
y

nt

PHYSICAL REVIEW C JULY 1996VOLUME 54, NUMBER 1

0556-2
Field-theoretical description of nuclear matter with only the pion-nucleon interaction
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A relativistic Lagrangian for the nuclear matter consisting of nucleons and pions with a pseudoscalar
interaction term is considered. It is shown that a nonrelativistic reduction of the problem automatically intro-
duces a Lorentz scalar, isoscalar coupling of nucleons with two correlated pions. The corresponding Hamil-
tonian is used to study the properties of infinite nuclear matter nonperturbatively, treating both the nucleons
and pions as quantized fields. The model is shown to reproduce the characteristic nuclear matter properties ver
nicely without the necessity ofs and v fields, as is usually done in the mean field Walecka model. The
corresponding equation of state for zero temperature nuclear matter is calculated and is shown to be consiste
with the known phenomenological equations of state. The binding energy of nuclear matter is calculated to be
15.3 MeV at a saturation density of 0.153 fm23. The model reproduces a softer nuclear matter with the
incompressibility of 134 MeV.@S0556-2813~96!04906-0#

PACS number~s!: 21.65.1f, 13.75.Gx, 13.75.Lb
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I. INTRODUCTION

Since the prediction of pions by Yukawa in the context
the nucleon-nucleon interaction, a considerable amoun
effort has been channeled to the sole aim of gaining an
derstanding of the two nucleon interaction, starting from
basic meson nucleon interaction. TheN-N potentials gener-
ated by including the exchange of several low mass mes
the so-called one boson exchange potentials~OBEP! @1,2#
have achieved a remarkable success in explaining the p
erties of the two nucleon states, as well as those of
nuclear many body systems. However, a lacuna still pers
in all the versions of the OBEP in the fact that a sca
isoscalar mesons has to be introduced in anad hocmanner
to account for the strong intermediate range attraction
served in allN-N channels. Such a mesonic state has not
been conclusively established in experiments.

The structure of thes meson has been investigated b
several authors@2–4#. Since an intermediate state of ma
2mp'280 MeV clearly has a sufficiently long range to r
produce the observed midrangeN-N force, these contribu-
tions must be included in the interaction kernel, if one
ready includes the exchange of heavier mesons in the OB
Indeed two pions in theS-wave, isospin zero state have th
same quantum numbers as the scalar isoscalar particles,
therefore one may naturally suppose that the obser
midrange attraction is produced by correlated two pion
change between the nucleons. Dursoet al. @4# have shown
that about 2/3 of the scalar isoscalar attraction in theN-N
channel is supplied by the resonant two pion exchange wh
can be approximated by a scalar particle with a broad m
centered at about 650 MeV. These authors also found
nificant attraction supplied by theNN andND box diagrams,
a fact that has been noted earlier@3,5#. The implied NN
attraction in this model is found strong enough to explain
observed nuclear binding in simple nuclear matter calcu
tions@6#. The OBEP models@2,7# which include the resonan
two pion exchange in addition to theNN andND box dia-
grams also achieve accurate quantitative fits to theNN scat-
tering data. In all these OBEP models there are still ambi
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ities about the dynamical models of thepp interaction and
about the consistency of crossed diagrams and the coun
of amplitudes when an elementarypND vertex is included
in the model@8#.

Another general framework which has achieved consid
able success in recent years for the description of nuc
matter and finite nuclei is Walecka’ss-v model@9–11#. The
NN dynamics arises in this model from the exchange o
Lorentz scalar isoscalar meson ‘‘s ’’ which provides the
midrange attraction and an isoscalar vector meson ‘‘v’’
which provides the short range repulsion. With a small nu
ber of parameters thes-v model reproduces the nuclea
matter saturation and describes the bulk and single par
properties of nuclei reasonably well@12#.

Despite the successes of the Walecka model, several o
questions still remain unanswered. Basically, the mic
scopic nature of thes field in this model is unclear. The
Walecka ‘‘s ’’ cannot be interpreted as the representation
a physical particle, since such a particle or resonant s
remains still to be confirmed in experiments. The model a
produces collapse upon passing to the nonrelativistic lim
which may not correspond to complete reality.

