19.469
101

1 5.993 5.095 26.461
102

1 6.500 6.137 12.468
121

1 7.435 7.058 12.998
141

1 9.949 9.490 8.232
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TABLE IV. The experimental~expt! values@10–12# and the results of shell-model~SM!, Jolos–von
Brentano~J-vB!, and rotational~rot! formulas for static quadrupole moments@Q(21

1) for ‘‘expt’’ and ‘‘SM’’;
uQ(21

1)u for ‘‘J-vB’’ and ‘‘rot’’ # ~in efm2) of 21
1 states in selecteds-d and f -p shell nuclei. The predictions

of the J-vB and rotational formulas based on the shell-modelB(E2) values should be compared with th
shell model results. In the parentheses we give the percentage deviations of the ‘‘J-vB’’ and ‘‘rot’’ re
from the shell model. Effective chargesep51.5 anden50.5 are assumed.

Nucleus E* (41
1)

E* (21
1)expt

E* (41
1)

E* (21
1)SM

Q(21
1)expt Q(21

1)SM uQ(21
1)J-vBu uQ(21

1)rotu

20Ne 2.61 2.37 22363 215.83 13.96(211.8%! 15.78(20.3%!
22Ne 2.65 2.47 21964 215.67 15.92~11.6%! 15.89~11.4%!
24Mg 3.01 2.90 21862 219.25 18.46(24.1%! 19.90~13.3%!
28Si 2.60 2.34 21663 20.75 19.18(27.6%! 20.25(22.4%!
46Ti 2.26 1.90 22166 217.30 17.72~12.4%! 23.21~134.2%!
48Ti 2.33 2.25 213.568.8 214.72 20.20~137.2%! 20.17~137.0%!
50Cr 2.40 2.35 23667 224.82 27.31~110.0%! 26.63~17.3%!
o

where

G5S 710D B~E2:41
1→21

1!

B~E2:21
1→01

1!
, ~5!

R15
B~E2:22

1→01
1!

B~E2:21
1→01

1!
, ~6!

and

W5
B~E2:22

1→21
1!

B~E2:41
1→21

1!
. ~7!

Of course the rotational formulas of Bohr and Mottels
can also be combined to give a relationship betwe
B(E2) andQ(21

1). These are Eq.~1! and

B~E2:KJ1→KJ2!5
5

16p
e2Q0

2^J1K20uJ2K&2, ~8!

where^J1K20uJ2K& is the Clebsch-Gordan coefficient. For
K50 band, one gets

uQ~21
1!u5A64p

49
B~E2:21

1→01
1!. ~9!
n
en

a

Note that in the rotational limit,G51. If one also takes
R15W50, i.e., if one neglects interband transitions, one
then recovers the above rotational formula from the J-vB
equation~4!. It is interesting to find out if, for a nonperfect
rotor, the J-vB relation would yield a more accurate
Q(21

1). To this end, we conduct a theoretical experiment by
performing shell-model calculations for theB(E2) values
that go into Eqs.~4! and~9! and comparing the predictions of
these two formulas foruQ(21

1)u to the ‘‘exact’’ values ob-
tained in the shell-model calculations. We do this calculation
for selected deformed nuclei in thes-d (20Ne, 22Ne, 24Mg,
and 28Si! and f -p (46Ti, 48Ti, and 50Cr! region. For thes-d
shell, we use the Brown-Wildenthal interaction@9#; for the
f -p shell, we use the modified Kuo-Brown interaction KB3
@3#. For thes-d shell nuclei, the calculations are carried out
in the full one-major-shell space. For thef -p shell nuclei, the
full space calculation is only done for46Ti. For the other two
nuclei, a maximum number oft nucleons is allowed to leave
the f 7/2 orbital and occupy the rest of thef -p shell with
t54 for 48Ti and t53 for 50Cr.