The original Walecka model@9# does not contain a dy
namical description of the pion field. However, the impo
tance of pions in intranuclear dynamics cannot be sim
wished away. The dominance of pion degrees of freedom
certain nuclear processes, like the pion-exchange curre
has been established beyond any doubts in the past two
cades@13#. The s-v model has later been extended to i
clude other mesons:p,r, etc.@10,14#; however, for a correct
description of pion dynamics in nuclear medium, it has be
found necessary to impose an additional chiral symme
Unfortunately, even this larger symmetry cannot provide
consistent description of nuclear matter, the nuclear gro
state, and the freeN-N scattering simultaneously@15,16#.

Realizing the essential role of pions in the description
nuclear medium, an alternative model for infinite nucle
matter consisting of interacting nucleons and pions has b
attempted in recent years@17#. The model is aesthetically
appealing in the sense that the scalar isoscalar pion p
353 © 1996 The American Physical Society
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354 54S. JENA AND B. B. DEO
states simulate the effects ofs mesons. The purpose of the
present work is to examine some features of the pio
nucleon description of the nuclear matter; especially to e
amine the bulk properties of nuclear matter in such a sim
model, without introducing additional mesonic degrees
freedom or additional symmetry parameters. In the rec
extensions of the Walecka model attempts have been m
to include the heavier mesons, liker andv, besides the pion
and the ‘‘s ’’ meson. However, while the ‘‘s ’’ is not ob-
served,r and v are the multipion resonant states. If th
dynamics of the pions and nucleons is treated correctly,
effects attributed to the multipion resonances should au
matically be included. In our model we do not include eith
s or any of the pionic resonances; but we treat the stron
interacting pions nonperturbatively. In an earlier wor
Schucket al. @18# have estimated the contribution of two
pion correlation to nuclear matter binding by introducing th
p-p interaction through a phenomenological Hamiltonia
We have, however, shown explicitly below that a non
relativistic reduction of the relativistic Hamiltonian for the
nuclear matter automatically gives rise to anN-N interaction
term involving the square of the pion fieldw, which is ame-
nable to the introduction of the Bogoliubov transformation

It may be argued that the nonrelativistic model present
here is somewhat incomplete, because several impor
questions concerning thev meson repulsion and relativistic
corrections have been left unanswered. However, an ex
treatment of multipion correlations should reproduce t
s,r, andv contributions automatically. Our attempt is onl
a first step in this direction. Much more work is needed
arrive at satisfactory answers to these questions.

In Sec. II we introduce an effective Lagrangian for a sy
tem consisting of interacting nucleons and pions and a n
relativistic Hamiltonian for the system is deduced. Secti
III describes a Bogoliubov transform to handle the correlat
S-wave pion pairs. Section IV calculates the nuclear mat
properties from the above Hamiltonian. A discussion of t
physical content of the model and comparison of the calc
lated bulk properties of nuclear matter with their phenom
enological values are presented in Sec. V.

II. NONRELATIVISTIC HAMILTONIAN

Recognizing the important role of the pion field as a co
stituent of nuclear matter we can write down an effectiv
Lagrangian for the nuclear matter as

L5C̄~ igm]m2M1Gg5f!c1 1
2 $~]mw i !~]mw i !

2m2w iw i%, ~1!

where c5(c II

c I ) is the doublet nucleon field and

f5t iw i ;w i ’s are the pion fields.
The representation for theg matrices are

g5S 0 sW

2sW 0 D , g05S 1 0

0 21D , g55S 0 2 i

2 i 0 D .
From the above Lagrangian, the equations of motion are

~E2M !c I1~sW •pW 2 iGf!c II50, ~2!
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~E1M !c II1~sW •pW 1 iGf!c I50. ~3!

In the above equationsE[H5 i (]/]t) andpW 52 i (]/]xW ).
Eliminating the small componentc II from Eq.~2! and~3!

we have

@~E22M2!2~E1M !~sW •pW 2 iGf!~E1M !21

3~sW •pW 1 iGf!#c I50. ~4!

(E1M ) in the nonrelativistic limit may be assumed to com
mute withf so that Eq.~4! can be rewritten as

@E22M22p21 iG$~sW •pW !f%2G2f•f#c I50. ~5!

In getting to Eq.~5! from Eq.~4!, a term of the magnitude o
(Ep /M ) has been neglected, so that what follows will
valid in the limit of low excitation energies of the pions i
the nuclear medium. From Eq.~5! we can immediately iden-
tify an effective Hamiltonian for the nucleons:

HN5c I
†~x!@p21M22 iG$~sW •pW !f%1G2f2#1/2c I~x!

'c I
†~x!F ~p21M2!1/22H iG

2M
~sW •pW !fJ 1

G2

2M
f2Gc I~x!.

~6!

The effective Hamiltonian consists of two distinct parts, t
free nucleon part

HN
~0!~x!5c I

†~x!@~2¹21M2!1/2#c I~xW !, ~7!

and the effective pion-nucleon interaction term

H int~x!5c I
†~xW !F2

iG

2M
$~sW •pW !f%1

G2

2M
f2Gc I~xW !. ~8!

In Eqs. ~6!–~8! both c I and f are taken to be quantize
fields. In the succeeding section we shall use Bogoliub
transformation to diagonalize the Hamiltonian.

III. BOGOLIUBOV TRANSFORMATION

Thef2 term in Eq.~8! constitutes a scalar-isoscalar inte
action of the nucleons. To treat thef2 term we introduce a
Bogoliubov transformation generating the creation and an
hilation of pseudopions. WithakW ,akW

† as pion annihilation and
creation operators, the pseudopion annihilation operator

akW5ukWakW1vkWa2kW
† . ~9!

It is easy to check that

@akW ,aqW
†
#5dkWqW ,

@akW ,aqW #5@akW
† ,aqW

†
#50, ~10!

provided that

ukW
2
2vkW

2
50 ~11!

and
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u2kW5ukW , v2kW5vkW .

Such transformations are canonical. The bare nuc
states however get dressed with pions. These states are
essary for the correct description of nuclear matter. To
them we construct the dressed nucleon states as

ucdressed&5Uucbare&5Uu0&, ~12!

where U is a unitary and Hermitian operator. Th
pseudopions are the result of a unitary transformat
namely

ak5U†akU, ak
†5U†ak

†U. ~13!

The correlated pion states can be seen if we calculatU
explicitly. SinceU is Hermitian and unitary, in general
will be

U5expF 12 E dkW f ~kW !akW
†
a

2kW
†

2 1
2 E dkW f ~kW !akWa2kWG5eB,

~14!

so that

@B,akW#52 f ~kW !akW
†

~15!

and

@B1,akW
†
#52 f ~kW !akW .

Let us define the operators

U~l!5elB,

and
~16!

F~l!5U†~l!akWU~l!,

so that

U5U~1!,

and

akW5F~1!.

Differentiating the expression forF(l) twice in Eq.~16! one
gets

d2F~l!

dl2 5 f 2~kW !F~l!. ~17!

Equation~17! yields

F~l!5cosh$l f ~kW !%akW1sinh$l f ~kW !%a2kW
† , ~18!

since
leon
nec-

find

e
ion,

e
it

F~0!5akW

and
~19!

F8~0!5a
2kW
†
f ~kW !.

From Eq.~18! one gets

akW5coshf ~kW !akW1sinhf ~kW !a
2kW
†

5ukWakW1vkWa2kW
† , ~20!

which is the Bogoliubov transformation to be used late
f (kW ) in Eq. ~20! will be determined when the meson pairing
energy will be maximized.

IV. NUCLEAR MATTER

Besides the effective nucleonic Hamiltonian given in Eq
~7! and~8!, the free mesonic Hamiltonian in nuclear matter i
given as

HM5E d3x 1
2 @ẇ i

21¹W w i•¹W w i1mp
2w i

2#. ~21!

When the quantized pion field is represented as

w i~x!5
1

~2p!3/2
E d3k

A2wk

@eik
W
•xWaikW1e2 ikW•xWaikW

†
#, ~22!

the meson Hamiltonian can be written as

HM5E d3k

~2p!3
wkaikW

†
aikW , ~23!

wherewk
25k21mp

2 . So the kinetic energy density due to
mesons in nuclear matter is given by

hk5^cdresseduHMucdressed&

5(
i ,k

wk^0ua ikW
†

a iku0&

53/~2p!3E d3k wksinh
2f k . ~24!

From the effective interaction Hamiltonian of Eq.~8!, the
first term containing a single pion fieldw does not contribute
to the interaction energy density. So the interaction ener
density is given by@10#
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hint5^cdressedutr@ r̂NH int~x!#ucdressed&

5
G2

2M
rE d3x^cdressed

† ~x!u:f i~x!f i~x!:ucdressed&

5
G2

2M
rE d3k

~2p!3
1

2wk

3^0ua ikW
†

a i
†~2kW !1a ikWa i ~2kW !12a ikW

†
a ikWu0&

5
3G2

2M
rE d3k

~2p!3
1

wk
H sinh2f ~kW !

2
1sinh2f ~kW !J .

~25!