Our results are listed in Table IV where we also list the
experimental values for the ratioE* (41

1)/E* (21
1) and

Q(21
1). The calculated values for variousB(E2)’s that go

into the J-vB formula~4! and the rotational formula~9! are
listed in Table V where the experimentalB(E2:21

1→01
1)

values are also shown. With one notable exception, the J-vB
e

l

TABLE V. Input from shell-model calculations into the J-vB and rotational formulas, obtained for th
Wildenthal interaction for thes-d shell and the KB3 interaction for thef -p shell. TheB(E2) values listed are
in units of e2fm4. The ratiosG, R1, andW are defined in the text. We also give the experimenta
B(E2:21

1→01
1) values~in the parentheses!.

Nucleus B(E2:21
1→01

1) ~expt! B(E2:22
1→01

1) B(E2:22
1→21

1) B(E2:41
1→21

1) G R1 W

20Ne 60.67 ~68! 0.03 4.41 72.20 0.83 0.001 0.061
22Ne 61.53 ~46! 4.57 0.55 82.62 0.94 0.074 0.0066
24Mg 96.48 ~86.4! 8.63 21.07 128.23 0.93 0.089 0.164
28Si 99.92 ~65.2! 0.36 13.86 141.41 0.99 0.004 0.098
46Ti 131.32 ~201! 4.48 70.25 173.59 0.93 0.034 0.405
48Ti 99.10 ~144! 23.44 40.99 148.02 1.05 0.236 0.277
50Cr 172.82 ~216! 11.27 2.13 245.72 1.00 0.065 0.0087
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TABLE VI. Same as Table V but using experimental input. Only the results for thef -p shell nuclei are
listed.

Nucleus B(E2:21
1→01

1) G R1 W uQ(21
1)J-vBu uQ(21

1)rotu

46Ti 201 0.686 0.003 0.260 20.5 28.7
48Ti 144 0.564 0.060 0.580 12.6 24.3
50Cr 216 0.516 0.106 0.000 22.5a 29.8

0.219 20.1b 29.8

aWe consider only the 22
1→01

1 transition to determineW.
bWe add 22

1→01
1 and 23

1→01
1 transitions. The states are close together:E(22

1)52.924MeV and
E(23

1)53.161MeV.
a
e

l
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s
-
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predictions agree with the shell-model results to better th
12%. However, for all the nuclei that are considered her
only for one nucleus (46Ti! has the J-vB formula done a
better job than the rotational formula. This is surprising be
cause one would expect that there is more physics put in
the J-vB formula.

The biggest disagreement between the rotational formu
and the shell-model results occurs in46Ti and 48Ti, where
the discrepancies are 34% and 37%, respectively. The J-
formula seems to cure the problem for46Ti but not for
48Ti. The problem in the latter case is thatR1 andW are
almost the same and so cancel each other out.

In Table VI we apply the J-vB relation to experimenta
inputs in thef -p shell, which are obtained from the Nuclea
Data Sheets@13#. Note that the experimentalB(E2)’s are
somewhat larger than those calculated with the KB3 intera
tion with effective charges ofep51.5 anden50.5. The ex-
perimental values ofG are considerably smaller than the
calculated values. In other words,B(E2:41

1→21
1)expt is
n
,

-
to

la

vB

c-

smaller thanB(E2:41
1→21

1) theory. There are considerable
differences in the values ofR1 andW as well.

Using the J-vB relation with experimental data the value
of Q(21

1) are significantly smaller than those using the rota
tional model. For46Ti, and 48Ti, and 50Cr, the J-vB~rota-
tional! values ofQ(21

1) are, respectively, 20.5~28.7!, 12.7
~24.3!, and 22.5~29.8!. For 46Ti and 48Ti, the J-vB analysis
gives an improved fit. For50Cr, the J-vB analysis gives too
small a value ofQ(21) compared with experiment.

It is difficult to give a definite assessment of the J-v
relation in the regions that we have considered, which
some cases are beyond what the authors envisioned. H
ever, we greatly admire the spirit of this work and suppo
that ideas along these lines continue to be pursued.
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