So the meson energy density from the kinetic and interact
terms is

hm5hk1hint53E d3k

~2p!3 F Swk1
G2r

2M

1

wk
D sinh2f k

1
G2r

2M

1

2wk
sinh2f kG . ~26!

Now extremizing Eq.~26! with respect tof k gives

tanh2f k52
G2r

2M

1

wk
21

G2r

2M

. ~27!

Making use of Eq.~27!, Eq. ~26! can be rewritten as

hm5
3

2 SG2r

2M D 2 1

~2p!3
E
0

`d3k

wk

3
1

FwkSwk
21

G2r

M D 1/21Swk
21

G2r

M D G . ~28!

The energy density given by Eq.~28! is not finite since the
integral diverges. To get rid of the divergence we introduce
cutoff, an upper limitL for the integration variablek. This is
equivalent to introducing a form factor for the pions, instea
of treating them as point particles, as has been done in R
@17#. However, the present procedure has the advantage
introducing only one parameter instead of the two of Re
@17#. Besides, with a cutoff upper limit, as will be seen late
the integral can be evaluated analytically and hence a be
understanding of the contributions from different terms c
be obtained.L is treated purely as a parameter; however,
order of magnitude estimate for this quantity can be obtain
from simple physical reasoning. Schucket al. @18#. have re-
ported through detailed calculations that the pion self-ene
w̄q with pion pair correlation, as introduced above, jump
back to its free valuewq(5Aq21mp

2 ) beyond a certainq
value'400 MeV/c. Oncew̄q approacheswq , the coherent
state disappears. They have also shown that, if one uses
pion dispersion relation with nuclear medium correction
the two pions form a bound state which is located 10 Me
below the 2mp threshold. So for correlated pion pair excita
tion, we expect the maximum pion energyw(L)<2mp .
n
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That such a pion momentum cutoff is necessary for the pa
ing to occur is also evident from the nonrelativistic limi
used in getting to Eq.~5!.

Besides the pion kinetic and interaction energies d
cussed above, we must also include the nucleonic ene
density

hN5E d3xc I~x!«Xc I~x!

5
g

6p2 kF
3 SM1

3

10

kf
2

10M D . ~29!

g54 for nuclear matter and the Fermi momentumkF is re-
lated to the nucleon densityr by

r5
gkf

3

6p2 .

Collecting all terms, finally we have the energy pe
nucleon

E/A5
hN1hm

r
. ~30!

With the integrations done, the pion energy of Eq.~28! can
be simply expressed as

hm
r

5
hm

~1!

r
1
hm

~2!

r
, ~31!

where

hm
~1!

r
5

3

32p2 ~G2/M !
~L22mp

2 !1/2

L1S L21
G2r

M D 1/2FL
21

G2r

M

2LS L21
G2r

M D 1/22mp
2 G ~32!

and

hm
~2!

r
5

3

32p2 ~mp
4 /r!ln

L1AL22mp
2

mp

1
3

16p2 SG2mp
2

M D lnL1AL22mp
2

mp
2

3

64p2

1

r SG2r

M

1mp
2 D 2lnS L21

G2r

M D 1/21~L22mp
2 !1/2

S L21
G2r

M D 1/22~L22mp
2 !1/2

. ~33!

The incompressibility of nuclear matter is given as

K59r2
]2E

]r2
. ~34!

The second derivative of energy can easily be evaluated fr
Eqs.~30!–~33!.
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V. RESULTS AND DISCUSSION

Using Eq. ~30! in conjunction with Eqs.~31!–~33! the
single particle binding energy in nuclear matterE/A is calcu-
lated as a function ofr, the nuclear matter density. For th
pseudoscalar pion-nucleon coupling constant we have u
the recent value (G2/4p)513.5 obtained by the Nijmegen
group@19,20# from a comprehensive and sophisticated pha
shift analysis of theNN ~pp andnp! scattering data. This is
somewhat smaller than the earlier quoted value of 14.6
the same quantity. The only parameterL, the pion momen-
tum cutoff, is fixed by demanding that (dE/dr)r5rc

50,

whererc is the equilibrium nuclear matter density. The oth
physical quantitiesE/A andK then follow directly from the
closed form expression given in Sec. IV.

A summary of the results is shown in Table I, for thre
nuclear saturation densitiesrc50.153, 0.16, and 0.17. The
corresponding equations of state are shown in Fig. 1. I
interesting to note that, with the only parameter of the the
having been fixed by the energy minimization conditio
stated above, we have a theory with no free parameter w
is able to reproduce the single particle binding energy a
the nuclear compressibility agreeing with the known prop
ties of nuclear matter@21#. Such a cutoff is not unphysica
and, in fact, occurs in most of the field-theoretic models
attempts to avoid the logarithmic divergences. The cut
essentially parametrizes our ignorance about the exten
structure of the particles involved in a physical process. I

TABLE I. E/A and incompressibilityK as obtained from Eqs.
~29!–~34! for different saturation densitiesrc .

rc L E/A K
~fm23) ~fm21) ~MeV! ~MeV!

0.153 1.206 215.34 133
0.16 1.216 216.36 138
0.17 1.23 217.77 145
e
sed

se

for

er

e
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l
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to be noted that the same effect could be achieved by d
manding that the Bogoliubov transformation introducing th
correlated pion pairs is valid only in the low energy regio
where the pions appear to condense around the nucleons
such a picture an energy cutoffw,2mp is quite natural.

As suggested from analyses of experimental data@22#, the
incompressibility parameterK of nuclear matter points to a
value of about 200 MeV. In the standards model the value
of K turns out to be quite large, several times the abov
mentioned value, for plausible values of the coupling con
stants involved, and can be reduced only by introducing
the theory terms due to scalar field self-interactions and/
vacuum fluctuations with extra adjustable parameters. It
therefore interesting to note that our model gives a value f
K'135 MeV which is well within the permissible limits for
this parameter from experiments and at the same time it
produces the saturation density and binding energy ve
nicely.

In conclusion it may be worthwhile to mention that, start
ing from a Hamiltonian for interacting pions with pseudo
scalar coupling of the pions to the nucleons, we find an i
teresting analytic expression for the ground state energy
nuclear matter. The model consists of only one paramet
i.e., the cutoff pion momentumL in the integrals. From the
constraint defined aboveL.1.2 fm21, which is well within
the range of admissible values, as expected in our mod
from other physical considerations. The model then dynam
cally generates the binding energy per particle, the saturat
density, the incompressibility parameter and the equation
state for nuclear matter. The prescription generates a so
nuclear matter, as is generally expected experimentally. It
also seen that noad hocinclusion of thes meson becomes
necessary, the scalar isoscalar interaction of the nucleons
ing generated by the correlated pion pairs. Another importa
feature seen from our model is that it is not necessary
include the multipion resonances, like ther andv. As has
already been pointed out, the effects attributed to the
-
3,
FIG. 1. Binding energy per nucleonE/A as a
function of nuclear matter density at zero tem
perature, for three saturation densities 0.15
0.16, and 0.17 fm23.
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358 54S. JENA AND B. B. DEO
should ideally be generated from the correct handling
pion-nucleon interaction. In Fig. 2 we have plotted the repu
sive part and the attractive part of the contribution to th
binding energy forL51.2 fm21 and rc50.153 fm23; the

FIG. 2. Repulsive nucleonic contribution and the attractive pio
contribution toE/A as a function of nuclear matter density~dashed
lines!. The resultantE/A is shown by the continuous line.
of
l-
e

two atr5rc being 21.6 and236.7 MeV, respectively. In an
earlier work@17# where the pairing of pions was considered
although in a slightly different manner, which also include
thev meson, the ‘‘v ’’ coupling treated as a free paramete
was found to be (gv

2 /4p) 5 0.79. The value is too small
compared to the experimentally established value'20 @23#,
and it was suggestive enough that ‘‘v ’’ has little role to play.
How this suppression ofv coupling in nuclear matter comes
into effect is not clear from the present stage of our analys
Janssenet al. @24# have shown that a suppression of th
vNN coupling in the case ofN-N interaction is achieved by
introducing a correlatedpr exchange. This should arise in
the present model as ap2(2p) correlation. For quantitative
results, however, this point needs further investigation.
conclusion, the present work establishes beyond doubt tha
is possible to have a nonperturbative description of nucle
matter as an interacting pion nucleon system. Even thoug
may be argued that the model is unrealistic because of
nonrelativistic nature and the absence of explicit ‘‘v ’’ repul-
sion, we believe that the simple model presented here
features which may hint to something interesting in the pio
pion correlation. An exact treatment of multipion correlatio
should reproduce thes,r, and v contributions automati-
cally. The present work is only a first step in this direction
The model can be looked upon as an alternative to the W
lecka model. Applications of the present model to descri
nuclear matte at finite temperatures and finite nuclei will b
reported later.
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